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1 Introduction

Macromolecule, such as linear polymers, are ubiquitous in everyday products and in biological
systems. The spectrum of applications of synthetic polymers is wide and covers such divers
fields as medicine (heart valves, blood vessels, drug deliver systems), consumer (containers,
clothing, fluid modifiers, suspension stabilizer) and industrial products (automobile parts, ad-
hesives, elastomers, tyres, viscosity modifiers) as well as sports equipment (helmets, balls, golf
clubs). (The chemical structures of various polymers are introduced in the contribution E 2
of this lecture notes.) Moreover, macromolecules constitute an integral part of biological sys-
tems. Proteins, for example, carry the major part of the mechanical and chemical functions
of cells. Desoxyribonucleic acid (DNA) is the molecular basis of heredity and is constructed
of a double helix. The extraordinary mechanical and dynamical properties of eukaryotic cells
are determined by a three dimensional assembly of protein fibers, the cytoskeleton. A major
contribution to this remarkable properties is due to actin filaments, which consist of two strands
of globular molecules called actin, and proteins that cross-link them [1,2]. These molecules
are often denoted as semiflexible polymers. A key aspect of DNA structure is its large length-
to-width ratio. The diameter of the molecule is approximately 2 nm, whereas typical contour
lengths range from micrometers in simple viruses to centimeters in humans. Thus, its structural
and dynamical properties can easily by analyzed by optical methods. From a theoretical point
of view, this makes DNA an ideal candidate to verify polymer models.

To control the behavior of polymers, an understanding of their dynamical behavior is inevitable.
On the one hand, such fundamental knowledge helps to improve production processes, €.g., in
injection molding, or to modify the viscoelastic behavior of solutions. On the other hand, by
measurements of the polymer dynamics via, e.g., neutron scattering or nuclear magnetic reso-
nance (NMR), insight is gained into the structural properties of polymers and their environment.

Polymers constitute a unique class of material. Thermodynamically, the free energy of con-
densed matter is given by the Helmholtz free energy A = E — T'S, where E is the internal
energy, 1" the absolute temperature, and .S is the entropy [3—8]. In solids, the internal energy
(phonons) dominates over the the entropic part. In contrast, the free energy of polymers is de-
termined by the entropy [9-16]. This implies that other concepts have to be devised to describe
the structural and dynamical properties of polymers. Solids often form crystalline lattices, with
well-defined equilibrium positions, around which the atoms perform oscillatory motions. In
contrast, flexible and semiflexible polymers are able to undergo a huge spectrum of confor-
mational changes at a constant energy. This is illustrated in Fig. 1, where various possible
conformations are shown of DNA fragments.

To cope with the huge number of internal degrees of freedom of polymers, their properties are
described by statistical physics [9-16]. Here, no longer an individual system is considered,
but rather an ensemble of identical systems possessing the same macroscopic properties, €.g.,
the same number of particles, volume, and mean energy. This provides a distribution function,
or a probability density, for their possible conformational states [14, 16]. For the description
of the polymer dynamics, stochastic methods are exploited. Here, an effective single polymer
approach is adopted, where the influence of the surrounding is taken into account by a stochastic
process. In the simplest case, the environment is described by a white-noise random process,
i.e., a Gaussian and Markovian process [17, 18]; this applies approximately to polymer melts.
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Fig. 1: AFM images of DNA molecules adsorbed and immobilized on a solid substrate. Short
fragments of DNA (left); images size 1lym X lum. Lambda DNA (right), a rather flexible
molecule, is composed of 48 502 bp (base pairs), which approximately corresponds a contour
length of L = 16.49 um. Images are taken from http://www.dmphotonics.com/AFM-STM-
NSOM-sample-quotes/Sample%20quotes %20for%20AFM-STM-NSOM%?20Heron.htm (/eft)
and http://www.wfu.edu/ gutholdm/research.html (right).

For polymers in solution, hydrodynamic interactions between monomers have to be taken into
account [14, 19, 20], which are mediated by fluid flow. In melts of very long polymers, the
non-crossability of polymers plays a major role and gives rise to dynamical restrictions by
neighboring polymers, denoted as entanglements [14]. The polymer dynamics is then described
by the reptation model [11, 14,21,22].

2 Gaussian Polymer

There are suitable all-atom models for polymers, which are exploited in computer simulations.
However, typically only simple, low molecular weight polymers are considered, e.g., alkane
molecules. Instead, coarse-grained polymer models are used to study properties of long macro-
molecules, in particular in analytical theory.

The generic features of a polymer—its conformational degrees of freedom—can be described
and captured by a Gaussian model. Typically, this model yields the correct qualitative properties
of flexible and semiflexible polymers, often it is even quantitatively correct [14,23-26]. In such
a model, details of the bonds are neglected, even several monomers are combined in an effective
segment, merely the connection matters into a linear structure. Denoting the connecting vector
between two successive “monomers” along the polymer chainby R; = r;—r;,_1 (¢ =1,...,N)
(cf. Fig. 2), the Gaussian chain is characterized by the first two moments, namely (R;) = 0, i.e.,
all orientations are equally probable, and (R?) = [, where (.. .) denotes the ensemble average,
at equilibrium. All higher moments can be expressed by these two moments [17]. Considering
the non-zero second moment as a constraint, the (configurational) distribution function W({r})
and partition function Z can be obtained by the maximum entropy principle, which provides a
basis for the systematic derivation of distribution function also in the presence of external fields
and bending stiffness [16,24,26-28]. The distribution and partition functions for all monomers
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u(s)

Fig. 2: Models of a discrete (left) and a continuous (right) linear polymer. The tangent vector
u(s) = 0r(s)/0s is obtained in the limit R;/l — u(s), il — s forl — 0.

are given by the Gaussian

U({r}) = z ex <—i i\f:R2> (1
- Z p 2[2 — 7 ’

N
Z = / exp (—2% ZR?) VR, )
=1

where 7y = 0 1s used to remove the translation degree of freedom. Note that the total partition
function Z,,, = ZZ is the product of the configurational part (2) and the contribution by the
kinetic energy Z; = (27rmk:BT)3N/ ? (vy = 0), where m is the mass of a monomer. Equation
(1) and (2) are reminiscent of a system of independent harmonic oscillators with the potential
energy V; = 3kgT R?/(2(?). From the point of view of the underlying physics, however, the
equations capture the conformational degrees of freedom of a polymer rather then energetic
aspects. The Gaussian polymer is self-similar, as the distribution of segment lengths is similar
to the end-to-end vector distribution function

3 3
¥ = (gom) o (averd ) @

with the mean square end-to-end distance ((ry — 79)?) = NI?. The maximum entropy princi-
ple yields the conformational entropy [16, 28]

3
S:szan—i—ENkB, 4)
where the last term accounts for the potential energy of the bonds.

For various calculations, a continuous polymer model is advantageous. From a physical point of
few, it does not matter whether a continuous or discrete model is used. Because of the adopted
abstraction of a real polymer, the chosen description applies on large length scales only. For
a Gaussian polymer model, only properties are described on the length scale larger than the
segment length /.
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The continuum limit N — oo, [ — 0, such that L = NI = const., where L is the contour
length of the polymer, yields
Y3 1—50,N—s00 3 [F/or\?
A :/exp (—; ﬁRf> 3N TS /exp (—Z/O (%) ds) D3r,

i.e., a functional integral (path integral) is obtained. However, in the limit [ — 0, 3/(2l) — oo
and the partition function approaches zero (lim;_,o Z = 0), i.e., the polymer collapses into a
point. The reason is that the distribution function (1) corresponds to a Wiener process [17],
and the derivative of the ’trajectory’, i.e., the polymer contour, does not exist. A meaningful
continuum limit can only be performed for a semiflexible polymer [16,24]. For the Gaussian
polymer, a continuum description can only be adopted on length scales s > [. Hence, the
length [ is assumed to be small, but finite and the partition function reads

3 [F/or\?
7 = - — | ds | D?r. 5
/eXp< 2l/o (38) S) ' ®
[ is sometimes denoted as Kuhn length [ and is related to the polymer persistence length [, via

I =1 =2,
The distribution function of two points r(s), r(s’), with Ar = r(s) — r(s), is

3 3/2 3Ar?
w(ar) = (27?02(5, S’)) P (_ 202(s, S’)) ’ ©)

where 0%(s,s') = ((r(s) — 7(s"))*) = l|s — &'|. The radius of gyration is obtained as R% =
IL/6.

In order to describe the properties of semiflexible polymers such as DNA or actin filaments,
specifically their resistance to bending, a bending energy has to be taken into account. Kratky
and Porod suggested an energy, which is determined by the square of the local curvature of the
continuous polymer model [29]

L L 2 2
VB _ e_p 1 dS — e_p a T(S) dS.

Taking bending restrictions into account, the partition function of a Gaussian semiflexible poly-
mer is [16,20,23-27,30]

o= fro (i () -3 (50 (5)

L 2 2
_% i (aaZgS)> ds) Dr. (8)

(7)

Since this is a Gaussian function, Eq. (6) applies with
o*(s,s') = 2ly|s — §'| — 21 (1 — e"‘s’s/‘/lp> : )

This equation reduces to the expression o = 21,|s—s'| for L/, > |s—s'|/l, > 1, i.e., flexible
polymer behavior, and 0 = (s — §')? for |s — s'|/l,, < 1, which corresponds to (local) rodlike
behavior. In the case L/l, < 1, the latter applies to all distances |s — s'|.
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3 Dynamics of Flexible Polymers

The dynamics of a polymer is determined by its interactions with the environment. For a poly-
mer in a melt, i.e., in a dense environment of similar polymers, the local frictional interactions
dominate. In contrast, the dynamics of a polymer in dilute solution is determined by fluid medi-
ated interactions. Here, the motion of a monomer implies fluid motion due to no-slip boundary
conditions, i.e., locally the fluid at the position of a particle moves with the same velocity as
the particle itself and vice versa. This fluid motion affects the dynamics of other particles and
is denoted as hydrodynamic interactions [14, 19]. Aside from that, intramolecular forces are
present. In the continuum limit, the ’potential energy”

_ 3kgT [* [(Or(s) 2
V= 5 /0 < s ) ds (10)

yields the local force

 3kgT 0*r(s)
o 0s?
on the point r at s along the polymer contour. Note, all points of the polymer are free.

F(s) (11)

In the following, only the limit L/l > 1 will be considered, i.e., only the dynamics of flexible
polymers will be addressed in detail. The dynamics of semiflexible polymers is discussed in
Refs. [20,23,25-27].

3.1 Free-Draining Dynamics—Rouse Model

The friction-dominated dynamics, i.e., no hydrodynamic interactions, is denoted as free-draining
dynamics (Rouse model [14,31]). Here, the equation of motion of the point (s, ) is given by

or(s,t)  3kpT 0°r(s,t)
o 1 0s?
with the friction constant «y and the stochastic force I'(s, t). Since a polymer is long and hence
its dynamics is slow compared to fluctuations in the environment, the over-damped equation is
considered only, i.e., inertia effects are neglected—their influence on the dynamics has decayed
on the polymer-relevant time scales (see also contribution B3) [14,19]. The equation of motion
is complemented by the boundary conditions

or(s,t)

Os ls=o0,L

+ I'(s,1), (12)

=0 (13)

and the correlation functions of the stochastic force, which is assumed to be Gaussian and
Markovian (white noise),

(I'(s,t)) =0, (14)

(Fo(8,8) Lo (8',1)) = 29k BT 000 (t — t')(s — §') . (15)

Equation (12) is a linear partial differential equation, which is easily solved by an eigenfunction
expansion. The relevant eigenvalue equation is

3ksT 0?2
f 5#n(8) +6pn =0, (16)
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with the eigenfunctions ¢,, and the eigenvalues ¢,,. With the boundary conditions d¢,,/0s = 0
at s = 0, L follows

1
wo:@ & =0, a7)

/2 2kpTn?
Pn = ECOS$> Snzgﬂ- b7 Vn>0. (13)

With the eigenfunction expansion

r(s,0) =Y Xa®)puls),  T(s,t)=> Tu(t)en(s), (19)
n=0 n=0
Eq. (12) yields the Langevin equations
d 1 d 1 1
—Xo = —1'o; —Xp = —— -I',, n>0, 20
thO ~y 0> thn Tan + ~ n ( )

for the normal-mode amplitudes Y,,, with the relaxation times

112
i 7 =' oy, Q1)

(i ey

and the correlations (I'%(£)1% (t')) = 27kpT 0 0pmd(t — t'). T = YIL?/(37%kpT) is the
Rouse relaxation time [14]. It is important to note that the relaxation times exhibit a quadratic
length and mode-number dependence. The solution of the Langevin equation (20) (Ornstein-
Uhlenbeck process) is [17]

1 ! / / 1 ! t_t, / /
mmzan+;/rw>ﬁ; mwzajlmpﬂ- )rawﬁ.<n>
0

— Tn

Hence, the solution of Eq. (12) is given by

& 1 t _
r(s,t) = xo(t)po + Z ;/ exp <—t - ! ) L, (tdt' p,(s). (23)
n=1 - n

With that expression, various dynamical properties of polymers can be calculated.

(1) Center-of-mass mean square displacement

The center-of-mass of a polymer is defined as

1 (L
ronlt) = 1 [ 7(s.1) ds = xolt)en 4
0
Hence, its mean square displacement (MSD) is
1 IR 6kpT
A 2\ _ _ 2\ T / T " !gan VBT 2
(Aren(®) = 7 (060 = %(07) = = [ [ (raty ot drar = 222, @5)

or (Are(t)%) = ((Pem(t) — 1en(0))*) = 6Dgt, where D = kgT/(vL) is the center-of-mass
diffusion coefficient, which inversely proportional to the polymer length.
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(i) Segmental mean square displacement

The mean square displacement of the point 7 (s, t) is given by

(Ar(s,t)*) = ([r(s,t) — r(s, O)]2> = (Arg,(t)*) + Zzgpn 2(x2) (1 e—t/Tn) '

With the correlation functions (n, m > 0)

(X () Xm ( / / exp( t_t/) exp<t//)<Fn(t’)1“m(t”)>dt’dt” (26)

6kBT6nme_t/T"/ 2/t = BkBTTncSnme_t/T" = (X2) Opme /™
Y . 2

follows

6kpT ~—

(Ar(s,t)*) = (Aren(1)®) + 5 Z en(s)?7, (1 — e_t/T") . (27)

For t/7r > 1, the second term is a constant, because e ~*/™ < 1,¥n > 0. Since (A7, (1)?) ~
t, the segmental MSD is equal to the center-of-mass MSD in the long-time limit. However, for
times ¢ /7 < 1, the sum is dominated by large mode-number contributions. Then, the MSDs of
the various parts of the polymer are different. For example, the center of the polymer (s = L/2)
moves by a factor of two slower than the ends (s = 0, L). Averaging over the polymer contour:

(Ar(t)?) = [ (Ar(s,t)?)ds/L, yields

(AP(t)) = (Aron()?) + G’jj;T Son (i), (28)

For t/7r < 1, the difference between z,, .1 = (n + 1)\/t/7g and x,, = n+/t/Tx is very small
and the sum can be replaced by an integral over x,, = n\/t/7r, i.e.,

o0 o0 t
> [ vy T [ e any

“—n n TR
— VitTR / (1— e da = tTrV/T.

Hence,

6kgT t/TR<<1 2L
\/TtTR (29)
L Vi

i.e. the segments display an anomalous (fractal) diffusion behavior.

The center-of-mass (25) and segmental (28) mean square displacement are displayed in Fig. 3.
For t/7p < 1, the total MSD is dominated by the internal dynamics, i.e., the second term in
Eq. (28). As is indicated by the agreement between the full numerical result and the analytical
approximation, in that time regime the MSD increase as t'/2. For ¢/7 > 1, the MSD is given
by the center-of-mass displacement.

(Ar (1)) = (Aren(t)?) +
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Fig. 3: Mean square displacements of a free-draining polymer. The green line indicates
(AT, (t)?), the blue line the total MSD (Ar(t)?), and the red line the segmental MSD in the
center-of-mass reference frame: (Ar(t)%) — (Ar.,,(t)?). The red line approaches the asymp-
totic value 2R% in the limit t — oc. The dotted line represents the analytical approximation

(29).

3.2 Non-Draining Dynamics—Zimm Model

In dilute solution, the polymer dynamics is governed by hydrodynamic interactions. To deter-
mine the velocity of a particle at r(s), the fluid velocity field v(7) is needed at that position.
Since the polymer motion is intimately coupled to the motion of the background fluid, aside
from the dynamical equation of the polymer, a dynamical equation for the fluid is needed. To
tackle this problem analytically, the fluid is considered a continuum and its dynamics obeys the
Navier-Stokes equation or, more precisely, the Stokes equation, since the low Reynolds number
limit is considered [14,19]. As solution of the Stokes equation in response to a volume force f,
the velocity field is obtained

v(r) = /Q(r — ) f(r') &>, (30)
with the Oseen tensor
1 r.T
Q = I 1
(r) 8mnr < + r? > ’ (31)

where 7) is the solvent viscosity. A detailed derivation is provide in Appendix A. The Oseen
tensor decays like 1/r. Hence, hydrodynamic interactions are of long-range nature and cannot
be neglected. For the continuous polymer chain, the force density is

fr) = / [F(s) + T(s)] 8(r — r(s)) ds, (32)



B6.10 R. G. Winkler

thus,
v(r) = /Q(r —1(s)) [F(s) + I'(s)] ds. (33)

In the presence of a solvent, the friction between a particle at 7(s) and the fluid background is
described by

v 7 (s, t) —v(r(s,t))] = F(s,t)+ I'(s,t). (34)

For a particle instantaneously following the fluid flow field 7(s,t) = v(r(s,t)) (v — o0). In
case of a finite slip

r(s,t) = v(r(s,t)) + % [F(s,t)+ I'(s,t)],

and the equation of motion of the polymer becomes with Egs. (11), (33)

or(s,t)  [* o [ 3kBT 02r(s',t) , ,
- —/OH(r(s)—r(s)) b e (s 1) d (35)

where the hydrodynamic tensor H(7(s)) is defined as
d(s—¢")
g
Hydrodynamic interactions control the dynamics of the polymer in solution, however, the poly-
mer conformational properties are not affected. The way conformational space is sampled is
different for a non-draining and a free-draining polymer, but not the conformational space it-

self, at least at equilibrium. This can easily be shown by the stationary state solution of the
Fokker-Planck equation corresponding to the Langevin equation (35).

H(r(s) —r(s")) = I+ Q(r(s) —r(s)). (36)

Equation (35) is non-linear and therefore difficult to solve. Thus, for flexible polymers typically
the preaveraging approximation is adopted, as originally proposed by Zimm [14,32]. Here, the
hydrodynamic tensor is replaced by its spatially averaged expression Q(r(s) — r(s')) —
(Q(r(s) —r(s'))). Utilizing the Gaussian joint probability density (6), the Oseen tensor be-
comes

, I 1 1 [ 3 ,
(Q(r(s) —7(s)) = G <|r($) — T(S,)|> = 3o\ 2205~ = Qs — L. (37)

This expression is isotropic, because any non-diagonal part of €2 vanishes (space is homoge-
neous and isotropic). Hence, H(s — ') = TH(s — &) = I[d(s — &')/3mn + Q(s — §)], where
v = 3mn has be used. For the latter, it is assumed that every segment is a sphere of diam-
eter [ with the friction coefficient ¥ = 3mnl (Stokes law). This leads to the friction density
4/l — ~ = 3mn in the continuum limit [ — 0.

Within the preaveraging approximation, the equation of motion (35) is linear and the eigenfunc-
tion expansion (19) leads to the equations of motion for the mode amplitudes

0 = 3r
?my% =3 H, (—T—nxn + rn) , (38)
n=0 n



Dynamics of Macromolecules B6.11

where Hy,, = 314, + dx, and

Qi = dsds’. 39
g \/—n//(pk l|3—5| #n(s)dsds 59)

The correlation functions of the random forces are given by
(Do () Do (V)Y = 670k T 0 0(t — tVH L. (40)

Eq. (38) is an infinite system of coupled linear differential equations, which can be solved
(numerically) by diagonalization. For an analytical solution, the approximation

5 n
37?3 Jin = cos () ds (41)
0

is used [14]. A numerical calculation confirms that the matrix €2,,; is almost diagonal for the
considered flexible polymers (L/l > 1). The equations of motion for the normal-mode ampli-
tudes are then given by

L=+ 2
ot T, 3mn Tnx +37TT]

r,, (42)

with the relaxation times

T, n 1L\ %2 Ty
Fo = ~ = -z (43)
1 + 37”7an V 37T]{IBT n3/2

and the Zimm time 7, = n(IL)*?/(v/37kpT) [14,32]. The relaxation times 7, are given in
Eq. (21). Hydrodynamic interactions lead to a weaker dependence of the relaxation times on
polymer length and mode number as the Rouse model. As for the non-hydrodynamic case, the
normal-mode amplitudes are given by

t /
X () = —- / exp (—tft)mf)dt’, (44)

3TNTr J oo Tn
and the correlation functions by

ksT -
(X5 ()X (0)) = —Bn Tadkne ™ | Vk,n #0, (45)
T

which include the relaxation times 7,,. Hence, the correlation functions decay exponentially and
are universal functions of ¢ /7,.

We performed mesoscale hydrodynamic simulations of a discrete Gaussian polymer model
[33,34]. In particular, we calculated the correlation functions of the normal-mode amplitudes.
For a discrete model of N monomers, the amplitudes are given by x,, = Zf\il r;cos(nmli —
1/2]/N) and the non-draining relaxation times by 7,, ~ (n/N)'/2/sin?(nz/N), which turn into
7o ~ (L/n)3/? [Eq. 43] in the continuum limit. Figure 4 displays autocorrelation functions for
the mode amplitudes. Within the accuracy of the simulations, the correlation functions decay
exponentially and exhibit the scaling behavior predicted by the Zimm model.
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0 2 4 6 8 l 10
tsin®(pr/2N)/(v/D/ma2/kgT)

Fig. 4: Correlation functions of the mode amplitudes of a non-draining Gaussian polymer for
the modes p = 1 — 4. The polymer lengths are N = 20 (right) and N = 40 (left) [34].

Experimentally, the normal-mode theory has been tested by measuring the fluctuations of sin-
gle DNA molecules held in a partially extended state by optical tweezers [35]. The authors find
that the motion of DNA can be described by linearly independent normal modes. However,
they also found that the dependence of the relaxation times on the mode number is a function
of the DNA extension a [23]. Figure 5 compares experimental data with theoretical results ob-
tained by a semiflexible polymer model (see Eq. (8)) [23]. The analytical solution suggests that
hydrodynamic interactions, the finite extensibility of the polymer, and its stiffness determine
the observed relaxation time dependence. A free-draining, flexible polymer model does not
describe the measured behavior.

(1) Center-of-mass mean square displacement

Equation (42) gives
xolt) = x,(0) + 22 [ ryiyar 6)
3m Jo ’
which yields the center-of-mass mean square displacement
H2 6kpT
A7, (t)*) = 00//r )To(t")) dt'dt” = Hoot 47
(Aran(t)®) (37n)? 0 o(t")) Sl 00" 47)

and the diffusion coefficient (L/l > 1)

kgT 8kgT 1
Dy = Hoo = —. 48
7 3mnL " 3V6m3nVIL 9
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Fig. 5: Relaxation times of DNA molecules for the extensions a/L = 0.3, 0.4, 0.5, 0.6, 0.7, and
0.8 (top to bottom) [23]. The inset shows the exponents ( of the relation 7, ~ n¢ corresponding
to the various curves. The experimental data (squares) are taken from Ref. [35].

Evidently, diffusion in a dilute solution is faster than in a polymer melt at the same viscosity, as
expressed by the ration Dz /Dg ~ +/L/l. The long-range hydrodynamic interactions enhance
the diffusive dynamics by collective motion of the fluid.

Experimentally, the molecular weight dependence D, ~ L~'/2 has been confirmed for poly-
mers under © conditions, where excluded-volume interactions can be neglected, i.e., conditions
under which the described model applies [14,36-39]. However, the experimental value D,
is about 15% smaller than the theoretical value (48) [14,40]. Similar, computer simulations
of polymers in solution yield the same molecular weight dependence and even Dy is in close
agreement with the theoretical prediction [34,41,42]. This displays the remarkable success of
the Zimm model.

(ii) Segmental mean square displacement

Similar to the free-draining case, the averaged segmental mean square displacement is given by

(Ar(t)*) = 6Dyt + 2:;‘; S o (1—etm). (49)
n=1

With the Zimm relaxation times (43), the sum is replaced by an integral as follows (x,, =
n(t/7.)*?)
00 2/3 00
: t 1
Z T_}; [1 — e_mm/”} — (—) TR/ 3 [1 — €_E3/2] dx. (50)
—n T, 0 T

Hence, (Ar?) ~ t%/3, i.e., hydrodynamic interactions lead to a stronger time dependence of the
segmental MSD compared to the free-draining case.
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Fig. 6: Mean square displacements of polymers in dilute solution. The gray lines correspond
to the Rouse model (see Fig. 3) and the colored lines to the non-draining Zimm model. The
green line indicates (Ar.,,(t)?), the blue line the total MSD {Ar(t)?), and the red line the
segmental MSD in the center-of-mass reference frame (Ar(t)?) — (Ar.,(t)%). The red line
approaches the asymptotic value 2R, in the limit t — oo. The dotted line represents the
analytical approximation (50), where the integral is 2.6789.

The center-of-mass (47) and segmental (49) MSDs are displayed in Fig. 6. As for the Rouse
model, for t/7; < 1, the total MSD is dominated by the internal dynamics, i.e., the second term
in Eq. (47). Here, the full numerical result and the analytical approximation closely agree with
each other, and the MSD increase as t2/%. For t/75 > 1, the MSD is given by the center-of-
mass displacement. The deviation between the analytical and numerical solutions in the regime
5x 1073 < t/75 < 10~" shows that the ¢*/® behavior can only be observed for very long poly-
mers and hence a large number of normal modes.

Fluorescence correlation spectroscopy (FCS), a single-molecule technique, provides detailed
information on dynamical properties of individual macromolecules [25,30,43]. In Ref. [25], the
diffusion and segmental dynamics has been studied of single-end fluorescently labeled dsDNA
fragments in the length range from 102 to 2 x 10* base pairs (bp), corresponding to L/l, ~
0.7 — 140. From the correlation function, the mean square displacement of the labeled end 1s
easily extracted. Figure 7 shows the experimental results together with the predictions of the
non-draining Gaussian semiflexible polymer model [26,27,30,44]. The theoretical curves are
in excellent agreement with the experimental data. To achieve the agreement, an adjustment
of the time scale of the model with the diagonal Oseen tensor (41) is necessary. We replaced
Qnn by A, and Qg by ApQgy, with A = 0.6 and Ap = 0.9 [25]. As shown in Ref. [45],
agreement without fit parameter can be achieved, when the full tensor 2,,,,, is taken into account.
Moreover, Brownian dynamics simulations underline the success of the semiflexible polymer
model [45,46]. For short DNA fragments, the polymer dynamics is dominated by the center-
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Fig. 7: Mean square displacements of an end segment of dsDNA molecules of lengths L/bp =
100, 200, 500, 1000, 2000, 2000 (top to bottom). The blue lines are experimental results from
Ref. [25], and the red lines are calculated by the semiflexible Gaussian polymer model.

of-mass motion of the whole molecule in the considered time window. For longer molecules,
also the internal dynamics (50) is experimentally accessible. Here, the slope of the MSD is
close to t?/3 as predicted by theory. The experimental and simulation studies demonstrate that
DNA molecules can be considered as semiflexible polymers with their dynamics controlled by
hydrodynamic interactions.

The success of the non-draining Gaussian semiflexible polymer model is not a priori evident—
the calculations involve a number of approximations, such as the preaveraging approximation.
Brownian dynamics simulations reproduce the free-draining behavior less accurately, which
suggests that the long-range hydrodynamic interactions contribute to the success of the mean-
field model [45].

3.3 Excluded-Volume Interactions

So far, polymers in a © solvent have been discussed, i.e., polymers, where the excluded-volume
interactions between the various monomers are screened. Experimentally, it has been show
that this is an adequate description of polymers in melts (see contribution E 3). In dilute solu-
tion under so-called good solvent conditions, excluded-volume interactions lead to a swelling
of a polymer coil. The mean square end-to-end distance increases then with the power law
{((ry — 7r9)?) ~ [2N? with polymer length, where mean field approaches predict v = 0.6 and
more precise renormalization group calculations v ~ 0.588 [11, 14]. The swelling also affects
the dynamics of a polymer. Qualitatively, this effect can be captured by the linearization approx-
imation [14]. Here the distribution function W (r(s) —r(s')) = F(|r(s) —7(s")|/[|(s— ") /l|"])
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is used, which gives

<m> N <|s—lisl) 51)

and leads to the relaxation times (L/l > 1) [14]

R 3v
. nli® (L
N —— | — . 52
™ ks T (m) (>2)
With the exponent v = 1/2 for a © solvent, the dependencies (43) are recovered. Renormaliza-
tion group theory calculations yield the diffusion coefficient D, = 0.2kpT/(v/61R¢) in good
solvent, with the radius of gyration Rg ~ [(L/l)" [14,47].

4 Dynamic Structure Factor

The dynamical properties of polymers can be studied by scattering experiments such as dynamic
light scattering [48] or neutron scattering (see lecture E 3). Here, the dynamic structure factor

1 (L L
Sa.1) = 75 / / (exp (ig[r (s, £) — 7(s', 0)])) dsds’ (53)

o Jo
is obtained [14]. For the considered polymer model, the average can easily be evaluated, be-

cause of the linearity of the model and the Gaussian nature of the underlying stochastic process.
Hence, S(q, t) becomes

S(q.t) = % /0 ’ /0 e <—éq2 (fr(s.0) - r(s’,O)]2>) dsds'. (54)

With the eigenfunction expansion (19), the exponent can be written as

(Ir(s.8) = (', 0)7) = 32 [08) (n()* +20(5)) = 2 (DX (0)) 0(5)uls)]

n=0
(55)
Equation (54) can be simplified exploiting the equilibrium expression
(Ir(5.0) = 7(,0)1*) = 0%(s,5) = 3 (62) [pa(s) = (s (56)
n=0
and the corresponding static structure factor
I @ 5 ,
S(q,0) = ﬁ/o /0 exp (—FO' (s,s )) dsds’, (57)
which yields
e—a’Dt L L q2 )
S(q,t) = 72 /0 i exp (—€l|s -5 |) (58)




Dynamics of Macromolecules B6.17

Here, D and 7,, are either the Rouse or Zimm diffusion coefficient and relaxation times, de-
pending on the underlying model. The last term in Eq. (58) describes the internal dynamics of
the polymer in the center-of-mass reference frame.

(i) Small angle regime: ¢°/L < 1
For ¢?IL < 1, the exponents of the terms under the integrals are much smaller than unity and
the integrals are well approximated by L? (see Fig. 6). Hence,

S(g,t)=e 7", (59)
i.e., the diffusive motion of a polymer coil is measured [14,20].

(ii) Large angle regime: g*/L > 1

To study the internal dynamics of a polymer, the regime g?/L > 1 has to be considered, i.e.,
the wave length of the scattering vector has to be significantly smaller than the polymer root
mean square end-to-end distance. It is sufficient to consider the time regime ¢/7; < 1, because
S(q,t) is very small for ¢/7; > 1 [14]. Moreover, the contribution of the translation motion
can be neglected, since Dt is much smaller than the contribution from the internal dynamics
(see Figs. 3, 6). The integrand in Eq. (58) has a sharp peak at s = s’ for the considered large
scattering vectors, which yields the expression [20]

9 L 2 2T R
S(q,t) = E/o exp (—%ls) exp <_(§’>7r7fL ZTn cos (%) (1— et/T")> ds.  (60)

n=1

As for the mean square displacement, the discrete sum can be replaced by an integral.

4.1 Rouse Model

In the integral representation, for the Rouse model follows

12 TILf6 1/2 —-1/2
Slat)= 57 exp (—u — (I'r(g)t)*h (u[Tr(g)1] %)) du, 61)
0
where (v = 37n)
4
q lk’BT
I = 62
r(q) 3677 (62)
and
2 o
h(u) = = / Cos(f“)u — ) da. (63)
T Jo x
For I'r(q)t > 1, the cosine can be replaced by unity which leads to [14]
S(g,1) = 5(a,0) exp ——= [Fnla)]"?) (64)
) Y ﬁ

Hence, S(q, 1) is a universal function of I'rt ~ ¢*t.
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Fig. 8: Normalized dynamic structure factors of the Rouse model for L/l = 10° and various q
values. The black lines correspond to the full solution of Eq. (58). Left: S(q,t) as function of
q?t for gL = 1, 100, 200, 300, 500, and 1000 (right to left). Right: S(q,t) as function of q*t for
gL = 50, 100, 200, 300, 500, 1000, and 3000 (left to right). Note, ¢*LL = 1 for ¢L\/103. The
red dashed lines indicate the limit (59) for ¢*lL < 1 (left) and (61) for ¢*IL >> 1 (right).

Figure 8 shows dynamic structure factors for L/l = 103. Hence, for ¢L = V103 is 2L = 1.
Then, the conditions ¢?/L < 1 and ¢*/L > 1 translate to ¢L < 30 and ¢L >> 30, respectively.
The left figures shows that a universal behavior is obtained for pL. < 30, where S(q,?) is a
function of 2t only. The red dashed line shows the dependence S(g,t)/S(q,0) = e P!, ie.,
the dynamic structure factor decays exponentially in this limit. In the limit ¢L > 30, S(q,t) is
a universal function of ¢*t. As indicated in Fig. 8 (right), the theoretically predicted limit (61)
(red dashed line) is assumed for large enough gL-values—in the current case for gL > 103.

S(q, t) exhibits the predicted exponential decay (64) for [¢*t/(nL/ksT)]"/* > 1 only.

4.2 Zimm Model

Similar to the continuum limit (50), the structure factor in the presence of hydrodynamic inter-
actions becomes (z,, = n(v/2t/77)%%)

12 (IS 2/3 —2/3
Sat) = 5ip / exp (—u — (Iz(q)t)*°h (u[Iz(q)t] 7)) du, (65)
0
where
3
q’kgT
r = 66
2(q) 6nr (66)
and
2 [™ cos(wu) a3/
h(u) = 7T/O o (1—e )d. (67)

For I'z(q)t > 1 follows [14]

S(q.t) = S(q,0) exp (-1.35 [Fz(q)t]2/3> . 68)
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Fig. 9: Normalized dynamic structure factor of a polymer of length N = 40 in dilute solution
with excluded volume interactions and for various q values [34].

Here, S(q,t) is a universal function of 'zt ~ ¢t.

There is a clear difference in the dynamic structure factor of the free-draining and non-draining
case, which allows us to assess the relevance of hydrodynamic interactions both, experimentally
and by simulations.

Our mesoscale hydrodynamic simulations [34] yield the dynamic structure factor displayed in
Fig. 9. Independent of the solvent conditions (O or good solvent), the Zimm model predicts
the scaling relation S(q,t) = S(g,0)f(¢3t). Evidently, the simulation results are in agreement
with the theoretical prediction, although the function does not decay exponentially at short
times. This is similar to S(q, t) of Fig. 8 (right).

5 Conclusions

Naturally, the dynamics of polymers in solution and melt cannot be presented in a comprehen-
sive way in this lecture note. Here, only certain basic aspects have been touched and outlined.
There would be much more to be discussed for semiflexible polymers as well as long polymers
in melts. In the latter case, the non-crossability of the polymers leads to entanglements and a
tube-like confined of a particular polymer by its neighborhood [14] and gives rise to additional
power-law regimes in the diffusive dynamics [11, 14].
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Appendices

A Oseen Tensor
The Stokes equation of the fluid flow field v(r) is given by [19]

where ) is the fluid viscosity, p the pressure, and f an external volume force. The linear equation
can be solved by Fourier transformation

v = /v(r)eik’"d?’r, (70)
which yields

nk*vy, + ikp, = fa. (71)

For an incompressible fluid, where Vv = 0, follows kv, = 0, i.e., v, L k. Multiplication of
Eq. (71) with k, allows one to eliminate p; and to obtain the closed expression

1 k:k
Uy = 77k32 <I_ k2 )fk7

where k : k denotes the tensor product. Fourier transformation gives

v(r) = /Q(r — ) f(r)dP, (72)

1 1 k:k\ _ir s
Q(T) = (27{)3 \/W (I — k2 ) € d k’,

which yields the Oseen tensor [14, 19]

with

Qr) = — (I + rq:f) . (73)
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