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Theory of time-dependent plastic deformation in disordered solids

B. N. J. Persson
Institut für Festkörperforschung, Forschungszentrum Ju¨lich, D-52425 Ju¨lich, Germany

~Received 26 February 1999; revised manuscript received 18 August 1999!

I present a theory of time-dependent plastic deformation of solids. I derive a general equation of motion for
the stress probability distribution functionP. I consider in detail uniaxial tension and show how this case can
be ~approximately! mapped onto a simple one-dimensional spring-block model. I study stationary creep and
the linear and nonlinear response of a solid block to an imposed oscillatory strain. The theory is in good
agreement with experimental data.
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I. INTRODUCTION

In this paper I develop a theory of time-dependent pla
deformation, which should be valid for a large class of d
ordered materials. The theory is based on the concept
stress probability distribution functionP, which, at a given
time, is determined by the external stress and tempera
fields the body has been exposed to at all earlier times.
basic idea behind this approach is that a solid that has b
exposed to external stresses in the past will have an inte
stress distribution~residual stress!, which varies rapidly in
space~perhaps on the length scale of;10–100 Å in a glassy
solid! and slowly in time. The yield stress of a solid, fo
example, depends on this internal stress distributionP, and
will, even in the absence of external stresses, evolve slo
~because of thermal excitation over the local barriers! with
increasing time. One implication of this formalism is th
while the ~ensemble! average stress in a solid usually va
ishes when the solid is not exposed to external stresses

^s i j &5E ds s i j P50,

the quantity^s i j s i j & does in general not vanish.
In analogy with the well-known equation of state of

perfect gas, simple theories of plastic deformation of
specify ‘‘mechanical equations of state.’’1 Such a state equa
tion takes the formF(s,«,«̇,T)50, and depends only on th
mean stresŝs&, usually written ass for simplicity, the strain
«, the strain rate«̇, and the temperatureT. In this type of
model, the stress in a solid at an arbitrary timet, depends
only on the external applied stresses at the same timet, i.e.,
there is no information about the history of the extern
stresses the block has been exposed to. Such relation
well defined under some conditions, e.g., if a solid block
~slowly! elongated~uniaxial tension! at a constant strain rate
a steady state may be reached after some time where
stress distributionP takes a unique~fixed-point! form, which
is independent of the initial conditions. In this case a defin
well-defined relation will occur between the instantaneo
values of the quantities introduced above, see Eqs.~36!–~38!
below. However, it is usually not possible to describe
time-dependent deformation of a solid by a relation of
form F(s,«,«̇,T)50, since the relation between the stre
and strain at timet depends in general on the history of th
PRB 610163-1829/2000/61~9!/5949~18!/$15.00
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external stress and temperature fields the solid has been
posed to. On the other hand, the formalism of the pres
paper does take into account these memory effects via
distribution functionP. Another approach to take into ac
count memory effects is to introducestate variablesCa ,
which are determined by equations of motion that depend
the stress and temperature fields the block has been exp
to at earlier times. This type of approach has been found
be very useful in the context of sliding friction2 where, e.g.,
the static friction force depends on the time of stationa
contact, and may also be very useful in the context of tim
dependent plastic deformation. In fact, attempts to introd
such state variables for plastic deformation have alre
been presented by Argonet al.3 and by Falk and Langer.4

I would like to emphasize that the present theory is n
valid for single crystals, but assumes glassy atomic solids
may also tentatively be applied to strongly plastically d
formed solids and alloys. In the latter two cases, plastic
formation can be considered as resulting from elemen
slip processes where short segments of dislocations m
short distances before getting pinned by crystal imperf
tions ~e.g., other dislocations, impurities or alloy atoms!. For
these systems, the stress probability distribution functionP
can be considered as resulting from an ensemble of ma
scopically identical solids but with different internal distr
bution of dislocations and pinning centers. For glassy so
the local yield processes may be more complex than in
terials with more long-range crystalline order, but the ba
idea is the same. The theory presented below is of a me
field type. Thus the stress that acts on a stress block from
surrounding stress blocks is only taken into account in
average sense. However, this approach has been found
rate in an earlier study5 of a one-dimensional model, whic
was solved both exactly~using computer simulations! and
within a mean-field approximation, similar to the one dev
oped in the present paper for three-dimensional systems.
mean-field approximation employed in the present case m
in fact, be even more accurate than in the one-dimensio
case, since mean-field approximations usually work mu
better in higher dimensional systems because of the
creased number of nearest neighbors~see, e.g., Ref. 6!.

There has been some earlier work on the theory of tim
dependent plastic deformation along the lines of the pres
paper. Most similar to the present approach is a theory
Argon et al.,3 who have studied plastic deformation in glas
5949 ©2000 The American Physical Society
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5950 PRB 61B. N. J. PERSSON
polymers by mesoscopic simulations. They assumed
plastic deformation is associated with local stochastic sh
transformations, at a rate governed by a characteristic en
barrier. The total stress includes not only the applied str
but all other preexisting disorder-related internal mis
stresses, as well as the total sum of the elastic interact
with other past and present shear transformations, extern
the transformation considered specifically. This theory i
numerical procedure and has only been applied to t
dimensional systems. Other studies of the role of fluctua
internal stresses on plastic flow have been presented
Egami and Vitek,7 and by Bulatov and Suter.8 These studies
have developed specific thermally activated deformat
models that were stimulated by experiments, and are in g
agreement with much experimental work on plastic flow
glassy metals and polymer glasses.

The present theory is similar in spirit to that of Argo
et al.,3 but it is based on dynamical equations, and has
advantage that analytical results can be obtained in var
limiting cases. We present a complete set of equations
time-dependent plastic deformation and a few illustrative
plications. In Sec. II I derive a general equation of motion
the stress probability distribution functionP. I consider in
detail uniaxial tension~Sec. III! and show how this case ca
be ~approximately! mapped on a simple one-dimension
spring-block model~Sec. IV!. I study stationary creep in Sec
V and linear and nonlinear response of a solid block to
posed oscillatory strain in Secs. VI and VII. Section V
describes relaxation and recovery phenomena in plastic
formation. Section IX presents some mathematical deve
ments and illustrations. Section X presents a few comme
and in Sec. XI the theory is compared with experimen
data.

II. GENERAL THEORY

When a solid block is exposed to large external stres
plastic deformation usually occurs. Consider a block pla
on a substrate. In this case plastic deformation occurs a
contact areas, and a short time after contact the local stre
equal the plastic yield stress. Plastic deformation can be c
sidered as resulting from shear yielding of small volume
ements~stress blocks! resulting in local atomic rearrange
ments; a stress-block yield when the elastic stresses
exposed to by the surrounding stress blocks satisfies s
yield criteria ~e.g., the von Mises yield condition! and after
yield the elastic~shear! stresses in the stress block are
duced. It is clear that immediately after the rapid plastic
formations the stress blocks in the plastically deformed v
ume will be in a ‘‘critical’’ state with a distribution of loca
stresses such that some stress blocks are almost rea
undergo plastic deformation. This implies that thermal p
cesses will be of crucial importance; slow relaxation~creep!
will occur and the contact area will increase slowly wi
time. In this section we develop a general~mean-field!
theory of time-dependent plastic deformation in solids t
may be used for many applications involving creep and
laxation of stress distributions in disordered solids.

The local yield processes described above may invo
very small volume elements~stress blocks! with a diameter
;10–100 Å. Such small yield events cannot easily be
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tected directly in plastic deformation under most practi
conditions, e.g., during the elongation of a macroscopic s
bar.~It might, however, be possible to probe the yield eve
indirectly by registering the elastic waves in a solid blo
during slow plastic deformation. Associated with each yie
event should be an emitted elastic wave pulse, which may
registered by a sound detector with high time resolutio!
However, discrete yield events have been detected in nan
dentation experiments. Figure 1 shows the result of an
periment where a diamond indenter with a blunt end~radius
of curvature of approximately 2050 Å! is pushed against a
gold ~110! surface.9 Note the series of yield events separat
by elastic loading. If the unloading occurs before the fi
yield event no hysteresis is observed as expected when
elastic deformation occurs. Thus the Au surface defor
elastically between each yield event. We also note that
observed yield stress~;5 GPa! in these nanoscale exper
ments is much higher than the macroscopic yield stress
gold ~about 1 MPa for a single crystal of gold!, i.e., the yield
stress on the nanoscale is much higher than on macrosc
length scales. The reason for this is discussed in, e.g., Re

It has been found experimentally that plastic deformat
and creep only depend on the shear stresses and tha
volume of the body does not change during plastic deform
tion or creep. Thus, if we introduce the hydrostatic press
p52skk/3, then plastic deformation does not depend onp
but only on the stress deviator

si j 5s i j 1pd i j .

Note thatsii 50. Similarly, if « i j denotes the strain tenso
the strain deviator is defined by

ei j 5« i j 2d i j «kk/3.

When only elastic deformation occurs

ei j 5si j ~11n!/E,

whereE is the elastic modulus andn the Poisson ratio. Since
the onset of plastic yielding does not depend onp the yield
condition is a function only ofsi j . Sincesii 50, the simplest
nonzero invariant~under rotations! that can be formed from
si j is si j si j . In the theory of von Mises,10 which has been

FIG. 1. Load-displacement curve for Au single crystal. Fro
Ref. 9.
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PRB 61 5951THEORY OF TIME-DEPENDENT PLASTIC . . .
found to be in very good agreement with experiments,
plastic yield criteria is taken to besi j si j 5s0

2, wheres0 is a
constant that can be related to the yield stresssa during
uniaxial tension, where the stress tensor and the stress d
tor have the form

s i j 5S s 0 0

0 0 0

0 0 0
D , si j 5S 2s/3 0 0

0 2s/3 0

0 0 2s/3
D .

Thussi j si j 52s2/3 so that 2sa
2/35s0

2. The von Mises yield
criteria can be expressed as follows: A body flows plastica
if the elastic energy per unit volume due to shear deform
tions reaches a critical value. This result is trivial to prove
one note that the elastic energy per unit volume is given

dU

dV
5 1

2 s i j « i j 5
1
2 ~si j 2pd i j !~ei j 1d i j «kk/3!

5 1
2 si j ei j 2

1
2 p«kk .

Since«kk is the increase in the volume per unit volume d
to the elastic deformations, the last term in the express
above is the elastic energy due to the volume change, w
the first term is the elastic energy due to the shear defor
tions only, and can be written as

dU1

dV
5

11n

2E
si j si j ,

Thus plastic flow occurs whendU1 /dV5(11n)sa
2/3E.

Let us now introduce the stress~probability! distribution
function P(si j ,t), which satisfies

dP

dt
5

]P

]t
1

]P

]si j
ṡi j 52n0e2bDE~si j !P1Ṅd~si j !, ~1!

whereP50 if si j si j .s0
2, and

d~si j !5d~s11!d~s12!¯d~s33!,

and whereṄ is determined so that probability is conserve
i.e.,

E d9s P~si j ,t !51, ~2!

whered9s5ds11ds12¯ds33 is a volume element in the nine
dimensionals space and where the integral is over the reg
si j si j <s0

2. In Eq. ~1! we have assumed that after shear me
ing the shear stress in a stress block is reduced to zero.
grating Eq.~1! over s space gives

]

]t E d9s P52 ṡi j E d9s
]P

]si j
2n0E d9s e2bDE~si j !P1Ṅ.

Using Eq.~2! the lhs of this equation vanishes. Using Gau
theorem we have

E d9s
]P

]si j
5E

S
d8s Pni j ,
e

ia-
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-
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where d8s is a surface element of the eight-dimension
sphereS determined bysi j si j 5s0

2, and where the unit ‘‘vec-
tor’’ ~in s space! ni j 5si j /s0 is everywhere perpendicular t
the surfaceS. Thus we get

Ṅ5 ṡi j E
S
d8s Pni j 1n0E d9s e2bDE~si j !P. ~3!

We can interpret the two terms in this equation as the rat
which a stress block shear yields, as a result of~a! being
driven over the barrier towards shear yielding by the incre
in the elastic stress~first term!, or ~b! as a result of therma
excitation over the barrier~second term!. We can visualize
process~b! as occurring when a~thermally excited! elastic
wave packet reaches the stress block and locally incre
the shear stresssi j →si j

0 to the yield conditionsi j
0 si j

0 5s0
2. Us-

ing the elastic continuum model one can estimate the ene
barrier DE(si j ) as follows. Assume that a stress block h
the form of a sphere with the radiusR, which may be of
order ;100 Å. By applying an external workDE on the
surfacer 5R of the stress block it is possible to change t
shear stress in the stress block fromsi j to si j

0 . Using the
theory of elasticity one can calculate~see Appendix A!

DE5A~si j
0 2si j !si j

0 , ~4!

where

A5
5pR3~12n2!

E~425n!
. ~5!

The energy barrierDE(si j ) in Eq. ~1! is obtained by mini-
mizing Eq. ~4! with respect tosi j

0 with the constraint that
si j

0 si j
0 5s0

2 andskk
0 50. To solve this problem let us form

F5A~si j
0 2si j !si j

0 1a~si j
0 si j

0 2s0
2!1bskk

0 ,

wherea andb are Lagrange multipliers. MinimizingF with
respect tosi j

0 gives

si j
0 5

Asi j

2A12a
~6!

and from the conditionsi j
0 si j

0 5s0
2 we get

A

2A12a
5

s0

~si j si j !
1/2. ~7!

Substituting Eqs.~6! and ~7! in Eq. ~4! gives

DE5As0
2@12~si j si j !

1/2/s0#[e@12~si j si j !
1/2/s0#, ~8a!

where

e5As0
25

10pR3~12n2!sa
2

3E~425n!
. ~8b!

Finally, we must specifyṡi j occurring in Eq.~1!, which is the
rate of increase of the shear stresssi j due to local elastic
deformations of a stress block, i.e.,

ṡi j 5
E

11n
~ ėel

loc! i j . ~9!
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5952 PRB 61B. N. J. PERSSON
We will show below that the local strain deviator rate
simply the sum of the plastic and elastic strain deviator ra
i.e.,

~ ėel
loc! i j 5~ ėpl! i j 1~ ėel! i j [ėi j , ~10!

where

~eel! i j 5
11n

E
^si j &, ~11!

^si j &5E d9ssi j P~skl ,t !.

If we assume that the elastic shear strain (11n)si j /E in a
stress block is completely converted into plastic strain dur
a shear yield event, then the rate of plastic deformation

~ ėpl! i j 5
11n

E S E
S
d8s si j Pnklṡkl1n0E d9s e2bDE~skl!si j PD .

~12!

The two terms in the parentheses on the rhs of this equa
are the product of the rate at which a stress block shear yi
and the plastic strain gained in such a process@which equals
(11n)si j /E#: the first term results from the stress block b
ing driven over the barrier towards shear yield by the
crease in the elastic stress, while the second term re
from thermal excitation over the barrierDE(si j ).

To derive an expression forṡi j , let us multiply Eq.~1!
with si j and integrate overs space:

]

]t E d9s si j P52E d9s si j

]P

]skl
ṡkl

2n0E d9s e2bDE~skl!si j P. ~13!

But

E d9s si j

]P

]skl
5E d9s

]

]skl
~si j P!2d ikd j l E d9s P

5E
S
d8s si j Pnkl2d ikd j l , ~14!

where we have used Gauss theorem and the normaliza
condition ~2!. Substituting Eq.~14! in Eq. ~13! gives

]

]t E d9s si j P5 ṡi j 2E
S
d8s si j Pnklṡkl

2n0E d9s e2bDE~skl!si j P. ~15!

Using Eqs.~11!, ~12!, and~15! gives

ṡi j 5
E

11n
@~ ėpl! i j 1~ ėel! i j #5

E

11n
ėi j , ~16!

where ėi j is the total strain deviator rate. Substituting E
~16! in Eq. ~1! gives
s,

g

on
ds

-
-
lts

on

.

]P

]t
1

E

11n

]P

]si j
ėi j 1n0e2bDE~si j !P2Ṅd~si j !50. ~17!

This equation can be solved using the method of charac
istic curves. In the next section we consider the simplest~but
very important! case of uniaxial tension.

I have proved above that the local elastic strain rateėel
loc is

identical to the total strain rateė. To close this section, I give
some simple physical arguments for why this equation ho
I consider two limiting cases, namely the cases where~a! the
elastic strain rate vanishes and~b! the plastic strain rate van
ishes. Case~a! prevails during stationary creep~uniaxial ten-
sion! whereeel5const. Consider a stress block during s
tionary creep. Figure 2~a! shows the local elastic strain at th
stress block. The elastic strain increases linearly with ti
until the shear stress reaches the critical value where l
shear yield occur. After shear yield~which is assumed to
occurs instantaneously in the present theory!, the stress block
is in a state where the shear stress and hence the local e
strain is zero. This cycle repeats itself periodically. Thus,
local plastic shear strain will take the form shown by t
solid line in Fig. 2~b!. The corresponding macroscopic pla
tic strain is obtained by averaging the microscopic plas
strain over time and is given by the dashed line in Fig. 2~b!.
It is clear thatėpl , which is given by the slope of the soli
line in Fig. 2~b!, is identical toėel

loc, which is given by the
slope of the tilted lines in Fig. 2~a!. Thus, since the macro
scopic elastic strain is constant, it follows thatėel50 so that
ėel

loc5ėpl5ėpl1ėel5ė and Eq.~10! is valid in this case. Next,
let us consider case~b!. This case prevail if, e.g., an elast
block is exposed to very weak external forces. In this c
there is no plastic deformation so thatėel

loc5ėel5ė so that Eq.
~10! holds trivially in this limiting case.

III. UNIAXIAL TENSION

For uniaxial tension as in Fig. 3 the strain deviator rateėi j
has the form

FIG. 2. ~a! The local elastic strain in a stress block as a funct
of time during stationary creep.~b! Solid line, local plastic strain;
dashed line, macroscopic plastic strain obtained by averaging
microscopic plastic strain over time.
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ėi j 5S ė 0 0

0 2ė/2 0

0 0 2ė/2
D ~18!

and it is then easy to show that Eq.~17! is satisfied with

P~si j ,t !5 3
2 P~s,t !d~s221s/3!d~s331s/3!)

iÞ j
d~si j !,

~19!

wheres53s11/2. Thus^si j & and the stress tensor have t
form

^si j &5S 2^s&/3 0 0

0 2^s&/3 0

0 0 2^s&/3
D ,

^s i j &5S ^s& 0 0

0 0 0

0 0 0
D .

Substituting Eq.~19! in Eq. ~17! gives the following equation
for P(s):

]P

]t
1

3

2

Eė

11n

]P

]s
1n0e2bDE~s!P2Ṅd~s!50, ~20!

where

DE~s!5e~12usu/sa!. ~21!

If we consider a cylindrical block of heightl (t) exposed
to a surface stresss(t) on the top and bottom surfaces~see
Fig. 3!, then the strain rate

«̇115 l̇ / l ~ t !

can be related to the strain deviator rateė as follows. The
elastic strain is given by

~«el! i j 5
^s&
E S 1 0 0

0 2n 0

0 0 2n
D

FIG. 3. A solid block under uniaxial tension.
so that

« i i 5~122n!^s&/E,

where we have used that the plastic deformation occurs w
out change in the density so that («pl) i i 50. Thus we get

« i j 5ei j 1d i j ~122n!^s&/3E,

or, since«̇115 l̇ / l and from Eq.~18! ė115ė:

l̇ / l 5ė1^ṡ&~122n!/3E.

Since^s&5s(t) we can write

ė5 l̇ / l 2ṡ~122n!/3E. ~22!

In particular, for stationary creep, wheres(t) is independent
of time, ė5 l̇ / l is time independent.

IV. BLOCK-SPRING MODEL

The time-dependent deformation of a solid bar und
uniaxial tension~Fig. 3! can be~approximately! mapped onto
the one-dimensional spring-block model shown in Fig.
The blocks in the figure correspond to the stress blocks in
solid bar. Thus the linear size of a block is of orderD;R
and the mass of a blockm;rD3. A block is pinned until the
stress at the interface reaches a critical valuesa ~correspond-
ing to the static friction force!, at which point the block starts
to slip. The slip corresponds to the plastic deformation o
stress block in the solid bar. After the rapid slip the blo
will stick, which corresponds to ‘‘refreezing’’ of the stres
block. We will show below that the springsk1 and k2 are
determined by the elastic properties of the solid bar, and
the driving velocityv ~which may vary with time! is propor-
tional to the strain rate.

I have shown that,5 in the mean-field approximation, th
interfacial stress distributionP(s,t) in the model in Fig. 4
satisfies

]P

]t
1

k1v
D2

]P

]s
1 n̄0e2bDE~s!P2Ṅd~s!50, ~23!

where

DE5 ē@12~s/sa!2#, ~24!

with

ē5
~D2sa!2

2~k112k2!
. ~25!

Now, Eq. ~23! has the same general form as Eq.~20! and if
we define

v5Dė, ~26!

FIG. 4. Spring-block model of uniaxial tension.
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then Eq.~20! and Eq.~23! are formally identical if we iden-
tify

k1Dė

D2 5
3

2

Eė

11n
, ~27!

or

k15
3

2

DE

11n
. ~28!

In addition, we must take

n̄05n0 . ~29!

The activation energyDE for the spring-block model differs
however, from that associated with plastic deformat
@compare Eq.~21! with Eq. ~24!#. However, this difference is
not of major importance in most cases since thermal exc
tion over the barrierDE will in most cases be important onl
whens'sa and in this case we can approximate

12~s/sa!25~11s/sa!~12s/sa!'2~12usu/sa!

so that

e'2ē

Using Eq.~8b! and Eq.~25! this equation gives

~D2sa!2

k112k2
5

5pR3~12n2!

E~425n!

2sa
2

3
~30!

or

~D/R!3

112k2 /k1
5

5p~12n!

425n
. ~31!

Since from general argument~see Ref. 5! k1'k2 and if n
'0.5 ~typical for metals! we getD'2.5R, which is consis-
tent with the interpretation of the blocks in Fig. 4 as t
stress blocks in the solid in Fig. 3.

In order to calculate the dynamical behavior of the sprin
block model in Fig. 4, I have used a similar procedure as
Ref. 5. That is, a block starts to slide when the spring fo
acting on it reaches a critical value~the pinning force! Fa
5saD2, either as a result of the increase of the pulli
~spring! force, or else due to a thermal fluctuation. The th
mal excitation over the pinning barrier is assumed to occu
a stochastic~random! manner and is determined using ra
dom numbers as described in Ref. 5. During sliding
block experiences a kinetic friction force,2mg ẋi , which is
proportional to the sliding velocity. In Ref. 5 we assum
that a sliding block returns to the pinned state when
sliding velocity vanishes at the end of a rapid local slip p
cess. In the present study I have used another criterio
assume that if the magnitudev i5uẋi u of the velocity of a
sliding block is below some given~small! critical velocity
vc , the motion of the blockmayabruptly stop. More exactly
if p5@vc2v i(t)#/vc ~note: 0,p,1!, then if Cr,p, where
r is a random number uniformly distributed in the interval@0,
1# and whereC is a fixed number, the block will stop to
move during the short time interval@ t,t1D# ~whereD is the
time step used in integrating the equation of motion for
blocks!. This criterion has been chosen for reasons which
n

a-

-
n
e

-
n

e

e
-
: I

e
re

not obviously relevant in the present context, but which tu
out to give results virtually indistinguishable from thos
which follow using the other criteria presented above a
used earlier in Ref. 5.

In what follows, we use dimensionless variables, meas
ing time in units of (m/k1)1/2, distance in units ofFa /k1 ,
and force in units ofFa . In all the numerical results pre
sented below we have, unless otherwise stated, usedk15k2
51, C50.1/D ~with D50.005!, vc50.02, g51, and n̄
50.1.

We now present some numerical results to illustrate
consequences of the spring-block model of uniaxial pla
deformation~see also Ref. 5!. Figure 5 shows the relation
between the stress and time when the drive speedv
50.001, and where we have started with a nearly fully
laxed~annealed! state~the distribution of blocks att50 was
nearly uniform: the fluctuation away from the perfect un
form state was only 1%!. We show results for three differen
temperatures corresponding tobē55, 10, and 20. At the
lowest temperature (bē520) one observes a nearly linea
rise of the stress at short times, until the ‘‘upper yield stres
~the maximum stress! has been reached, followed by co
tinuous plastic flow. At lower temperatures~for steel one
typically has e51 – 2 eV, and sincekBT'0.025 meV at
room temperature one typically hasbe540– 80! the upper
yield stress is larger as illustrated in Fig. 6 forbē540. At
‘‘high’’ temperatures (bē55 and 10! the dynamics is more
liquidlike although even in these cases there is a nearly lin
initial increase in the stress at short times because of ela
deformation.

V. STATIONARY CREEP

Assume that a rectangular solid block is exposed to
constant surface stresss0 on two opposite surfaces as ind
cated in Fig. 3. Ifl (t) denote the length of the block at tim
t and«115« then

«̇5 l̇ / l ~ t !.

After an initial relaxation time periodt, during which the
stress distributionP(si j ,t) changes from the initialt50
form ~which is determined by the previous history of defo

FIG. 5. The dependence of the force~or stress! on time for a few
different temperatures corresponding tobe55, 10, and 20. In each
case the system starts from a relaxed configuration nearly with
internal stress~i.e., the blocks in Fig. 4 are nearly uniformly dis
tributed!. The drive velocityv50.001 andk15k251.
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mations the block has been exposed to! to its steady state
form, we expect«̇ to depend only ons0 . Thus

«̇5ė5 f ~s0!

so that

l ~ t !5 l ~0!ef ~s0!t.

Note that we have assumed thats0 is constant, and since th
areaA(t) depends on time in such a way that the volum
V5A(t) l (t) is constant~plastic deformations usually occu
without any change in the volume of the body!, it follows
that the total force that acts on the surfaceA decreases with
time.

We now determine the functionf (s0). In the present case
P(s) is time independent andė5 «̇ so that

E«̇

11n

]P

]s
1

2n0

3
e2bDE~s!P2Ṅd~s!50, ~32!

where

DE~s!5e@12s/sa#

for s>0. The general solution to Eq.~32! is

P5C expS 2@2n0~11n!/3E«̇ #E
0

s

ds8

3exp@2be~12s8/sa!# D ~33!

for 0<s,sa and zero otherwise. Let us introducea
52n0(11n)sa /(3E«̇be) so that

P5C expS 2beaE
0

s/sa
dx exp@2be~12x!# D . ~34!

Thus the average stress

^s&5s05E
2sa

sa
ds sP~s!, ~35!

FIG. 6. Rheological model of the linear stress-strain respons
a solid block.
in units of sa , depends only on the two parametersa and
be. Let us first consider the high-strain-rate limit wherea
!1. In this case Eq.~34! can be expanded to leading order
a and substituting the result in Eq.~35! gives to leading
order in 1/«̇ ~see Appendix B!:

^s&5
sa

2 S 12
a

be D5
sa

2 S 12
2n0~11n!sa

3E«̇~be!2 D . ~36!

Thus, at high strain rate the stress approaches the limi
valuesa/2. We note, however, that this limiting value resu
from the assumption that after shear yield the stress i
stress block vanishes.

Next, let us consider the small«̇ limit where a@1 but
assumea exp(2be)!1. In this case we show in Appendix B
that

^s&5
sa

2 S 12
1

be
ln a D5

sa

2 F11
1

be
lnS 3E«̇be

2n0~11n!sa
D G .
~37!

Thus, in this extremely important limiting case, the stress
proportional to the logarithm of the strain rate. This relati
is valid for most ‘‘normal’’ solids under typical temperature
~see Sec. XI!. A similar relation betweens and «̇ can be
derived using simpler, but less rigorous, arguments due
Eyring, involving stress-biased thermal excitation over p
ning barriers.

In the extreme small«̇ limit where a@1 and a exp
(2be)@1 we get~see Appendix B!

^s&5
sa

abe
ebe5

3E«̇

2n0~11n!
ebe5h«̇, ~38!

where theviscosity

h5
3E

2n0~11n!
ebe. ~39!

This equation is valid at high enough temperature~or low
enough shear rate! and shows that the strain rate is propo
tional to the applied stress. Thus, at high temperature
model exhibitNewtonian flow, as is characteristic of liquids

VI. LINEAR RESPONSE TO OSCILLATORY STRAIN

We consider the response of a solid bar~Fig. 3! to an
oscillatory strain. Let us write

e~ t !5E dvẽ~v!e2 ivt,

ẽ~v!5
1

2p E dte~ t !eivt.

Assume that the amplitudeė(t) is so small that we can cal
culate the stresŝs& to linear order inė. We write P5P0
1P1 , where P0 and P1 are of zero and first order inė,
respectively. SubstitutingP5P01P1 in Eq. ~20! gives to
zero order inė ~for sÞ0):

]P0

]t
1n0e2bDE~s!P050

of
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with the ~steady state! solution

P05d~s!.

Next, to linear order inė we get forsÞ0:

]P1

]t
1

3

2

Eė

11n

]P0

]s
1n0e2bDE~s!P150 ~40!

or

~2 iv!P̃11
3

2

E

11n
~2 ivẽ!d8~s!1n0e2bDE~s!P̃150

~41!

so that

P̃15
3

2

E

~11n!

~2 ivẽ!d8~s!

~ iv2n0e2bDE~0!!
.

Thus

E ds~P01P1!5E ds P051,

while

^s̃&5E ds s P̃5E ds s P̃152
3

2

E

~11n!

~2 ivẽ!

~ iv2n0e2be!
.

This equation is equivalent to

d^s&
dt

2
3

2

Eė

11n
1n0e2be^s&50. ~42!

Let us for simplicity denotê s&5s. Combining Eq.~42!

with Eq. ~22! ~with «̇5 l̇ / l ), gives

«̇5ṡ/E1s/h, ~43!

where the viscosityh is defined by Eq.~39!. When ṡ50
then Eq.~43! reduces to Eq.~38!. Note that Eq.~43! is the
standard formula for the linear response of glassy solids~see,
e.g., Ref. 10!, usually described by a rheological model
the form indicated in Fig. 6; it is gratifying that this resu
follows from the theory.

The study presented above can be easily generalize
obtain the linear response relation between the strain
stress in a general triaxial case. Using Eq.~17! and following
the same procedure as above gives

ėi j 5
11n

E

d^si j &
dt

1
3

2h
^si j &.

Since the plastic deformation is assumed to occur with
volume change we have as before

^s i i &5
E

122n
« i i .

These are the standard linear response tensor relation
tween stress and strain in a linear viscoelastic media.

In the special case of uniaxial tension with

«5«0 sin~vt !
to
nd

t

be-

it is easy to calculate@using Eq.~43!# the energy dissipation
per unit volume and unit time

DE

VT
5 1

2 E«0
2 ~vt!2

~vt!211
~1/t!,

where the relaxation timet5h/E.

VII. NONLINEAR RESPONSE TO OSCILLATORY
STRAIN

In this section I present numerical results for the nonlin
relation between the stress and an oscillatory strain.
make use of the~approximate! equivalence between th
~mean-field! equation of motion for the spring-block system
and the uniaxial tension of a solid block~see Sec. IV!. It
may, however, be possible to solve Eq.~20! analytically
even in the nonlinear regime~see Appendix C!, but I have
not yet been able to obtain an analytical solution in clos
form for the relation between̂s& and«(t).

Let us write the driving displacement and velocity as

x~ t !5x0 sin~vt !,

v~ t !5x0v cos~vt !.

In the linear response limit one obtain from Eq.~23! @com-
pare with Eq.~42!#:

d^s&
dt

2
k1v
D2 1 n̄0e2be^s&50.

If N denote the number of blocks then the forceF
5ND2^s& satisfies

Ḟ1 n̄0e2beF5Nk1v. ~44!

For ‘‘large’’ x0 the relation betweenF and x(t) will be
nonlinear. However, it is clear that independent of the init
stress distribution,P(s,0), after a long enough timeP(s,t)
will be a periodic function of time with the periodT
52p/v. This implies that for large timesF(t) will be of the
general form

F~ t !5
1

2i (n
~Fneinvt2c.c.!, ~45!

where

Fn5
2i

T E
0

T

dt F~ t !e2 invt. ~46!

It is clear thatP(s,t)5P(2s,T/21t), which implies that
Fn50 for evenn. We define the impedance

Z5F1 /x0 .

In the linear response caseF is determined by Eq.~44! so
that in this caseFn50 for nÞ1, while

F15Nk1x0

ivt

12 ivt
,

where the relaxation time
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t5ebe/ n̄0 .

Thus

Z5Nk1

ivt

12 ivt

so that

ReZ5Nk1

~vt!2

11~vt!2 , Im Z5Nk1

vt

11~vt!2 . ~47!

When vt@1 these formulas reduce to ReZ5Nk1 and ImZ
5Nk1 /vt. Thus in this limit the real and imaginary part ofZ
describe the elastic and viscous properties of the system
us defineReZ5Nkeff and ImZ5Nk1 /vteff where the effec-
tive spring constantkeff(x0,v) and effective relaxation time
teff(x0,v) in general will depend on the oscillation amplitud
x0 and the oscillation frequencyv.

The dissipated energy takes the form

DE

T
5

1

T E
0

T

dt Fv5 1
2 vx0 Im F15 1

2 vx0
2 Im Z

5 1
2 Nk1x0

2/teff , ~48!

i.e., the dissipated energy is determined by the fundame
n51 mode, and does not depend on the higher harmo
components. In the linear response limit, Eq.~47! and Eq.
~48! gives the~average! energy dissipation per unit time an
per block

DE

NT
5 1

2 k1x0
2 ~vt!2

11~vt!2 ~1/t!.

Let us now studyZ as a function of the amplitudex0 .
Figure 7 showskeff and 1/teff as a function ofx0 /xa where
xa is the displacement necessary in order to increase the
stress at a block from zero to the yield stresssa . We show
results for b«̄510 ~solid curves! and 20 ~dashed curves!
with n̄050.1 and the oscillator frequencyv50.083. Note
that keff'k1 for x0,0.3xa when bē510 and forx0,0.4xa
whenbē520. It is also interesting to note that in the prese
case ImZ is maximal atx0'0.5xa , rather than atx05xa .
Since the energy ‘‘dissipation’’ is proportional to ImZ
;1/teff this quantity must be positive for all oscillation am
plitudes @see Fig. 7~b!#. However, so such condition exis
for ReZ, which can take on both positive and negative valu
@see Fig. 7~a!#. Figure 8 shows the ratios ImF3 /Im F1 and
ReF3 /ReF1, as a function of the oscillation amplitudex0 for
v50.083. Note that the harmonic component complet
dominates forx0,0.4xa , but for x0.0.5xa the n53 anhar-
monic contribution is of similar magnitude as the fundame
tal n51 contribution. Nevertheless, as stated above, the
ergy dissipation is determined only by the fundamentaln
51) mode even for large oscillation amplitude. It is inte
esting to note that linear response theory@Eq. ~47!# predicts
in the present casekeff'k1, while 1/teff'4.531026 and 2.1
310210 for be510 and 20, respectively. These values
1/teff are much smaller than obtained in the numerical cal
lations even forx/xa as small as 0.05. It is clear that th
linear response result for the damping is only valid at e
tremely small values of x0 /xa .
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We note that the results presented above are only valid
such low frequenciesv that the time it takes for a soun
wave to propagate from one side of the solid block to
other side is small compared to 1/v. Since the frequencyv
used in the numerical results presented above is very h
this requires in general very thin solid blocks~thicknessd! in
order for the conditionvd!c ~wherec is the longitudinal
sound velocity! to be satisfied. Computer simulations fo
smaller, but more interesting, frequencies are very time c
suming and it would clearly be very useful if one cou
derive analytical results forZ(x0 ,v) which cover all cases o
interest~see Appendix C!.

VIII. RELAXATION AND RECOVERY

In this section we present a short study of relaxation a
recovery in the uniaxial deformation of a solid bar. The d

FIG. 7. The dependence of~a! keff and ~b! 1/teff on the oscilla-
tion amplitudex0 in units of the displacementxa necessary for local
shear melting. Results are presented forbe510 ~solid lines! and 20
~dashed lines!. For the oscillation frequencyv50.083.

FIG. 8. The ratio ReF3 /ReF1 and ImF3 /Im F1 as a function of
the oscillation amplitudex0 . For the oscillation frequencyv
50.083 andbe520.
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cussion is again based on the spring-block model of the p
tic deformation process. We consider the following two sto
and-start ‘‘experiments,’’ which we refer to as~a! ‘‘stressed
aging’’ and ~b! ‘‘free aging:’’ Initially the spring-block sys-
tem is pulled with a small constant velocityv. At time t
5t0 we suddenly stop pulling and in case~a! we keep the
coordinatex of the drive fixed (v50) until t5t1.t0 where
we continue to pull with the same velocityv as before the
stop. This will give rise to a ‘‘striction’’ spike of heigh
(DF)a . In the second ‘‘experiment’’~b! we again stop the
motion at t5t0 but instead of keepingx fixed, we rapidly
changex until the pulling force vanishes. Again, at timet
5t1 we start to pull with the same velocity as before t
stop. This will give rise to a ‘‘striction’’ spike of heigh
(DF)b . Figures 9~a! and 9~b! show the result of the simula
tions for the case whenv50.005, be540 and t12t0
52000. Note that (DF)a.(DF)b . Figure 10 shows the ratio
(DF)a /(DF)b as a function ofbe for v50.01. For be
,28, (DF)a /(DF)b'1 but for largerbe the striction-spike
~usually referred to as the ‘‘upper yield stress’’! is larger for
‘‘stressed aging’’ than for ‘‘free aging.’’ Striction spikes o
the type shown in Fig. 9 have been observed during unia
tension experiments, but are usually associated with the
tion of impurity atoms, which tend to accumulate in th
stress field of dislocations, resulting in a contribution to t
pinning of the dislocations. However, the present calcu
tions show that even in the absence of such effects,
expects striction spikes with a ‘‘height’’ which depend o
the ‘‘stop’’ time, the temperature, and on whether the syst

FIG. 9. Stop and start simulations. In case~a! the coordinatex of
the drive is fixed (v50) betweent51750 and 3750 after which th
drive continues with the same velocityv50.005 as before the stop
~b! The same as~a! except that during ‘‘stop’’ the coordinatex is
rapidly changed until the pulling force vanishes.
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al
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undergoes ‘‘stressed aging’’ or ‘‘free aging.’’ Similar effec
as described above have also been observed in friction
periments, see Sec. XI C.

IX. MATHEMATICAL DEVELOPMENT AND
ILLUSTRATIONS

We consider first the following general problem. Assum
that the strain deviator has the form

ėi j 5ė~x,t !Mi j ~x!, ~49!

where Mi j may depend on the spatial coordinatex but is
independent of time. Without loss of generality we may a
sume

Mi j M i j 51, ~50!

We will now prove that in this case the stress probabil
distribution function takes the form

P~si j ,t !5E dsd~si j 2sMi j !P~s,t ! ~51!

so that, e.g.,

^si j &5Mi j E ds sP~s,t !5Mi j ^s&. ~52!

As before we use the definition

d~si j 2sMi j !5d~s112sM11!d~s122sM12!¯d~s332sM33!.

Now, let us write

d~si j !5E dsd~si j 2sMi j !d~s!. ~53!

Substituting Eq.~51! and Eq.~53! in Eq. ~17! and using that

2
]

]s
d~si j 2sMi j !5Mkl

]

]skl
d~si j 2sMi j !

and that

e2bDE~si j !d~si j 2sMi j !5e2bDE~sMi j !d~si j 2sMi j !

5e2bDE~s!d~si j 2sMi j ! ,

where we have defined

DE~s!5e~12usu/s0!,

gives

FIG. 10. The ratio (DF)a /(DF)b as a function ofbe for v
50.01.
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E dsd~si j 2sMi j !
]P~s,t !

]t
1

Eė

11n

3E dsF2
]

]s
d~si j 2sMi j !GP~s,t !

1E dsd~si j 2sMi j !e
2bDE~s!P~s,t !

5ṄE dsd~si j 2sMi j !d~s!. ~54!

In the second term we perform a partial integration:

E dsF2
]

]s
d~si j 2sMi j !GP~s,t !

5E dsd~si j 2sMi j !
]P~s,t !

]s
. ~55!

Substituting Eq.~55! in Eq. ~54! gives the following equation
for P(s,t):

]P~s,t !

]t
1

Eė

11n

]P~s,t !

]s
1e2bDE~s!P~s,t !5Ṅd~s!.

~56a!

Note also that from Eq.~2! and Eq.~51! it follows that

E
2s0

s0
ds P~s,t !51 ~56b!

so that we can interpretP(s,t) as a probability distribution.
If we define

w5
E

11n E0

t

dt8ė~ t8!5
E

11n
@e~ t !2e~0!#,

then the formal solution to Eq.~56! can be written as

P~s,t !5 f @s2w~ t !#expS 2n0E
0

t

dt8 exp$2be@12us2w~ t !

1w~ t8!u/s0#% D 1
1

s0
FexpS E

0

t

dt8G~ t8!d@s2w~ t !

1w~ t8!# D 21GexpS 2n0E
0

t

dt8

3exp$2be@12us2w~ t !1w~ t8!u/s0#% D ,

wheref (s)5P(s,0) is determined by the initial stress distr
bution function, and where the ‘‘source function’’G(t) must
be determined so that condition~56b! is satisfied for all
times.

We consider now two applications of the formalism d
veloped above. Let us first show how Eq.~20! results from
the present approach. Note first that Eq.~18! can be written
as

ėi j 5@ ė~ 3
2 !1/2#Mi j ,

where
-

Mi j 5~ 2
3 !1/2S 1 0 0

0 2 1
2 0

0 0 2 1
2

D ,

with Mi j M i j 51. Thus in this case Eq.~56! takes the form

]P~s,t !

]t
1S 3

2D 1/2 Eė

11n

]P~s,t !

]s
1e2bDE~s!P~s,t !5Ṅd~s!.

Substitutings5( 2
3 )1/2s in this formula and definingP(s,t)

5( 2
3 )1/2P(s,t), so that

E
2sa

sa
ds P~s,t !5E

2s0

s0
ds P~s,t !51,

gives Eq.~20!.
As a second application, consider a spherical cavity i

solid, and assume that a time-dependent pressure acts o
cavity walls. This will give rise to a displacement field in th
solid of the form

ui~x,t !5xiu~r ,t !/r , ~57!

wherer 50 is at the origin of the cavity. The strain deviato

ei j 5
1
2 ~ui j 1uj ,i !2 1

3 uk,kd i j 5eMi j , ~58!

where

e5~ 2
3 !1/2r

]

]r S u

r D , ~59!

and

Mi j 5~ 1
6 !1/2S 3

xixj

r 2 2d i j D , Mi j M i j 51. ~60!

Thusėi j is again of the form Eq.~49! and we therefore know
at once thatP(si j ,t) can be written in the form Eq.~51!
whereP(s,t) satisfies Eq.~56!. To obtain the displacemen
field we must solve the equation of motion

r
]2ui

]t2 5^s i j & , j , ~61!

where

^s i j &5^si j &1 1
3 skkd i j .

Note that in the earlier application~uniaxial tension! «̇ and
^s& were independent ofx, and it was not necessary to con
sider Eq.~61!. Noting thatskk5E«kk /(122n), and

«kk,i5uk,ki5
xi

r

]

]r F3u

r
1r

]

]r S u

r D G ,
and

^s i j & , j5„Mi j ^s~r ,t !&…, j5~ 2
3 !1/2

xi

r S 3
^s&
r

1
]

]r
^s& D

Eq. ~61! gives
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r
]2u

]t2 5S 2

3D 1/2S 3
^s&
r

1
]

]r
^s& D

1
E

3~122n!

]

]r F3u

r
1r

]

]r S u

r D G . ~62!

To solve this equation we need the nonlinear functional
lation between̂s& and ė, which follows from Eq.~56!. As a
simple illustration, let us consider the linear response c
~linear viscoelasticity! where

^s̃&5
~2 iv!ẽE

~11n!@2 iv1n0 exp~2be!#
~63!

with ẽ the time-Fourier transform ofe(r ,t). If we write u
5]f/]r and if we substitute Eq.~63! in Eq. ~62! and use Eq.
~59! we get, after some simplifications,

rv2f̃1
E

3 S 1

122n
1

22iv/~11n!

2 iv1n0 exp~2be! D
3S 3

r
1r

d

dr

1

r D d

dr
f̃50. ~64!

This equation has the solution

f̃5eikrf̃0 /r . ~65!

Substituting Eq.~65! in Eq. ~64! gives, after some simplifi-
cation,

k25S v

cL
D 2 123/@2ivt~11n!#

121/@2ivt~12n!#
,

where

cL5S E~12n!

r~11n!~122n! D
1/2

is the longitudinal sound velocity, and the relaxation timet
5h/E, whereh is defined by Eq.~39!. Whent→` thenk
→v/cL and in this limiting case the solution Eq.~65! de-
scribes undamped, spherical~longitudinal! elastic waves
emitted from the cavity. Whenh is finite ~but small! the
same picture is valid, except that now the emitted sou
waves are damped. In the more general case where the
placementu is so large that the linear response assumptio
invalid, the deformation field will in general consist of a
inner spherical shell around the cavity where the solid
undergone plastic deformation, surrounded by anot
spherical shell where nonlinear viscoelasticity~or viscoplas-
ticity! prevails and an outer region~extending to infinity!
where the linear viscoelastic approximation is accurate,
Fig. 11~a!. This complex deformation field is in principl
contained in the equations presented above, although the
culations would be rather involved. Nevertheless, a gen
understanding of the nature of the solutions to problems
this is of great importance in many important applicatio
e.g., concerning the magnitude of the fracture energy and
deformation field in the vicinity of a crack tip, see Fig. 11~b!.
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X. COMMENTS

In the theory developed in Secs. II and III, we have ma
a few assumptions and approximations, which we now co
ment on. We have treated the media as isotropic, which u
ally is a good approximation for glassy atomic solids even
the short length scales~say; 100 Å! relevant for the presen
applications. As a result, application of von Mises type
yield criteria to the stress blocks should be accurate. In f
molecular dynamics calculations have shown that the
Mises yield criteria may hold at least approximately even
single crystals when they are exposed to rapidly~in space!
varying stress fields. Thus computer calculations by La
manet al.11 have shown that the yielding of nanoscale jun
tions between a Ni-tip and a gold substrate~single crystals!
occurs when the quantity (3si j si j /2)1/2 reaches a critical
value sa'53109 N/m2 ~which, for reasons discussed i
Ref. 2, is much higher than the macroscopic yield stress
gold!.

Another assumption made above is that when a st
block yields, the local shear stress drops to zero. This
unlikely to be true in general. Thus during the nanosc
yielding processes discussed above the quantity (3si j si j /2)1/2

changed~abruptly! from 5 GPa to 3 GPa in the region whe
the yield occurred. However, it is easy to modify the theo
to take into account only a partial release of shear str
during local yield.

We have assumed a well-defined activation energye. In
reality one may expect a distribution of activation barrie
and a corresponding distribution of local yield stresses.
also note that the activation energye for plastic flow has a
weak dependence on the hydrostatic pressure, i.e., the
dard statement that the plastic yield condition only depe
on the stress deviator is not completely rigorous.

FIG. 11. ~a! A spherical cavity in a solid with a time varying
pressure gives rise to plastic and viscoelastic~or viscoplastic! de-
formation of the solid.~b! The deformation field around a propa
gating crack.
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XI. APPLICATIONS

A. Thermally activated creep in metals

The pinning energy for dislocations in metals are typica
of ordere;1 eV. In order to reduce the creep rate as mu
as possible, the pinning energye should be as large as po
sible. Special ‘‘superalloys’’ have been developed, which
hibit small creep even at relative high temperatures,
which are used, e.g., for jet engine turbine blades. Fig
12~a! shows the relation between the strain rate«̇ and the
stresss for three different temperatures for a nickel-bas
superalloy~Waspaloy!.12 Note that s depends linearly on
ln «̇ in accordance with Eq.~37!. In order to determine the
activation energye we write Eq.~37! in the form

s5scS 11
kBT

e
ln~ «̇/ «̇0! D , ~66!

wheresc5sa/2 is the macroscopic yield stress and

«̇05
8n0~11n!sc

3Ebe
. ~67!

Thus, if the curves in Fig. 12~a! are extrapolated tos50, the
resulting creep rate«̇5 «̇* should satisfy

11
kBT

e
ln~ «̇* / «̇0!50,

or

ln~ «̇* / «̇1!5 ln~ «̇0 / «̇1!2e/kBT, ~68!

where«̇1 is an arbitrarily chosen~e.g., «̇151 s21) reference
strain rate. In a typical case«̇0;108 s21 so that, if «̇1
;1 s21, even if «̇0 is proportional toT, the temperature de
pendence of ln(«̇0 /«̇1) is completely negligible. Thus, from
Eq. ~68! we expect a linear relation between the ln(«* /«1)
and 1/T as is indeed observed, see Fig. 12~b!. From the slope
of the curve in Fig. 12~b! we deducee'5.5 eV, which is
higher than for ‘‘normal’’ steel. Using Eq.~8~b!! one can
calculate the diameterD of a stress block, which turns out t
be aboutD;30 Å. This givesv0;c/2pD;1011s21 and
«̇0;108 s21.

FIG. 12. ~a! Steady state creep rate«̇ ~in units of h21) for the
superalloy Waspaloy as a function of stress.~b! Strain-rate«̇* ~in
units of h21) as a function of the inverse of the temperature, 1T
( «̇* is the strain rate extrapolated to zero stress!. From Ref. 12.
h

-
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B. Creep enhancement of the area of real contact

When a solid block is placed on a substrate, plastic de
mation usually occurs in the contact areas, and a short t
after contact the local stresses equals the plastic yield st
Immediately after the rapid plastic deformations the str
blocks in the vicinity of the contact area will be in a ‘‘criti
cal’’ state with a distribution of local stresses such that so
stress blocks are almost ready to undergo plastic defor
tion. This implies that thermal processes will be of cruc
importance; slow relaxation~creep! will occur and the con-
tact area will increase slowly with time.

The theory developed above can be used to study how
area of real contact depends on timet and one can show tha
A5A0@11B ln(11t/t0)# to leading order inB5kBT/e ~Refs.
2 and 13!. This logarithmic increase in the contact area w
the time of stationary contact has been observed for m
systems~see Ref. 14! and is of crucial importance for dry
friction dynamics.

C. Sliding friction

Recently Berthoudet al.15 have performed friction experi
ments with poly~methyl metacrylate! ~PMMA! and polysty-
rene ~PS!. They observed that the static friction force d
pends on the time of stationary contact. Well-defin
measurements were performed usingfree agingandstressed
aging. In both cases the top block was first sliding with
constant velocityv. In free agingthe driving stage was sud
denly reversed in order to quickly unload the slider, so t
the waiting stage essentially corresponded to zero tange
force. After a fixed time periodt the loading is resumed with
the same velocityv as before stop and the static friction
determined at the maximum of the ‘‘striction’’ spike. I
stressed agingthe driving stage is suddenly stopped and ke
fixed. After a fixed time delayt the loading is assumed with
the same velocity as before the stop, see Fig. 13. The he
of the ‘‘striction’’ spikes above that of the steady state sl
ing is denoted by (Dma) and (Dm)b for stressed and free
aging, respectively. It was observed that the ra
(Dm)a /(Dm)b is temperature independentand equal to 2.1
and 1.3 for PS and PMMA, respectively. Thus the sta
friction force increases faster with the time of stationary co
tact during stressed aging.

FIG. 13. Experimental trace of the static force measurem
according to the stressed aging procedure described in the
Note the break in the vertical scale. From Ref. 15.
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As pointed out by Berthoudet al., there are two~obvious!
possible explanations for the observed effect. First, the a
of real contact may increase faster for a stressed block
for an unstressed block. This follows from the fact that tim
dependent plastic deformation~creep! may occur faster in a
junction that is exposed to a tangential shear stress in a
tion to the normal stress from the load of the block. Ho
ever, after a detailed study Berthoudet al., concluded that
this effect is unlikely to account for the difference betwe
the two aging processes~see Ref. 15!. A second mechanism
suggested in Ref. 15 is related to the study presented in
VIII. During steady sliding at low sliding velocity a wide
distribution of tangential stresses will occur at the slidi
interface. Surface asperities16 or stress domains5 in the con-
tact areas form a wide distribution of elastically deform
states which during ‘‘stop’’ will slowly relax towards th
equilibrium ~unstressed! state. From the study in Sec. VII
we expect the relaxation to be more effective for stres
aging than for free aging, i.e., (Dm)a.(Dm)b as indeed ob-
served experimentally for the systems studied by Berth
et al. However, from the results presented in Sec. VIII o
would expect the ratio (Dm)a /(Dm)b to depend on the tem
perature in contrast to the experimental data of Berth
et al. I have performed computer simulations for other co
binations of the spring constantsk1 andk2 ~see Sec. VIII and
Fig. 4!, in particular fork250, which may be taken to cor
respond to noninteraction surface asperities, but I always
serve a strong temperature dependence of (Dm)a /(Dm)b ,
similar to the result presented in Fig. 10. Such a tempera
dependence is also expected from simple physical a
ments. Thus, the discrepancy between theory and experim
is very puzzling, and it is clear that the exact origin of t
increase of the static friction force during stationary cont
is not well understood at present.

D. Thermally activated creep of clayey samples

The theory developed above seems to be valid also
granular multicomponent systems like natural soils.17 Creep
and relaxation has been studied for natural or reconstitu
samples of water-saturated clay or similar densified m
These systems consist of grains the size of which ran
from about 1027 m to 1025 m; the mineral is mainly silicate
Experiments are performed on samples confined within
lindrical or plane walls.

1. Stationary creep

Stationary creep experiments are performed with cons
volume and skeleton pressure components. The cylindr
sample is shortened at a constant rate«̇5 l̇ / l , while the sys-
tem expands in the other two spatial directions so that
volume is constant. After a transition time period the syst
reaches a stationary state where the stress does not depe
the initial state of the system, and where the difference
tween the skeleton pressuresp1 and p2 , along the cylinder
axis and the radial direction, respectively, satisfies

p12p25CS 11
kBT

e
ln~ «̇/ «̇0! D ,
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whereC ande are temperature independent, while the ref
ence strain rate«̇0 is proportional toT.

2. Volumetric creep

Volumetric creep is observed by keeping the exter
pressure constant. The void ratioe5(12a)/a, wherea is
the solid volume fraction, is found to have the time depe
dence

e~0!2e~ t !5C8
kBT

e
ln~11t/t!,

whereC8 ande are independent of the temperatureT.

3. Relaxation

Relaxation is observed by keeping cuboidal samples fi
within plates after different deformation histories. The sk
eton pressure componentspi return to equilibrium according
to characteristic relaxation curves when plottingpi as a func-
tion of ln(t/t), where the relaxation timet is defined by ex-
trapolating the straight section of this plot to the equilibriu
value. It is found thatt is independent of the deformatio
history.

These experimental results can be understood base
the theoretical results presented above and in Ref. 5. T
the particle system deforms slowly~creep and relaxation! by
~a! thermally activated slip between particles in response
the tangential surface stresses in the contact areas, a
scribed by the theory presented in Ref. 5, and by~b! time-
dependent plastic deformation of the solid particles~mainly
due to the perpendicular contact stresses!, as described by the
theory above. Both processes gives relaxation; ln(11t/t)
and creep rates; ln(«̇/«̇0), with the same temperature depe
dence as observed experimentally.

The stationary creep results presented above are not v
if the driving stress and resulting strain rate is extremely lo
In the latter case the theory predicts that the strain r
should be directly proportional to the stress. This limitin
case cannot be probed in laboratory experiments becaus
the low strain rates involved, but may show up in nature
geological time scales as clay deposits can exist for millio
of years.

E. Other manifestations of creep

We give here a few other manifestations of tim
dependent plastic deformation. First, consider a block
glass with a gas bubble. Glass is usually considered a
brittle material but the response to a small stress is not br
fracture but slow creep motion. Thus the air bubble mov
slowly upwards and on the time scale of 1000 year gl
behaves as a typical viscous fluid. Similarly, old glass w
dows are thicker at the lower edges than at the upper ed
because of a slow flow of the glass due to the gravitatio
force. In both these applications the driving forces~or
stresses! are so small that the stresss is likely to be linearly
related to the strain rate«̇, as expected for a fluid. As anothe
application, consider the earth’s crust which is continuou
exposed to fluctuating stresses. This gives rise to a s
creep motion but in most cases the stress and strain rate
so high that the relation«̇5 f (s) is nonlinear. Thus one ha
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discovered mine channels in Yugoslavia from Roman tim
where the channel height has been reduced by creep to
extent that it is impossible for humans to move in the
Another proof that stone creeps under load is the n
strongly plastically deformed Abraham spring close
Jerusalem. Other manifestations of creep are the formatio
mountains~over millions of years! and the creep motion a
fault lines.

XII. SUMMARY AND CONCLUSION

I have developed a general model of time-dependent p
tic deformation of solids. The theory is centered around
concept of a stress probability distribution functionP. Plastic
deformation is considered to involve local shear yielding
small volume elements~stress blocks!. A stress block yields
either as a result of being pulled over the barrier to sh
yielding by an external applied stress, or it jumps over
barrier due to a thermal fluctuation. In a general case b
these mechanisms operate simultaneously; this is the me
nism of stress-aided thermal flow considered in a classic
per by Eyring. Analytical results have been worked out
some limiting cases and are in good agreement with exp
mental data.
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APPENDIX A

We consider a cuboidal solid block and assume that
surfaces of the block are clamped and displaced so tha
stress in the block equalss i j everywhere. In this appendi
we will estimate the activation barrierDE for local shear
‘‘melting.’’ Let us consider a stress domain, in the so
block. The stress in the stress domain is assumed to be
stant and given bys i j 5si j 1pd i j . We estimate the elasti
barrierDE necessary to increasing the local stress froms i j

to the values i j
0 5si j

0 1p0d i j . In the applications presented i
this paper we havep5p0 since the local shear ‘‘melting’’
does not depend on the hydrostatic pressure~the yield crite-
ria depends only on the stress deviatorsi j ). Physically, the
increase in the local stress at a stress domain can be co
ered as the result of a thermal fluctuation. This can be
scribed by a fluctuating force fieldf(x,t). In the present case
we will assume thatf(x,t) corresponds to a stress acting
the surface of the stress block@i.e., f;d(r 2R)#. The mini-
mum work necessary for this fluctuating force to increase
stress in the stress domain froms i j to s i j

0 can be estimated
using DE5E22E1 , whereE2 is the total elastic energy in
s,
the
.
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the body under the assumption that the stress in the s
block equalss i j

0 , while far away from the stress block th
stress equalss i j . E1 is the elastic energy stored in the bod
when the stress equalss i j everywhere. When calculatingE2
we assume that the stress satisfies the equation

s i j , j50 ~A1!

everywhere, except at the surface of the block, wheres i j is
discontinuous, while the displacement fieldui is continuous.
We get

E25 1
2 E

V
d3x s i j « i j . ~A2!

Substituting

« i j 5
1
2 ~ui , j1uj ,i !

in Eq. ~A2!, performing a partial integration, and using E
~A1! gives

E25 1
2 E

S1

d2x s i j uinj1
1
2 E

S
d2x~s i j

22s i j
1!uinj , ~A3!

whereS1 is the outer~clamped! surface of the body andS the
surface of the stress domain. In Eq.~A3! ni denote the unit
vector normal to the surfaceS ~andS1) pointing away from
the interior, ands i j

2 and s i j
1 denote the stress tensor ju

inside and outside the surfaceS, respectively. Since the oute
surface of the body is clamped, the displacementui at the
surfaceS1 does not change during the transition, and sin
~to be proved below! the correction to the stress field from
the stress domains decay as 1/r 3 with the distance from the
stress domain, it follows that in the limit of a very large bod
the first integral in Eq.~A3! is unchanged during the trans
tion. Thus the change in the elastic energy is

DE5 1
2 E

S
d2x~s i j

22s i j
1!uinj . ~A4!

Let us assume that a stress domain is a spherical vol
element with radiusR, and introduce a coordinate syste
with the origin at the center of the sphere. The ‘‘initial
displacement fieldui in the solid is given everywhere by

ui5
1

E
@~11n!si j xj1~122n!pxi #,

which corresponds to the initial stress tensor

s i j 5si j 1pd i j ,

wheresi j andp are constants. The ‘‘final’’ displacement fiel
ui

0 for r ,R is given by

ui
05

1

e
@~11n!si j

0 xj1~122n!p0xi #,

which corresponds to the final stress tensor

s i j
0 5si j

0 1p0d i j ,

wheresi j
0 andp0 are constants. Forr .R we have



n

g

ro

-

t

r

5964 PRB 61B. N. J. PERSSON
ui
05

1

E
@~11n!si j xj1~122n!pxi #1ui

~1!1ui
~2! ,

where ui
(1) and ui

(2)→0 as r→` and satisfies“3u(1)50
and“2

“•u(2)50. The relevant solutions to these equatio
can be written as

ui
~1!5axi /r 3

and

ui
~2!5Aai j ¹ j

1

r
1Bajk¹ i¹ j¹k

1

r
1Cajk¹ i¹ j¹kr .

These displacement fields satisfy Eq.~A1! if

A524C~12n!.

The condition thatui
0 must be continuous forr 5R gives

a5~R3/E!~122n!~p02p!,

A52
20~12n2!R3

~16220n!E
,

B5
~11n!R5

~16220n!E
,

ai j 5si j
0 2si j .

It is now straight forward to calculate the strain

« i j 5
1
2 ~ui , j

0 1uj ,i
0 !

and from it the stress tensorss i j
1 and s i j

2 just outside and
inside the boundaryr 5R of the stress domain. Substitutin
the result in Eq.~A4!, assumingp5p0, gives after some
simplifications

DE5
5pR3~12n2!

E~425n!
~si j

0 2si j !si j
0 .

APPENDIX B

We consider stationary creep. In this case the stress p
ability distribution function is given by Eq.~33!:

P~s!5Cu~s!expS 2@2n0~11n!/3E«̇ #E
0

s

ds8

3exp@2be~12s8/sa!# D
5Cu~s!e2a exp~2be!@exp~bes/sa!21#, ~B1!

where the numberC is determined by the normalization con
dition ~2! and wherea52n0(11n)sa /(3E«̇be). The aver-
age stress is determined by the equation

^s&5
*

2sa

sa ds sP~s!

*
2sa

sa ds P~s!
. ~B2!
s

b-

Let us first consider the large-«̇ limit. Assume thata!1
andbe@1. In this case, to leading order ina, Eq. ~B1! gives

P~s!;Cu~s!@12ae2be~ebes/sa21!#.

Substituting this in Eq.~B2! gives to leading order ina

^s&5
sa

2 F11aE
0

sa ds

sa
S 12

2s

sa
De2be~ebes/sa21!G .

Performing the integral gives fora!1 andbe@1:

^s&;
sa

2 S 12
a

be D5
sa

2 F12
2n0~11n!sa

3E«̇~be!2 G . ~B3!

Next, let us consider small shear rates. Assume thaa
@1 buta exp(2be)!1. Let us consider the integralI, which
occur in the nominator of Eq.~B2!:

I 5E
0

sa
ds se2a exp~2be!@exp~bes/sa!21#5sa

2~1/21J!,

where

J5E
0

sa
d~s/sa!~s/sa!~e2a exp~2be!@exp~bes/sa!21#21!.

Now, it is easy to see that the main contribution toJ comes
from when s'sa Hence, if we writes5sa(12j), the
dominant contribution comes fromj'0. Thus

J5E
0

1

dj~12j!~e2a@exp~2bej!2exp~2be!#21!

'E
0

1

dj~e2aexp~2bej!21!.

Let us puth5exp(2bej) so that

J5E
e2be

1 dh

beh
~e2ah21!.

Since we have assumeda@1 and exp(2be)!1 the leading
contribution toJ becomes

J;2E
1/a

1 dh

beh
52

1

be
ln a.

The denominator in Eq.~B2! can be evaluated in a simila
manner as the nominator and equalssa(11J). Hence, to
leading order the sliding friction is given by

^s&5
1

2
sa

112J

11J
;

sa

2
~11J!

5
sa

2 F11
1

be
lnS 3E«̇be

2n0~11n!sa
D G . ~B4!

In the extreme low-«̇ limit, where a exp(2be)@1, only
the s'0 region in the integral in the exponent of Eq.~B1!
will contribute, and we can approximate

P~s!;Cu~s!e2abe~s/sa!exp~2be!.

Substituting this in Eq.~B2! gives
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^s&;~sa /abe!ebe5
3E«̇

2n0~11n!
ebe. ~B5!

Note that^s&!sa and that the stress is proportional to t
strain rate.

APPENDIX C

In this appendix I study the probability distribution fun
tion P(s,t) for a solid block exposed to an oscillatory stra
of arbitrary amplitude. The equation of motion is given
Eq. ~20! with e5e0 sin(vt) and ė5ve0 cos(vt):

]P

]t
1a cos~vt !

]P

]s
1n0e2bDE~s!P2Ṅd~s!50, ~C1!

where we have defined

a5
3Eve0

2~11n!
.

The general solution to Eq.~C1! has the form

P5 f @s2s1 sin~vt !#

3expS 2n0E
0

t

dt8 exp@2be~12us2s1 sin~vt !

1s1 sin~vt8!u/sa!# D 1
1

sa
FexpS E

0

t

dt8G~ t8!

3d@s2s1 sin~vt !1s1 sin~vt8!# D 21G
3expS 2n0E

0

t

dt8 exp@2be~12us2s1 sin~vt !

1s1 sin~vt8!u/sa!# D , ~C2!

wheres15a/v and whereG(t) must be chosen so that th
normalization condition~C7! is satisfied for all times. Note
that f (s) is the initial ~arbitrary! stress distribution. Now, it
is clear from the underlying physical problem that for lar
times the functionP must converge towards a unique ‘‘fixed
point’’ solution, which is independent of the initial probabi
ity distribution f (s), and which must be periodic in tim
with the periodT52p/v. In fact, it follows directly from
Eq. ~C2! that for large times

P5
1

sa
expS E

0

t

dt8G~ t8!d@s2s1 sin~vt !1s1 sin~vt8!# D
3expS 2n0E

0

t

dt8 exp@2be~12us2s1 sin~vt !

1s1 sin~vt8!u/sa!# D ,

which must satisfyP(s,t)5P(s,t1T). This last condition
is possible only if
n0E
0

T

dt8 exp†2be„12us2s1 sin~vt !

1s1 sin@v~ t1t8!#u/sa…‡

5E
0

T

dt8G~ t1t8!d$s2s1 sin~vt !1s1 sin@v~ t1t8!#%.

~C3!

Now, note that the left-hand side of this equality is alwa
nonzero, while the right-hand side vanishes ifus
2s1 sin(vt)u.s1. This implies that if this inequality is sat
isfied we must haveP50 in order not to have a contradic
tion. In fact, it is easy to understand physically whyP50 if
us2s1 sin(vt)u.s1. Next, let us considerus2s1 sin(vt)u
,s1. Now, in the interval 0,t8,T the equation

s2s1 sin~vt !1s1 sin@v~ t1t8!#50 ~C4!

has, as a function oft8, two solutions, which we denote b
t1(s,t) andt2(s,t). Note that

cosv~ t1t1!52cosv~ t1t2!.

Using this equation we get

I 5E
0

T

dt8G~ t1t8!d$s2s1 sin~vt !1s1 sin@v~ t1t8!#%

5
1

s1vucosv~ t1t1!u @G~ t1t1!1G~ t1t2!#.

Now, up to this points and t are arbitrary. Let us now
chooses50 in which case the solutions to Eq.~C3! and Eq.
~C4! are t150 andt25T/222t, where we have assume
t,T/4. This gives

I 5
1

s1 vucosvtu @G~ t !1G~T/22t !#.

Substituting this in Eq.~C3! and using thatG(T/22t)5G
(2t) gives

n0E
0

T

dt8 exp„2be$12us1 sin~vt !

2s1 sin@v~ t1t8!#u/sa%…

5
1

s1vucosvtu @G~ t !1G~2t !#. ~C5!

Let us writeG(t)5Ge(t)1Go(t), whereGe(t)5Ge(2t) is
an even function oft andG0(t)52Go(2t) is an odd func-
tion of t. Using Eq.~C5! gives

Ge~ t !5
s1vn0

2
ucos~vt !u

3E
0

T

dt8 exp$2be@12~s1 /sa!usin~vt !

2sinv~ t1t8!#%. ~C6!

The functionGo(t) is determined by the normalization con
dition
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E
2sa

sa
ds P~s,t !51, ~C7!

which must be satisfied for all timest. When this equation is
satisfied, the relation between the stain«(t) and the stress is
obtained from
.

f

er
^s&5E
2sa

sa
ds sP~s,t !. ~C8!

The derivation of the relation between stress and strain u
the equations above is in progress, and will be reported
elsewhere.
n,
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