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Recent bifurcation analyses of the BBGKY hierarchy for hard-sphere systems are shown to be equivalent
to Kirkwood’s linear response analysis. They suffer, therefore, from the same inconsistency which has
been pointed out by Kunkin and Frisch. The decoupling scheme used also leads to an inconsistency in the

stability analysis of the dynamic BBGKY hierarchy.

The question whether a hard-sphere {luid could develop
an instability which indicates the transition to an or-
dered solidlike phase has been the subject of controver-
sial discussions since the first theoretical approach given
by Kirkwood. ! In this note, we would like to comment on
the origin of the discrepancy between the various theo-
retical predictions. We will restrict ourselves to the
pure hard-core system, not including attractive forces
between particles, since the theories for the latter mod-
els have been criticized recently by Sjolander and
Turski.

A linear response treatment by Kirkwood® indicated
the instability of the fluid phase at a critical density p,
with respect to fluctuations in the density near a wave-
number k;=27/a, where “a” is the average particle
spacing. Kunkin and Frisch® (KF) have argued that this
instability appears due to an inconsistent linearization
of the pair distribution function

82(r1, T) = polry, v2)/py(r)py(rs) , (1)

where p;(r;) and p,(», 7,) are the singlet and pair corre-
lation functions, respectively.

Recent investigations by Raveché and Stuart (RS), 4'°
Yoshida and Kudo, ¢ and Raveché and Kayser® on the
BBGKY hierarchy use a bifurcation analysis, which pro-
duces an instability in close analogy to Kirkwood’s re-
sults. Alternative analyses of the hard-core system use
a different hierarchy and different closure. Specifical-
1y, Lovett® uses the “direct” correlation function c(r,
¥,) rather than the pair correlation function [Eq. (1)],
and Weeks, Rice, and Kozak® use the Kirkwood—Sals-
burg integral equation. In these cases, there is no indi-
cation for a bifurcation associated with an instability in
the hard-core systems.

In order to shed some light on this discrepancy, we
start by concisely repeating KF’s argument against the
existence of an instability and then discuss the relation
to the bifurcation analysis.

The first equation of the BBGKY hierarchy can be
written, including an external potential V,y(r,), as

VInp(r;) = —5LV1UU1’12,)

Xga(ry, ra)py(ra)dr, + v,V (ry) , (2)

where U(lry,l) is the interparticle potential depending
on the distance between pairs only. B is the inverse .
temperature, and the other functions are defined by Eq.
(1). There are N particles in the volume §£2. The func-

J. Chem. Phys. 89(12), 15 Dec. 1378

0021-8606/78/6512-5218801.00

tions p,{r;) and g,(r;, ry) may be expressed, respective-
ly, as

pi(r)=p,[1+ ¢4y(ry)],
£2(ry, T)=gi(ryy) + x(ry, o),

where p; is the homogeneous density of the fluid and
gi(ryy) is the corresponding fluid pair distribution.
Equation (2) may be linearized as

(3a)
(3b)

-8, 4(r) =V, Vo(ry) + p, L v,

x U(| 112 [ g(r 1) 1(r) + x(ry, r2)ldr; . (4)
Fourier transforming this equation

43,(k):f¢(r1)exp(—ik- r,dr,, (5)
one obtains as solution

é100) = MK)/{1 -GK)}, ®)
with

k) =2y [ k- Rle exp(-ik- ry)ar, , (7a)

R(r1)=Bv,Vy(ry) + Bp, fdr2V1U(7’Jz)X(I'1, ra, (7b)

and

G(k):}éz Bp,f% gh(r) EI%I_ U(|7|) exp(- ik. r)dr . (8)

This is Kirkwood’s! equation, which he assumed to pro-
duce a singularity [Eq. (6)] at

Gk)=1. 9)

The expression for G(k) in v dimensions is given in the
Appendix, However, KF? have noted that x(ry, ry) con-
tains a term which identically eancels the term G(k) in
Eq. (6) by going to the next equation in the hierarchy.
Their conclusion, that there is no singularity in Eqgs.
(6)—(8), is not complete because of the possible occur-
rence of a singularity in x. However, if there is a
singularity in this set, it would then require the solution
of the second equation of the hierarchy also.

The analogy between the linear response approach and
the bifurcation analysis is obvious. Assume a macro-
scopic observable to be given [e.g., A=p,(r)] by a homo-
geneous nonlinear equation

A=e{a}, (10)

© 1978 American institute of Physics 5218

Downloaded 10 Jan 2008 to 134.94.122.9. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



5220

where @ is a nonlinear operator, and the equation to
have a basic solution 4;. A small externally applied
potential F produces a small change of Ay to 4;+a, which
is in linear response

a=|1-@{A}|" F(4,), (11)

with Q'{A4,}= (6@{A}/6A) at A=A,. The response a di-
verges for the determinant

det|1-@'{A}| =0, (12)

with F(4,)#0. This corresponds to the singularity pro-
duced by Eq. (9). The bifurcation analysis is equivalent
to condition (12), only the problem is cast into an eigen-
value problem

[1-@1{Aj}la=0. (13)

(Note that, since @ is an operator, Q'{Ao} is a linear
operator acting on a.) Nontrivial solutions to Eq. (13)
require Eq. (12) to be fulfilled. These bifurcation treat-
ments, therefore, are subject to the same criticism as
pointed out by KF? for the Kirkwood' instability. In
other words, they are incomplete because they do not
consistently include both linearizations Eqs. (3a) and
(3b) of the functions entering Eq. (2).

The procedure used by KF? is to simultaneously treat
the second equation of the BBGKY hierarchy. However,
it is of course possible to perform a consistent trunca-
tion directly after the first equation [Eq. (2)]. Such a
truncation requires a self-consistent definition of the
distribution g,(r,, r,) depending only upon p(r) and U.
Such a representation is provided by the Ornstein—Zer-
nike relation, which relates the pair correlation gy(ry,)
to the direct correlation function c(ry,):

f‘(k)Ef[gz(r) —1]exp(- ik- r)dr, (17a)
c(k)= | c(r)exp(-ik. r)dr , (17b)
()

I"(k)= 1——[)12‘—(k_) (170)

The structure function or static susceptibility S(%) is
given by

A 1
S(E)=1+p,T'(k)= T= ()
The direct correlation c(7) in this zeroth order approxi-
mation (truncation after the first BBGKY equation) only
depends upon the density p; and the interaction potential.
For a hard sphere system, c(r) is negative if 7| <d and
zero if |r| >d. The expressions given in Ref. 8 are ex-
act in one dimension and obtained from the Percus~
Yevick approximation!® in higher dimensions.

(18)

It is now possible in principle to evaluate Eqgs. (2)-
(8) in a self-consistent manner. However, there is an
equivalent and mathematically simpler way. From for-
mal linear response analysis, it is immediately clear
that ¢,(k) [Eq. (5)] is singular where S(k) has a singu-
larity. It is therefore sufficient to analyze Eq. (18) in
order to investigate the stability of the hard-sphere
system. This was done by Lovett® using the Percus—
Yevick approximation for c(r). No singularity was found
in one and three dimensions for S(¢2). This analysis also
agrees with the exact result!! that there is no transition
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in the one-dimensional system, in contrast to the analy-
sis by Refs. 1 and 4-17.

We finally note that even more severe problems arise
by using this inconsistent decoupling for dynamics,
which was done by Kobayashi. 2 We summarize his
treatment in the Appendix. For small 2, G(k) is nega-
tive and so is s, as it should be for the stable phase. *
Applying this formalism to the hard-sphere system in
three dimensions, one finds the following dispersion re-
lation for s/k <<1 (s=iw);

s =11 =G)]

P VnGe) (19)
Using G(#) from Eq. (8), one obtains (v=3)

Gk) = i’gi’%%@ (sinkd - kd coskd) , (20)

where “bifurcation” occurs at G(k)=1. However, near
the bifurcation point [Eq. (9)], s/k is positive. The sys-
tem therefore has become unstable already at a density
lower than the bifurcation density, while beyond the bi-
furcation point the fluid phase would be stable again.
This clearly does not make sense and adds additional
weight to our conclusion and the conclusion of other
resear_chersg'e'8 that the theory of freezing based on a
decoupling of the first equation of the BBGKY hierarchy
is not consistent with physical phenomena. Finally, we
remark that at present there is no indication for the ex-
istence of such an instability of the hard-sphere fluid.

APPENDIX
The first equation of the dynamic BBGKY hierarchy
is written as
-]
—a%l (r,p,t)= —% - V,p4(r,p, ) —fdr'fdp'
XV, Ulr — " )py(r;r’;pp’, 1)+ V,plr, B, ) (A1)

when hard-core interactions for U(r) are assumed, p, is
decoupled such that

pZ(rrI’ b, p” t) = pl(r, P, t)pl(r,’ p,, t)gz(l r- r, | ) ’ (AZ)
and Eq. (Al) is linearized about the fluid solution

pi(r, p, ) =p, fR)[1 + A(r,p, )], (A3)
where
f) = (2mm)™/ *exp(~ |p|*/2m) (A4)
in v dimensions. Then, we have
Sh__p ) j ,
= " m v.h - dp
xjdr’ v, U(r —r)pgol|v -7 R (', 0, 1) D) ;

(A5)
this may be solved by the usual method of Fourier -
Laplace transformation. The solution for

$1(k, 5)= [ dp(EIk(k, B, 5) (46)

is given by
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f h(k, p, 0)f(p) dp

1-G(k) uﬁﬁ&}_' ,

(bl(kas):

(A7)

where G(k) is the same quantity defined in Eq. (8) and in
v dimensions it is

Gk)= -p,d d) 2n)°d, ;. (kd) (2_)(%2)/2 e

kd 2 Tg¥7* kd
J,/9(kd) is a Bessel function of order (v/2).

The zeroes of the denominator for ¢,(k, s) reveal the
stability of the perturbations about the constant solu-
tion.
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