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For a feedforward loop of oscillatory Hodgkin-Huxley neurons interacting via excitatory chemical
synapses, we show that a great variety of spatiotemporal periodic firing patterns can be encoded by
properly chosen communication delays and synaptic weights, which contributes to the concept of
temporal coding by spikes. These patterns can be obtained by a modulation of the multiple coexisting
stable in-phase synchronized states or traveling waves propagating along or against the direction of
coupling. We derive explicit conditions for the network parameters allowing us to achieve a desired
pattern. Interestingly, whereas the delays directly affect the time differences between spikes of interacting
neurons, the synaptic weights control the phase differences. Our results show that already such a simple
neural circuit may unfold an impressive spike coding capability.
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According to the temporal coding hypothesis the infor-
mation in the neural spike train emitted by a single neuron
or by a neural population is carried by the timing of action
potentials [1]. A neural population must thus be able to
produce a variety of spatiotemporal firing patterns in order
to form dynamical cell assemblies, which are hypothesized
to be crucial for information processing, transfer, and
storage [2]. The proper formation of such assemblies re-
quires a precise constellation of firing times of neurons,
latencies of signal propagation, and the coupling topology,
enabling a fine coordination of firing patterns and their
reliable detection [3]. It is thus important to understand
how the modulation of signal propagation delays and
synaptic weights can affect the formation of spatiotempo-
ral firing patterns.

The brain is a highly adaptive structure since the synap-
tic weights can permanently be adjusted due to the spike
timing-dependent plasticity (STDP); see review [4].
Propagation delays seem to be well tuned in the brain [5]
and can be adapted either by synaptic selection (e.g., by
STDP) out of a spectrum of many possible delay lines [6]
or directly by changing length and thickness of dendrites
and axons, the extent of myelination of axons, variation
of synaptic latencies, etc. [7]. Accordingly, pathological
alterations of the signal conductance can severely
impair neural information processing as, for example,
in the case of axon demyelination in multiple
sclerosis [8].

In this Letter we explicitly show how a multitude of
firing patterns emerges and gets stored in an oscillatory
neural loop by appropriate adjustment of communication
delays and synaptic weights. On the one hand, delayed
interactions can cause a time shift between signals, as
experimentally demonstrated, e.g., in two lasers coupled
with time delay [9]. On the other hand, delays can be
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compensated for, so that in-phase synchronization is
still possible, as demonstrated in many delay-coupled net-
works [10,11]. The interest in the mechanisms giving rise
to more complex spatiotemporal structures is increasing. A
variety of spatiotemporal structures have been demon-
strated for different coupling topologies for networks of
integrate-and-fire-like neurons [12]; see also Ref. [13]
for localized patterns and Ref. [14] for stabilization of
neuronal bumps. Here we show that, more generally, for
networks of generic limit-cycle (LC) oscillators and
Hodgkin-Huxley (HH) spiking neurons coupled via exci-
tatory chemical synapses, a strikingly broad spectrum of
spatiotemporal firing patterns can be created and explicitly
controlled by properly adjusting conductance delays
and synaptic weights. For this we study networks of oscil-
lators unidirectionally coupled in a ring [Fig. 1(a)l].
Unidirectionally coupled loops are generic components
in the nervous system [15] as intensively studied, e.g., in
the context of pathological neural dynamics and deep brain
stimulation [16]. The ring topology naturally appears in the
context of excitable cardiac tissue and orientation tuning in
visual cortex [17].

Obviously, our model is minimal with respect to the
number of coupling edges, since only N connections exist
in a network of N oscillators. On the one hand, this sup-
ports a unique representation of the firing patterns by
coupling delays and coupling strengths. On the other
hand, one might intuitively anticipate that the minimal
topology of the unidirectionally coupled loop [Fig. 1(a)]
might impose relevant restrictions on the type of emerging
spatiotemporal firing patterns. We here, however, show that
already such a comparably simple neural circuit might act
as a coding machine that is able to produce a multitude of
spatiotemporal firing patterns.
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FIG. 1 (color). (a) Ring of unidirectionally coupled neurons.
(b)—(d) Typical periodic spatiotemporal patterns appearing in
homogeneously coupled (identical synaptic weights and com-
munication delays) HH spiking neurons (1): (b) in-phase syn-
chronization, (c),(d) traveling waves with one firing front
propagating along (k = 1) and against (k = —1) the direction
of coupling, respectively, see (a). Membrane potential V; is
encoded in color versus time and oscillator number.
(e) Coexistence of multiple stable traveling waves, where the
spiking frequency of synchronized neurons is depicted versus the
number of firing fronts k for different identical delay 7 in
coupling and for initial vector functions I'(¢), r € [—7, 0] with
components I';(t) = y(t + jTk/N), where y(t) approximates
the waveform of the limit cycle of a neuron in the network,
and T is its period. Parameters C = 1 wF/cm?, Vy, = 50 mV,
Vg = —77 mV, V, = —54.4 mV, gna = 120 mS/cm?,
gx = 36 mS/cm?, and g, = 0.3 mS/cm?. The constant currents
I; are Gaussian distributed with mean 10 pwA/ cm? and standard
deviation 0.01. Delay 7; = 0 ms in (b)—(d), number of neurons
N = 100, and coupling K; = 5 mS/cm?.

We consider periodically spiking HH neurons [18]

CV,=1I;,— gNam?hj(Vj = Vya) — gxknj(V; = Vi)
—g(V; = V) = Kj(V; = V))s;,(t — 7)),

m; = am(vj)(l - mj) - Bm(Vj)mj,

h; = a,(V))(1 = h)) = By(V))h,, (1

n; = an(vj)(l - nj) - ,Bn(vj)nj,
1, ..., N, models the membrane
potential of neuron j, and «,, (V)= (0.1V +4)/
[1 —exp(=0.1V —4)], B, (V) =4exp[(—=V — 65)/18],
a,(V) = 0.07exp[(—V — 65)/20], B,(V)=1/[1+
exp(—0.1V — 3.5)], a,(V)=(0.01V +0.55)/[1—

exp(—0.1V —5.5)], and B,(V) = 0.125exp[(—V — 65)/
80]. The neurons are excitatory coupled (the reverse

where the variable V;, j =

potential V, = 0 mV) via the postsynaptic potentials s;
[19] in a ring such that sy, = s; [Fig. 1(a)]. Parameter
K ; defines the coupling strength, and 7; is the time delay in
the coupling.

In the existing literature on homogeneous ring-coupled
systems, i.e., with parameters and couplings being all
identical, typical spatiotemporal patterns have been re-
vealed; see, e.g., [10,20]. Often, multiple coexisting stable
traveling waves emerge or can be stabilized by feedback
control methods [21], which turned out to be a typical
form of activity propagation in the nervous system [22].
As a particular case, in-phase synchronized patterns are
possible and can be stable. Such a dynamics can also be
found for the HH neurons (1), where, depending on the
initial conditions, the neurons can synchronize and fire
either simultaneously [Fig. 1(b)] or with the time shift
tj—tjy1 = Tk/N between the neighboring neurons.
Here T is the period of oscillations. In the latter case, k
firing fronts propagate along the network either in the
direction of coupling [Fig. 1(c) for kK = 1] or in the oppo-
site direction [Fig. 1(d) for k = —1]. Although a single HH
neuron exhibits a monostable periodic firing at the fre-
quency f = 68 Hz for the considered parameters, the net-
work demonstrates a great multistability of synchronized
dynamics, which is significantly enhanced if a delay in
coupling is introduced [Fig. 1(e)]. The coupled neurons can
synchronize at a frequency ranging from 56 to 185 Hz and
in numerous coexisting traveling waves. The neuronal
dynamics within the synchronization manifolds of the
above regular patterns for homogeneous loops of identical
neurons (1) can be modeled by a single HH neuron with
delayed self-feedback [23], where a delay-induced multi-
stability has been found. However, in the case when the
coupling strengths or delays are not identical, more com-
plicated structures emerge, which are essentially network
objects. To illustrate this phenomenon, we use the above
simple patterns as reference patterns and then adjust time
delays and synaptic weights to create a new desired pattern.

Delay-induced firing patterns.—Let a general network
with identical delays x;(r) = g;(x;(¢), x;4(r — 7)) exhibit
a stable reference pattern where the neurons fire at times
{tj}}vzl. Then the change of variables y;(r) = x;(t — n;)
transforms the system to y;(r) = g;(y;(1), y;+1(t — 7)),
where the delays 7; = 7 — ;| + 7; are no longer iden-
tical, and the neurons fire at times {tj +7 j};\;l up to some
common shift. Thus, by choosing the delays appropriately,
one can generate an arbitrary spiking pattern. Because of
the translational invariance of the unidirectionally coupled
system, the stability of a pattern is not affected as long as
the total delay in the ring is kept constant. Nevertheless, the
above arguments can be applied to other coupled systems
with different coupling type and topology. A single limi-
tation of this approach is that the time offset n;1; — n;
must be smaller than 7 in order that all delays 7; will be
positive. This bounds the width of the spike patterns and
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underlines the importance of a positive delay 7 in the
coupling.

The above delay-induced patterns can be applied to
any stable synchronized dynamics of HH neurons (1)
[Figs. 1(b)-1(e)]. We illustrate this by a random pattern
(the spiking times 7; are uniformly distributed in the
interval [ —3, 3] ms) modulating the in-phase synchronized
reference pattern [Fig. 2(a)] and by a pattern resembling
the abbreviation “PRL” and modulating a traveling wave
reference pattern with k = —1 firing fronts [Fig. 2(c)]. The
filled red diamonds in Figs. 2(a) and 2(c) depict the theo-
retically predicted patterns {n; — jTk/N} and perfectly fit
the numerical simulations. The corresponding encoding
delays 7; do not necessarily resemble the pattern itself
[Figs. 2(b) and 2(d)].

Coupling-induced firing patterns.—We show that vari-
ous firing patterns can equivalently be induced in neural
networks by varying synaptic weights. To illustrate this, we
first consider the Stuart-Landau LC oscillators

Z.j(l‘) =(a+if - |Zj(t)|2)2j(t) + Kij+1(t -7, (2

where z; are complex amplitudes and «, B are internal
parameters. The phase-shift symmetry of the system allows
us to look for solutions of (2) in the form z;(¢) = p;e™'*i¢;
with constant amplitudes p; and phase shifts ¢;.
Substituting this ansatz into (2), we obtain the coupling
weights K; for a given phase pattern {goj};v:l,

K‘_Pj w—pB

3)

/ pj1 sin(@j — ¢; — w7)’

Jj, no. oscillator
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FIG. 2 (color). Examples of delay-induced spatiotemporal pat-
terns in the HH ensemble (1). (a),(c) Raster plots of the neural
firing induced by delays 7; depicted in (b) and (d), respectively.
Green circles show the corresponding reference pattern of (a) in-
phase synchronization and (c) traveling wave with k = —1 firing
fronts for identical delays 7; =5 ms. Blue empty diamonds
indicate spike onsets from numerical simulations, and red filled
diamonds depict theoretically predicted patterns. To observe the
above complex patterns the reference patterns were numerically
continued by slowly approaching the predicted delays. Other
parameters as in Fig. 1.

where p; = Ja + (w — B)cot(p;1 — ¢; — wT) are the
corresponding amplitudes. Hence, for a given phase pattern
{¢;} and frequency w, one can uniquely find coupling
weights {K;} from Eq. (3) to generate such a spatiotempo-
ral pattern in ensemble (2). Since the stability of the
predicted pattern is not known a priori, it is reasonable
to choose w as the frequency of a stable reference pattern
in a corresponding homogeneous system with identical
couplings K. In this case, w — B = Ksin(Ay — w7),
where Ay = 27k/N is a uniform phase shift of the refer-
ence traveling wave (which has to be taken into account
when designing the phase pattern {¢;}), and the coupling
weights from Eq. (3) will lead to a stable pattern, at least
for small modulations of the reference pattern.

Figure 3(a) shows an example of an S-shaped pattern in
the ring of LC oscillators (2) obtained by the modulation
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FIG. 3 (color). Examples of the coupling-induced spatiotem-
poral patterns of the LC (2) and HH (1) system. (a) S-shaped
pattern in LC system induced by the coupling strengths K;
from (b). (¢) The corresponding amplitudes p; of LC oscillators.
(d) Similar S-shaped pattern in the HH ensemble with the same
coupling strengths. The membrane potential V; is encoded in
color. (e) Stable ““PRL” pattern induced in the HH ensemble by
the inhomogeneous synaptic weights K; from (f). The weights
are obtained from Eq. (3) when ignoring the amplitudes. Green
circles in (a) and (e) indicate the in-phase synchronized refer-
ence pattern for homogeneous couplings K; = 5. The theoreti-
cally predicted patterns [black curve in (d) and red filled
diamonds in plots (a), (c), and (e)] fit well to the numerical
simulations [(d) and blue empty diamonds in (a), (c), and (e)].
In (d) and (e) the theoretically predicted patterns are scaled by a
factor of 13 to fit to the temporal scale of the firing pattern
obtained in the HH ensemble. Parameters: @ = 1 and B8 = ;
are Gaussian distributed with mean 1 and standard deviation
0.01. Delay 7; = 5 ms and the other parameters as in Fig. 1.
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of the in-phase synchronized reference pattern oscillating
at the frequency @ = 1.25 ms™!. The coupling weights are
calculated by Eq. (3) [Fig. 3(b)]. The distribution of the
coupling weights significantly affects the amplitudes p; of
oscillators [Fig. 3(c)] as predicted above. From Eq. (3) it
follows that arbitrary phase patterns are allowed with only
a few exceptions: The amplitudes p; (the expression under
the square root) and coupling strengths K; have to be
positive, and two neighboring oscillators cannot be syn-
chronized with a phase shift ¢;.; — ¢; = w7 (in phase if
7=Tn, n=0,1,...) unless all oscillators are synchro-
nized with the same phase shift. The latter restriction can
be resolved by considering complex couplings K ;.

Surprisingly, the simple expression (3) shows a very
good qualitative approximation for the necessary synaptic
weights in the ensemble of HH neurons (1); see Fig. 3(d).
The same S-shaped pattern is achieved in the neural popu-
lation for the coupling weights derived for the LC oscil-
lators [Fig. 3(b)]. The apparent difference is that the
amplitudes of the action potentials are modulated only
very weakly [Fig. 3(d)] as compared to LC oscillators
[Fig. 3(c)]. Therefore, ignoring the amplitudes in Eq. (3)
we can create a relatively complicated “PRL” pattern
in the HH ensemble [Fig. 3(e)] by an appropriate
distribution of the synaptic weights according to Eq. (3)
[Fig. 3(f)]. This simple expression can thus be used em-
pirically for more complicated systems, which do not allow
a reasonable analytical treatment as in the case of LC
oscillators.

For the delay-induced patterns discussed above [Fig. 2],
the induced time shifts in the firing of the individual neurons
are independent of the model and underlying dynamics,
e.g., frequency of oscillations. On the other hand,
coupling-induced patterns are based on the shifts of phases,
see Eq. (3), and the observed firing times do depend on the
frequency of the oscillations. To illustrate this, consider the
HH ensemble (1) for large delay 7 = 20 ms, where three
stable in-phase synchronized regimes coexist [Fig. 1(e),
green squares for k = 0]. The neurons in-phase synchronize
and fire at the frequencies f| = 57 Hz, f, = 97.5 Hz, and
f3 = 145 Hz. For a predefined zigzag pattern [Fig. 4(a),
red filled diamonds], Eq. (3) yields (the amplitudes being
ignored) the corresponding synaptic weights {K;} for
o =27f; = 0.358 ms~! [Fig. 4(b), red diamonds]. The
obtained coupling is then applied to the above three in-
phase synchronized reference patterns [Fig. 4(a)]. In fact,
the zigzag pattern is preserved, although it is significantly
affected by the frequency of the oscillations. The pattern
can change its size as well as orientation, as predicted
by Eq. (3).

The communication delays and synaptic weights, if
adjusted simultaneously, may also have cooperative effects
on the spatiotemporal firing patterns. For example, the
zigzag pattern [Fig. 4(a), blue diamonds] induced by in-
homogeneous couplings [Fig. 4(b), red diamonds] for
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FIG. 4 (color). Impact of the oscillation frequency on the
coupling-induced spatiotemporal patterns in the HH ensemble
(1). (a) Zigzag patterns induced by the synaptic weights K; [(b),
red diamonds] when applied to in-phase synchronized reference
patterns oscillating at different frequencies f for homogeneous
coupling K; =5 and delay 7= 20 ms, as indicated in the
legend. The theoretically predefined pattern is depicted by filled
red diamonds and scaled by a factor of 0.25. For simultaneously
modified synaptic weights K; [(b), red diamonds] and delays 7;
[(b), black squares, upper horizontal axis] the in-phase synchro-
nization in the neural ensemble can be restored [(a), black
squares]. The other parameters as in Fig. 1.

identical time delays can be compensated for by an appro-
priate adjustment of the delays [Fig. 4(b), black squares,
upper horizontal axis] such that an in-phase synchroniza-
tion is restored in the HH ensemble (1) [Fig. 4(a), black
squares]. In such a way, the neurons fire pretty much
synchronously despite the delay as well as synaptic
weights in the network being nonidentical [Fig. 4(b)].

In conclusion, we showed that an arbitrary periodic
spatiotemporal firing pattern can be produced by a feed-
forward neural loop if communication delays or/and syn-
aptic weights are appropriately adjusted with one
restriction, namely, that each neuron fires only once per
period. Since the conditions on the coupling-induced pat-
terns are more restrictive than those on the delay-induced
patterns, the adjustable delays can provide a greater encod-
ing capacity, as expected [24]. However, the synaptic
weights directly affect the phase differences between neu-
rons, which might be important for the concept of phase
delays as compared to the firing time differences explored
in the auditory system [25]. A great richness of possible
delay- and coupling-induced spatiotemporal firing patterns
is illustrated on a minimal model of neural networks, and
explicit formulas are presented which allow for a unique
encoding of the patterns by communication delays and
synaptic weights. The desired pattern can be addressed,
e.g., either by an appropriate selection of the initial func-
tion resembling the spatial form of the pattern [see caption
of Fig. 1], gradual adjustment of the coupling delays and
weights starting from a reference pattern in the homoge-
neous network [see caption of Fig. 2], or by inducing the
desired firing pattern by an external stimulation. It would
also be interesting to explore how more complicated type
and topology of coupling can influence the discussed
patterns.
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