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Analytical solution of the Poisson-Nernst-Planck equations
for an electrochemical system close to electroneutrality

M. Pabst?

Institute of Complex Systems (ICS-8), Forschungszentrum Jiilich, 52425 Jiilich, Germany
(Received 20 November 2013; accepted 23 May 2014; published online 13 June 2014)

Single charge densities and the potential are used to describe models of electrochemical systems.
These quantities can be calculated by solving a system of time dependent nonlinear coupled partial
differential equations, the Poisson-Nernst-Planck equations. Assuming small deviations from the
electroneutral equilibrium, the linearized and decoupled equations are solved for a radial symmetric
geometry, which represents the interface between a cell and a sensor device. The densities and the
potential are expressed by Fourier-Bessels series. The system considered has a ratio between the
Debye-length and its geometric dimension on the order of 10~ so the Fourier-Bessel series can be
approximated by elementary functions. The time development of the system is characterized by two
time constants, 7. and 7,. The constant 7. describes the approach to the stationary state of the total
charge and the potential. 7. is several orders of magnitude smaller than the geometry-dependent
constant 7, which is on the order of 10 ms characterizing the transition to the stationary state of the
single ion densities. © 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4881599]

Il. INTRODUCTION

Systems with mass and charge transport in the presence
of electric fields and diffusion are often described mathemat-
ically by the Poisson-Nernst-Planck (PNP) equation system.
Therefore, the PNP equations have a wide range of applica-
tion in physics, chemistry, biology, and engineering sciences.
In that sense, e.g., the drift diffusion equations used for elec-
trons and holes in semiconductor devices,"? or the transport
equations of ions in electrolytes,’ are PNP equations. In bio-
physics, the PNP equations are often used to describe the elec-
trodiffusion of ions in ion channels of the cell membrane.*

The PNP equation system consists of nonlinear coupled
partial differential equations. It describes the potential, the ion
densities, and the ion flux in a selfconsistent way; that is, the
electric fields generated by the ions themselves are included.
Due to the nonlinearity and the complexity of the differential
equations numerical methods are usually applied to solve the
PNP equations.>™

In certain cases, analytical solutions have been found.
Time independent and one-dimensional cases have been
solved in Refs. 10-12. Due to the nonlinearity the solutions
can be expressed by Jacobian elliptical functions.'"'> An
analysis of the time dependent single species system is shown
in Ref. 13. Laplace transformation is applied to find approxi-
mate solutions for large voltages for a symmetric binary elec-
trolyte between two parallel blocking electrodes, as shown in
Ref. 3. For the same situation, but with a small external DC
voltage, an exact analytical solution is obtained for the lin-
earized PNP equations in Ref. 14.

In Sec. II, the PNP equations are linearized and decou-
pled. The charge densities of the different ion species are rep-
resented as a linear superposition of the total charge density
and the total ion density of the electrolytic system. In Sec. III,
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the equations are solved for a radial symmetric system, which
represents a cell-sensor interface.

Il. THE POISSON-NERNST-PLANCK EQUATIONS

The PNP equation system couples the continuity equa-
tions, the Nernst-Planck equations and the Poisson equation.
It describes the electrochemistry of a system with different
ion species. For each ion, indexed by i, let p;(r, t) and j;(r, t)
represent the electrical charge densities and the electrical cur-
rent densities, respectively. The densities are functions of the
position r and the time z. If A; defines the source rate of the
different ions, the continuity equations are given by

api(r, 1)
ar

In the most general case, A; is a function of r and ¢. How-
ever, here it is restricted to a constant value not dependent on
position and time.

Current densities, charge densities, and the electrical po-
tential ¥ (r, t) are coupled via the Nernst-Planck equations

Vi) + A ()

jir.t) = —D; (Vpi(r, 1)+ 2 pi(r, OV (r, r)) )
kgT

with the diffusion coefficients D; and the electric charge num-
ber z; of ion i. The quantities e, kg, and T are the elemen-
tary charge, Boltzmann’s constant, and temperature, respec-
tively. The potential is coupled to the total charge density
Prot(r, 1) = Xp;(r, t) by the Poisson equation

_ Pror (T, 1)
€0Er

AY(r, 1) = 3)

with the permittivities €g and €,. For the following discus-
sion, it is useful to introduce ion densities n; by n;(r,t)

= p;i(r, t)/(z;e). In analogy to p,,, the total ion density ry,,

© 2014 AIP Publishing LLC
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is given by the n,,;, = Xn;. For the application discussed be-
low, it is assumed that the diffusion of the different ions is
characterized by a common diffusion coefficient D and that
the charge number z; is given either by +1 or —1. Thus, by
summing over the index i and combining Egs. (1)—(3) one
obtains for p,,, and ny,, the two equations

2
Aprot(F ) + ——V - [yon(r, OV (., 1)]
kgT

_i 00101 (1, 1) _ _)\tot

D ot D’ )
A t : v Hv t
Nior(F, 1) + kB_T Loror(r, OVY(r, )]
_l 0o (r, 1) — _ Sror ’ (5)

D ot D
with Ay, = X A; and &, = ZA/(zz€).
For the last two equations, the following assumptions are
made. First, to linearize the equations only small deviations
of the charge densities from their constant equilibrium value
pi(r,t) = pf +6pi(r,t) with §p;(r, t) K p; are assumed. By
defining n{ = pf /(z;e) and én;(r,t) = 8p;(r,t)/(z;e) it fol-
lows that n;(r,t) = n{ + én;(r, t) with dn;(r,t) < nj. As
a consequence, one has 0, (r,t) = p;,, + 6pi:(r,t) and
Niot(r, t) = nf,, + 8ny(r, t) with p; = Xp?, nf, = Xn{,
8p1or (P, t) = Xép;(r,t), and on,y(r,t) = Xén;(r,t). It is
clear that én,,(r,t) < nj, while a corresponding relation
does not necessarily hold for the total charge density. Sec-
ond, to decouple the equations, the equilibrium state should
be electroneutral, which means that p;,, = 0 and at least two
ion species of opposite charge must be present.

Applying these assumptions to Egs. (4) and (5) one ob-
tains an inhomogeneous Debye Falkenhagen equation' for
Prot(rs 1) = 80101 (1, 1)

A8pror(r, 1) — Ll_zD&Otot("’ ) — %W = _%
(6)
with the Debye length L defined by

o kT
Lp= |22 )
€ Nior

For 8n,,(r, t), it follows from Eq. (5) an inhomogeneous
diffusion equation

1 90n;0:(r, t) Cror
Abnyo(r 1) — — —2 2 = 2 8
Mo ) = D ®

Returning to the single charge densities, Egs. (1)—(3), to-
gether with the stated assumptions, give

Aspir. - L0 D Lyt (o)
D ot L2 nfy D

To solve these equations, the following linear ansatz is
made:

8pi(r, 1) = a;0n.,(r, t) + Bidpioi(r, t). (10)

The equation X8p;(r,t) = 8p;0,(r,t) can be fulfilled
with 20[,' =0 and 2,3, =1.
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By setting

Bi=— (1)

and

1
A = Mot B, 12)

tot

o =

the ansatz of Eq. (10) is a solution of Eq. (9). The deviations
8p; of single charge densities can be expressed by a linear
superposition of 87;,; and 0.

From Eq. (6) a differential equation for the poten-
tial Y (r,t) can be derived. Remembering that p;,(r,t)
= 8p;0¢(r, t) and using Eq. (3) one obtains a fourth order dif-
ferential equation for the potential

L oy(r,n Atot
D

= . (13
ot o€, D (13

1
A[Aw(m) — V-
D

lll. APPLICATION TO THE CELL-SENSOR INTERFACE

The method described is applied to the electrical descrip-
tion of a cell-sensor interface. The time dependent PNP equa-
tions are solved in polar coordinates. The time independent
long term limit has already been discussed.'®

A schematic picture of the cell-sensor interface is shown
in Fig. 1. A human embryonic kidney cell (HEK EAG) is
placed above the gate of a field-effect transistor (FET). The
region to be discussed is the cleft between cell bottom and
FET surface. The cleft is represented by a thin disk with a
height 4 less than 100 nm and a radius R of about 15 pm,
giving a ratio h/R < 1072,

By exciting the cell electrically at t = 0 the K* channels
of the cell membrane open and the K* ions flow from inside
of the cell into the surrounding electrolyte solution. While in
the upper part of the cell the Kt ions enter the surrounding
electroneutral bath directly the ions at the bottom have to pass
the cleft first before entering the bath. K™ ions which enter the
cleft will accumulate and increase the charge there. As a con-
sequence, other ions of the electrolyte solution start to move.
Positive ions will leave the cleft through the outer boundary of
the disk moving into the surrounding electroneutral bath so-
lution while negative ions will move in the opposite direction.
Connected with this ion flux is a change of the total charge in

HEK EAG cell i

Cleft | <_J' K

Source |

FET - —s T

FIG. 1. A schematic picture of the cell-sensor interface. A HEK EAG cell is
placed above a FET. The cleft between the bottom of the cell and the surface
of the FET is represented by a thin disk with a height 4 less than 100 nm and
a radius R of about 15 um resulting in a ratio #//R < 1072, Please note that
the given dimensions are not to scale.
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the cleft that modifies the gate voltage of the attached FET.
Thus, the flux of ions can be related to the FET signal.

Three ion species are considered for the electrolytic so-
lution in the cleft: potassium (K*), sodium (Na*), and chlo-
ride (C17). It is assumed that before the cell is excited elec-
trically the ion concentrations (i = K*, Na®, CI7) inside
the cleft are equal to the ion concentrations in the surround-
ing bath. Typical ion concentrations of the equilibrium are
s =5 mM, ¢+ =140 mM, c,- =145 mM, and ¢},
=290 mM corresponding to the ion densities n%. = 3.0
x 10** m™, n§,. =84 x 10 m™>, nf =87 x 107
m~3, and n¢,, = 17.4 x 10® m~>. With €, = 78 one calcu-
lates for the Debye-length Lp = 0.8 nm at 7= 300 K.

Unfortunately, the diffusion coefficients Dg+ = 1.96
x 1072 m? s}, Dygs+=133%x10"° m? s!, and
Dci- =2.03 x 107° m? s~ are not equal. As seen be-
low, the diffusion coefficients enter the expressions for the
time constants, which differ by several orders of magnitude.
Therefore, the difference of the diffusion coefficients is of
higher order and does not effect the conclusions made below.

When KV ions enter the cleft from inside the cell they at
first move parallel to the z-axis. After some time, their mo-
tion turns from vertical to radial direction. Due to the ratio
h/R < 1072 the cleft is considered as an infinite thin disk of
radius R allowing only a radial motion. Therefore, the flux of
K™ ions into the cleft during electrical excitation is described
by a positive constant source term'® Ax+ = 11 pA um~3 in-
dependent of position and time. The source term for the other
ions is zero resulting in A;,; = Ag+ and &y = Ag+/e.

For the analysis of the densities and the potential in the
cleft polar coordinates (r, ¢) are appropriate, meaning that
there is no z-dependence because of the disk-shaped geom-
etry. It is also assumed that there is no ¢-dependence. One
obtains with Eq. (6) for § p,(7, 1)

82800, (1, t 1 0600 (1, t 1
Orot (1, 1) 1000 ((r )—L_Z(S,Omt(",t)

ar? r or 7
_ia&omt(r’ t) :_)ﬁ (14)
D ot D

The boundary conditions are electroneutrality at r = R
and inside the cleft at # = 0, and the long term limit'®

30101 (r, 0) = 0,
8p1or(R, 1) = 0, (15)
Ag+L3 (1 B Io(r/LD))
D I(R/Lp))’
with the Bessel function /.

By standard methods the solution can be given in the
form of a Fourier-Bessel series

im §p;0,(r, 1) =
—>00

DA+ L2
Sror(r, 1) = K ZD.G, (1, 1) (16)
D
with
Si(r, t)
3 i Jo (%7)

2
v=I (1 + %V&) whi(yy

(1 _ ef%’)(”ﬁy"z)’). (17)
)
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Jo and J; are the Bessel functions of zeroth and first or-
der and y, are the zeros of Jy ordered by increasing value.
Because L%) /R* ~ 3 x 107 the series can be approximated
by an analytic function (see the Appendix). It follows

Io(r/Lp)

8010t (r, ) =~ Ag+T | 1 — —————
Orot (1, 1) K 77< 10(R/Lp)

)(1 —e Ty (18)
with the time constant 7, = L% /D which characterizes the
time to reach a stationary total charge situation. With a dif-
fusion coefficient D = 2.0 x 10~ m? s~! one obtains 7,
= 0.32 ns. Due to the exponential behaviour for large ar-
guments of the Bessel function I, the r-dependent term
(1 — Ip(r/Lp)/Iy(R/Lp)) is about 1. Only if R — Lp < r <
R, then the term decreases to zero like a stepfunction. Thus,
considering a time larger than 1 ns the total charge density is
almost constant

(Sptut(r’ t)%)LK‘*'TL" (19)

The ratio (Ag+1.)/(e(n%+ + n%,+)) provides some infor-
mation on the increase in the positive charge inside the cleft.
With the actual numbers, the ratio is <10~° which is quite
close to electroneutrality.

From Eq. (8) it follows for 8n,,(r, 1)

325”:01(”, 1) 1 08n,0:(r, 1) 1 98n0:(r, 1)

ar? r or D ot
Ak+
= - . 20
eD (20)
The boundary conditions are
dny01(r, 0) = 0,
(Snl()t(Ra t) = 07 (21)
lim 8y, 1) Ag+R? | r?
im 8np,(r, t) = - — .
v Nl 4eD R?

Again, the solution is expressed by a Fourier-Bessel
series
2hg+R?
eD

8nioi(r, 1) = Sa(r, 1) (22)

with

= Jo (% b o
S )=y %(1%#”). (23)

v=I

Using the approximation (A7) (see the Appendix) it fol-
lows for 8n,,:(7, 1)

Ak y12 Ty r? e
SNy (1, 1) & 1 <1 R2> 1—e ) 24)
with the geometry-dependent time constant 7, = R?/(Dy})
= 20 ms. In spite of the total charge density it takes much
longer for the total ion density to reach the stationary state.

Applying the linear superposition (10) it follows for the
single charge densities

e

e Mg+ —
px+(r, 1) = pg+ — —,—8p(r, 1) +

tot

2Ak+R?

Sa(r, 1),  (25)
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e

“5p(r, 1),

tot

n
PNat (1, 1) = Pyt — (26)

e

n - =—
=—op(r, 1),

tot

pci-(r, 1) = pgy- — 27

with

Sp(r,t) =

2hk+ R? L3
—p (S —ZSien). (@28

Neglecting the term containing L%)/ R? and using the ap-
proximation (A7) one finally calculates

pi(r, 1) & pf + i, (r, 1) (29
with §n,,(r, f) given by Eq. (24) and
ag =e(1- 2K, (30)
Nior
Oy = —e M0t g = e (31)
Nior Nios

Using the numbers given above one has ax+ = 0.98 e,
o+ = —0.48 e, and ac;- = —0.50 e. In contrast to the to-
tal charge density’s dependence on the time constant 7., it
can be seen from Eq. (29) that the time dependence of the
single charge densities is identical to that of the total ion
density, characterized by 7,. In Fig. 2, the changes §p;(r, 1)
= o;8n,(r, ) for the three ion species are plotted as a func-
tion of 7/R and for the stationary state ¢ > 200 ms. It shows that
the K ions accumulate inside the cleft mainly at the center.
CI™ ions will accumulate at a lower level, while the amount of
Na™ ions decreases. In Fig. 3, the normalized transient profile
for three times (2, 20, and 200 ms) is plotted.

It should be noted that the L% /R*-dependent term in
Eq. (28) cannot be neglected if summing up X p; to get py.
In this case, the exact formulae (25)—(28) have to be used be-
cause the leading terms cancel out.

Charge density / C m*

1.2

FIG. 2. The parabolic change of the single charge densities &;(r, )
= ;8N (1, 1) as a function of /R for the stationary state (t > 200 ms). 8ny(r,
1) is calculated by using Eq. (24).

J. Chem. Phys. 140, 224113 (2014)

1.2

t=200 ms

FIG. 3. The function 8 - S; as a function of /R for the times t = 2, 20,
and 200 ms. The solid lines show the analytical function of Eq. (A7), the
dashed lines correspond to the summation of Eq. (23) with an error less than
1073, For ¢ > 200 ms, the difference between the analytical formula and the
summation is not visible.

When 64, is known the potential v (r, f) can be calcu-
lated by integrating the Poisson equation

Blp(r 1) 2kK+LZD
ror 8r

€oe, D
)

X
Z 1+ r2) naion)
x<1—e (sz”)). (32)

With the boundary conditions of ¥ (0, #) having no pole
and ¥ (R, 1) = 0, direct integration gives

2Ag+ L%) R?
€€, D

53

) <1—e%(1+"2%) )
1 1+R27/U) JJ1(y)

(33)

Y(r. 1) =

Using some algebra v (r, f) can be written as

2)»K+L%RZ

vinn = €0, D

L}
<S3(h D= 25l l)) (34
with

> ali)
S3(r, t) = —\1
(0 V;yﬂl(m

Again, by neglecting the terms containing L2,/ R? the po-
tential is simplified. Unlike Eq. (18), Eq. (36) contains only

A ) (35)
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elementary functions. One obtains

AK+RZIC r2 o
T e (1— ) (1—e 36
4ege, ( R2>( er) 6o

with the same time constant 7. as for 8 0,,(r, ?).

The potential and all the densities show a linear depen-
dence on the source term Ag+. If all the membrane channels
stay closed, the state is characterized by Ax+ = 0 and it fol-
lows that the potential and the densities do not change, main-
taining the equilibrium values.

The above calculations are received for a cleft which is
represented by a infinitely thin disk. Therefore, it is worth-
while to comment on the situation when the finite thickness
of i =~ 100 nm of the cleft is considered. In that case, it takes
a certain time for the K* ions to cross the cleft from the top to
the bottom before filling the whole cleft. An appropriate time
constant for this process could be defined by 7, = h*/D ~ 5
us. As a result, the assumption of a constant Ag+ inside the
cleft would be realistic only after a time of several 7. After
that time the total charge density 6 p;,, is constant and the po-
tential i is a time independent parabolic function in the radial
direction. This time period is still several orders of magnitude
smaller than the transient time 7.

y(r 1) =

IV. SUMMARY

The Poisson-Nernst-Planck equations (1)—(3) have been
linearized and decoupled. The system has been transformed
into Egs. (6), (8), and (13) for the quantities 80, (7, t),
dny(r,t), and Y (r, t), respectively. Each of the equations
can be solved by standard methods depending on the geom-
etry and the boundary conditions. The single charge densi-
ties are expressed by a linear superposition of én,,(r, t) and
3p101 (7, 1).

The method was applied to the cleft between an electri-
cally excited cell and a FET. The cleft was represented by a
radially symmetric disk. Assuming a constant influx of K*
ions into the cleft, the charge densities and the potential were
exactly calculated and represented by Fourier-Bessel series.
Using the fact that the ratio L%) /R? is on the order of 107°,
the series can approximated by analytical functions.

The system is characterized by the two time constants
T = L%/D and 7, = Rz/(Dylz). If the cleft is represented
by an infinitely thin disk, the total charge density §p(7, )
depends on 7. (Eq. (18)), and it is shown that after a nanosec-
ond §p.,(r, t) is constant inside the cleft, independent of po-
sition and time (Eq. (19)). From Poisson’s equation it follows
that the potential is parabolic with the same time dependence
(Eq. (36)). If a finite thickness, 4 &~ 100 nm, of the cleft is
assumed, the situation is delayed and characterized by a time
constant 7, = h*/D, which is on the order of some microsec-
onds. The transient state of the total ion density §ny,(r, f)
(Eq. (24)) and the single ion charge densities 8p;(r, f)
(Eq. (29)) takes much longer. It is given by the time constant
T4, which is in the range of 100 ms. This leads to the following
interpretation of the time dependent situation inside the cleft:
when the membrane channels open, K* ions enter the cleft
increasing the positive charge there. As a consequence, some
other positive ions leave the cleft through its outer boundary.

J. Chem. Phys. 140, 224113 (2014)

Due to the ratio n},. /n%. = 28, mainly Na™ ions leave the
cleft. In addition, some negative C1~ ions will be attracted by
the increased positive charge and enter the cleft through the
outer boundary. The resulting effective total charge 6 0.,(r, )
reaches the stationary state in less than 100 ps. However, the
flux of different ion species will continue much longer up to
the order of 7,. After some 100 ms the final stationary state is
reached with no flux of Na* or Cl™~ ions because the electrical
field and the concentration gradients are balanced. Only K*
ions leave the cleft continuously through the outer boundary
in the same amount that they enter the cleft via the membrane
channels.

APPENDIX: SOME PROPERTIES OF S;, S;, AND S3

With the following analytical relations the series Sy, S»,
and 3 can be simplified:'"!8

0 il
1:22 JO(Rr)

) (AD)
1 V\;Jl(yv)
r ad Jo(ﬁr)
- — = —— R A2
R? ; V3 () (A2
00 J. Y
e
0 D 2 K2
v=1 ()/U + L%) Jityw)
From Egs. (A1) and (A3), it follows
IO(r/LD) _ ad Jo(%}’) (A4)

I(R/Lp) ~ "~ =, (1 ¥ %?;yg) hn)

Equations (A1)-(A4) are valid for 0 < #/R < 1, in addi-
tion Egs. (A2) and (A4) also for #/R = 1.
The series S; and S3; include the exponential terms
2
exp(—%(l + %yf)t. With L%D/R2 ~3x 107° the term
2
i—‘;y‘f is negligible for v < 10, the major part of the series.
One then obtains

S\(r, 1) ~ % <1 - %) (1- e_%t) (A5)
and
Sy(r )~ & <1 - ﬁ) (1— {%’). (A6)
8 R?

The above conclusion is not possible for S, which con-
tains the exponential term exp(—Dy?2t/R?). However, a re-
placement of S, by

r2

1 b
S(r,t) = g (l — F) (1 —e wh")

is useful in the sense of maintaining the boundary conditions
and characterizing the functional behaviour. The quantity y;
is the first zero of Jy. A comparison between the analytical
function (A7) and the numerical summation of Eq. (23) is
shown in Fig. 3.

(A7)
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The series S, S», and S3 were also evaluated numerically
to compare them with the corresponding analytical approx-
imations. The series S| converges very slowly while S, and
S35 converge much faster. The Bessel functions Jy and J; are
usually part of the standard mathematical software programs.
The low order zeros of Jy were directly programmed, while
for large order zeros McMahon’s expansion was used.!” For
different values O < r/R < 1 and the times ¢t = 0.03, 0.3,
3 ns, the upper summation index N is about 3000 with an ab-
solute maximum error <1072 for S;. It should be noted that
the large index is related to /R = 0 with Jy(0) = 1. For the val-
ues #/R # 0, the function Jy(y ,#/R) changes sign as a function
of increasing v and the coefficients of the series partly cancel
out. By keeping an equal error N could be reduced to about
100. As a result of the numerical calculations, it could be
seen that the series S; oscillates around the function (A5) for
an increasing summation index showing that (AS) is a good
approximation. The series S3 converges much faster resulting
in an index N = 13 for the same values of /R and ¢ though
for a lower error 1072, Again, it turned out that the function
(A6) is a good approximation of the series S3. The series S,
was tested for the same /R values but for the transient times
t = 2, 20, 200 ms. In connection with an error of <1073, an
index N ~ 20 was obtained for S,.
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