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Spectroscopic studies of line emission intensities and ratios offer an attractive option in the

development of non-invasive plasma diagnostics. Evaluating ratios of selected He I line

emission profiles from the singlet and triplet neutral helium spin systems allows for simultaneous

measurement of electron density (ne) and temperature (Te) profiles. Typically, this powerful

diagnostic tool is limited by the relatively long relaxation times of the 3S metastable term of helium

that populates the triplet spin system, and on which electron temperature sensitive lines are based.

By developing a time dependent analytical solution, we model the time evolution of the two spin

systems. We present a hybrid time dependent/independent line ratio solution that improves the

range of application of this diagnostic technique in the scrape-off layer (SOL) and edge plasma

regions when comparing it against the current equilibrium line ratio helium model used at

TEXTOR. VC 2012 American Institute of Physics. [doi:10.1063/1.3672230]

I. INTRODUCTION

Line intensities and ratios of helium have important

applications in determining electron temperatures and den-

sities in laboratory as well as astrophysical plasmas. The

application of a stationary (time independent or equilibrium)

solution is a standard technique for the quantitative charac-

terization of the plasma edge boundary and the scrape-off

layer (SOL) in L-mode plasmas at TEXTOR (Ref. 1) and at

PISCES-B.2

Helium line intensities and ratios have also been used to

provide essential information on the parallel and radial pro-

files of electron density and temperature both above and at

the divertor targets at JET and JT-60U.3,4 Fast helium beam

emission models have been developed and employed at the

Madison symmetric torus (MST) for electron temperature

and density diagnostic purposes.5 Efforts for measuring the

steep edge electron temperature and density gradients by

means of helium line ratios have also been applied at the

COMPASS-D tokamak6 and for edge turbulence measure-

ments in NSTX by gas puff imaging.7 Helium line ratios are

also used in determining 2D electron temperature and den-

sity profiles for validation of plasma transport models in

MAST.8 Other efforts include the development of the time

dependent collisional radiative numerical code SOPHIA for

determination of the neutral helium diffusion coefficients in

the edge of magnetically confined plasmas.9

Typically, the range of measurements and the accuracy

of the helium line ratio technique are limited by the quality

of the atomic data employed in the model8 and the long

relaxation times of the triplet spin terms which are populated

from the metastable state.5,10 Here, we report the results of a

hybrid time dependent/independent model that overcomes

the problem of long relaxation times for the metastable based

populations by the implementation of an analytical solution

for the time dependent problem. By applying this analytical

solution to our diagnostic, we eliminate the need for numeri-

cal integration5 and the use of plasma transport models to

predict metastable populations as suggested by Podder

et al.10 With this solution, we avoid unphysical high electron

temperature measurements in the SOL region that could

appear when using equilibrium (stationary) models. This

time dependent technique is only necessary for determining

a range of lower electron density measurements where the

relaxation times for the metastable-triplet system are compa-

rable to the propagation time of a thermal beam. This time

dependent solution is then overlapped with an equilibrium

(stationary) solution, which is applicable to the higher elec-

tron density regimes where the triplet spin system relaxation

times are no longer significant compared to the beam propa-

gation time scales. With this technique, we are able to extend

the diagnostic out to greater radial distances in the SOL than

the model currently employed at TEXTOR.1

The successful application of the line ratio technique

depends strongly on the accuracy of the set of atomic data

used in the solution of the collisional radiative model

(CRM).11 The application of non-perturbative methods like

the R-matrix,12 R-matrix with pseudostates (RMPS),13 and

convergent close coupling (CCC)14,15 to generate high qual-

ity electron-ion collision data has proven to be very reliable.

We make the assumption that the main mechanisms for

populating/depopulating excited states for a thermal beam

a)Electronic mail: munozj@fusion.gat.com.
b)Electronic mail: o.schmitz@fz-juelich.de.
c)Electronic mail: loch@physics.auburn.edu.
d)Electronic mail: ballance@physics.auburn.edu.
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(gas puff) in the SOL consist mainly of electron-impact exci-

tation and ionization. Ion-impact excitation and ionization as

well as charge exchange become significant for high energy

beams only.16 In order to improve the helium line ratio

model, we employ high quality and newly calculated RMPS

data from Ballance et al.17 for electron-impact excitation,

and RMPS and CCC data for electron impact ionization,

which was used for the generation of generalized collisional

radiative (GCR) coefficients by Loch et al.18 [which will be

soon be made available in the atomic data analysis structure

(ADAS)19 database], and that we used for ionization balance

calculations to obtain ionic fractional abundances. These

data sets of atomic data were selected not only due to the ac-

curacy of the method employed in their calculations but also

due to their high degree of agreement when comparing

against experimentally measured atomic collision data.17

For comparison, we also generate a generalized CRM

by means of the projection matrix from bundle-n onto a

resolved nl low term solution.3,20,21 This method helps us to

include contributions from higher Rydberg states by con-

densing those high terms into the lower and limited N-term

model we are using. Muñoz et al.22 have shown that there

are significant differences when including the high Rydberg

contributions into the helium model when applying the line

ratio diagnostic for higher electron temperature-density

regions, and which are well within the range of application

of the hybrid solution. In this work, we focus on the

667.9 nm, 706.7 nm, and 728.3 nm helium lines in which

both 667.9 nm and 728.3 nm get populated primarily from

the singlet (1S) ground term and 706.7 nm from the triplet

(3S) metastable term. Table I shows these lines with their re-

spective transition terms and configurations.

The line ratio between the two singlet based lines proves

to be highly sensitive to electron density (667.9 nm/

728.3 nm), while the ratios between the triplet and singlet

based lines turn out to be more sensitive to temperature

(706.7 nm/728.3 nm) and both to temperature and density

(706.7 nm/667.9 nm). The sensitivity of the triplet metastable

term to electron temperature is a consequence of the high

energy difference (19.82 eV) between the triplet metastable

term and the singlet ground state. We determine electron

temperature and density values from experimentally

obtained line emission profiles from TEXTOR.1 We com-

pare our results obtained from our hybrid model with those

obtained with the equilibrium solution applied routinely at

TEXTOR. We also compare our results against Thomson

and Li beam electron temperature and density experimental

profiles. This technique is accurate for localized sources of

helium or in regions of uniform electron temperature and

density profiles along the line of sight.

This systematic study shows the importance of a time

dependent solution not only into line ratio diagnostic appli-

cations but also its relevance when modeling neutral beam

emission spectroscopy, where the term relaxation times may

be comparable to the beam propagation time scales. It also

shows the importance of selecting a suitable set of atomic

data in the CRM for the successful application of the line ra-

tio diagnostic technique.

II. ATOMIC DATA

The atomic data for neutral helium used in our model

consist of electron-impact excitation data calculated using

the RMPS method.17 The calculation is described in detail

by Ballance et al.,17 who also showed the importance

of including continuum coupling effects in the collision

calculation. Ballance et al.17 calculated electron-impact

excitation data for electron temperatures ranging from

0.043 to 43.1 eV; we have extended this temperature range

to 430.87 eV by means of the high energy Born limit of

the collision strength.25 We apply the Burgess and Tully25

approach for extending the temperature ranges by means

of the ADAS215 code,19 this more accurate approach

gives us very different results for the higher electron tem-

perature regions, than the simple spline extrapolation used

by the ADAS208 code we applied for the previous helium

line ratio calculation.22 Electron-impact ionization rate

coefficients were taken from CCC calculations.24 Electron-

impact excitation as well as ionization data between all 19

terms in the configurations 1snl (1s< nl< 4f) were

included.

In the ADAS (Ref. 19) framework, the term-resolved

low n-shell atomic data from which one sees the majority of

the spectral line emission is supplemented with data for the

higher n-shells, in this case up to n¼ 500. The high n-shell

effects are projected into the lower N-term populations by

means of the projection matrix, which is described in more

detail by Summer et al.20 This can often have a significant

effect on the N-term populations when applied to high elec-

tron temperature and density regimes.22 There is no direct

way to measure experimentally the effects of the high Ryd-

berg effects onto the lower populations; therefore for the

sake of comparison, we calculate two data sets where we

include the high Rydberg states in one of them. The

electron-impact excitation data in the projection matrix con-

sist of semi-empirical Gaunt factor calculations.26 The

electron-impact ionization data from the high n-shells are

calculated using the exchange classical impact parameter

(ECIP) method.26 Loch et al.18 found that ECIP cross sec-

tions for the ionization of the lower excited states of neutral

helium to be more accurate when compared with perturba-

tive calculations; unfortunately, we do not have experimental

data to compare the ionization from the ECIP approximation

for the higher n-shells of helium. By including the projection

matrix in one of our calculations, we construct our compre-

hensive collisional radiative model that includes the

“cascading” effects from populations of higher Rydberg

states and compare it against one without these high Rydberg

states included.

TABLE I. Atomic transition terms and configurations.

Spectral linea (nm) Transition term and configuration

667.9 1s3d(1D)! 1s2p(1Po)

706.7 1s3s(3S)! 1s2p(3Po)

728.3 1s3s(1S)! 1s2p(1Po)

aValues obtained from NIST (Ref. 23).
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III. EQUILIBRIUM COLLISIONAL RADIATIVE MODEL

To successfully model spectral emission, it is necessary

to account for all the significant populating/depopulating

mechanisms in a collisional-radiative model. Our application

of collisional-radiative theory to the calculation of excited

populations is similar to the concept of the ADAS (Ref. 19)

suite of codes for population and emission modeling. Any

ion/atom consists of a set of N-terms/levels with radiative

and collisional couplings.

The processes that play a role in populating the various

ionic term/levels include (but are not limited to)

• Spontaneous decay: (Aj!i/Ai!j).
• Electron-impact excitation/de-excitation: ðqe

j!i=qe
i!jÞ.

• Ion-impact excitation/de-excitation: ðqI
j!i=qI

i!jÞ.
• Electron-impact ionization: ðSe

i Þ.

• Ion-impact ionization: ðSI
iÞ.

• Radiative recombination: ½aðrÞi �.
• Dielectronic recombination: ½aðdÞi �.
• Three-body recombination: ½að3Þi �.
• Charge exchange: ðqCX

i Þ.

Figure 1 illustrates some of the processes that may con-

tribute to the population of the ith term, where j represents

any higher or lower term from i. In order to compute the

excitation and ionization rate coefficients, we have assumed

Maxwellian distributions for the free electrons.

Any given atom/ion in an arbitrary excited i-term is rep-

resented by the following time dependent population equa-

tion, with the collisional processes (on the right hand side)

included,

dni

dt
¼� nin

þz
I qcx

i;I
� nineSe

i � ninIS
I
i

þ
X
j>i

njAj!i þ njneqe
j!i � nineqe

i!j þ njnIq
I
j!i � ninIq

I
i!j

� �

þ
X
i>j

njneqe
j!i � nineqe

i!j þ njnIq
I
j!i � ninIq

I
i!j � niAi!j

� �

þ nþnz0

I0q
cx
i;I0
þ nþnea

ðrÞ
i þ nþnea

ðdÞ
i þ nþn2

ea
ð3Þ
i : (1)

Here, ne represents the free electron density, nI is the free

hydrogenic main ion density, ni is the population of the

ith excited term being described, nj is the jth population of

any higher or lower term from i, nþ is the free He II

density, nþz
I is the free arbitrary ion density that may

remove a charge exchange electron from ni, and nz0
I0 is

another free arbitrary ion density that may contribute an

electron by charge exchange to the ith population. These

arbitrary ions may represent impurities in the plasma which

may be significant if their densities become comparable to

the main ion density, and if the beam is energetic

enough for charge exchange to become significant. We

define our total recombination rate coefficient as aR
i ¼

aðrÞi þ aðdÞi þ nea
ð3Þ
i , by regrouping some of the terms in the

equation and by changing our notation by setting Ai!j¼ 0

for j> i, and qi!j representing electron/ion-impact excita-

tion/de-excitation (depending on the order of the sub-

scripts), we get

dni

dt
� nþ½nea

R
i þ nz0

I0q
cx
i;I0
� ¼ �

�
nþz

I qcx
i;I
þ neSe

i þ nIS
I
i þ
X
j 6¼i

ðAi!j þ neqe
i!j þ nIq

I
i!jÞ
�

ni

þ
X
j 6¼i

ðAj!i þ neqe
j!i þ nIq

I
j!iÞnj

(2)

or in the more simplified form

dni

dt
¼ �Ci;ini þ

X
j 6¼i

Ci;jnj þ nþ½nea
R
i þ nz0

I0q
cx
i;I0
�; (3)

where we have defined a diagonal loss terms of the colli-

sional radiative matrix as

Ci;i ¼ nþz
I qcx

i;I
þ neSe

i þ nIS
I
i þ
X
j6¼i

ðAi!j þ neqe
i!j þ nIq

I
i!jÞ;

(4)

and the non-diagonal gain terms of the collisional radiative

matrix

Ci;j ¼ Aj!i þ neqe
j!i þ nIq

I
j!i: (5)
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In order to obtain and compare against a comprehensive so-

lution, we account for higher Rydberg states into one of our

collisional radiative models. The collisional radiative ma-

trix [Eqs. (4) and (5)] includes only the lower 19 terms or

what is defined as the direct part.20,21 To account for the

higher Rydberg contributions or “cascades” into the lower

term populations, we make use of the projection matrix that

contains the equivalent of these contributions, and in this

way build our generalized collisional radiative model by

adding the N-term direct contribution Cdir
ij , with the higher

Rydberg contributions or indirect contribution Cindir
ij .20,21

Our comprehensive collisional radiative matrix is simply

given by

Ci;j ¼ Cdir
i;j þ Cindir

i;j : (6)

From a total of N terms, we separate the number of metasta-

ble terms M (including the ground) and a number of ordinary

terms N�M, we make this distinction due to the different

relaxation times between the two. The time scales for the or-

dinary terms are so small that it is safe to assume an equilib-

rium state at all times in comparison to the metastable terms.

The relaxation timescale (in seconds) of an excited term, i,
may be estimated from19

so �
1X

j

neqe
i!j þ

X
j

Ai!j

: (7)

By approximating the dipole transitions by Ai!j� 108

(zþ 1)4 s� 1 (where z is the atomic number19,27), we approxi-

mate Eq. (7) by19

so �
10�8

ðzþ 1Þ4
s; (8)

which suggests timescales on the order of nanoseconds.

Having defined the time scales, we now obtain our equilib-

rium solution by setting the time derivatives for the ordinary

terms in Eq. (3) to zero, this is also known as the quasi-

steady-state approximation. Thus, we obtain our equilibrium

solution for any of the ni ordinary term populations in the

form

ni ¼ �
XN�M

j¼1

C
ðrÞ�1

i;j nþnea
R
jþM þ nþnz0

I0q
cx
jþM;I0

þ
XM

k¼1

nkCjþM;k

" #
;

(9)

where C
ðrÞ
i;j is the reduced collisional radiative matrix which

only includes the ordinary term elements and excludes the

metastable terms, and it ends up being a reduced N�M
by N�M square matrix with C

ðrÞ�1
i;j as its inverse. Schmitz

et al.1 have shown that ion-impact excitation/ionization proc-

esses are negligible for the helium thermal beam case. We,

therefore, have neglected any ion-impact interactions and

charge exchange in our thermal beam model. In our model,

we consider any helium ionization as a loss since the ion

gets trapped in the magnetic field lines and gets transported

outside the view of the spectrometer. We assume by the time

the lost ion recombines with an electron to form again a neu-

tral, it is already far from the view of the spectrometer. We

are also neglecting any local recycling that may take place.

For these reasons, we have excluded any recombination pro-

cess in our CRM. We normalize the populations with respect

to the ground state (i¼ 1), we calculate our normalized pop-

ulations by setting n1¼ no¼ 1, and thus we get M¼ 1 since

we consider the ground state as our only metastable in the

equilibrium model. The final form of our normalized equilib-

rium population solution is given by

ni

no
¼ �

XN�1

j¼1

C
ðrÞ�1

i;j Cjþ1;1: (10)

To calculate the line emission [in units of Photons/cm2 � s � sr]

from the i! j emission line, we use

Ii!j ¼
Ai!j

4p

ð
l

nHeðxÞ
no

nHe
ðxÞ

� �
ni

no
ðxÞ

h i
dx; (11)

where nHe is the total density of neutral helium atoms, no/nHe

is the fractional abundance (or ionization balance) of the

total number of atoms in the ground state with respect to the

total number of local helium atom/ion density.19 We account

for the total emission by integrating along the line of sight

length, this assumes previous knowledge of the Te(x) and

ne(x) line of sight profiles. Since the gas is being introduced

in the form of a collimated beam, we assume the emission to

be localized; this assumption makes our profile along the

line of sight approximately uniform. Thus, we approximate

our local line emission by

Ii!j �
Ai!j

4p
nHe

no

nHe

� ��
ni

no

�
Dx: (12)

Therefore, our modeled line ratio is given by the simple

expression

Rmod � Ai!jni

Ak!lnk
; (13)

which we use to calculate our three different ratios for a

specific temperature and density grid. We use a range of

FIG. 1. (Color online) Populating/depopulating atomic processes for the ith
ionic level/term.
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electron temperatures from Te¼ 1 to 200 eV, with resolution

of DTe¼ 1 eV, and a range of electron densities from

ne¼ 1.0� 1010 to 1.0� 1011 cm� 3 with resolution of

Dne¼ 1.0� 1010 cm� 3, and ne¼ 1.0� 1011 to 1.0� 1013 cm� 3

with resolution of Dne¼ 1.0� 1011 cm� 3. These electron

temperature and density ranges of values have been chosen

since they are typically found in the SOL-divertor regions.

Figure 2 shows our equilibrium solutions without high

Rydberg effects included for the electron temperature sensi-

tive Req
Te 706:7 nm=728:3 nmð Þ and electron density sensitive

Req
ne 667:9 nm=728:3 nmð Þ line ratios as a function of electron

temperature and density (Te, ne). Figure 3 shows our equilib-

rium solutions with high Rydberg effects included, and Fig. 4

shows the previous modeled results from TEXTOR.1 For

fine-tuning purposes, we have calculated the electron

temperature and density sensitive line ratio Req
Te;ne 706:7 nm=ð

667:9 nmÞ as well.

We have defined the following quantity C2 and mini-

mize it to determine our local experimental electron temper-

ature and density values from any experimental line ratio

point

C2ðTe; neÞ ¼ 1�
Rexp

Te

Rmod
Te

ðTe; neÞ
" #2

þ 1�
Rexp

ne

Rmod
ne

ðTe; neÞ
" #2

þ 1�
Rexp

Te;ne

Rmod
Te;ne

ðTe; neÞ
" #2

: (14)

IV. TIME DEPENDENT COLLISIONAL RADIATIVE
MODEL

Our aim is to develop an analytical time dependent solu-

tion which eliminates the need of numerically solving the

problem every time the diagnostic is run.5 Numerical solu-

tions can be time consuming in this case since it would

require integrations along a large electron temperature and

density range for each one of the experimental points. This

could become unpractical when employing this algorithm to

process large datasets of experimental data on a shot to shot

diagnostic as commonly used in research tokamaks. Our

non-equilibrium model is based on analytically solving the

simple set of N first order coupled differential equations

[Eq. (3)] that conforms to the collisional radiative formalism

for a set of different electron temperature and density values.

From this solution, we obtain our time dependent line ratios

that we use for diagnostic purposes. We start by rewriting

Eq. (3) in matrix notation

dn1

dt
dn2

dt

..

.

dnN

dt

0
BBBBBBBBB@

1
CCCCCCCCCA
¼

C1;1 C1;2 … C1;N

C2;1 C2;2 … C2;N

..

. ..
. . .

. ..
.

CN;1 CN;2 … CN;N

0
BBBBBBBB@

1
CCCCCCCCA
�

n1

n2

..

.

nN

0
BBBBBBBB@

1
CCCCCCCCA
þ

nþ neaR
1 þ nz0

I0q
cx
1;I0

h i
nþ neaR

2 þ nz0
I0q

cx
2;I0

h i
..
.

nþ neaR
N þ nz0

I0q
cx
N;I0

h i

0
BBBBBBBBB@

1
CCCCCCCCCA

(15)

or in vector notation

dn

dt
¼ C � nþ r: (16)

We decouple this set of non-homogeneous linear coupled

differential equations by diagonalizing the collisional radia-

tive matrix C [Eq. (6)] by means of the frame transformation

n ¼ V � n0, where V is the eigenvector matrix obtained from

ðC� kÞ � n0 ¼ 0 and with eigenvalues jC� kj ¼ 0. We now

express the decoupled solution in the form

dn0

dt
¼ k � n0 þ r0; (17)

where k ¼ V�1 � C � V and r0 ¼ V�1 � r. For any of the k
decoupled equations, we get the simple non-homogenious

first order differential equation

FIG. 2. (Color online) Modeled equilibrium solution without high Rydberg

states included, for the electron temperature and density sensitive line ratios.

Solid curve represents the calculated value for the 706.7 nm/728.3 nm elec-

tron temperature sensitive ratio; dotted curve represents the calculated value

for the 667.9 nm/728.3 nm electron density sensitive ratio for our selected

electron temperature and density mesh.
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dn0k
dt
¼ kkn0k þ r0k: (18)

By knowing the initial conditions n0kð0Þ at t¼ 0 from

n0ð0Þ ¼ V�1 � nð0Þ, and by applying r0 ¼ V�1 � r, we obtain

the time dependent solution for any kth-term transformed

population in the form

n0kðtÞ ¼
XN

j¼1

V�1
k; j njð0Þ þ

rj

kk

� 	
expðkktÞ � rj

kk

� �
: (19)

We now apply the frame transformation nðtÞ ¼ V � n0ðtÞ to

get the final form of the time dependent solution for any of

the ith-term populations, thus we obtain

niðtÞ ¼
XN

k¼1

Vi;k

XN

j¼1

V�1
k; j njð0Þ þ

rj

kk

� 	
expðkktÞ � rj

kk

� �( )
;

(20)

which could be applied for any set of electron density and

temperature values at any given time t. We note that our

solution also depends on the initial population values n(0);

these values can be set as well since they depend on the ini-

tial population of the thermal beam. We use initial normal-

ized values, thus the sum of all the populations at any given

moment is constant (or equal to one). In our case (thermal

helium beam), we assume our total initial population to be in

the ground state 1s2(1S), therefore we set n1(0)¼ 1.0 and

nm(0)¼ 0.0 for m¼ 2 … N. In case of a high energy helium

beam, the ground state 1s2(1S) may be 80% populated and

the metastable 1s2s(3S) 20%; this would give us initial popu-

lation values of n1(0)¼ 0.8, n2(0)¼ 0.2, and nm(0)¼ 0.0 for

m¼ 3 … N. In our approach, we compute our eigenvector

matrix V, its inverse V� 1, the eigenvalue vector k, and the

charge-exchange/recombination vector r as a function of a

electron temperature Te and density ne (N�M) grid. This

results in a NTe�Mne set of data which we simply store and

use as needed by our analytic solution [Eq. (20)] in order to

calculate our time dependent line ratio for a NTe�Mne grid

for a specific time t, and an initial set of population values

n(0). For our neutral beam, we do not have recombination

and charge-exchange into our neutrals, therefore we elimi-

nate the rj term in Eq. (20), thus simplifying much further

our time dependent solution to

niðtÞ ¼
XN

k¼1

Vi;k

XN

j¼1

V�1
k;j njð0Þ expðkktÞ: (21)

This simplification eliminates the need for calculating the

charge-exchange/recombination vector r for the electron

temperature-density grid. We note that even though our solu-

tion is simplified, the general solution [Eq. (20)] may still

apply for the case of a high energy charged beam, in which

recombination and charge-exchange would have to be

included into the r vector. To compare our time dependent

population solutions against the normalized equilibrium pop-

ulations [Eq. (10)], we normalize our solutions with respect

to the ground state (ni/no) by again setting n1¼ no ¼ 1. Thus,

our normalized time dependent population solutions are sim-

ply expressed in the form ni(t)/n1(t), with i¼ 2 … N.

Figure 5 shows our equilibrium and time dependent

population calculations for the 1s3s(3S), 1s3s(1S), and

1s3d(1D) terms for the arbitrary values of Te¼ 15.0 eV and

ne¼ 1.0� 1012 cm� 3. These terms correspond to the

706.7 nm, 728.3 nm, and 667.9 nm emission line excited pop-

ulations. Notice the large relaxation time differences

between the metastable-based populated term (3S) and the

ground-based populated terms (1S and 1D) are of roughly

25 ls. By having an average thermal helium beam speed of

FIG. 3. (Color online) Modeled equilibrium solution with high Rydberg

states included, for the electron temperature and density sensitive line ratios.

Solid curve represents the calculated value for the 706.7 nm/728.3 nm elec-

tron temperature sensitive ratio; dotted curve represents the calculated value

for the 667.9 nm/728.3 nm electron density sensitive ratio for our selected

electron temperature and density mesh.

FIG. 4. (Color online) TEXTOR modeled equilibrium solution for the elec-

tron temperature and density sensitive line ratios. Solid curve represents the

calculated value for the 706.7 nm/728.3 nm electron temperature sensitive

ratio; dotted curve represents the calculated value for the 667.9 nm/728.3 nm

electron density sensitive ratio.
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vb¼ 1500 m/s,1 we obtain a value for the traveled distance of

3.75 cm before the metastable-based populated terms reach

equilibrium for these electron temperature and density val-

ues. Such a large relaxation time must be accounted for

when applying the line ratio diagnostic technique. This is our

main motivation for pursuing a full time dependent solution

for this diagnostic. Figure 6 shows the time dependent elec-

tron temperature sensitive 1s3s(3S)/1s3s(1S), electron density

sensitive 1s3d(1D)/1s3s(1S), and electron temperature/den-

sity sensitive 1s3s(3S)/1s3d(1D) population ratio solutions

for the same set of conditions. Notice that the density sensi-

tive (singlet term ground-populated) line ratio reaches equi-

librium almost immediately as expected; this shows that a

time dependent approach is unnecessary for singlet-based

populated terms, thus making the equilibrium solution a

good approach for determining electron densities. On the

other hand, we see that a time dependent solution for the

temperature sensitive (triplet term metastable-populated)

line ratio solutions cannot be ignored and must be imple-

mented. We also see how the population ratio is lower than

the equilibrium ratio during the time progression when look-

ing at the temperature sensitive equilibrium line ratio shown

in Fig. 2. The lower the line ratio value is, the higher the pre-

dicted temperature value obtained. This is the reason why

the equilibrium solution predicts unphysical high electron

temperatures for part of the SOL-wall region where the tem-

peratures and densities are not as high.

In order to implement this time dependent diagnostic,

we start at an initial radial position ro, where the helium ther-

mal beam is first introduced into the vacuum chamber. By

knowing the initial population values n(0), the initial radial

position ro, the radial position of the first experimental point

r1, and the average velocity of the thermal beam vb, we

obtain our relaxation time t1¼ (ro� r1)/vb. From this value,

we compute our populations n(t1) for the time dependent

electron temperature-density grid by means of Eq. (13),

thus giving us the line ratios for t¼ t1; RTe(t1), Rne(t1), and

RTe,ne(t1) as functions of electron temperature and density.

We then obtain the set of local electron temperature and den-

sity values (Te1
, ne1

) for the first experimental point by means

of Eq. (14). This way we get our new initial set of population

values nnew(0)¼n(t1, Te1
, ne1

) that will be used for calculat-

ing our next set of experimental values. With this method,

we obtain the solutions for any of the kth experimental

points

tk ¼
jro � rkj

vb
� tk�1;

nkð0Þ ¼ nk�1ðtk�1ÞðTek�1
; nek�1

Þ: (22)

Since the relaxation times are only significant for a set of

low values of electron temperature and density, we do not

need to calculate our quantities for the same large grid as we

do in the equilibrium case. In order to quantify the limits of

application of the time dependent model, we make use of the

following minimization:

e2 ¼
XN

i¼1

1� niðtÞ
neq

i

� �2

; (23)

where ni(t) is the time dependent population for any of the N
terms for an specific set of electron temperature and density

values, and neq
i is the equilibrium population. To estimate a

value for our minimization factor e2, we use an exponential

model as an approximation. Let us first assume that the time

dependent solution for the populations is given by the ap-

proximate form

niðtÞ ¼ neq
i ½1� expð�t=sÞ�; (24)

where s is the relaxation time as a function of electron

temperature and density, which would represent an exact

solution if our system of equations [Eq. (3)] would be a

uncoupled set. When t¼ s, the ratio of the time dependent

population and the equilibrium populations give us

FIG. 6. (Color online) Time dependent solutions for the 1s3s(3S), 1s3s(1S),

and 1s3d(1D) term population ratios. Horizontal lines represent the modeled

equilibrium values.

FIG. 5. (Color online) Time dependent term population solutions for the

1s3s(3S), 1s3s(1S), and 1s3d(1D) normalized with respect to the ground state.

Horizontal lines represent the modeled equilibrium values.

012501-7 Hybrid time dependent/independent solution… Phys. Plasmas 19, 012501 (2012)



ni=neq
i � 0:632. By plugging this value back into Eq. (23)

and by setting N¼ 19 terms (as in the case of our CRM), we

obtain a minimization factor of e2� 2.57. By having

obtained an estimation for the minimization factor, we

choose a value of e2 ¼ 1.0 to be applied into our analytical

model [Eq. (21)], and thus obtain an average value for our

relaxation time as function of electron temperature and den-

sity s(Te,ne). When using e2 ¼ 1.0 into our minimization

equation [Eq. (23)], we obtain an average population ratio of

ni=neq
i � 0:98 for the singlet 1s3s(1S) and 1s3d(1D) terms

and ni=neq
i � 0:71 for the triplet 1s3s(3S) term. Figure 7

shows our results for the population relaxation time of the 3S
metastable term of helium as a function of electron tempera-

ture and density. We notice that this relaxation time is much

more sensitive to electron density than electron temperature

variations. We see that for electron densities roughly higher

than 1.0� 1012 cm� 3, the relaxation times are in the order of

microseconds. Therefore for electron density values higher

than our estimated threshold value of 1.0� 1012 cm� 3, we

can apply with confidence the equilibrium model for our line

ratio diagnostic. Therefore, we choose a smaller set of elec-

tron temperature and density values for computation of the

eigenvector matrix V, its inverse V� 1, and the eigenvalue

vector k [Eq. (21)], thus reducing the size of these files. We

use an electron temperature set from Te¼ 1 to 125 eV with

resolution of DTe¼ 1 eV, and four electron density sets

from ne¼ 1.0� 108 to 1.0� 109 cm� 3 with resolution of

Dne¼ 1.0� 108 cm� 3, and ne¼ 1.0� 109 to 1.0� 1010 cm� 3

with resolution of Dne¼ 1.0� 109 cm� 3, and ne¼ 1.0� 10

to 1.0� 1012 cm� 3 with resolution of Dne¼ 1.0� 1010 cm� 3,

and ne¼ 1.0� 1012 to 5.0� 1012 cm� 3 with resolution of

Dne¼ 1.0� 1011 cm� 3. We have chosen these ranges of elec-

tron densities since we expect the relaxation times of the 3S
metastable term to be significant as shown by Fig. 7. We do

not expect to have electron densities lower than 108 cm� 3,

and we have also included some overlap in the higher limit of

the electron density with respect to those chosen for our

equilibrium solution.

V. ERROR PROPAGATION ANALYSIS

In order to quantify the range of confidence in our

determined electron temperature and density values with

respect to the uncertainty given by the line intensity meas-

urements and our hybrid model, we apply a simple uncorre-

lated error propagation model. Unfortunately, we do not yet

have the definite capability of propagating the uncertainties

obtained from basic electron impact rate coefficients from

the atomic data employed in our CRM for calculation of

term populations. We do not have a way of evaluating the

quality of the high Rydberg states either, but when calculat-

ing the three line ratios with and without high Rydberg

effects included, we found average differences of 17.42%,

8.30%, and 10.40% lower values for the 706.7 nm/

728.3 nm, 667.9 nm/728.3 nm, and 706.7 nm/667.9 nm mod-

eled line ratios with high Rydberg effects to those without

them. We do not include these differences in our error prop-

agation analysis but we limit our comparisons to results

obtained by experimental measurements of electron temper-

ature and density values. However, we estimate a small

contribution of the errors in the atomic data set to our popu-

lation values by assuming that most of these contributions

end up canceling due to high population correlation; this

assumption will be discussed later in this section. For the

helium line ratio diagnostic, we determine our electron tem-

perature and density values and their uncertainties from the

ratio of three different lines; these ratios are given by an

electron temperature sensitive line ratio RTe, an electron

density sensitive line ratio Rne, and an electron temperature

and density sensitive line ratio RTe,ne, determined experi-

mentally from

Rexp
Te
¼ Ið706:7nmÞ

Ið728:3nmÞ ;

Rexp
ne
¼ Ið667:9nmÞ

Ið728:3nmÞ ;

Rexp
Te;ne
¼ Ið706:7nmÞ

Ið667:9nmÞ :

(25)

For any given experimental ratio Rexp
ab ¼ Ia=Ib with line

intensities and experimental uncertainties: Ia 6 ra and

Ib 6 rb, the uncertainty of the ratio can be expressed by the

simple uncorrelated error formula

rexp
Rab

Rexp
ab

� 	2

¼ ra

Ia

� �2

þ rb

Ib

� �2

; (26)

which we use to solve for rRab
, thus we get

rexp
Rab
¼ 6Rexp

ab

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ra

Ia

� �2

þ rb

Ib

� �2
r

: (27)

To calculate our hybrid line ratio model, we have used

the approximation given by Eq. (13). Table II shows the

FIG. 7. (Color online) Modeled population relaxation time for the 3S meta-

stable term of helium as a function of electron temperature and density.

Solid line represents the average relaxation time s, as a function of electron

temperature and density. We notice the high sensitivity on electron density

in comparison to electron temperature.
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Einstein coefficient values and their uncertainties used in our

line ratio model.

From our calculated line ratio [Eq. (13)], we write our

predicted uncertainty in the form

rmod
R ¼6Rmod

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rAi!j

Ai!j

� 	2

þ rAk!l

Ak!l

� 	2

þ rni

ni

� 	2

þ rnk

nk

� 	2

�2
rni

rnk

nink
cik

s
;

(28)

where rn are the uncertainties of the n populations, cik is

the population correlation coefficient, and rA/A are the

uncertainty values for the Einstein coefficients (Table II). By

assuming the relative errors rni/ni�rnk/nk¼rn/n and

cik¼ cn, we rewrite Eq. (28) in the form

rmod
R � 6Rmod

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rAi!j

Ai!j

� 	2

þ rAk!l

Ak!l

� 	2

þ2
rn

n

� �2

1� cnð Þ

s
:

(29)

From this equation [Eq. (29)], we see that for a correlation

coefficient cn� 1.0, the contributions from the error popula-

tions end up vanishing. Even though we do not have a way

to calculate these values yet, we expect a high level of corre-

lation between the populations due to the coupled nature of

the differential equations [Eq. (1)]. By using this approxima-

tion, we quantify these errors by assuming a correlation

factor of cn¼ 0.95. For our model, we also guess relative

error values of rn/n¼ 0.05 for the populations. Efforts are

being conducted in order to propagate fundamental errors

from collision cross-sections into rate coefficients and rate

coefficients into populations. We expect to be able to obtain

numerical values for the uncertainties in the populations and

their correlation factors in the near future.

By having both the experimental and modeled uncer-

tainty values, we write our total uncertainty quantities in the

form

rR ¼ 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rexp

Rð Þ2þ rmod
Rð Þ2

q
: (30)

We focus our discussion mainly on the electron temperature

and electron density sensitive line ratios with their respective

uncertainties RTe
6 rRTe

and Rne
6 rRne

determined from

Eq. (30). We notice from Fig. 2 that the electron temperature

sensitive line ratio behaves almost uniformly with respect to

electron density variations. In the same way, it shows that

the electron density sensitive line ratio behaves almost

uniformly with respect to electron temperature variations. In

order to illustrate the expected uncertainty behavior in our

electron temperature and density values 6rTe and 6rne, we

focus our discussion on the electron temperature sensitive

line ratio (Fig. 2) of ne¼ 1.0� 1012 cm� 3 shown in Fig. 8

and an electron density sensitive line ratio (Fig. 2) of

Te¼ 50 eV shown in Fig. 9 as an example. Figure 8 shows

that the predicted electron temperature values become more

sensitive to line ratio uncertainties ð6rRTe
Þ for roughly

Te> 100 eV and less sensitive for lower electron tempera-

tures. At Te> 100 eV, we obtain temperature variations

roughly between 78 and 134 eV for our hypothetical temper-

ature sensitive line ratio of R� 1.76 6 0.35 (Fig. 8); this

represents an error in the line ratio of �20%.

For the case of the electron density diagnostic (Fig. 9),

we obtain an opposite behavior. We notice that for a value of

roughly ne> 5.0� 1011 cm� 3, the predicted electron density

values become less sensitive to line ratio uncertainties

ð6rRne
Þ than in the case of lower electron density values.

Therefore, we can expect a good measure of confidence

for the electron temperature diagnostic for Te< 100 eV

values and for the electron density diagnostic for ne>
5.0� 1011 cm� 3. This analysis also shows the importance of

reducing the experimental line emission uncertainties when

applying the line ratio technique for the purpose of electron

temperature and density diagnostic.

VI. HYBRID DIAGNOSTIC MODEL IMPLEMENTATION
AND RESULTS

We implement the hybrid diagnostic technique approach

by overlapping the electron temperature and density values

obtained from the time dependent solution, with those

obtained from the equilibrium solution. The maximum elec-

tron density value chosen for the time dependent solution is

5.0� 1012 cm� 3. This does not mean it is necessary to apply

the time dependent solution for all the cases where

ne� 5.0� 1012 cm� 3, instead we have chosen the threshold

value of ne< 1.0� 1012 cm� 3 which we reserve exclusively

for the time dependent model. After this minimum density

TABLE II. NIST Einstein Ai!j coefficients.

Einstein coefficienta Value (s� 1) Uncertainty
rAi!j

Ai!j

� �
A667:9

i!j 6.37201� 107 1.41421� 10� 2

A706:7
i!j 2.78532� 107 1.73205� 10� 2

A728:3
i!j 1.82990� 107 1.00000� 10� 2

aValues obtained from NIST (Ref. 23).

FIG. 8. (Color online) Modeled error propagation for the electron tempera-

ture sensitive line ratio.
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value is reached, we monitor the convergence of the two sol-

utions by applying

n2 ¼ 1� TeðtÞ
Teq

e

� �2

þ 1� neðtÞ
neq

e

� �2

; (31)

where Te(t) and ne(t) are the electron temperature and density

values determined from the time dependent model, while Teq
e

and neq
e are those determined from the equilibrium model.

Since the time dependency affects mainly the triplet spin

system 3S, we expect higher differences for the electron

temperatures, while we expect a faster level of convergence

for the electron densities. After the threshold value of

1.0� 1012 cm� 3 is reached by the time dependent solution,

we monitor the n2 quantity till it hits its minimum, then the

electron temperature and density values are determined

exclusively by the equilibrium solution.

For the purpose of testing our hybrid diagnostic model,

we make use of available experimental helium emission data

from the low field side thermal beam system for four differ-

ent L-mode shots from TEXTOR.1 The TEXTOR tokamak

has a major radius of Ro¼ 1.75 m, a minor radius of

a¼ 0.46 m, and a dynamic ergodic divertor (DED or limiter).

The thermal beam has a Gaussian distributed mean velocity

of vmean� 1.4�1.6 km/s depending on the nozzle tempera-

ture and a divergence angle of 20	.1 For our time dependent

diagnostic purposes, we have chosen an average thermal

beam velocity value of vb¼ 1.5 km/s. In the TEXTOR exper-

imental settings, the gas is introduced into the vacuum cham-

ber at ro¼ jR�Roj ¼ 0.554 m,1 where it propagates radially

from the wall into the SOL and part of the edge region after

crossing the last closed flux surface (LCFS). By applying

both the time dependent and equilibrium line ratio diagnostic

models, we determine a set of experimental electron temper-

atures Te(r) and densities ne(r) along the radial direction

jR�Roj of the vacuum chamber. Figure 10 shows experi-

mental helium emission intensities for the 667.9, 706.7, and

728.3 nm helium lines from shot #101401. We have analyzed

similar data sets for shots #102175, #102118, and #101738

from TEXTOR.1 Table III shows the characteristics of these

specific TEXTOR shots.1 From these experimental sets, we

determine electron temperature and density profiles for both

the time dependent solution and equilibrium solution models.

We are also showing the results of the contributions from

both techniques to the hybrid model. We analyze the pre-

dicted results for electron temperature and density profiles

from both models with and without high Rydberg states and

compare them against different diagnostic data for the four

different shots. We compare our predictions against the equi-

librium (stationary) helium line ratio solution applied rou-

tinely at TEXTOR. We also compare our results against

edge Thomson and Li beam data for shot 101401 (Figs. 11

and 12).

Figure 11 shows the electron temperature predictions for

shot #101401 by employing both models with and without

high Rydberg states. We notice a high level of agreement

when comparing the results of the hybrid model without

high Rydbergs against the edge Thomson data from

TEXTOR; we also see relatively good agreement by using

the model with high Rydberg states. We find as well the

unphysical high temperature values predicted by the equilib-

rium model when approaching the SOL-wall region for not

taking into account the relaxation times of the triplet spin

system. In contrast, both time dependent models with and

without high Rydbergs predict more reasonable values for

the temperatures when comparing against the Thomson data.

The time dependent equilibrium solution has the tendency to

converge with the equilibrium solution (as expected) when

approaching a higher electron density region (into the

plasma). We obtain better agreement with Thomson electron

FIG. 9. (Color online) Modeled error propagation for the electron density

sensitive line ratio.
FIG. 10. (Color online) Experimental 667.9 nm, 706.7 nm, and 728.3 nm he-

lium emission lines from shot number 101401 at TEXTOR.1

TABLE III. TEXTOR discharges overview (Ref. 1).

Discharge

number

Heating

method

ne

(1013 cm� 3)

IP

(kA)

BT

(T)

Rc

(m)

PH

(kW)

101401 NBI 3.3 370 1.9 1.735 850

102175 NBI 2.5 255 1.3 1.755 2400

102118 NBI 3.6 355 2.3 1.755 1200

101738 Ohmic 3.1 355 2.3 1.755 300
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temperatures for the equilibrium solution without high

Rydbergs at the SOL-edge region where the time dependent

solution is no longer necessary. When looking at the model

with high Rydbergs included, we find electron temperature

values 21.14% lower than the model without high Rydbergs.

Both models predict closer electron temperature values to

the Thomson data than the TEXTOR equilibrium model. We

obtain an average of 40 eV differences between our model

without high Rydbergs and the equilibrium (stationary) solu-

tion applied routinely at TEXTOR.

Figure 11 shows the electron density predictions for the

same shot. We notice that both the time dependent and

equilibrium solutions converge very quickly at the low field

region in comparison to the electron temperature predictions

(Fig. 11). This is expected since the relaxation times of the

singlet spin system are too short to cause any major differ-

ences. We obtain good agreement between both of our

hybrid models, Li beam, and the TEXTOR equilibrium

model at the low field region. We find some disagreement

between all these models and the Thomson density data.

Note that there is a systematically 10%–20% lower than

measured with the helium line ratio technique. The density

evaluation from the Thomson light relies on Raleigh cali-

bration which is done frequently at TEXTOR, and the

uncertainty from this calibration is contained in the error

bars for the Thomson data points. However, as shown in

Figs. 13 and 14 of Ref. 1 (O. Schmitz et al.), this deviation

between Thomson and the helium beam data depends on

the actual discharge conditions. When approaching the high

field region, we see differences between the Thomson data

and the predictions from both new models with and without

high Rydberg states as well as the equilibrium TEXTOR

predictions. We find that the new equilibrium model with-

out high Rydbergs predicts closer density values to the

Thomson data than the values predicted from the TEXTOR

equilibrium model. In the other hand, our new equilibrium

model with high Rydberg states included predicts on aver-

age electron density values 16.0% higher than those from

the new model without high Rydbergs states. These values

are higher than the equilibrium TEXTOR model as well,

but at the same time, these three models are within the error

bars of each other.

Overall, a direct comparison can be made between the

new equilibrium model without high Rydbergs and the

equilibrium TEXTOR model (which does not include high

Rydbergs either). Muñoz Burgos et al.22 have shown that

these differences are mainly caused by the differences in

the atomic datasets employed in our model and the one in

TEXTOR, and from looking at the comparison between the

newly calculated rate coefficients against atomic experimen-

tal data,17 it becomes clear that we should expect better

agreement when applying the newly calculated RMPS data.

When analyzing the new model with high Rydberg

states included, we find that it gives closer results to the

Thomson data for the electron temperature values than those

from the TEXTOR equilibrium solution. In the other hand,

the TEXTOR equilibrium model gives closer electron den-

sity values to the Thomson data than those from the new

model with high Rydberg states included. In general, both of

the new models (with and without high Rydberg states) give

closer results when compared to the Thomson electron tem-

perature data than the TEXTOR model, and it seems that the

new model without high Rydberg states included gives the

closest agreement with the Thomson data.

There is not a experimental way to measure directly the

effects of high Rydberg states into the populations; our term-

resolved low n-shell atomic data are supplemented with data

for the higher n-shells up to n¼ 500. We suspect that such a

high n-shell number may be physically impossible due to

higher density effects similar to those causing the Balmer

jump observed in astrophysical plasmas,28 where it is shown

that the highest n-shell values are limited by the density.

This could explain the higher level of agreement seeing

between both with and without high Rydbergs models in the

lower density region for electron temperatures and densities,

and then both diverging slowly as approaching the higher

electron density region (high field). Another possibility is

FIG. 11. (Color online) Electron temperature profiles determined from the

hybrid helium line ratio for both models with and without high Rydbergs

included, along the radial direction of the vacuum chamber for shot number

101401 at TEXTOR.1

FIG. 12. (Color online) Electron density profiles determined from the hybrid

helium line ratio for both models with and without high Rydbergs included,

along the radial direction of the vacuum chamber for shot number 101401 at

TEXTOR.1
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that the atomic data included in the projection matrix, spe-

cially the ECIP approximation method26 employed in the

high Rydberg ionization rate coefficient calculations may

overestimate the amount of ionization in our high n-shell

model. Further study and experimental data are necessary in

order to make a definite conclusion. Some other source of

errors may have occurred by our assumption of a uniform

line of sight profile applied in our line ratio model [Eq. (12)],

since at larger distances from the nozzle (high field region),

the expansion of the beam becomes significantly wide, and

integration along the line of sight must be taken into account

in our calculations.

VII. CONCLUSIONS

We have successfully developed a hybrid time depend-

ent/independent helium line ratio diagnostic that overcomes

the problem of long relaxation times for the metastable based

terms. This method has allowed us to increase the radial

range of diagnostic application when compared against

the current equilibrium helium line ratio model used at

TEXTOR.1 These capabilities are limited to regions where

the electron temperature and density profiles are roughly uni-

form in order to avoid integration along the line of sight. For

non-uniform/non-localized sources, we cannot expect our

model to be as accurate since predictions are going to repre-

sent an average value of the electron temperatures and den-

sities along the line of sight instead of a local value. It has

been shown that including the line of sight for line emission

modeling may play an important role when applying the line

ratio diagnostic technique.29 We have also compared the

results against a model that includes high Rydberg effects

into the collisional radiative model; we found better experi-

mental agreement with the simpler model that does not

include these effects. Further experimental evidence is

needed in order to assess the effects of including high Ryd-

berg effects into collisional radiative calculations.
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