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Theory of time-dependent plastic deformation in disordered solids
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| present a theory of time-dependent plastic deformation of solids. | derive a general equation of motion for
the stress probability distribution functidh | consider in detail uniaxial tension and show how this case can
be (approximately mapped onto a simple one-dimensional spring-block model. | study stationary creep and
the linear and nonlinear response of a solid block to an imposed oscillatory strain. The theory is in good
agreement with experimental data.

[. INTRODUCTION external stress and temperature fields the solid has been ex-
Cposed to. On the other hand, the formalism of the present

In thi r | devel heory of time- ndent plasti . )
this paper | develop a theory of time-dependent plast paper does take into account these memory effects via the

deformation, which should be valid for a large class of dis-"""%" *~ . :
ordered materials. The theory is based on the concept of &istribution functionP. Another approach to take into ac-
stress probability distribution functioR, which, at a given Ccount memory effects is to introductate variablest,,,

time, is determined by the external stress and temperatutihich are determined by equations of motion that depend on
fields the body has been exposed to at all earlier times. Thi'€ Stress and temperature fields the block has been exposed
basic idea behind this approach is that a solid that has bedf 2t earlier times. This type of approach hgs been found to
exposed to external stresses in the past will have an internQf Very useful in the context of sliding frictiomnvhere, e.g.,
stress distributior{residual stregs which varies rapidly in the static friction force depends on the time of stationary

space(perhaps on the length scale-6.0—100 A in a glassy contact, and may also be very useful in the context of time-
solid) and slowly in time. The yield stress of a solid, for dependent plastic deformation. In fact, attempts to introduce

example, depends on this internal stress distribuRpand such state variables for plastic deformation have already

3
will, even in the absence of external stresses, evolve slowl€€N presented by Argaet al” and by Falk and Langér.

(because of thermal excitation over the local barjievith | would like to emphasize that the present theory is not
increasing time. One implication of this formalism is that valid for single crystals, but assumes glassy atomic solids. It

while the (ensemble average stress in a solid usually van- M@y also tentatively be applied to strongly plastically de-

ishes when the solid is not exposed to external stresses, i.40rmed solids and alloys. In the latter two cases, plastic de-
formation can be considered as resulting from elementary

slip processes where short segments of dislocations move
<0__>:f do o P=0 short distances before getting pinned by crystal imperfec-
i i , . ) ; h "
tions (e.g., other dislocations, impurities or alloy atonisor
these systems, the stress probability distribution funcBon
the quantity{o;;oj;) does in general not vanish. can be considered as resulting from an ensemble of macro-
In analogy with the well-known equation of state of a scopically identical solids but with different internal distri-
perfect gas, simple theories of plastic deformation ofterbution of dislocations and pinning centers. For glassy solids
specify “mechanical equations of state.’Such a state equa- the local yield processes may be more complex than in ma-
tion takes the forni(o,e,£,T)=0, and depends only on the terials with more long-range crystalline order, but the basic
mean streséo), usually written asr for simplicity, the strain  idea is the same. The theory presented below is of a mean-
e, the strain rates, and the temperatur&. In this type of field type. Thus the stress that acts on a stress block from the
model, the stress in a solid at an arbitrary titpelepends surrounding stress blocks is only taken into account in an
only on the external applied stresses at the samettime.,, average sense. However, this approach has been found accu-
there is no information about the history of the externalrate in an earlier studyof a one-dimensional model, which
stresses the block has been exposed to. Such relations awvas solved both exactljusing computer simulationsand
well defined under some conditions, e.g., if a solid block iswithin a mean-field approximation, similar to the one devel-
(slowly) elongateduniaxial tensiopat a constant strain rate, oped in the present paper for three-dimensional systems. The
a steady state may be reached after some time where timeean-field approximation employed in the present case may,
stress distributior? takes a uniquéfixed-poind form, which  in fact, be even more accurate than in the one-dimensional
is independent of the initial conditions. In this case a definitecase, since mean-field approximations usually work much
well-defined relation will occur between the instantaneoudetter in higher dimensional systems because of the in-
values of the quantities introduced above, see EB3f3—(38) creased number of nearest neighb@ee, e.g., Ref.)6
below. However, it is usually not possible to describe the There has been some earlier work on the theory of time-
time-dependent deformation of a solid by a relation of thedependent plastic deformation along the lines of the present
form F(o,e,e,T)=0, since the relation between the stresspaper. Most similar to the present approach is a theory of
and strain at time depends in general on the history of the Argon et al.® who have studied plastic deformation in glassy
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polymers by mesoscopic simulations. They assumed that
plastic deformation is associated with local stochastic shear
transformations, at a rate governed by a characteristic energy
barrier. The total stress includes not only the applied stress,
but all other preexisting disorder-related internal misfit
stresses, as well as the total sum of the elastic interactions
with other past and present shear transformations, external to
the transformation considered specifically. This theory is a
numerical procedure and has only been applied to two-
dimensional systems. Other studies of the role of fluctuating
internal stresses on plastic flow have been presented by
Egami and ViteK, and by Bulatov and SutérThese studies
have developed specific thermally activated deformation
models that were stimulated by experiments, and are in good
agreement with much experimental work on plastic flow of Indentation depth (nm)
glassy metals and polymer glasses.

The present theory is similar in spirit to that of Argon  FIG. 1. Load-displacement curve for Au single crystal. From
et al,® but it is based on dynamical equations, and has th&ef. 9.
advantage that analytical results can be obtained in various _ ) _ ) )
limiting cases. We present a complete set of equations foiected directly in plastic deformation under most practical
time-dependent plastic deformation and a few illustrative ap¢onditions, e.g., during the elongation of a macroscopic solid
plications. In Sec. Il | derive a general equation of motion forPar. (It might, however, be possible to probe the yield events
the stress probability distribution functid®. | consider in  indirectly by registering the elastic waves in a solid block
detail uniaxial tensioriSec. 1)) and show how this case can during slow plastic deformation. Associated with each yield
be (approximately mapped on a simple one-dimensional eve_nt should be an emitted elastic wave puls_e, which may be
spring-block mode(Sec. V). | study stationary creep in Sec. regdistered by a sound detector with high time resolufion.
V and linear and nonlinear response of a solid block to im-However, d|scre_te yield events have been detected in nanoin-
posed oscillatory strain in Secs. VI and VII. Section VIII dentation experiments. Figure 1 shows the result of an ex-
describes relaxation and recovery phenomena in plastic déeriment where a diamond indenter with a blunt éraiius
formation. Section IX presents some mathematical develog?! curvature of approximately 2050)As pushed against a
ments and illustrations. Section X presents a few commentglold (110 surface’ Note the series of yield events separated

data. yield event no hysteresis is observed as expected when only

elastic deformation occurs. Thus the Au surface deforms
elastically between each yield event. We also note that the
Il. GENERAL THEORY observed vyield stres&~5 GPa in these nanoscale experi-
. ) ments is much higher than the macroscopic yield stress of
When a solid block is exposed to large external stresseg,qq (about 1 MPa for a single crystal of gold.e., the yield

plastic deformation usually occurs. Consider a block placediress on the nanoscale is much higher than on macroscopic
on a substrate. In this case plastic deformation occurs at thengih scales. The reason for this is discussed in, e.g., Ref. 2.

contact areas, and a short time after contact the local stresses; has peen found experimentally that plastic deformation
equal the plastic yield stress. Plastic deformation can be conyng creep only depend on the shear stresses and that the

sidered as resulting from shear_yielding of sr_nall volume el,6jume of the body does not change during plastic deforma-

ements(stress blocksresulting in local atomic rearrange- tjon or creep. Thus, if we introduce the hydrostatic pressure

ments; a stress-block yield when the elastic stresses it |ﬁ:_gkk/3 then plastic deformation does not dependpon
exposed to by the surrounding stress blocks satisfies sonpg, only on the stress deviator

yield criteria(e.g., the von Mises yield conditiprand after

yield the elastic(shea) stresses in the stress block are re- si =0 +pd;; .

duced. It is clear that immediately after the rapid plastic de- . . .

formations the stress blocks in the plastically deformed volNote thats; =0. Similarly, if &;; denotes the strain tensor,

ume will be in a “critical” state with a distribution of local the strain deviator is defined by

stresses such that some stress blocks are almost ready to

undergo plastic deformation. This implies that thermal pro- &ij =i} — Jjjex3.

cesses will be of crucial importance; slow relaxaticreep

will occur and the contact area will increase slowly with

time. In this section we develop a generahean-field e =s:(1+v)/E,

theory of time-dependent plastic deformation in solids that e

may be used for many applications involving creep and rewhereE is the elastic modulus angdthe Poisson ratio. Since

laxation of stress distributions in disordered solids. the onset of plastic yielding does not dependpothe yield
The local yield processes described above may involveondition is a function only o$;; . Sinces;; =0, the simplest

very small volume elementstress blockswith a diameter nonzero invariantunder rotationsthat can be formed from

~10-100 A. Such small yield events cannot easily be des;; is s;s;; . In the theory of von Mise] which has been

Load (uN)

When only elastic deformation occurs
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found to be in very good agreement with experiments, thavhere d®s is a surface element of the eight-dimensional
plastic yield criteria is taken to bg;s;; =s§, wheresy is @ sphereSdetermined bys;; s =s(2), and where the unit “vec-
constant that can be related to the yield stregsduring  tor” (in s spacg nj;=s;; /s, is everywhere perpendicular to
uniaxial tension, where the stress tensor and the stress devide surfaceS. Thus we get

tor have the form

o 0 0 20_/3 0 0 NZSH J'Sdss Pnj +VOJ’ dgs e_BAE(Sij>P. (3)
oj={ 0 0 0], g={ 0 —o3 0O We can interpret the two terms in this equation as the rate at
0 0 O 0 0 —al3 which a stress block shear yields, as a resul{afbeing

5 2 2 . . driven over the barrier towards shear yielding by the increase
Thuss;;s;j=20°/3 so that 27;/3=s;. The von Mises yield j, the elastic stresirst term), or (b) as a result of thermal
criteria can be expressed as follows: A body flows plasticallyaysitation over the barriefsecond termn We can visualize

if the elastic energy per unit volume due to shear demrmaprocess(b) as occurring when éhermally excited elastic
tions reaches a critical value. This result is trivial to prove if,5e packet reaches the stress block and locally increases
one note that the elastic energy per unit volume is given b¥he shear stressj—>sﬂ to the yield conditiorsﬂ sﬂ =s(2). Us-

du ing the elastic continuum model one can estimate the energy
— =lgiei=21(s;—pd&i)(e;+8iendd) barrier AE(s;;) as follows. Assume that a stress block has
dv i . S . the form of a sphere with the radid® which may be of
order ~100 A. By applying an external workE on the
surfacer =R of the stress block it is possible to change the
Sincegyy is the increase in the volume per unit volume dueshear stress in the stress block fram to sﬂ Using the

to the elastic deformations, the last term in the expressiotheory of elasticity one can calculateee Appendix A

above is the elastic energy due to the volume change, while

the first term is the elastic energy due to the shear deforma- AE=A(s] —s;))s], 4

tions only, and can be written as

1 1
=3 Sjj€jj— 2 Pekk-

where
du, 1+v 5mR3(1—1?)
dav 2 THTU A:w. (5)
Thus plastic flow occurs whedU, /dV=(1+v)03/3E. The energy barrieAE(s;;) in Eq. (1) is obtained by mini-
Let us now introduce the streggrobability) distribution  mizing Eq. (4) with respect tos] with the constraint that
function P(s;; ,t), which satisfies s s =sg andsp,=0. To solve this problem let us form
?j_i):%_i_gsij:_Voe—BAE(sij)P_’_Né(Sij), ) F=A(s] —sij)s; + a(s]s] —S5) + BSpe
b wherea and 8 are Lagrange multipliers. Minimizing with
whereP=0 if s;s;>s3, and respect tas;] gives
3(sij) = 6(s11) 8(S12)" ** 8(S33), 0= AS; 6)
) b2A+2a
and whereN is determined so that probability is conserved, 00
ie. and from the conditiors;; s; = s; we get
A 5
f ng P(Sij ,t):]., (2) 2A+2a_ (Sijsij)l/Z' (7)

whered?s=ds,;ds,» --dss3 is a volume element in the nine- Substituting Eqs(6) and(7) in Eq. (4) gives
dimensionak space and where the integral is over the region - . 12
s;;Sij=<s3. In Eq.(1) we have assumed that after shear melt- AE=As[1-(sijs;) so]=e[1~(sy;5)"¥s0], (82
ing the shear stress in a stress block is reduced to zero. Intgere
grating Eq.(1) over s space gives
107R3(1—v?) 02
I [ , o P o aAE(e e=Asi= ( e
EIdst—sinsEi—vofdseﬁ Si)pP+N. 3E(4—-5v)

(8b)

. _ _ _ _ Finally, we must specif;; occurring in Eq(1), which is the
Using Eq.(2) the Ihs of this equation vanishes. Using Gaussrate of increase of the shear stresssdue tolocal elastic
theorem we have deformations of a stress blacke.,

JP ) E
f dgsﬁz Ldss Pnj, Sij:m(eleolc)ij : 9
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We will show below that the local strain deviator rate is 4.
simply the sum of the plastic and elastic strain deviator rates, gloc
ie.,

loc

(eel ij :(ep|)lj +(eel)|1_e|] ) (10) (a)

where /

1+v
(eel)ij=?<sij>! (11 ’

<Sij>: J dgsaj P(Skl 1t) loc /&

If we assume that the elastic shear strain-@s;; /E in a y;
stress block is completely converted into plastic strain during Pl
a shear yield event, then the rate of plastic deformation is ,

(épl)ij :¥( J'SdBS Slj Pnk|'Sk|+ Vof dQS eﬁBAE(Sk')Sij Pl. () t
FIG. 2. (a) The local elastic strain in a stress block as a function
(12 of time during stationary creeib) Solid line, local plastic strain;
The two terms in the parentheses on the rhs of this equatiofigshed line, macroscopic plastic strain obtained by averaging the
are the product of the rate at which a stress block shear yieldgicroscopic plastic strain over time.
and the plastic strain gained in such a prodedsich equals

(1+ v)s;; /E]: the first term results from the stress block be- aP E P, &ij+ o BAE(S)P —N§(s;)=0. (17)
ing driven over the barrier towards shear yield by the in- ot 1+V 55.1 N
crease in the elastic stress, while the second term resultshis equation can be solved using the method of character-
from thermal excitation over the barri&vE(s;;). istic curves. In the next section we consider the simplest
To derive an expression fd;;, let us multiply Eq.(1)  very important case of uniaxial tension.
with s;; and integrate oves space: | have proved above that the local elastic strain %’feis
identical to the total strain rate To close this section, | give
9 B 9 JP some simple physical arguments for why this equation holds.
EJ d°s §;P= _j ds Sljgklskl | consider two limiting cases, namely the cases wifar¢he

elastic strain rate vanishes afig) the plastic strain rate van-
ishes. Caséa) prevails during stationary creépniaxial ten-
sion) where e, =const. Consider a stress block during sta-
tionary creep. Figure(2) shows the local elastic strain at the
But stress block. The elastic strain increases linearly with time
until the shear stress reaches the critical value where local

- VOJ' dgs e_’BAE(Skl)Sij P. (13)

9 shear yield occur. After shear yielgvhich is assumed to
f d’s S”as f d’s (S”P) 5"‘5“,[ d’s P occurs instantaneously in the present thgdhe stress block
is in a state where the shear stress and hence the local elastic
= | d8s s Pnu— 8.6 14 strain is zero. This cycle_ repeats itself periodically. Thus, the
fs S5 ik 4 local plastic shear strain will take the form shown by the

solid line in Fig. Zb). The corresponding macroscopic plas-
where we have used Gauss theorem and the normalizatiq¢ strain is obtained by averaging the microscopic plastic

condition(2). Substituting Eq(14) in Eq. (13) gives strain over time and is given by the dashed line in Figp)2
It is clear thatep|, which is given by the slope of the solid
loc
d° .P:-“_Jdg P line in Fig. Z(p) is _|dent_|cal _toee,, which |_s given by the
S S =Si S 817 NS slope of the tilted lines in Fig. (). Thus, since the macro-

scopic elastic strain is constant, it follows tlegj=0 so that
_Vof d% e—BAE(Sk|)SijP_ (15) &%= €p=€p+ee=e and Eq.(10) is valid in this case. Next,

Iet us consider casg). This case prevalil if, e.g., an elastic
block is exposed to very weak external forces. In this case
there is no plastic deformation so thef*= &.,= & so that Eq.

(10) holds trivially in this limiting case.

Using Eqgs.(11), (12), and(15) gives
) E E
Sy = L@t (el 1= 1 8 18 I1l. UNIAXIAL TENSION

where €;; is the total strain deviator rate. Substituting Eq.  For uniaxial tension as in Fig. 3 the strain deviator &te
(16) in Eq. (1) gives has the form
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il

— »” FIG. 4. Spring-block model of uniaxial tension.

n E so that

N % ei=(1-2v)(0)/E,

- // where we have used that the plastic deformation occurs with-
J, l out change in the density so that,();; =0. Thus we get

lil lq =€+ 6;;(1—2v)(0)/3E,

FIG. 3. A solid block under uniaxial tension. or, sincezy;=1/1 and from Eq.(18) &;;=&:

I/l1=e+(&)(1—2v)/3E.

e 0 0
e=|0 —&2 0 (18) Since{o)=o(t) we can write
0 0 -er e=i/l—i(1-20)/3E. 22

and it is then easy to show that E4.7) is satisfied with In particular, for stationary creep, whes€t) is independent

of ti ne, e—I/I is time indepe dent.
i#]

(19) IV. BLOCK-SPRING MODEL
where o=3s,,/2. Thus(s;;) and the stress tensor have the The time-dependent deformation of a solid bar under
form uniaxial tensior(Fig. 3) can be(approximately mapped onto
the one-dimensional spring-block model shown in Fig. 4.
2(0)/3 0 0 The blocks in the figure correspond to the stress blocks in the

solid bar. Thus the linear size of a block is of order R

(sij)= 0 {o}13 0 : and the mass of a bloak~ pD?3. A block is pinned until the
0 0 —(o)/3 stress at the interface reaches a critical vatyécorrespond-
ing to the static friction forcg at which point the block starts
(o) 0 0 to slip. The slip corresponds to the plastic deformation of a
(oy)=| 0O 0 Of. stress block in the solid bar. After the rapid slip the block
! will stick, which corresponds to “refreezing” of the stress
0 00 block. We will show below that the sprinds andk, are
Substituting Eq(19) in Eq. (17) gives the following equation determined by the elastic properties of the solid bar, and that
for P(o): the driving velocityv (which may vary with timgis propor-
tional to the strain rate.
P 3 Ee 9P _ BAE(o) . | have shown that,in the mean-field approximation, the
215, 95 Vo P—N&(0)=0, (20 nterfacial stress distributioR(o,t) in the model in Fig. 4
satisfies
where
P k]_U P — _—BAE(0) . _
AE(o)=€e(1—|olloy). (21) E"‘F%"'Voe P—Né(0)=0, (23)

If we consider a cylindrical block of heigh{t) exposed where
to a surface stress(t) on the top and bottom surfacésee

Fig. 3), then the strain rate AE=€1-(0l0,)?], (24)
su=1() with
can pe relateq tq the strain deviator rates follows. The — (D?0,)? ' (25
elastic strain is given by 2(ky+2k5)
1 0 0 Now, Eq.(23) has the same general form as E2Q) and if
(ool :% 0 -» 0 we define

O 0 —v v=Deg, (26)
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then Eq.(20) and Eq.(23) are formally identical if we iden-
tify

leé_B Ee )
DZ 21+’ @7
or
K _3 DE 28
1721+ (28)
In addition, we must take
Vo= g (29

The activation energ@ E for the spring-block model differs,

B. N. J. PERSSON
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FIG. 5. The dependence of the for@e stresgon time for a few
different temperatures corresponding@e=>5, 10, and 20. In each

however, from that associated with plastic deformationcase the system starts from a relaxed configuration nearly without

[compare Eq(21) with Eqg.(24)]. However, this difference is

internal stresdi.e., the blocks in Fig. 4 are nearly uniformly dis-

not of major importance in most cases since thermal excitatributed. The drive velocityy =0.001 andk; =k,=1.

tion over the barrieAE will in most cases be important only

when o= ¢, and in this case we can approximate
1—(0l0a)?=(1+0lo)(1-alog)~2(1~|all o)
so that
e~2e
Using Eq.(8b) and Eq.(25) this equation gives
(D20,)?  57R¥(1-1?) 2075
ki + 2k, E(4-5v) 3

(30

or
(D/R)®  5m(1-w)
1+2k,/k;  4—5v

Since from general argumefsee Ref. b k;~k, and if v
~0.5 (typical for metal$ we getD~2.5R, which is consis-

(31)

not obviously relevant in the present context, but which turn
out to give results virtually indistinguishable from those
which follow using the other criteria presented above and
used earlier in Ref. 5.

In what follows, we use dimensionless variables, measur-
ing time in units of M/k;)Y?, distance in units of ,/k;,
and force in units ofF,. In all the numerical results pre-
sented below we have, unless otherwise stated, kised,
=1, C=0.1/A (with A=0.005, v.=0.02, y=1, and v
=0.1.

We now present some numerical results to illustrate the
consequences of the spring-block model of uniaxial plastic
deformation(see also Ref. )5 Figure 5 shows the relation
between the stress and time when the drive speed
=0.001, and where we have started with a nearly fully re-
laxed (annealejistate(the distribution of blocks at=0 was
nearly uniform: the fluctuation away from the perfect uni-
form state was only 1% We show results for three different

tent with the interpreta’[ion of the blocks in F|g 4 as thEtemperatures Corresponding BF: 5, 10, and 20. At the

stress blocks in the solid in Fig. 3.

lowest temperaturee=20) one observes a nearly linear

In order to calculate the dynamical behavior of the spring+ise of the stress at short times, until the “upper yield stress”

block model in Fig. 4, | have used a similar procedure as iNthe maximum stregshas been reached, followed by con-
Ref. 5. That is, a block starts to slide when the spring forcginyous plastic flow. At lower temperaturéfor steel one
acting on it reaches a critical valuéhe pinning force F, typically has e=1-2eV, and sincekgT~0.025meV at
=0,D?, either as a result of the increase of the pullingroom temperature one typically hak=40-80 the upper
(spring force, or else due to a thermal fluctuation. The ther-yielq stress is larger as illustrated in Fig. 6 f6e=40. At

mal excitation over the pinning barrier is assumed to occur ifhigh” temperatures e=>5 and 10 the dynamics is more

a stochastiqrandom manner and is determined using ran- |iquidiike although even in these cases there is a nearly linear

dom numbers as described in Ref. 5. During sliding thepitial increase in the stress at short times because of elastic
block experiences a kinetic friction force,myx;, which is  geformation.

proportional to the sliding velocity. In Ref. 5 we assumed
that a sliding block returns to the pinned state when the
sliding velocity vanishes at the end of a rapid local slip pro-
cess. In the present study | have used another criterion: | Assume that a rectangular solid block is exposed to a

V. STATIONARY CREEP

assume that if the magnitude=|%;| of the velocity of a
sliding block is below some givefsmal) critical velocity

v, the motion of the blocknayabruptly stop. More exactly,

if p=[ve—vi(t)]/v. (note: 0<p<1), then if Cr<p, where
r is a random number uniformly distributed in the interp@|

1] and whereC is a fixed number, the block will stop to

move during the short time intervil,t+ A (whereA is the

constant surface stressy on two opposite surfaces as indi-
cated in Fig. 3. Ifi(t) denote the length of the block at time
tande;=¢ then

e=1/1(t).

After an initial relaxation time period, during which the

time step used in integrating the equation of motion for thestress distributionP(s;; ,t) changes from the initiat=0
blocks. This criterion has been chosen for reasons which aréorm (which is determined by the previous history of defor-
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in units of o,, depends only on the two parametersaand
Be. Let us first consider the high-strain-rate limit whete
<1. In this case Eq.34) can be expanded to leading order in
a and substituting the result in E@35) gives to leading
order in 1£ (see Appendix B

_O'a( @ _O'a( 2v(1+tv)o,

Thus, at high strain rate the stress approaches the limiting
valueo,/2. We note, however, that this limiting value results
from the assumption that after shear yield the stress in a
stress block vanishes.

L——J 7 Next, let us consider the smadl limit where a>1 but
assumex exp(— Be)<<1. In this case we show in Appendix B
that
_ _ ) Oa 1 Oa 1 3E&Be
FIG. 6. Rheological model of the linear stress-strain response of (o) = > ( 1-—1In a) =—1+ —In( —)
a solid block. Be 27 Be \2v(1+v)o,

(37)
mations the block has been exposedl t its steady state Thus, in this extremely important limiting case, the stress is
form, we expect to depend only onry. Thus proportional to the logarithm of the strain rate. This relation

o is valid for most “normal” solids under typical temperatures
e=e="f(op) (see Sec. XL A similar relation betweernr and & can be
so that derived using simpler, but less rigorous, arguments due to

Eyring, involving stress-biased thermal excitation over pin-
I(t)=1(0)el (w0, ning barriers.
In the extreme smalk limit where a>1 and a exp
Note that we have assumed thgtis constant, and since the (—pge)>1 we get(see Appendix B
areaA(t) depends on time in such a way that the volume
V=A(t)I(t) is constant(plastic deformations usually occur Oa 3Ee

. . . — Be_ Be_— .;
without any change in the volume of the bodit follows (o)= a,gee " 2v(1+v) &= ns, (38
that the total force that acts on the surfaceecreases with ) .
time. where theviscosity

We now determine the functidi{o). In the present case 3E

P (o) is time independent ang= ¢ so that —— " aBe
(o) p "= i & (39)
ES (9P 27/0 -~ . . . . . .
— + —e PAEWP_N§(0)=0, (32 This equation is valid at high enough temperat(oe low
1+vdo 3 enough shear rateand shows that the strain rate is propor-
where tional to the applied stress. Thus, at high temperature the

model exhibitNewtonian flowas is characteristic of liquids.
AE(o)=¢[l—0ala,]

. . VI. LINEAR RESPONSE TO OSCILLATORY STRAIN
for 0=0. The general solution to E¢32) is

We consider the response of a solid k&rg. 3) to an

P=C exp( —[2vg(1+ v)/3Eé]f do’ oscillatory strain. Let us write
0

e(t)=f dwd(w)e ',
Xex;{—ﬂe(l—a"/a&]) (33

ol

1 .
for O<o<o, and zero otherwise. Let us introduce (w)= ﬁj dte(t)e'“t,
=2vo(1+v)o,/(3EeBe) so that

/ Assume that the amplitudg(t) is so small that we can cal-
_ B 7% B B culate the streséo) to linear order ine. We write P= P,
P_CeXp< ’Bmfo dxexp —pe(l X”)' (349 +P;, whereP, and P, are of zero and first order iB,
respectively. Substitutind®=Py+ P, in Eq. (20) gives to
Thus the average stress zero order iné (for o#0):

(oy=0¢= f_ do oP(0), (35 aa_Pto+Voe—,8AE(o)p0:0

Ta
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with the (steady statesolution it is easy to calculatfusing Eq.(43)] the energy dissipation

per unit volume and unit time

Next, to linear order ire we get foro#0: aE_, Ee2 (0n)° 1/
, g o#0: VT 2 SOW( ),
P, 3 Ee dPq PR
g2 7gro ~BAE(0)p — where the relaxation time= 7/E.
2170 g0 V¢ P1=0 40
or VII. NONLINEAR RESPONSE TO OSCILLATORY
STRAIN
(—iw)P+ = (—i1w8) &' (o) + voe PAE@P =0 In this section | present numerical results for the nonlinear
21+ relation between the stress and an oscillatory strain. We
(41)  make use of the(approximatg equivalence between the
so that (mean-field equation of motion for the spring-block system,
and the uniaxial tension of a solid blockee Sec. IV. It
_ 3 E (—iw8)d (o) may, however, be possible to solve EHQO) analytically
P1=§ (17 7) (io—vge PREO)) - even in the nonlinear regimgee Appendix ¢ but | have
0 not yet been able to obtain an analytical solution in closed
Thus form for the relation betweety) ande(t).
Let us write the driving displacement and velocity as
J do(Po+ Pl):J doPo=1, X(t)=Xg sin(wt),
while

o ~ ~ 3 E (—iw®)
<0>—j dO’O’P—j dO'(J'Pl——E(:H_V) Go—vee P

This equation is equivalent to

d 3 Ee
ﬂ— = ——+vee P{a)=0.

dt 21+v (42)

Let us for simplicity denotg o)=c. Combining Eq.(42)
with Eq. (22) (with £=1/1), gives

e=0glE+aln, (43

where the viscosityy is defined by Eq(39). When =0
then Eq.(43) reduces to Eq(38). Note that Eq.(43) is the
standard formula for the linear response of glassy sétids,

e.g., Ref. 10, usually described by a rheological model of
the form indicated in Fig. 6; it is gratifying that this result

follows from the theory.

The study presented above can be easily generalized to
obtain the linear response relation between the strain and

stress in a general triaxial case. Using El) and following
the same procedure as above gives

_1+Vd<sij> 3
&= E dt +5<Sij>-

Since the plastic deformation is assumed to occur withou}:

volume change we have as before

E
<0'ii>:m8ii-

v(t)=Xow cog wt).

In the linear response limit one obtain from Eg3) [com-
pare with Eq.(42)]:

d{o) kw _
= ~Be =
TR +vge P(a)=0.
If N denote the number of blocks then the forée
=ND% o) satisfies
F+70e PF=Nkyp. (44)
For “large” X the relation betweeir andx(t) will be
nonlinear. However, it is clear that independent of the initial
stress distributionP(¢,0), after a long enough time(o,t)
will be a periodic function of time with the period
=27/ w. This implies that for large timeis(t) will be of the
general form

F(t)= %; (Fne"'—c.c), (45

where

Fom det F(t)e net (46)
n T 0 .

It is clear thatP(o,t)=P(— o, T/2+1t), which implies that
n=0 for evenn. We define the impedance
Z: Fl/XO'

In the linear response caseis determined by Eq(44) so
that in this casd-,=0 for n# 1, while

These are the standard linear response tensor relations be-

tween stress and strain in a linear viscoelastic media.
In the special case of uniaxial tension with

e=¢ggSin(wt)

ioT
l:1:Nk1><01_—iw7,

where the relaxation time
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T_eBE/VO
Thus
Z= Nk £
M -jer 5
so that
Rez=Nk—?"" Imze Nk " 4
eZ=Nki oz MZ=Nkigme. (47)
When w7>1 these formulas reduce to ReNk; and ImZ

=Nk, /w7. Thus in this limit the real and imaginary part Bf
describe the elastic and viscous properties of the system. Let
us defineReZ=Nky and ImZ=Nk; /w7 Where the effec-

tive spring constankg«(Xy,w) and effective relaxation time b
Teif(Xo,) iN general will depend on the oscillation amplitude ~
Xo and the oscillation frequenay. \Kﬁe =20
The dissipated energy takes the form & 005 Be=10 N
= N
AE 1 (T . L, | N
—==| dtFv=35 wXgImF;=3 wxgimZ | S
T TJo
//
=1 NKyX3/ 7ot (48 P L ; L
05 15
i.e., the dissipated energy is determined by the fundamental 20/2a
n=1 mode, and does not depend on the higher harmonic _
components. In the linear response limit, £47) and Eq. ~ FIG. 7. The dependence (d) ke and(b) 17 on the oscilla-
(48) gives the(average energy dissipation per unit time and tion amplitudex, in units of the displacement, necessary for local
per block shear melting. Results are presentedder 10 (solid lineg and 20
(dashed lines For the oscillation frequency =0.083.
AE 2 :
—=1 MXZ& We note that the results presented above are only valid for

0 7 (7). . . .
1+ (w7) such low frequencies that the time it takes for a sound
. . wave to propagate from one side of the solid block to the
_Let us now studyZ as a function of the amplitud®,.  gher side is small compared toud/Since the frequency
Figure 7 showskert and 1k as a function oo /x; where  sed in the numerical results presented above is very high
X is the displacement necessary in order to increase the locgijs requires in general very thin solid blockhicknesgd) in
stress at a block from zero to the yield stress We show  order for the conditiorwd<c (wherec is the longitudinal
results for Bz =10 (solid curve$ and 20(dashed curves sound velocity to be satisfied. Computer simulations for
with 1,=0.1 and the oscillator frequenay=0.083. Note  smaller, but more interesting, frequencies are very time con-
that ke~k; for Xo<0.3X, when e=10 and forx,<0.4x,  suming and it would clearly be very useful if one could
whenBe=20. Itis also interesting to note that in the presentderive analytical results faf(x,,») which cover all cases of

NT

case In¥Z is maximal atx,~0.5x,, rather than aky=xg,. interest(see Appendix €
Since the energy “dissipation” is proportional to
~1/7¢x this quantity must be positive for all oscillation am- VIIl. RELAXATION AND RECOVERY

plitudes[see Fig. Tb)]. However, so such condition exists

for ReZ, which can take on both positive and negative values In this _sectlon we _present a short study O.f relaxation a_md
. . : recovery in the uniaxial deformation of a solid bar. The dis-
[see Fig. 7a)]. Figure 8 shows the ratios IRs/ImF; and

ReF3/ReF,, as a function of the oscillation amplituctg for Be =20
®»=0.083. Note that the harmonic component completely U ReF3/ReFy
dominates foxy<<0.4x,, but for x,>0.5x, then=3 anhar- ImF3/TmFy

monic contribution is of similar magnitude as the fundamen-
tal n=1 contribution. Nevertheless, as stated above, the en-
ergy dissipation is determined only by the fundamental (

=1) mode even for large oscillation amplitude. It is inter- 0 — 0‘5 Y’c 1‘

05

esting to note that linear response thefdgy. (47)] predicts

in the present case.s~k;, while 1/ros~4.5x10"% and 2.1

% 10710 for Be=10 and 20, respectively. These values for -05
1/7+ are much smaller than obtained in the numerical calcu-

lations even forx/x, as small as 0.05. It is clear that the  FIG. 8. The ratio R€3/ReF; and ImF;/Im F; as a function of
linear response result for the damping is only valid at ex-the oscillation amplitudex,. For the oscillation frequency
tremely small values ofp{X, . =0.083 andBe=20.
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0.6 :' a 2_
AF)q ~
044 o s,
I,
4
uo
- 0'2_' ob——L 1 1
0 20 40 60
Be
0 y v
0 2000 4000 FIG. 10. The ratio AF),/(AF), as a function ofBe for v
t =0.01.
06f b undergoes “stressed aging” or “free aging.” Similar effects
as described above have also been observed in friction ex-
: periments, see Sec. XIC.
IX. MATHEMATICAL DEVELOPMENT AND
= ILLUSTRATIONS
w023 We consider first the following general problem. Assume
that the strain deviator has the form
0 ' - E— e =e(x,t)M;;(x), (49
0 2000 4000 ’ - . .
¥ where M;; may depend on the spatial coordinatebut is
FIG. 9. Stop and start simulations. In cdagthe coordinatex of Isnudrigendent of time. Without loss of generality we may as-
the drive is fixed ( =0) betweert=1750 and 3750 after which the
drive continues with the same velocity= 0.005 as before the stop. M M:=1 (50)
(b) The same asa) except that during “stop” the coordinateis E '
rapidly changed until the pulling force vanishes. We will now prove that in this case the stress probability

distribution function takes the form

cussion is again based on the spring-block model of the plas-

tic deformation process. We consider the following two stop- P(sjj,t)= f dsd(si;—sM;j)P(s,t) (51
and-start “experiments,” which we refer to #&8) “stressed

aging” and(b) “free aging:” Initially the spring-block sys- so that, e.g.,

tem is pulled with a small constant velocity. At time t

=ty we suddenly stop pulling and in casa® we keep the N M. — M.

coordinatex of the drive fixed ¢ =0) until t=t;>t, where (i) M”f ds SR/ H)=M;i(s). 52
we continue to pull with the same velocity as before the A pefore we use the definition

stop. This will give rise to a ‘“striction” spike of height

(AF)a. In the second “experiment(b) we again stop the  §(s;j —sM;;) = 8(S;3—SMy1) 8(S12—~ SMyp) - 8(S33— SMgg).
motion att=t, but instead of keeping fixed, we rapidly
changex until the pulling force vanishes. Again, at tinte
=t, we start to pull with the same velocity as before the
stop. This will give rise to a “striction” spike of height 5(5”-):J dsé(sij—sM;j) &(s). (53
(AF)y . Figures 9a) and 9b) show the result of the simula-

tions for the case when=0.005, Be=40 andt;—ty;  Substituting Eq(51) and Eq.(53) in Eq. (17) and using that
=2000. Note thatAF),>(AF) . Figure 10 shows the ratio
(AF),/(AF)y as a function ofBe for v=0.01. For Be
<28, (AF),/(AF),~1 but for largerBe the striction-spike
(usually referred to as the “upper yield stre3ss larger for
“stressed aging” than for “free aging.” Striction spikes of
:he t_ype shown in Fig. 9 have been observgd dur|r)g uniaxial efﬁAE(sij)é(Sij _SMij):efﬁAE(sMij)&Sij —sM)
ension experiments, but are usually associated with the mo-

tion of impurity atoms, which tend to accumulate in the =e PAEGI (s —sM;) ,
stress field of dislocations, resulting in a contribution to the i
pinning of the dislocations. However, the present calcula\vhere we have defined
tions show that even in the absence of such effects, one AE(s)=e(1—]s|/sp)
expects striction spikes with a “height” which depend on o
the “stop” time, the temperature, and on whether the systengives

Now, let us write

J 17
—£5(Sij_SMij)ZMm@&Sij_SMij)

and that
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jd 5 M. )aP(St)_{_ Ee 1 0 0
S oS~ S Mj 1+v 1
M=% 0 -2 0 |,
d 1
0O 0 -3
XJ d%_gé(sij_SMij) P(s,t) 2

with M;;M;;=1. Thus in this case Eq56) takes the form
+f ds &(s;; —sM;;) e PAESIP(s 1)

(9P(S,t) (3)1/2 Ee &P(S,t) +e7BAE(S)P(S t):Nﬁ(S)

at 2) 1+v s

=NJ dsd(si;—sM:;)8(s). (54

(i i) 2(8) ‘ Substitutings= (2) % in this formula and defining®(o,t)

In the second term we perform a partial integration: =(2)¥2P(s,1), so that

J o,

J ds — =5 d(sij—sM;j) [P(s,1) f do P(o,t)= f ds P(s,t)=1,
dP(s,t) i
= oM. gives EQq.(20).
f ds o(s;j —sM;j) as (55 As a second application, consider a spherical cavity in a

solid, and assume that a time-dependent pressure acts on the
cavity walls. This will give rise to a displacement field in the
solid of the form

Substituting Eq(55) in Eq. (54) gives the following equation
for P(s,t):

dP(s,t) Ee JP(s, t)
_|_

g BAE(s) = ui(x,t)=xu(r,t)/r, 5
o 50 7 P(s,t)=N&(s). (x,t) (r,t) (57

(568  wherer=0 is at the origin of the cavity. The strain deviator
Note also that from Eq2) and Eq.(51) it follows that

;=3 (Ujj+Uj;)— 35 Ugkd;=eM;, (58)
S
f " dsPst=1 (sep ~ Where
s
J[u
so that we can interpre?(s,t) as a probability distribution. =(5HYr — or (—) (59
If we define
and
=11, dt &(t') =7 [e()—e0)],

1,112 o X%
Mij=(6)" 3~z 4|, M;M;=1. (60)
then the formal solution to Eq56) can be written as
. Thusg;; is again of the form Eq49) and we therefore know
P(s,t)=f[s— go(t)]exr{ _,,Of dt’ exp{— Be[1—|s—o(t)  at once thatP(s;,t) can be written in the form Eq51)
0 whereP(s,t) satisfies Eq(56). To obtain the displacement
field we must solve the equation of motion

1 t
exp( Jodt’G(t’)é[s— o(t)

t
1 exp( - Vojodt where

xexp{—Be[1—|s—¢(t)+o(t")|/se]} |,

+o(t")|/sol} | +

&Zui
Pz =(Tij) i (61)

+¢>(t’)])—

(oij)=(sij) + 3 owkSij -

Note that in the earlier applicatiofuniaxial tensioh ¢ and
wheref(s)=P(s,0) is determined by the initial stress distri- (o) were independent of, and it was not necessary to con-
bution function, and where the “source functio®(t) must  sider Eq.(61). Noting thato=Ee/(1—2v), and
be determined so that conditiof®6b) is satisfied for all

3u d (u)

—+r—{ =],

r ar\r

times. X d
We consider now two applications of the formalism de- Ekki = Ukki= " 5

veloped above. Let us first show how EGQ) results from

the present approach. Note first that Ef8) can be written and

as

Xi S J
e” :['e(g)lIZ]Mij , <Uii>,j:(Mij<s(rat)>),j :(%)1/27(3<r_>+ §<S>>

where Eq. (61) gives
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2 1/2
p ou == Q (s) a “linear viscoelastic”
2|3 r ———
,". AR N
N E 3u 4 (u - RO AN
— —— — —_— — . - hd . . - . \
3(1-2v)or|r rar (62) ,'- PR NI
[ Aplasticny .
. . . . w2 1
To solve this equation we need the nonlinear functional re- : L A
lation betweens) ande, which follows from Eq.(56). As a e / o
simple illustration, let us consider the linear response case e é -2
(linear viscoelasticitywhere \:nqn—linea}r v1scoe§astiC”
Sl

B (—iw)eE
(&= (1+v)[—iw+voexp —Be)]

(63

with @ the time-Fourier transform of(r,t). If we write u
=d¢ldr and if we substitute Eq63) in Eq.(62) and use Eq. b
(59 we get, after some simplifications,

2~+E 1 N —2iw/(1+v)
POt 120 T Tt vgexi— Be)
3 d1)\d- _
+ E r E‘/’_O' 64) FIG. 11. (a) A spherical cavity in a solid with a time varying

pressure gives rise to plastic and viscoela@bicviscoplasti¢ de-
This equation has the solution formation of the solid(b) The deformation field around a propa-
gating crack.

p=e "pylr. (65)
X. COMMENTS
?;Jtli);:tutmg Ea(65) in Eq. (64) gives, after some simplif In the theory developed in Secs. Il and Ill, we have made
' a few assumptions and approximations, which we now com-
2 . ment on. We have treated the media as isotropic, which usu-
0w\ 1-3[2iwr(1+v)] . S . .
k2= (_) i , ally is a good approximation for glassy atomic solids even at
¢/ 1-12iwr(1—-v)] the short length scalésay~ 100 A) relevant for the present
Where applications. As a result, application of von Mises type of

yield criteria to the stress blocks should be accurate. In fact,
" molecular dynamics calculations have shown that the von
c :( E(1-v) ) Mises yield criteria may hold at least approximately even for
L\ p(1+v)(1—2v) single crystals when they are exposed to rapiityspace
varying stress fields. Thus computer calculations by Land-
is the longitudinal sound velocity, and the relaxation time manet all! have shown that the yielding of nanoscale junc-
= 7»lE, wherey is defined by Eq(39). When7— thenk  tions between a Ni-tip and a gold substrésengle crystals
—w/c. and in this limiting case the solution E¢G5) de-  occurs when the quantlty Sgs,]/Z)l/2 reaches a critical
scribes undamped, sphericébngitudina) elastic waves value o,~5x10° N/m? (which, for reasons discussed in
emitted from the cavity. Whery is finite (but smal) the  Ref. 2, is much higher than the macroscopic yield stress of
same picture is valid, except that now the emitted soundjold).
waves are damped. In the more general case where the dis- Another assumption made above is that when a stress
placemenu is so large that the linear response assumption idlock yields, the local shear stress drops to zero. This is
invalid, the deformation field will in general consist of an unlikely to be true in general. Thus during the nanoscale
inner spherical shell around the cavity where the solid hagielding processes discussed above the quantHM:{i&Z)l/z
undergone plastic deformation, surrounded by anothechangedabruptly from 5 GPa to 3 GPa in the region where
spherical shell where nonlinear viscoelastidity viscoplas-  the yield occurred. However, it is easy to modify the theory
ticity) prevails and an outer regiofextending to infinity  to take into account only a partial release of shear stress
where the linear viscoelastic approximation is accurate, seeuring local yield.
Fig. 11(a). This complex deformation field is in principle We have assumed a well-defined activation enasgin
contained in the equations presented above, although the cakality one may expect a distribution of activation barriers,
culations would be rather involved. Nevertheless, a generand a corresponding distribution of local yield stresses. We
understanding of the nature of the solutions to problems likalso note that the activation energyfor plastic flow has a
this is of great importance in many important applications,weak dependence on the hydrostatic pressure, i.e., the stan-
e.g., concerning the magnitude of the fracture energy and theéard statement that the plastic yield condition only depends
deformation field in the vicinity of a crack tip, see Fig.(tl ~ on the stress deviator is not completely rigorous.
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FIG. 12. (a) Steady state creep rae(in units of h'1) for the 7\ | |
superalloy Waspaloy as a function of stre@s. Strain-ratee* (in o ‘ I ; ‘ N— .
units of ') as a function of the inverse of the temperaturd; 1/ 5 0 5 10 15 20 25 30 35
(&* is the strain rate extrapolated to zero styeBsom Ref. 12. time (s)

FIG. 13. Experimental trace of the static force measurement
according to the stressed aging procedure described in the text.
A. Thermally activated creep in metals Note the break in the vertical scale. From Ref. 15.

XI. APPLICATIONS

The pinning energy for dislocations in metals are typically B. Creep enhancement of the area of real contact

of ordere~1 eV. In order to reduce the creep rate as much . . .
, L When a solid block is placed on a substrate, plastic defor-
as possible, the pinning energyshould be as large as pos- . ; .
mation usually occurs in the contact areas, and a short time

sible. Special "superalloys™ have been developed, which ex- fter contact the local stresses equals the plastic yield stress.

\k/‘vlkt:ilfzhsrgfe" ucsrsgpeever}oft.E:telg::\/ieneh'?ur;bgﬁren%?;gsresl:’i "’S: mmediately after the rapid plastic deformations the stress
» €9, J 9 - MU 0cks in the vicinity of the contact area will be in a “criti-

itzrgsSh?c\)/\:str?r]:e rg:?fg?gn?févr;e?;tﬁeztgp a[artmﬁ:rllgl-ttt]aese dcal” state with a distribution of local stresses such that some
v P stress blocks are almost ready to undergo plastic deforma-

12 P
fnupei;aggzg\éﬁ%?%h gg(fnthf‘nt nggffgzsetg?;?gg t?]ré tion. This implies that thermal processes will be of crucial
acfivation ENEroNe we Write .E '(37) in the form importance; slow relaxatiofcreep will occur and the con-
9% g- tact area will increase slowly with time.

The theory developed above can be used to study how the

=0 (1+ kB—TIn(é/é )) 66) area of real contact depends on titrend one can show that
¢ € 07 ) A=Ay 1+BIn(1+t/m)] to leading order ilB=kgT/e (Refs.
2 and 13. This logarithmic increase in the contact area with
whereo .= 0,/2 is the macroscopic yield stress and the time of stationary contact has been observed for many
systems(see Ref. 1jand is of crucial importance for dry
8vo(1+v)o, friction dynamics.
f0T T 3EBe &7 o
C. Sliding friction
Thus, if the curves in Fig. 3) are extrapolated to=0, the Recently Berthouet al'® have performed friction experi-
resulting creep ratée =&* should satisfy ments with polymethyl metacrylate(PMMA) and polysty-

rene (PS. They observed that the static friction force de-
keT pends on the time of stationary contact. Well-defined
1+ —In(&g*/eq)=0, measurements were performed usireg agingandstressed
€ aging In both cases the top block was first sliding with a
constant velocity. In free agingthe driving stage was sud-
denly reversed in order to quickly unload the slider, so that
the waiting stage essentially corresponded to zero tangential
In(e*/e1)=In(eo/e1) — €lkgT, (68)  force. After a fixed time period the loading is resumed with
the same velocity as before stop and the static friction is
whereg is an arbitrarily chosete.g.,e;=1s ') reference  determined at the maximum of the “striction” spike. In
strain rate. In a typical casé,~10®s ! so that, if&;  stressed aginghe driving stage is suddenly stopped and kept
~1s% even ifz, is proportional toT, the temperature de- fixed. After a fixed time delay the loading is assumed with
pendence of Iriy/e;) is completely negligible. Thus, from the same velocity as before the stop, see Fig. 13. The height
Eq. (68) we expect a linear relation between theelig,) of the “striction” spikes above that of the steady state slid-
and 1T as is indeed observed, see Fig(l)2From the slope ing is denoted by £ «,) and @A u), for stressed and free
of the curve in Fig. 1) we deducee~5.5eV, which is aging, respectively. It was observed that the ratio
higher than for “normal” steel. Using Eq8(b)) one can  (Au),/(Aw), is temperature independeand equal to 2.1
calculate the diametdd of a stress block, which turns out to and 1.3 for PS and PMMA, respectively. Thus the static
be aboutD~30A. This givesvy,~c/2mD~10'"s™! and friction force increases faster with the time of stationary con-
go~10FsL tact during stressed aging.

or
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As pointed out by Berthoust al, there are twdobvious  whereC and e are temperature independent, while the refer-
possible explanations for the observed effect. First, the areance strain rate, is proportional toT.
of real contact may increase faster for a stressed block than
for an unstressed block. This follows from the fact that time- 2. Volumetric creep

dependent plastic deformatidoreep may occur fasterin @  youmetric creep is observed by keeping the external
junction that is exposed to a tangential shear stress in addb'ressure constant. The void ratie=(1— @)/, wherea is

tion to the normal_ stress from the load of the block. HOW-he solid volume fraction, is found to have the time depen-
ever, after a detailed study Berthoedtlal, concluded that dence

this effect is unlikely to account for the difference between
the two aging processdsee Ref. 15 A second mechanism keT
suggested in Ref. 15 is related to the study presented in Sec. e(0)—e(t)=C'—In(1+t/7),

VIII. During steady sliding at low sliding velocity a wide €

distribution of tangential stresses will occur at the slidingyhereC’ and e are independent of the temperatdie
interface. Surface asperitiéor stress domairisn the con-

tact areas form a wide distribution of elastically deformed 3. Relaxation

states which during “stop” will slowly relax towards the

equilibrium (unstressedstate. From the study in Sec. VIII ™ . 4 s
we expect the relaxation to be more effective for stressedithin plates after different deformation histories. The skel-

aging than for free aging, i.e.A() > (A ), as indeed ob- eton pressure .compone:\rnsreturn to equilibril_Jm according
served experimentally for the systems studied by BerthoudP characteristic relaxation CUTVEsS When _pIottm_gas a func-
et al. However, from the results presented in Sec. VIII onel!on of In(U7), where the relaxation time is defined by ex-
would expect the ratioX u),/(Au), to depend on the tem- trapolating the straight section of this plot to the equilibrium
a . . . .
perature in contrast to the experimental data of Berthou glue. It is found thatr is independent of the deformation
et al. | have performed computer simulations for other com-

istory.
binations of the spring constarits andk, (see Sec. VIl and These experimental results can be understood based on
Fig. 4), in particular fork,=0, which may be taken to cor-

the theoretical results presented above and in Ref. 5. Thus,
respond to noninteraction surface asperities, but | always o€ Particle system deforms slowlgreep and relaxatiorby
serve a strong temperature dependenceof),/(Au)p,

(a) thermally activated slip between particles in response to
similar to the result presented in Fig. 10. Such atemperaturg‘e tangential surface stresses in the contact areas, as de-
dependence is also expected from simple physical argLF—

cribed by the theory presented in Ref. 5, and(lpytime-
ments. Thus, the discrepancy between theory and experimeﬂ’f’pe”dent plastic deformation of the solid partidiesinly
is very puzzling, and it is clear that the exact origin of the

ue to the perpendicular contact stregsas described by the
increase of the static friction force during stationary contact'€0ry above. Both processes gives relaxatiom(1+t/7)
is not well understood at present.

and creep rates In(e/eg), with the same temperature depen-
dence as observed experimentally.
The stationary creep results presented above are not valid
D. Thermally activated creep of clayey samples if the driving stress and resulting strain rate is extremely low.
. In the latter case the theory predicts that the strain rate
The theory developed above seems to be valid also f0§hould be directly proportional to the stress. This limiting
granular multicomponent systems like natural stilEreep case cannot be probed in laboratory experiments because of

and relaxation has been studied for natural or reconstituteﬁ]e low strain rates involved, but may show up in nature on

samples of Water-sat_urated cl_ay or sm_nlar dens!fled mud eological time scales as clay deposits can exist for millions
These systems consist of grains the size of which rangegf years

from about 10’ m to 10 ° m; the mineral is mainly silicate.
Experiments are performed on samples confined within cy-
lindrical or plane walls.

Relaxation is observed by keeping cuboidal samples fixed

E. Other manifestations of creep

We give here a few other manifestations of time-
1. Stationary creep dependent plastic deformation. First, consider a block of

. . ) lass with a gas bubble. Glass is usually considered as a
Stationary creep experiments are performed with ConStaﬁrittle material but the response to a small stress is not brittle
3

volume and skeleton pressure compo'nents. The cylindricglacture but slow creep motion. Thus the air bubble moves
sample is shortened at a constant ratel/l, while the sys-  slowly upwards and on the time scale of 1000 year glass
tem expands in the other two spatial directions so that th@ehaves as a typical viscous fluid. Similarly, old glass win-
volume is constant. After a transition time period the systenjows are thicker at the lower edges than at the upper edges
reaches a stationary state where the stress does not dependgeizause of a slow flow of the glass due to the gravitational
the initial state of the system, and where the difference beforce. In both these applications the driving forcés
tween the skeleton pressurps andp,, along the cylinder  stressesare so small that the stressis likely to be linearly

axis and the radial direction, respectively, satisfies related to the strain rate, as expected for a fluid. As another
application, consider the earth’s crust which is continuously
exposed to fluctuating stresses. This gives rise to a slow
creep motion but in most cases the stress and strain rates are

keT . .
P1™ pz—C( 1 TIn(S/SO))’ so0 high that the relatiod = f (o) is nonlinear. Thus one has



PRB 61 THEORY OF TIME-DEPENDENT PLASTC. .. 5963

discovered mine channels in Yugoslavia from Roman timesthe body under the assumption that the stress in the stress
where the channel height has been reduced by creep to thdock equalsm(}, while far away from the stress block the
extent that it is impossible for humans to move in them.stress equals;; . E; is the elastic energy stored in the body
Another proof that stone creeps under load is the nowyhen the stress equails; everywhere. When calculatirig,
strongly plastically deformed Abraham spring close towe assume that the stress satisfies the equation

Jerusalem. Other manifestations of creep are the formation of

mountains(over millions of yearsand the creep motion at dij ;=0 (A1)

fault lines. .
everywhere, except at the surface of the block, wheyes

discontinuous, while the displacement fieldis continuous.
XII. SUMMARY AND CONCLUSION We get

| have developed a general model of time-dependent plas-
tic deformation of solids. The theory is centered around the E,=3 f X ;& - (A2)
concept of a stress probability distribution functi®nPlastic v
deformation is considered to involve local shear yielding of
small volume elementsstress blocKs A stress block yields
either as a result of being pulled over the barrier to shear =3 (U ;+u;;)
yielding by an external applied stress, or it jumps over the ’ '
barrier due to a thermal fluctuation. In a general case botH Ed. (A2), performing a partial integration, and using Eq.
these mechanisms operate simultaneously; this is the mech@1) gives
nism of stress-aided thermal flow considered in a classic pa-
per by Eyring. Analytical results have been worked out in E,=1 f d?X o un. + % f d> (o —al)un;, (A3)
some limiting cases and are in good agreement with experi- 272 g, W2 s R
mental data.

Substituting

whereS; is the outerclamped surface of the body an8ithe
surface of the stress domain. In E&3) n; denote the unit
ACKNOWLEDGMENTS vector normal to the surfac®(andS;) pointing away from

| would like to thank G. Eilenberger for useful discussionsth€ interior, ando;; and o;; denote the stress tensor just
related to Appendix C. | thank G. Gudehus for discussiondnside and outside the surfaBgrespectively. Since the outer
about plastic deformation and creep in granular material§urface of the body is clamped, the displacemgnat the
(e.g., clayey samplgs! thank T. Baumberger for sending me surfaceS,; does not change durllng the transmon,'and since
a preprint of Ref. 12 and for allowing me to use a figure from(t0 be proved beloythe correction to the stress field from
his experiments on sliding friction. | also thank J. S. Langerthe stress domains decay as°IWith the distance from the
for supplying a copy of Ref. 4 prior to publication and for stregs dqmam, |t_foIIows tha}t in the limit of avery large bo<_jy
drawing my attention to the work of Argost al, Ref. 3.  the firstintegral in Eq(A3) is unchanged during the transi-
This work was sponsored by an BMBF grant related to thdion. Thus the change in the elastic energy is
German-Israeli Project Cooperation “Novel Tribological
Strategies from the Nano- to Meso-Scales.” AE=1 Ldzx((’ﬁ — Uﬁ)uinj ) (A4)

APPENDIX A Let us assume that a stress domain is a spherical volume

We consider a cuboidal solid block and assume that th&lement with radiusR, and introduce a coordinate system
surfaces of the block are clamped and displaced so that thith the origin at the center of the sphere. The “initial”
stress in the block equals;; everywhere. In this appendix displacement fields; in the solid is given everywhere by
we will estimate the activation barriexE for local shear
“melting.” Let us consider a stress domain, in the solid u:l[(lJr,,)S__X_+(l_2,,)px_]
block. The stress in the stress domain is assumed to be con- = 0 =
stant and given byr;=s;;+pd;;. We estimate the elastic
barrier AE necessary to increasing the local stress fiom
to the valueo}, = s, + p°3;; . In the applications presented in T =S+ pdi,
this paper we have@=p° since the local shear “melting”
does not depend on the hydrostatic presstire yield crite- ~ Wheres;; andp are constants. The “final” displacement field
ria depends only on the stress deviasg). Physically, the U; for r<Ris given by
increase in the local stress at a stress domain can be consid- 1
ered as the result of a thermal fluctuation. This can be de- 0_ 0 0
scribed by a fluctuating force fiefdx,t). In the present case ui= gL msyx+(1=21)px,
we will assume thaf(x,t) corresponds to a stress acting on
the surface of the stress blofke., f~ 5(r —R)]. The mini-
mum work necessary for this fluctuating force to increase the
stress in the stress domain framy to O_in can be estimated
usingAE=E,—E,, whereE, is the total elastic energy in wheresf} andp® are constants. Far>R we have

which corresponds to the initial stress tensor

which corresponds to the final stress tensor

0_ 0, 10
oij =St p"4jj,
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uP==[(1+v)s;x;+(1—2v)px]+uP+ul®,

1
E

whereu® and u®—0 asr— and satisfiesV x u)=0
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Let us first consider the largedimit. Assume thate<<1
andBe>1. In this case, to leading order ip Eq. (B1) gives

P(o)~Co(o)[1— ae Pé(eferl7a—1)].

and V2V -u®=0. The relevant solutions to these equationsSubstituting this in Eq(B2) gives to leading order i

can be written as
uV=ax/r®

and
u§2>=Aajvj71+Ba,-kvivjvk?l+0ajkvivjvkr.
These displacement fields satisfy E41) if
A=—4C(1-v).
The condition thau? must be continuous far=R gives
a=(R%E)(1-2»)(p°—p),

20(1-1*)R®

A=~ 16=20mE "’

_ (1+p»)R°
(16— 20v)E’

_ 0
a.”—sll_

Sij .
It is now straight forward to calculate the strain
0 0
e =z (U +upy)

and from it the stress tensonsf and oj; just outside and

inside the boundary=R of the stress domain. Substituting

the result in Eq.(A4), assumingp=p°, gives after some
simplifications
~ 57RY(1-1?)

0 0

APPENDIX B

We consider stationary creep. In this case the stress prob-

ability distribution function is given by Eq33):
P(a’)=C«9(U)eX[( —[2vo(1+ V)/3Eé]j do’
0

Xexp[—ﬁe(l—o’/(ra)])

:CH(O_)e—a exp{—ﬁe)[ex;{ﬁeu/aa)—l]’ (Bl)

where the numbeC is determined by the normalization con-

dition (2) and wheren=2vy(1+ v)o,/(3E&B€). The aver-
age stress is determined by the equation

fiag do oP(0)

—_—. B2
1%, do P(o) *?

(0)=

Oa cado 20
=21+ _ _ Be(aBealoy .
(o) 5 1 ajo a(l a)e (e 1)}

Performing the integral gives far<1 andBe>1:

O'a( a)_cra 2v(1+tv)o,
<O’>"‘7 1—E —? —W. (B3)

Next, let us consider small shear rates. Assume that
>1 buta exp(—Be)<1. Let us consider the integrglwhich
occur in the nominator of EqB2):

- Jaado_ ge~ ®exp—Be)lexpBealog) —1] - 0'321( 1/2+7),
0
where
a.
= fo ad(crlaa)((T/Ua)(e_"ex“_ﬁe)[exwwma)_l]_ D.

Now, it is easy to see that the main contributionJtoomes
from when o~0o, Hence, if we writeo=0,(1—-¢), the
dominant contribution comes frog~0. Thus

J= fldg(l_g)(e—a[eXF(—BES)—exri—BE)]_ 1)
0

zjldg(e*aexr(*ﬁ’e&)_l)_
0
Let us putn=exp(—Beé) so that

J fl 97 (g
= e “7-1).
e Be Ben

Since we have assumeg>1 and exp{ Be)<1 the leading
contribution toJ becomes

1 dpg 1
J~— —— Zna.
1/a BE”]

The denominator in EqB2) can be evaluated in a similar
manner as the nominator and equalg1+J). Hence, to
leading order the sliding friction is given by

(11420 op
(o) =30y~ 1Y)

o, 1 3E&Be

> 1+[%In(—21}0(1+v)0_a . (B4)

In the extreme lowe limit, where a exp(—B¢€)>1, only
the o=~0 region in the integral in the exponent of H&1)
will contribute, and we can approximate

P(O’)"’ C0( O.)e— a,Bs(o-/o'a)exq—Bs)_

Substituting this in Eq(B2) gives
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3E:
<a>~(aa/aﬁe)eﬁf=Tliv)eﬂf. (B5)

Note that{o)<o, and that the stress is proportional to the

strain rate.

APPENDIX C
In this appendix | study the probability distribution func-
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-
Vofo dt’ exd — Be(1—|o— o4 Sin(wt)
+osifo(t+t)]|/ol)]
=jOTdt’G(t-H')b‘{a—Ulsin(wt)+(rlsir[w(t+t’)]}.

(C3

tion P(o,t) for a solid block exposed to an oscillatory strain Now, note that the left-hand side of this equality is always

of arbitrary amplitude. The equation of motion is given by nonzero,

Eq. (20) with e=e sin(wt) and e= we, cos(wt):

+ ® “PAE(@OP_N§(0)=0, (C1
e acos{wt)% e —Né(0)=0, (CD
where we have defined

_ 3E(1)e0
C2(1+vw)”

a

The general solution to EGC1) has the form

P=fl[o—0;sinfwt)]

xex;{ - Voftdt’ exg — Be(1—|o— o sin(wt)
0

exp( ftdt’G(t’)
0

X 8lo— o sin(wt)+ oy Sin(wt’)]) —1}

1
+oysinwt’)|/oy)] |+ —
Ta

><exp< - Voftdt’ exd — Be(1—|o— o sin(wt)
0

+a'13in(wt')|/0'a)]), (C2

whereo;=alw and whereG(t) must be chosen so that the
normalization conditionC7) is satisfied for all times. Note
that f (o) is the initial (arbitrary stress distribution. Now, it

is clear from the underlying physical problem that for large

times the functiorP must converge towards a unique “fixed-
point” solution, which is independent of the initial probabil-
ity distribution f(o), and which must be periodic in time
with the periodT=2#/w. In fact, it follows directly from
Eqg. (C2) that for large times

p= iex;{ jtdt’G(t')ﬂo—al sin(wt) + o sin(wt’)]
Ta 0
t
xex% - vof dt’ exd — Be(1—|o— oy sin(wt)
0

+0; Sin(wt')|/a'a)]),

which must satisfyP(o,t) =P(0o,t+T). This last condition
is possible only if

while the right-hand side vanishes |itr

— 04 Sin(wt)|>0y. This implies that if this inequality is sat-

isfied we must havé® =0 in order not to have a contradic-

tion. In fact, it is easy to understand physically wiRy=0 if

|oc— oy sin(wt)|>07. Next, let us consideto— o4 sin(wt)|

<o1. Now, in the interval B<t’ <T the equation
o—oySin(wt)+ oy sifw(t+t")]=0 (C9

has, as a function df', two solutions, which we denote by
71(o,t) and 7,(o,t). Note that

Ccosw(t+ 71)=—cosw(t+ 7).

Using this equation we get

| = font'G(tthr)b“{a—al sin(wt) + oy sifw(t+t/)]}

= oraleosaltr LG W F Bt )],

Now, up to this pointe and t are arbitrary. Let us now
chooses=0 in which case the solutions to E(3) and Eq.
(C4) are 71=0 and 7,=T/2—2t, where we have assumed
t<T/4. This gives

= W[G(t)"—G(T/Z—t)].

Substituting this in Eq(C3) and using thaG(T/2—t)=G
(—1) gives

T
vofo dt’ exp(— Be{1—| o4 sin(wt)
—osifo(t+t)]|/oy})

=W[G(t)+6(—t)]- (CH

Let us writeG(t) = Gg(t) + Go(t), whereGg(t) =Ge(—t) is
an even function of andGy(t) = — Gy(—t) is an odd func-
tion of t. Using Eq.(C5) gives

O1WVq
2

Ge(t) |cog wt)|

X J'Tdt’ expl— Be[1—(o,/0y)|sin(wt)
0

—sinw(t+t")]}. (C6)

The functionG,(t) is determined by the normalization con-
dition
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J”a doP(ot)=1, ) ()= f_" do oP(at). (C8)

—0g

which must be satisfied for all timésWhen this equation is The derivation of the relation between stress and strain using
satisfied, the relation between the staiit) and the stress is the equations above is in progress, and will be reported on

obtained from elsewhere.
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