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Abstract. A conceptional and numerical comparison of one parameter generator 
coordinate method (GCM) and quantised adiabatic time-dependent Hartree-Fock 
(ATDHF) theory is performed by applying both theories to the "C + "Ne and l60 + l60 
system. Different parametrisations of the Skyrme interaction are used. The 
single-particle wavefunctions and the operators are represented on a three-dimensional 
grid in coordinate and momentum space. The collective path is evaluated in the gradient 
method, corresponding to GCM, and by solving the numerically more involved ATDHF 
equations. The potential, translational and rotational moments of inertia are calculated 
along these collective paths as well as the mass parameters corresponding to relative 
motion. As the next step, the quantised collective Hamiltonian is extracted from the 
collective path and subbarrier fusion cross sections, as well as astrophysical S factors, are 
calculated by means of generalised WKB techniques. This allows discussion of the 
differences between the various methods at a significant and sensitive physical quantity. 
Whereas for the doubly closed system l6O + l60 the GCM turns out to be a rather good 
approximation to quantised ATDHF, there are significant differences in the doubly open 
'*C + *'Ne system. 

1. Introduction 

For the descriptio:.. Df large-amplitude nuclear collective motion such as subbarrier 
fusion and fission there basically exist, besides the path integral approaches, two 
kinds of quantum-mechanical and microscopic theories: GcM-like theories and 
adiabatic theories, such as e.g. quantised ATDHF. Both approaches are approved in 
realistic applications to heavy-ion systems (Friedrich et a1 1974, Fiebig and Weiguny 
1976, Goeke et al 1983, Provoost et al 1984). They allow for the evaluation of the 
motion by means of a collective Hamiltonian in terms of mass parameters, collective 
potentials, quantum corrections and the centrifugal force. However, it is known that 
in both models these quantities are not identical. It is further known, and will be 
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recalled in 02, that the GCM (in the Gaussian overlap approximation) is an 
approximation to quantised ATDHF. It is an aim of this paper to investigate the 
differences numerically for a realistic heavy-ion collision. Both theories use as the 
basic ingredient a collective path (14,)) which manifests changes of the structure of 
the system during the collision. The quantised ATDHF provides a clear prescription for 
the choice of the collective path and yields asymptotically correct masses (Goeke et 
a1 1983). However, the numerical procedure for solving the ATDHF equation is time 
consuming; therefore, the question arises as to whether it is worthwhile to apply such 
a considerable amount of effort. In order to investigate this we discuss besides the 
Amm-path the collective path of the gradient method, obtained by means of 
the GCM theory (Goeke and Reinhard 1980). Its calculation takes about 15% of 
the computer time required to evaluate the full ATDHF path. The comparison of 
the potentials and mass parameters along the collective paths is performed for the 
12C-20Ne system. This system is chosen because it represents a rather general case 
due to its deformed non-closed shells. In order to obtain reliable results we employ 
the usual and well established Skyrme interactions and perform the calculations on a 
three-dimensional grid in coordinate and momentum space. 

To exemplify the various prescriptions to obtain collective masses, potentials etc, 
we calculate as a relevant physical quantity the subbarrier fusion cross section of 
12C+20Ne-+32S. We show that for such a system the use of GCM as an 
approximation to quantised ATDHF is not justified, in contrast to a doubly closed 
system as 160 + 

In 002.1 and 2.2 we briefly review the main concepts of one-parameter GCM and 
of quantised ATDHF theory. Section 3 reviews shortly the formulation of the theory 
with the Skyrme interactions. In 04 we demonstrate the conceptional differences and 
the relations of GCM and ATDHF mass parameters. Section 5 considers the numerical 
techniques used, especially for the evaluation of the self consistent Thouless-Valatin 
mass. The application to the 12C-20Ne system is presented in Q6. Finally, some 
conclusions are given in 07. 

2. Theory of GCM and quantised ATDHF 

In this section we review the basic concepts and formulae of GCM and quantised 
ATDHF as far as it is needed for the present considerations. The details of GCM can be 
found in Fiebig et a1 (1976), Friedrich et af  (1974, 1981), Deumens (1982), Ring and 
Schuck (1980), and those of quantised ATDHF in Goeke and Reinhard (1980), Goeke 
et a1 (1983), Reinhard and Goeke (1987). 

2.1. The GCM theory 

In the usual formulation of the one-parameter GCM theory (Ring and Schuck 1980) 
one diagonalises the total Hamiltonian H in the subspace spanned by the Slater 
determinants of the collective path. These Slater determinants I 4,) are time-even 
functions and they depend just on one real coordinate, q. The stationary wave 
function of the A-body system is then given as a linear superposition of the I@,) 
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In Reinhard and Goeke (1979), the collective path and the weight function 
f ( q )  are determined by a double variational method requiring that the expectation 
value of the energy in the state IVGCM) is stationary with respect to variations of 
f ( 4 )  and l@q) 

6 ( q G C M I  H - E IVGCM) = 0. (2.2) 
The variation is performed in the Gaussian overlap approximation (GOA) for the 
overlap kernels of the norm and of the Hamiltonian. The variation with respect to 

yields, assuming adiabatic motion (Reinhard and Goeke 1979) 

The solution of this variational principle leads to the non-linear differential equation 

( 2 . 3 ~ )  

If one transforms this differential equation to a difference equation with a finite step 
one obtains 

I@q,+,> = ( l  - &GHph) 144") (2.4) 
where H p h  is the lp-lh and lh-lp part of the total Hamiltonian H. This procedure 
is called gradient method (GRAD). The lp-lh and lh-lp matrix elements are to be 
taken with respect to and respectively. 

The collective Hamiltonian is obtained by variation of (2.2) with respect to the 
weight function f ( q ) .  The result is an integral equation, the so called Hill-Wheeler 
equation (Hill and Wheeler 1953, Griffin and Wheeler 1957). It can be transformed 
into a differential equation, the collective Schrodinger equation (Goeke and 
Reinhard 1980) 

H Y ( q .  ih $ ) P ( Y )  = E d q )  

d q )  = J- dq'[@,, @q,11'2f(4'). 

( 2 . 5 ~ )  

where 

(2.5b) 

In case of, e.g., a heavy-ion collision, where q is conveniently chosen to describe the 
distance between the fragments, one deals with deformed states and has therefore to 
consider the rotation of the system. In the GOA this can be taken into account by 
proper zero point energies and centrifugal terms. If one, in addition, also considers 
spurious translations one obtains altogether the following form for the collective 
Hamiltonian in case of axially symmetric wavefunctions (Goeke et a1 1983) 

I1 
L(L + 1). 

2eGCM(q) 
+ V ( q )  - ZGCM(q) + 
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The collective mass parameter is given by 

with fl= H - ( @ q l  H and 

The V ( q )  is the classical potential, defined by 

V ( q )  = (@ql  H I@,). 
The Z ( q )  accounts for the quantum corrections which include the kinetic and 
potential zero-point energies along the collective path and an approximate projec- 
tion on angular momentum L = 0 and translational momentum k = 0 

Z G C M ( q )  = Z Z ' ( q )  + Z::M(q) + ZZFM(q)  + . z 2 2 ( q )  (2.10) 

with 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

The translational and rotational moments of inertia, M y C M  and OFCM are consis- 
tently to be calculated in the Peierls-Yoccoz (Peierls and Yoccoz 1957) approxi- 
mation. This corresponds to the GCM approximation (2.7). It is a drawback of 
the one parameter GCM that its mass parameter does not yield the correct values 
M = mA for a pure translational of the A-body system and M = p (reduced mass) 
for a pure relative motion. Moreover the collective gradient-path is not maximally 
decoupled. Both disadvantages are avoided in quantised ATDHF theory. 

2.2. The quantised ATDHF theory 

The stationary wavefunction IVATDHF) is built up by a linear superposition of Slater 
determinants labelled by a pair of conjugate collective parameters q and p 
rather than by a single parameter as in GCM 

(2.15) 

In the adiabatic approximation one writes the Slater determinants as follows 

=P+ipQ(q)l  (2.16) 
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where the I$,) are time-even Slater determinants and Q is a Hermitian and 
time-even lp-lh operator. 

Similarly to the case of one parameter GCM the collective path I$,), the Q ( q )  
and the weight function f ( q ,  p )  are determined by requiring (Reinhard and Goeke 
1979, Goeke and Reinhard 1980) that the expectation value of the energy is 
stationary with respect to variations of I @,) and f ( q ,  p )  

(2.17) 8 ( VATDHF( H - E IVATDHF) = 0. 

The variation with respect to I$,) yields 

(2.18) 
dV 

8 (GqlH----Q I$,>=O 
39 

(2.19) 

with the Hermitian and time odd lp-lh operator P given as 

p I&)  = ih 3, 14,) (2.20) 

where the particles and holes are those of I$,). The Q and P are normalised such 
that 

($,I [Qypl l$q) =ih* (2.21) 

V ( 9 )  = ($,I H I$,) (2.22) 

The classical potential V ( q )  is defined by 

and the ATDHF mass parameter MATDHF is given by 

(2.23) 

The ATDHF equations (2.18) and (2.19) can be reformulated as a single non-linear 
differential equation of first order in q 

(2.24) 
3 
- 14q) = c ( q ) [ H ,  Hphlph l $ q )  
39 

with 

The Q can be expressed in terms of H p h  

(2.25) 

(2.26) 

Here H p h  is again the lp-lh + lh-lp part of the Hamiltonian with respect to I$,). 
The differential equation (2.24) needs an initial condition. This is obtained by 

requiring minimal coupling of the collective degrees of freedom to the intrinsic ones. 
The degree of coupling is determined by the validity condition (Slavov et al 1986). 
By experience it is known (Goeke el al 1983) that the collective path starting at a 
saddle point is the optimal one, showing minimal coupling. Then, (2.24) is solved by 
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finite steps choosing Gqc(q) = -eA which yields the following equation for the 
ATDHF path 

(2.27) 

This equation is to be contrasted with the corresponding (2.4) of the GRAD 
method. Apparently the operations in (2.27) are more complicated and in addition 
the << eG.  Thus the evaluation of the ATDHF path takes about an order of 
magnitude more computer time. By variation of (2.17) with respect to f(q,p) we 
obtain the Hill-Wheeler equation for f(q,p). Due to the properties of the ATDHF 

path this can be transformed (Goeke and Reinhard 1980) to a collective Schrodinger 
equation solely in q 

I @ q , , + l )  = (l - EA[H, H$))l$)) I@,.>. 

with 

H$2DHF( q , ih $) 
d h2 d +- h2 

2MATDHF(q) dq MATDHF(q) dq 
h2 

2MATDHF(q) dq2 
+ 

(2.28) 

(2.29) 

Concerning the zero-point energies and the centrifugal term we proceeded in 
analogy to the GCM theory in 02.1, g ( q )  being given by (2.56). 

Again, the Z ( q )  accounts for the quantum corrections which include the kinetic 
and potential zero-point energies along the collective path and an approximate 
projection on angular momentum L = 0 and translational momentum k = 0 

(2.31) 

(2.32) 

(2.33) 

(2.34) 

Here the ATDHF prescription for the translational and rotational inertia parameters 
corresponds to a simple generalisation of the Thouless-Valatin formula to non- 
equilibrium states. We present in 04, how the masses will be evaluated. 
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If one compares the formulae of 02.1 with those of 02.2 one realises clearly that 
GCM with Gaussian overlaps and using one collective parameter is an approximation 
to quantised ATDHF using a pair of conjugate parameters. 

3. The GRAD and ATDHF path with the Skyrme interaction 

According to the Thouless theorem equations (2.4) for the gradient path and (2.27) 
for the ATDHF path can be written in terms of the single-particle wavefunctions la) 
with a = 1, . . . , A .  Furthermore, the operator Hph and the commutator [ H ,  HphIph 
can be expressed (Goeke et al 1983) by the Hartree-Fock Hamiltonian WO and the 
linear response operator W,. This then reads for the gradient path 

la, n + 1 )  = ( 1  - 4 1  - P0)Wo) la, n> 

la, 12 + 1 )  = ( 1  - EA(1 - Po)[Wo(l- 2Po)Wo + W,l> la, n >  

(3.1) 

(3.2) 

and for the ATDHF path 

where the index n indicates the nth iteration step. Here the single-particle density 
matrix is given by (omitting the index n )  

(3.3) 
a=, 

The Hartree-Fock Hamiltonian WO is 

WO = T + Tr(pov). (3.4) 

w, = Tr{v[Wo, Pol). (3.5) 

with the effective two-body interaction v. The operator W, is given by 

WO and W, depend on the effective interaction. We use for our calculations the 
Skyrme force without the 1s coupling term and with a direct Coulomb force. In the 
special case of spin-saturated and charge-conjugated nuclei we obtain the following 
expressions for WO and W, (Engel et al 1975) 

The kinetic-energy density zo(r) is given by 

zo(r) = [V * V’p , ( r ,  r ’ ) I r 4  

and W, is 

(3t1 + 5t2) [V . j ( r )  + j ( r )  ’ VI 
32 

w, = 

where the current density j ( r )  is given by 

j ( r )  = [(v - V f h ( r ,  r f ) L r .  
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Table 1. The parameters of the Skyrme interactions and the ratio m*/m 

SK V SKI11 SK M* SK BKN 

(Y 1.0 1.0 116 1.0 
t,(MeV fm3) -1248.29 - 1128.75 -2645.0 -1089.0 
t,(MeV fm') 970.56 395.0 410.0 251.11 
t,(MeV fm') 107.22 -95.0 135.0 -150.66 
t3(MeVfm6) 0.0 14000.0 15595.0 17270.0 
m*/m -L 0.38 0.76 0.79 1.0 

Here p l ( r ,  r ' )  is defined as 
A 

pl(r7 r ' ) =  l a > ( a  I r ' >  - ( r  I I (WO)ph l r ' ) } .  (3.10) 
LY=l 

to, t l ,  t2, t3 and LY are the parameters of the Skyrme interaction. We use for our 
calculations the parameterisations SK I11 and SK V (Beiner et a1 1975), and in some 
cases also SKBKN and SKM*. The parameters and the ratio m*/m are given in 
table 1. 

The parametrisation SK BKN was obtained by Bonche et a1 (1976) by readjusting 
the parameters of SKVI in order to get m*/m = 1.0. The parametrisation SKM* 
was adapted by Bartel et a1 (1982), to binding energies, surface properties and 
fission barriers. It is important to notice that for the interaction SKBKN with 
m*/m = 1 the operator W, vanishes. 

4. Mass parameters and linear response 

As in the case of the collective ATDHF mass for the relative motion we obtain the 
ATDHF inertia parameters for translation and rotation by determining the appropriate 
linear response operators. This can be done at any I@,). However, for simplicity we 
drop the coordinate q in the following. Of course the resulting inertia parameter will 
depend on q. As an example, the linear response operators to 

and to 

determine the translational mass in the z direction, M,,  and the rotational mass 
(moment of inertia), e,, for rotations about the x axis, respectively. The linear 
response operators are determined by starting from the linear response equation 

with the boundary condition 

(41 [ Q ,  PI 14) =ih  (4.4) 
and M being the inertia parameter associated to the collective motion described by 
q. The objective is to find for a given lp-lh and lh- lp  operator P (time odd) a 
Ip-lh operator Q (time even) that solves (4.3). It is convenient to introduce a 
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time-even lp-lh and lh-lp operator R by 

R I @ )  = M Q  I@>.  (4.5) 

[ H ,  R l p h  I @ )  = -ihP I@>.  (4.6) 

L H ,  I@)  = I@> ' wR I@)  (4.7) 

W R  = T r i m 7  POlU} (4.8) 

Equation (4.3) transforms to 

The evaluation of the commutator is 

where WO is the Hartree-Fock Hamiltonian and WR is given by 

with the two-body interaction U .  Then the linear response equation is solved by 
iteration 

(4.9) 

It is recommended that we take as starting operator for the iteration 

R ( O )  14) = -ihP I@).  (4.10) 

The iteration procedure stops when R@+') I @ )  = R'") 14). This means that R(") 
fulfils (4.6) and is linear response operator to P. The corresponding linear response 
mass can be obtained from (2.23) and (4.5) as 

h2M = ( $ 1  [R ,  [ H ,  RI1 I @ >  = ih ( @ I  [P, RI I@>.  (4.11) 

The corresponding GCM mass parameters can be evaluated by inserting the operators 
P into (2.7). Although (2.7) is written in terms of double anticommutators, it can 
equivalently be transformed to an expression in terms of double commutators such 
that the same code can be used, which evaluates the mass parameter of (4.11). Since 
P is a time-odd and Hermitian lp-lh and lh-lp operator with respect to I@)  it can 
be represented by 

(4.12a) 

with some real coefficients p n j ,  where n indicates particle states with respect to I@) ,  
and j the corresponding hole states. We can formulate an operator Q,  so-called 
'locally redundant' to P (see Goeke and Reinhard 1980), as 

Q = pnj(a,'aj + .;an>, 
ni 

Apparently, one has 

(4.12b) 

(4.12c) 

(4.12d) 

One should note that (4.12~) and (4.12d) are only true since the operators P and Q 
are acting on the Slater determinants I @ ) ,  whose particle and hole states they are 
constructed from. (There is obviously no relation Q = -iP.) Using (4.12) an 
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elementary and straightforward calculation shows without further assumptions that 

and 

With the help of these formulae, (2.7) transforms to 

(GI P2 IG) = (GI Q2 IG) 

(GI { P ,  {R P l l  Id4 = (GI [ Q ?  [H, 811 I@>. 

(4.13) 

The evaluation of the double commutator gives 

(GI [Q, IH, Q I I I G )  = (GI re, [WO, &I1 IG) + (GI [a, WQI I$> .  (4.14) 

WQ is given in analogy to (4.8): WQ = Tr{[Q, po]v}. The second term in (4.14) can 
be transformed to 

(4.15) (GI IQ, WQI IG) = Tr{Tr{[Q, POlVHQ, Pol) 

which for the Skyrme interaction yields (see the appendix) 

(4.16) 

with 

jQk) = [(V - V ’ ) p g ( r ,  r ’ ) I r 4 .  (4.17) 

The density PQ is given by 

(4.18) 

This is a generalisation of the density p1 (3.10) and of the current j ( r )  (3.9) for a 
general time-even lp-lh and lh-lp operator Q. The final expression for the GCM 

mass parameter calculated with the Skyrme interactions then becomes 

5. Numerical methods 

The Slater determinants are treated numerically by handling the set of 
occupied single-particle states {la, n ) ,  a = 1, . . . , A } .  They are represented on a 
three-dimensional grid in coordinate and momentum space 

A single-particle operator S is handled by its action on the states la, n ) .  The states 
S la, n )  are then also represented in coordinate and momentum space. 

For the wavefunctions we assumed quartet symmetry. This means that protons 
and neutrons are treated in the same way assuming an effective charge be. We use 
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reflection symmetries with respect to the xz and yz  plane. The grid in coordinate 
space consists of 16 X 16 X 32 mesh points. The spacing A between the mesh points 
had to be chosen according to the required accuracy. For the calculation of 12C-20Ne 
with SK V and l60-l6O with SK M* a A of 1.0 fm was giving satisfactory results; for 
the calculations of '2C-2?Ne with SK I11 and SK BKN a A of 0.8 fm was necessary. 

The transformation between coordinate and momentum space is performed by 
fast Fourier techniques. For interactions of the Skyrme type Fourier components of 
the wavefunction with an energy h2k2/2m higher than ECUT = 100-200 MeV are no 
longer to be considered as physical. We can therefore assume that all Fourier 
components corresponding to energies larger than ECUT are zero. This reduces 
considerably the number of mesh points in the momentum grid. The ECUT was 
chosen according to ECUT = 100 MeV and 160 MeV for A = 1.0 fm and A = 0.8 fm, 
respectively. 

In order to obtain stability the stepsize E in the evaluation of the GRAD path 
(2.4), (3.1) and of the ATDHF (2.27), (3.2) has to be chosen such that 

EG ~ /ECUT 

for the GRAD path, and 

& A s  2/ECUTECUT 

( 5 . 3 ~ )  

(5.36) 

for the ATDHF path, showing that the iteration for the ATDHF path needs a much 
smaller stepsize E as the iteration for the GRAD path and needs therefore an order 
of magnitude more computation time. 

The speed of iteration for solving the linear response equation can be enhanced 
by introducing a damping factor 

6 
( h2k2/2m) + C EG'A 

E +  E'(k) = 

and by incorporating norm stabilisation (Reinhard et a1 1984) 

(5.4) 

Then the iteration equation for the linear response mass reads in terms of the 
single-particle wavefunctions 

R("+') la) = N(")R(") la) - E'(k){N(")[H,  R(")Iph + if'} la). (5 .6)  

Particles and holes are defined with respect to I # q )  or its single-particle states 1 a), 
The energy-dependent stepsize E' ( k )  equalises the different speed of convergence of 
the different single-particle wavefunctions, in order that all components converge 
with nearly the same speed (Reinhard and Cusson 1982). The parameters 6 and C 
have to be adjusted in a way to give a fast and stable convergence. The actual values 
of 6 and C depend on the system and on the interaction and are given together with 
the grid parameters in tables 2 and 3. 

For the explicit evaluation of the ATDHF mass along the gradient path the 
operator d l d q  is approximated by 
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Table 2. Parameters for the evaluation of the ATDHF path. 

& ECUT A 6 C 
(MeV-') (MeV) (fm) (MeV) (MeV) 

'2C-ZoNe, SK 111 5 x 1 0 - ~  160 0.8 1.6 30 
1zC-2"Ne, SK V 5 x 1 0 - ~  100 1.0 3.5 190 
'60-'60, SK M* 1 0 - ~  100 1.0 1.5 30 

Table 3. Parameters for the evaluation of the GRAD path. 
~~ 

E ECUT A 6 C 
(MeV-') (MeV) (fm) (MeV) (MeV) 

"C-"Ne, SK I11 5 x 10-~  160 0.8 1.6 30 
1zC-20Ne, SK V 10-2 100 1.0 0.9 30 

The size of 6, influences considerably the accuracy of the results for the collective 
ATDHF mass. To check this we calculated the ATDHF mass at different points on the 
ATDHF path with two distinct methods: with the ATDHF method (2.23) and with the 
linear response method (4.11) by inserting (5.7) as starting operator for R(0). The 
result is shown in figure 1. The horizontal line indicates the value for the collective 
mass as calculated with the ATDHF method. The iterated ATDHF mass calculated with 
the linear response method reaches for small 6, exactly the value of the mass 
calculated with the ATDHF method. The mass parameters can be checked in the 
asymptotic region where the collective mass of the relative motion is given by the 
reduced mass ,U of the system. It turns out that the conventional ATDHF way to 
evaluate the collective mass M ( q )  is more sensitive to the value of ECUT and the 
limitation of the grid than the linear response method. For example, in the 
asymptotic region of the 12C-20Ne system the deviation of the ATDHF mass from the 
reduced mass are S4% and those of the linear response mass are <0.1%. For a pair 
of doubly closed shell nuclei, as e.g., 160-160 both methods work equally well. In 
the present calculation the linear response method has been taken to obtain the 
proper asymptotic mass. 

10.00~ I I i 

D 
+ e 
e! - 

9 . 8 0 t ~  I I I , I I I , {  
0 0 02 0 04 

6 ,  l f m i  

Figure 1. Collective mass in linear response theory as a function of 6,. The horizontal 
line indicates the corresponding ATDHF mass. Skyrme 111 force. ATDHF path. 
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After a suitable labelling of the Slater determinants the collective potentials, 
mass parameters, etc. can easily be extracted from the collective path. The labelling 
is done by means of a measuring operator D 

q n  = (@A D l@n>. (5 .8 )  

The choice of the operator D is purely a matter of convenience. For heavy-ion 
collisions a reasonable labelling is given by a coordinate which is identical to the 
cluster distance in the asymptotic region. Such a coordinate will be denoted by R 
and can be extracted from the I @ n )  by 

%R2= (@nl r2Y20 1411) - (21 - Qz (5.9) 
where Q1 and Q 2  are the quadrupole moments of the fragments along the collision 
axis. Since the coordinate R is extracted from the quadrupole moments of the 
system we call it the 'quadrupole distance'. 

6. Application: the =GZONe system as a test case 

The '2C-2%le system has been chosen because it represents a rather general case 
due to its deformed non-closed shells and because it allows to investigate the 
importance of transfer channels in fusion reactions (see Gissler et a1 1986). We 
consider the configuration of the system as given in figure 2,  i.e. an axial collision. 

6.1. The collective path and the mass parameters 

Figures 3 and 4 show the collective potential V ( R )  calculated along the gradient and 
ATDHF paths as a function of the quadrupole distance for the 12C-2%le system with 
the interactions SKIII and SKV. In the overlap region to the left of the saddle 
point (at a distance of about 9 fm) there are considerable differences between 
gradient and ATDHF path. This effect is more accentuated for SKIII than for SKV. 
By approaching the Hartree-Fock point at about 4.8 fm these differences 
disappear of course and the two potentials become identical. As can be seen in 
figure 3 the potential of the 1zC-20Ne system is in this part of the path also identical 
to the potential of the 160-'60 system. The gradual change of the 1zC-20Ne 
configuration to a l60-l6O one is an indication for an a transfer. The importance of 

Figure 2. Axially symmetric configuration of the '2C-20Ne system. 
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- I 6 O 3  - 180 

1 -220 

- 240 
4 6 0 10 12 14 

Quadrupole distrlnce i f m )  

Figure 3. Classical potential V ( R )  of the 1zC-2"Ne system calculated with the Skyrme 
111 force along the ATDHF path (full curve) and along the GRAD path (broken curve). 
The dotted curve shows the potential V ( R )  for the 160-160 system obtained with the 
Skyrme I11 force. 

this a transfer and its physical implications to subbarrier fusion processes have been 
discussed in Gissler et a1 (1986) and Reinhard and Goeke (1987). 

A region where such clear changes of the structure like an a transfer takes place 
is well suited to check the various prescriptions for the evaluation of the collective 
path and of the collective mass parameters. The collective mass parameter can be 
evaluated in four different ways: (i) ATDHF path with ATDHF mass. (ii) ATDHF path 
with GCM mass. (iii) GRAD path with ATDHF mass. (iv) GRAD path with GCM mass. 
Figures 5 and 6 show M ( R )  for the 12C-2%e system calculated with SKI11 and 
SK V. In figures 7 and 8 the ratio of the ATDHF mass to the GCM mass is plotted. For 
the collective mass the differences between the various methods are quite remark- 
able. Along the same path the ATDHF mass may differ by a factor of two and the 
same mass along different paths shows deviations of the order of a factor four. 
Similar effects hold for the translational and rotational inertia parameters. There the 
differences amount to about 50%. These numbers are to be contrasted with the 
accuracy of ATDHF reproducing the asymptotic values: translational mass in the z 

- I 6 O F  I '  " I '  I '  " " " ' " ' F 
- 180 1 

4 6 8 10 12 14 
- 240 

Quadrupole distance i f m )  

Figure 4. Classical potential V ( R )  of the lzC-ZoNe system calculated with Skyrme V 
force along the ATDHF path (full curve) and along the GRAD path (broken curve). 
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Figure 5. Collective mass for the 12C-ZoNe system in ATDHF and GCM approximation 
along the ATDHF and GRAD path calculated with the Skyrme I11 force. (-, 
ATDHF path with ATDHF mass; ATDHF path with GCM mass; -----, GRAD 
path with ATDHF mass; . . . . . . , GRAD path with G C ~ I  mass). 

Quadrupole distance ( f m )  

Figure 6. Same as figure 5 but for the Skyrme V interaction. 

0.8 t I I  1 5  I I  I t I  I I I I  / I t <  I I I I 6 I I 1 I I L I  I /  I , , / j , ,  

Quadrupole distance l fm)  

1 6 8 10 12 14 

Figure 7. Ratio of ATDHF and GCM mass for the collective mass M (full curve), the 
translational mass in the z direction M, (broken curve) and moment of inertia 0, (dotted 
curve) for the 12C-20Ne system calculated with the Skyrme 111 force. The collective mass 
M is evaluated along the GRAD path, M ,  and 0, are evaluated along the ATDHF path. 
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Figure 8. Same as figure 7 but for the Skyrme V interaction. 

direction by S0.2%, translational mass in the x direction by -1% and the 
collective ATDHF mass of the relative motion agrees with the reduced mass to better 
than -0.5%. The values for the corresponding GCM mass parameter are =15%, 
-5% and -12% respectively. 

From these numbers one can draw some simple conclusions. Along a given path 
the ATDHF masses are preferable since they are asymptotically correct and the 
simpler GCM mass parameter does not appear to be a reliable good approximation. 

When transforming to the reduced coordinate (see Provoost et a1 1984) the 
changes of the collective mass are included in the potential. The potential V ( R )  
including the quantum corrections Z ( R )  is shown in figures 9 and 10 as a function of 
the reduced distance for the ATDHF and GRAD path with the various mass 
evaluation methods. The potentials contain the full information of the system but 
are not observable quantities. For a proper evaluation of the various methods used 
we will therefore calculate the astrophysical S-factor of the 12C + "Ne- 32S fusion 
in the next subsection. 

30[ 

Reduced distance ( f m i  

Figure 9. Quantum-corrected potential V ( R )  - Z ( R )  as a function of the reduced 
distance R for the 1zC-20Ne system calculated with the Skyrme I11 interaction for the 

with ATDHF mass; ATDHF path with GCM mass; -.  -. - , ATDHF path with 
constant mass; -----, GRAD path with ATDHF mass; . . . . . . , GRAD path with GCM 
mass.) 

different combinations of path and mass evaluation methods. (- , ATDHF path 
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Figure 10. Same as in figure 9 but for the Skyrme V interaction. The line types for the 
different path and mass evolution methods are those of figure 9. 

Actually the difference between GCM and quantised ATDHF is not always as large 
as in the given 12C + "Ne-, 32S example. Calculations for the a + a, 160-160 and 
4oCa-40Ca systems show that for doubly closed fragments the GCM is a good 
approximation to quantised ATDHF. This can be explicitly seen at figures 11 and 12, 
where the potentials and masses for the l60--l6O system are given. 

6.2. Subbarrier fusion for the "C + 2!We + 32S system 

After the evaluation of the potential V ( R ) ,  the collective mass parameter M ( R ) ,  the 
quantum corrections Z ( R )  and of the translational and rotational moments of inertia 
we can determine the collective Hamiltonian H,. Then we can extract from H, the 
subbarrier fusion cross section (Goeke et a1 1983). 

The transmission coefficients are evaluated approximately by generalised WKB 

methods 

TL(&M) = [ I +  exp(2L)I-l (6.1) 

-230 
4 6 8 10 12 14 

Quadrupoie distance l f m )  

Figure 11. Classical potential V ( R )  for the 160-160 system calculated with the Skyrme 
M* force along the ATDHF path (full curve) and along the GRAD path (dotted curve). 
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Figure 12. Collective mass for the l60-l6O system calculated with the Skyrme M* 
force: ATDHF mass along the ATDHF path (full curve), ATDHF mass along the GRAD path 
(broken curve) and GCM mass along the GRAD path (dotted curve). 
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Figure 13. Astrophysical S factor for the subbarrier fusion of the 12C-ZoNe-+ 3zS system 
calculated with the Skyrme 111 interaction. The experimental values are from Hulke et a1 

_ ._ ._  , ATDHF path with constant mass; -----, GRAD path with ATDHF mass; 
. . . . . , GRAD path with GCM mass.) 

1980. (- , ATDHF path with ATDHF mass; ATDHF path with GCM mass; 
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with 

where R, and Rb are the classical turning points of the quantum mechanical 
potential V ( R )  - Z(R) including the centrifugal term. Then the total fusion cross 
section is given by 

Instead of oFus it is preferable to refer to the astrophysical S-factor defined by 

S(EcM) = ECMadECM) exp(2nz1Z2e2/hv) (6.4) 
where v is the relative velocity of the ions. 

Figures 13 and 14 show the astrophysical S-factor of the 12C + 20Ne-+  32S system 
calculated with the interactions SK I11 and SK V. The calculations are performed for 
the ATDHF and for the GRAD path with the various evaluations of the collective 
mass parameter. The transitional and rotational moments of inertia, needed for the 
quantum corrections, are calculated in Thouless-Valatin theory. In the energy 
region, where experimental data are available, all curves show systematic deviations 

L 

+ 
"? 
vi 

L 

Figure 14. Astrophysical S factor for the subbarrier fusion of the '*C+"'Ne ~ 3 2 s  

system calculated with the Skyrme V interaction. (- , ATDHF path with ATDHF 
mass; ATDHF path with GCM mass; -. - .  - , ATDHF path with constant 
mass; -----, G R A D  path with ATDHF mass; . . . . . . , G R A D  path with GCM mass.) 
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from the data of about half an order of magnitude. This can probably be improved 
by use of a better interaction and of coupled channel techniques with angular 
momentum projection. However, the point relevant for the present considerations is 
that at smaller energies of about ECM = 1 MeV the differences between the various 
methods amount to three orders of magnitude in the astrophysical S-factor. Thus, 
strictly speaking, in this situation one is bound to use the most general of the 
methods, i.e. ATDHF path combined with the ATDHF mass. 

However, one can learn from figures 13 and 14 that the GRAD path together 
with the ATDHF mass seems to be a reasonable approximation, which in the case of 
the SkyrmeV interaction even works rather well. On the other hand the methods 
which approximate the mass rather than the path produce, particularly in the low 
energy region, rather strong deviations from the ATDHF values. 

We would like to stress that these conclusions are not made by comparison with 
the data. From that one would conclude even that the GRAD path with the ATDHF 
mass would be the best way to describe the fusion cross section. This, however, 
would be wrong since an approximation can only be correct by chance if the 
method, which it approximates, is inaccurate. The data are basically only used to 
show that the theories are not so far wrong that any conclusion from them would be 
immaterial. After noticing this, the conclusions are based solely on the comparison 
of the theories with each other and the conclusion is very simple: GCM is not a good 
approximation to quantised ATDHF. 

7. Conclusions 

In the present paper we perform a numerical comparison between the quantised 
ATDHF theory and the generator coordinate approach (GCM). The comparison is 
performed by considering two collective paths, the ATDHF path and the GRAD path 
(derivable by GCM) together with the ATDHF mass and the GCM mass for relative 
motion of two heavy ions. In order to study a rather general case, the collision of 
two non-closed shell nuclei is considered as a practical example: 12C + 20Ne+ 32S. 

The mass parameters turn out to be rather sensitive quantities. Along the same 
path the ATDHF mass and GCM mass of relative motion differ up to a factor of two, 
the same mass along different paths up to a factor of four. For the translational and 
rotational moments of inertia the deviation between the GCM and ATDHF values differ 
in the overlapping region by up to 50%. 

It is shown that the subbarrier fusion cross section at low energies shows, due to 
the different paths and masses, deviations up to three orders of magnitude. For open 
shell fragments it is therefore concluded that the use of the simpler GCM method as 
an approximation to quantised ATDHF is generally not justified. In particular the GCM 
approximation to the collective mass turns out to be unreliable. Replacing the ATDHF 

path by the GRAD path might be considered as tolerable. 
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Appendix A 

Equation (4.15) can be transformed to 

Tr{Tr{[Q, Pol4[&, Pol) = Tr Tr{PQwQi) 

where PQ is given by 

PQ = [Q > Pol. (A21 

The RHS expression of (Al) represents (up to a factor of two) the contribution of the 
density PQ to the Hartree-Fock energy. For the Skyrme interaction the Hartree- 
Fock energy is given by 

The only contribution to E depending on PQ is the term proportional to j&(r).  This 
means 

1 d3rj&(r). (3t1+ 5t2) 
32 

Tr Tr{pppg} = - 
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