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We study semidilute star-polymer solutions under shear flow by hybrid mesoscale simulations.

Hydrodynamic interactions are modeled by two particle-based simulation techniques, multiparticle

collision dynamics (MPC) and dissipative particle dynamics (DPD). Star polymers are considered as

a paradigmatic model for ultra-soft colloids with variable softness. The influence of concentration and

shear rate on their structural and rheological properties is investigated. Under flow, a star polymer

elongates and displays a well-defined alignment angle with respect to the flow direction. Moreover, the

structural and rheological properties exhibit a universal behavior as a function of a concentration-

dependent Weissenberg number for various concentrations at a given arm length. The rheological

properties are characterized by the shear viscosity and the normal-stress coefficients. In dilute solution,

the zero-shear viscosity follows the Einstein relation with an effective radius given by the hydrodynamic

radius of a star polymer. At high shear rates, the solutions exhibit shear-thinning behavior, where the

viscosity decreases faster with increasing shear rate at higher concentrations. We demonstrate that the

results obtained fromMPC and DPD agree in all scaling properties, with minor quantitative deviations

in the numerical values.
1 Introduction

The flow properties of solutions of macromolecules and colloids

are of enormous importance for the behavior of many complex

fluids, ranging from motor oils and drilling fluids to blood and

the cytosol of living cells.1 In many colloidal dispersions, the

suspended particles are solid, but a much larger class of complex

fluids contains deformable particles such as flexible synthetic

polymers, semiflexible biopolymers, droplets, vesicles, capsules,

and cells.

Linear and star polymers are particularly interesting model

systems, because their size and architecture can be tailored in

many different ways.2 Studies of such systems are essential to

obtain a detailed understanding of the rheological properties of

complex fluids containing soft particles, which is required to

design and control the flow behavior of fluids in technological or

medical applications.

Star polymers consist of f identical linear polymer chains,

which are linked at one of their ends to a common center. Each

polymer arm contains Nm segments. By changing the arm length

L ¼ Nml, where l is the bond length, and the functionality f, star-
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polymer properties can be varied between linear polymers

(for f ¼ 2) to nearly hard-sphere colloids (large functionality,

short arms) and ultra-soft colloids (intermediate functionality,

long arms).2–5

The equilibrium properties of star polymers have been studied

in considerable detail.3,5–8 The architecture of star polymers

implies that the monomer density is high in the core region and

decreases toward the corona. A consequence of this architecture

and of the inhomogeneous density distribution is that the inter-

action is ultra-soft for sufficiently long chains, with a logarithmic

dependence on the distance between two stars.3–5 The ultra-soft

interaction gives rise to an unusual phase diagram, for example

with body-centered cubic (bcc) phases, which are not stable in

systems of hard spheres,9–12 reentrant melting,5,13 and fcc-to-bcc

transitions.5,10,14

Much less is known about the dynamical and rheological

behavior of star-polymer solutions. Experiments show that self-

diffusion decreases with increasing polymer concentration c

according to a power law.2,15 The diffusion coefficient of a star

polymer in solution is larger than the diffusion coefficient of

a hard-sphere colloid at equivalent volume fractions (defined by

the hydrodynamic radius Rh in the case of star polymers). This is

a direct consequence of the deformability and ultra-soft inter-

actions of star polymers, which allow them to squeeze through

gaps between other particles more easily. The same mechanism is

responsible for the slower increase of the zero-shear viscosity

with concentration for soft compared to hard particles.2,15

In particular, it is observed that the viscosity of star-polymer

solutions is finite even above the overlap concentration.15,16 In
Soft Matter, 2012, 8, 4109–4120 | 4109
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a related system of single DNA-grafted colloids, a strong

dependence of the effective hydrodynamic radius on the

conformation of the grafted polymer chains has been found.17

Theory and simulations have focused on the shape, orienta-

tion, and rotation of individual stars in shear flow,18,19 on the

dynamical frictional interactions between two stars20 (both by an

explicit bead-spring model of polymer chains), and on the

rheology of concentrated solutions21,22 (by a coarse-grained

description with transient forces23 between star centers).

The aim of the present study is to bridge the gap between the

configurational and dynamical properties of individual star

polymers, their hydrodynamic and steric interactions and the

macroscopic flow behavior of semidilute solutions. So far, such

systems have not been studied by simulations. Our investigations

will help to establish a relation between the molecular architec-

ture and microscopic deformation of individual soft colloids, and

the macroscopic rheological behavior. Computer simulations of

linear polymers in semidilute solutions show large deformations

and a strong alignment of polymers along the flow direction in

simple shear flow.24,25 More importantly, in the stationary state,

the conformational and rheological properties for various

concentrations are universal functions of the Weissenberg

number Wic ¼ _gs(c), where _g is the shear rate and s(c) the

concentration-dependent polymer end-to-end vector relaxation

time at equilibrium. Hence, with decreasing concentration,

hydrodynamic interactions affect the conformational and rheo-

logical properties only by decreasing relaxation time s(c).
Experiments on DNA in shear flow26 and simulations of polymer

brushes27 lead to a similar conclusion. We investigate here

whether ultra-soft colloids in solution display a similar universal

behavior in shear flow.

We use a standard bead–spring model to construct a polymer

star. In order to account for hydrodynamic interactions, we

employ two particle-based mesoscale simulation techniques,

multiparticle collision dynamics (MPC)28–30 and dissipative

particle dynamics (DPD),31,32 which are introduced in Sec. 2.

This serves two purposes. On the one hand, we want to elucidate

to what extend the two methods provide quantitatively equiva-

lent results, and thereby test the suitability of these methods for

predicting the non-equilibrium behavior of complex fluids; on

the other hand, we want to establish method-independently the

flow properties of ultra-soft colloids.

We will present and discuss in Sec. 3 several structural prop-

erties of star polymers in solutions under shear flow—such as

the radius-of-gyration tensor and the alignment angle—as well

as the corresponding bulk rheological properties of these solu-

tions—such as shear-dependent viscosity and normal-stress

coefficients. Finally, the results obtained by the two simulation

techniques are compared with each other and with available

experimental data in Sec. 4.
Fig. 1 A star polymer represented by a bead–spring model with f ¼ 10

linear-polymer arms, connected to a common central (black sphere). The

length of each arm is Nm ¼ 10. The arms are colored for better visual

differentiation.
2 Methods and models

To model star-polymer solutions we employ two different

mesoscopic simulation techniques: (i) multiparticle collision

dynamics (MPC), also called stochastic rotation dynamics

(SRD),29,30 and (ii) dissipative particle dynamics (DPD).31,32 Both

methods implement proper hydrodynamic interactions and have
4110 | Soft Matter, 2012, 8, 4109–4120
been used in simulations of various soft matter and biological

systems.30,33

2.1 Star-polymer model

We consider Nsp star polymers, where each star consists of f

flexible linear polymer arms with one of their ends attached to

a common center, which is illustrated in Fig. 1. Consecutive

monomers of a polymer chain (arm) are connected by harmonic

springs with the potentials

Vb ¼ ks

2
ðRi;iþ1 � lÞ2; (1)

where Ri, i + 1 ¼ Ri+1 � Ri is the bond vector, Ri, i + 1 ¼ |Ri, i + 1|,

and l is the equilibrium bond length. The spring constant ks is

chosen such that even under strong shear stress the change in the

equilibrium bond length remains less than a few percent.

Excluded volume interactions between star monomers are

implemented through the repulsive (truncated and shifted)

Lennard-Jones (LJ) potential34

VLJðrÞ ¼ 43

"�
s

r

�12

�
�
s

r

�6

þ 1

4

#
Qð21=6 � rÞ; (2)

where Q(r) is the Heaviside step function (Q(r) ¼ 0 for r < 0 and

Q(r)¼ 1 for r$ 0). Since many polymer arms are attached to the

center particle, the equilibrium bond length lc of each center-arm

connection and the LJ diameter sc of the central bead are

taken to be twice as large as those for a normal monomer. We

employ l as the unit of length, 3 ¼ kBT as the unit of energy, and

ms, the solvent particle mass, as the unit of mass. The unit of

time is defined as s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
msl2=ðkBTÞ

p
. The parameters for star

polymers for both MPC and DPD are listed in Table 1. The

velocity Verlet algorithm is used to integrate Newtons’ equations

of motion of the star polymers with time step hm ¼ 5 � 10�3s in
MPC and hm ¼ 8 � 10�3s in DPD.

2.2 Multiparticle collision dynamics

In the MPC algorithm, the solvent is modeled by Ns point

particles with positions ri and velocities vi (i ¼ 1, ., Ns). The

dynamics of these particles proceeds in discrete time increments
This journal is ª The Royal Society of Chemistry 2012
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Table 1 Star-polymer parameters in MPC and DPD simulations, where
subscripts ‘m’ and ‘c’ denote arm monomers and central bead,
respectively

ksl
2/kBT lc/l sm/l sc/l Mm/ms Mc/ms

MPC 1000 2.0 0.8 1.6 10 10
DPD 125 2.0 0.8 1.6 2 10
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h, denoted as collision time, by alternating streaming and colli-

sion steps.29,30 In the streaming step, the solvent particles of mass

ms move ballistically with their respective velocities, and their

positions are updated as

ri(t + h) ¼ ri(t) + hvi(t). (3)

After each streaming step, solvent particles are sorted into the

cells of a simple cubic lattice with lattice constant a. Their relative

velocities, with respect to the center-of-mass velocity of the cell,

are rotated around a randomly oriented axis by an angle a, so that

vi(t + h) ¼ vi(t) + (R(a) � I)(vi(t) � vcm(t)), (4)

where R is the rotation matrix, I is the unit matrix,

and vcm ¼ 1

Nc

XNc

j¼1
vj is the center-of-mass velocity of the cell

with Nc particles. The collision step is a stochastic process, where

mass, energy, and momentum are conserved, which ensures that

hydrodynamic behavior emerges on larger length scales.

The star polymers are coupled to the solvent during the collision

step, where their monomers are included in the collisions together

with the solvent particles.35,36 Thereby, momentum is redis-

tributed between solvent and monomers in the same cell.

Transport properties of the solvent depend on the collision

time h, the rotation angle a, and the average number density per

cell. Tuning these variables allows us to attain solvents with

a high Schmidt number, where momentum transport dominates

over mass transport. Some of the simulation parameters for

MPC system are summarized in Table 2. These parameters

correspond to the solvent viscosity hs ¼ 8:7
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ms3=l4

p
and the

Schmidt number Sc z 17.

Lees–Edwards boundary conditions are applied for the solvent

particles and the monomers in order to impose shear flow.37 This

yields a linear fluid velocity profile vx ¼ _gy in the flow direction

(x-axis) as a function of their position along the gradient direc-

tion (y-axis), where _g is the shear rate. A local cell-wise Max-

wellian thermostat is applied to maintain the desired temperature

of the fluid.38

2.3 Dissipative particle dynamics

Similar to MPC, a DPD system consists of a collection of Ns

point particles. DPD particles interact through simple pairwise-
Table 2 MPC fluid parameters in the simulations. hNci is the average
number of solvent particles per cell

a/l a <Nc> h/s hs=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mskBT=l4

p
1.0 130� 10.0 0.1 8.7

This journal is ª The Royal Society of Chemistry 2012
additive forces corresponding to a conservative force FC
ij ,

a dissipative force FD
ij , and a random force FR

ij . The total force

exerted on a particle i by particle j consists of the three terms

given by

FC
ij ¼ b

�
1� rij

rC

�
r̂ij ;

FD
ij ¼ �guD

�
rij
��
vij$r̂ij

�
r̂ij;

FR
ij ¼ sranu

R
�
rij
� xijffiffiffi

h
p r̂ij;

(5)

where rij¼ ri� rj, r̂ij¼ rij/rij, and vij¼ vi� vj. The coefficients b, g,

and sran determine the strength of conservative, dissipative, and

random forces, respectively. uD and uR are weight functions and

xij is a symmetric normally-distributed random variable with zero

mean and unit variance. All forces act within a sphere of cutoff

radius rc. The random and dissipative forces must satisfy the

fluctuation-dissipation theorem32 in order for the DPD system to

maintain the equilibrium temperature T, which is enforced

through the two conditions uD(rij) ¼ [uR(rij)]
2 and s2ran ¼ 2gkBT.

The usual choice for the weight function is uR(rij) ¼ (1 � rij/rc)
p,

where p ¼ 1 for the original DPD method. However, other

choices (e.g., p ¼ 0.25) for these envelopes have been used39,40 in

order to increase the viscosity of the DPD fluid and bring the

Schmidt number in DPD to values representative of real liquids.

The time evolution of velocities and positions of particles is

determined by Newton’s second law of motion, which is inte-

grated using the velocity–Verlet algorithm.

The simulation parameters for the DPD system are listed

in Table 3. With these parameters, we obtain a Schmidt number

Sc ¼ 1011. The time step is set to h ¼ hm ¼ 8 � 10�3s.
Star polymers are constructed similarly to that described in

Sec. 2.1 and are coupled to the fluid through DPD forces with

bpsl/3 ¼ 0, gpss/ms ¼ 7.5, and pps ¼ 0.25, where the subscript

ps denotes polymer–solvent interactions. Lees–Edwards

boundary conditions are employed to model steady shear flow, as

described above in Sec. 2.2.
3 Results and discussion

A list of parameters of star-polymer solutions for both mesoscale

hydrodynamic simulation techniques is given inTable 4; it provides

information about the size of simulation box Lx � Ly � Lz,

the range of number of star polymers Nsp, and the ranges of

simulated shear rates _g and concentrations c. All results

are obtained for functionality f¼ 10, with arm lengths in the range

Nm ¼ 10–30. Specifically, MPC simulations are performed for

Nm ¼ 10 and 30, DPD simulations for Nm ¼ 10 and 20. The

simulations forNm¼ 10areperformedwithbothMPCandDPDin

order tocompare the results and to showthat thepredictions for the

properties of star-polymer solutions are independent of the
Table 3 DPD fluid parameters in simulations. The subscript ss denotes
the corresponding parameters for solvent–solvent interactions. n is the
solvent number density

bssl/3 gsss/ms pss rc/l nl3 hs=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mskBT=l4

p
20.0 5.0 0.15 3.0 0.375 8.21

Soft Matter, 2012, 8, 4109–4120 | 4111
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Table 4 List of simulation parameters. Lx, Ly, and Lz denote the dimensions of the simulation box and _g is the shear rate. Rg0 and Rh are the equi-
librium radius of gyration and hydrodynamic radius in dilute solution, respectively, and sz is the Zimm relaxation time

Method Nm Nsp Lx/l � Ly/l � Lz/l Rg0/l Rh/l sz/s c/c* _gs

MPC 10 20–200 30 � 30 � 30 3.54 3.74 870 0.17–1.65 10�5–5 � 10�2

MPC 30 100–750 100 � 100 � 100 7.14 7.10 7830 0.15–1.13 10�5–2.5 � 10�2

DPD 10 23–299 50 � 34 � 36.2 4.06 4.10 821 0.1–1.3 5 � 10�5–1.6 � 10�2

DPD 20 30–390 76 � 52 � 51.8 5.80 5.46 3285 0.1–1.3 5 � 10�5–1.6 � 10�2

Fig. 2 Simulation snapshots of star-polymer solutions with function-

ality f ¼ 10, arm length Nm ¼ 30, and concentration c/c* ¼ 0.75 (where c*

is the overlap concentration, see Sec. 3). (a) Intermediate shear rate with

concentration-dependent Weissenberg number Wic ¼ 15, and (b) high

shear rate with Wic ¼ 153 (for definition of Wic see Sec. 3). Only star

polymers with their centers in a slice of thickness of twice the radius of

gyration Rg0 parallel to the flow-gradient plane are shown. The multiple

colors serve to make different star polymers easily distinguishable. Cor-

responding movies are shown in the ESI.†
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employed method. In the other set of simulations withNm ¼ 20 in

DPD and Nm ¼ 30 in MPC, we intend to obtain the solution

properties for a wider range of arm lengths Nm. We measure

concentration relative to the overlap concentration

c* ¼
�
4

3
pR3

h

��1

(6)

where Rh is the hydrodynamic radius.

The applied shear flow is characterized by the dimensionless

Weissenberg number Wi ¼ _gsz, where sz ¼ hsN
2
ml

3=kBT is the

Zimm relaxation time of a polymer arm in dilute solution. At low

shear rates or small Wi � 1, star polymers are close to their

equilibrium structure. However, at large Wi [ 1, they are

strongly deformed and aligned with the flow as shown by the

snapshots in Fig. 2. The relaxation time of a star polymer

increases with concentration, which suggests to use the concen-

tration-dependent Weissenberg numberWic ¼ b (c/c*)Wi to take

this change into account. As has been shown recently for semi-

dilute solutions of linear polymers, the concentration dependence

of structural and rheological properties are captured very well in

this way and universal curves are obtained.24,25

The lengths of typical simulation runs were at least several tens

of times the equilibrium polymer relaxation time s, and up to

several hundred times s for low shear rates.

3.1 Radius-of-gyration tensor

Two characteristic conformations of star polymers in solution at

intermediate and high shear rates are shown in Fig. 2. To

quantitatively characterize the effect of shear flow on the struc-

tural properties of star polymers we calculate the radius of

gyration tensor of a star polymer according to

Gab ¼ 1

N

*XN
i¼1

Drai Dr
b
j

+
; (7)

whereN¼ fNm + 1 is the total number of monomers in a star, Dri
is the position of the ith monomer relative to the star center of

mass, and a, b ˛ {x, y, z}. In equilibrium, all diagonal compo-

nents of Gab are equal, i.e., Gaa ¼ G00
aa ¼ R2

g0=3, where Rg0 is the

radius of gyration. In the dilute regime, the radius of gyration

follows the scaling relation R2
g0�l20N

2v
m f

1�v in terms of arm length

and functionality,3,6–8 with the exponent n z 0.63 for our

system.

Under shear flow, polymers along the flow direction become

elongated; their relative deformation in this direction is calcu-

lated as

dGxx

�
c=c*

� ¼ Gxxðc=c*Þ � G0
xxðc=c*Þ

G0
xxðc=c*Þ

; (8)
4112 | Soft Matter, 2012, 8, 4109–4120 This journal is ª The Royal Society of Chemistry 2012
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where G0
xx is the radius of gyration at equilibrium for a given

concentration. A comparison of simulation data of dGxx for

various concentrations and arm lengths at the same Weissenberg

number Wi shows that stars at higher concentrations exhibit

a stronger stretching than those at lower c/c*. This is due to

differences in the relaxation times, which increase with increasing

concentration.24 We can estimate the concentration dependence

of the relaxation time by scaling the Weissenberg number by

a factor b (c/c*), in order to shift dGxx for high concentrations to

the lowest concentration curve. A universal curve is

then obtained for the relative deformation dGxx as function of

Wic ¼ b (c/c*) Wi for the various polymer lengths and both

simulation methods, as shown in Fig. 3. At large shear rates, the

extension of star polymers saturates at a maximum value, which

depends on the length of the polymer arms. At low Wic < 1,

a quadratic dependence of the relative deformation (solid black

line) as a function of shear rate is observed, which has also been
Fig. 3 Relative deformation dGxx of star polymers along the flow

direction as function of the concentration-dependent Weissenberg

numberWic. (a) MPC simulation results, with arm lengthsNm¼ 10 (filled

symbols) and Nm ¼ 30 (open symbols), and various concentrations c/c*,

as indicated. (b) DPD simulation results for various star-polymer

concentrations, as indicated, and Nm ¼ 10 (filled symbols) and Nm ¼ 20

(open symbols). The black solid lines indicate a quadratic dependence of

the relative deformation onWic at low shear rates; these lines are identical

in (a) and (b).

This journal is ª The Royal Society of Chemistry 2012
seen in previous MPC simulations of single star polymers18 and

of semidilute solutions of linear polymers,24 as well as in

experiments.41

The scale factors b (c/c*) are displayed in Fig. 4 as a function of

concentration. The values of b (c/c*) from the MPC simulations

for Nm ¼ 10 and 30 and DPD simulations for Nm ¼ 10 and 20

are nearly independent of arm length. In Fig. 3, the scaling of

dGxx with Wic and the functional dependence are in very good

agreement for both methods; there is a small difference in the

absolute values, which will be discussed in more detail in

Sec. 4. Since the scale factor is proportional to the ratio of star

relaxation times for different concentrations, the characteristic

relaxation time on the star concentration appears to be nearly

independent of the arm length.

Along the shear-gradient and vorticity directions, star poly-

mers shrink at high Wic. Fig. 5 displays the scaled curves for the

gyration tensor Gyy=G
00
yy as a function of Wic, where G00

yy corre-

sponds to the y component of the radius of gyration in equilib-

rium and in the dilute limit. The differences in the plateau values

of Gyy=G
00
yy at low Wic are associated with the change in star-

polymer size at various concentrations indicating that the stars

become more compact due to their crowding. Compression in the

vorticity direction is quite small in comparison with the gradient

direction, consistent with previous results for single star

polymers.18
3.2 Star-polymer alignment

Flow-induced alignment of star polymers can be characterized by

the angle cG, which is the angle between the eigenvector of the

gyration tensor with the largest eigenvalue and the flow direction.

It can be computed from the components of the gyration

tensor as

tanð2cGÞ ¼
2Gxy

Gxx � Gyy

: (9)

Fig. 6 shows the alignment angle of star polymers as function

of Wic for various concentrations and both simulation methods.
Fig. 4 Concentration-dependent scale factor for the relaxation time

(s (c)¼ b (c)sz) obtained from the scaling of the radius-of-gyration tensor

along the shear direction. MPC and DPD results are shown for various

arm lengths Nm, as indicated.

Soft Matter, 2012, 8, 4109–4120 | 4113
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Fig. 5 Star-polymer deformation along the gradient direction, Gyy=G
00
yy ,

as function ofWic. (a) MPC simulation results, with arm lengthsNm ¼ 10

(filled symbols) and Nm ¼ 30 (open symbols), and various concentrations

c/c*, as indicated. (b) DPD simulation results for various star-polymer

concentrations, as indicated, and Nm ¼ 10 (filled symbols) and Nm ¼ 20

(open symbols).

Fig. 6 Orientation of star polymers tan(2cG) as function of Wic. (a)

MPC simulation results, with arm lengths Nm ¼ 10 (filled symbols) and

Nm ¼ 30 (open symbols), and various concentrations c/c*, as indicated.

(b) DPD simulation results for various star-polymer concentrations, as

indicated, andNm¼ 10 (filled symbols) andNm ¼ 20 (open symbols). The

dashed black lines indicate a scaling behavior tan(2cG) � Wic
�1 and the

solid black lines correspond to tan(2cG) � Wic
�0.43. Note that lines in (a)

and (b) are identical.
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At low shear rates the alignment angle cG is close to the

equilibrium value p/4. For 0 <Wic < 1, the data in Fig. 6(a) obey

the expected scaling behavior42,43 tan(2cG) � Wic
�1, which

follows from the fact thatGxy�Wic andGxx�Gyy�Wic
2 in that

regime. At high Wic, star polymers deform into an ellipsoidal

shape, and the angle cG decreases due to alignment of the star

along the flow direction. Again, a universal curve is obtained for

different star-polymer concentrations and both MPC and DPD

methods as a function of Wic. At high Wic, the alignment angle

follows the scaling law

tan(2cG) � (Wic)
�d (10)

with the exponent of d z 0.43. The master curve obtained for

different arm lengths is almost independent of Nm for Wic < 20.

At higher Wic, effects of finite arm length may play a role, as in

systems of linear polymers.24 Stars with longer arms appear to be

more aligned with the flow direction than those with shorter arms

at Wic > 20. This is due to the fact that the crossover from the

behavior tan(2cG) � Wic
�1 to the asymptotic behavior tan(2cG)
4114 | Soft Matter, 2012, 8, 4109–4120
� Wic
�1/3, predicted by theory for linear polymers,43 appears at

smaller Wic for longer polymers.

The shear-induced structural deformation and alignment of

star polymers can be visualized in terms of their monomer

density distribution in the flow-gradient plane. In Fig. 7, such

distributions of individual stars are presented forWic¼ 0.78, 7.8,

and 78. At very low shear rates, the stars are close to their

equilibrium shape and the density distribution is spherically

symmetric. An increase of the shear rate leads to the alignment of

star polymers along the flow direction. For Wic[1, star arms

are highly stretched along the flow and compressed in the

gradient direction. Particularly at high shear rates, the density

distribution is not of elliptical but rather of rhombic shape, with

nearly flat parts along the flow direction.

3.3 Rheology

To characterize the rheological properties of the star-polymer

solutions, we determine various components of the stress tensor,
This journal is ª The Royal Society of Chemistry 2012
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Fig. 7 Monomer density distributions of individual star polymers in the flow-gradient plane for variousWeissenberg numbers, (a)Wic¼ 0.78, (b)Wic¼
7.8, and (c)Wic ¼ 78.0. The arm length is Nm ¼ 30 and the polymer concentration is c/c* ¼ 0.15. The density distributions are indistinguishable between

the two simulation approaches. The strip-like density modulations in (c) reflect the monomer-density modulations of the strongly stretched and aligned

polymers.

Fig. 8 Normalized shear stress sxy=s
0
xy of star-polymer solutions with

respect to Wic, where sxy ¼ s0xyWic as _g/0, see Fig. 9. (a) MPC simu-

lation results, with arm lengths Nm ¼ 10 (filled symbols) and Nm ¼ 30

(open symbols), and various concentrations c/c*, as indicated. (b) DPD

simulation results for various star-polymer concentrations, as indicated,

and Nm ¼ 10 (filled symbols) and Nm ¼ 20 (open symbols). Only polymer

contributions to the virial are included.
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in particular sxy, sxx, syy, and szz, using the Irving–Kirkwood

formula for the virial.44,45 We consider only the star-polymer

contributions to the virial, which includes their bond and

excluded-volume contributions. The shear viscosity as a function

of shear rate follows from hð _gÞ ¼ sxyð _gÞ= _g. In addition, we

compute the corresponding first and second normal-stress coef-

ficients J1 and J2 defined as

J1

�
_g
� ¼ sxxð _gÞ � syyð _gÞ

_g2
; J2

�
_g
� ¼ syyð _gÞ � szzð _gÞ

_g2
: (11)

For many polymeric fluids, the viscosity function and normal-

stress coefficients display zero-shear rate plateaus at low shear

rates, which is often referred to as low-shear-rate Newtonian

regime.

Fig. 8 shows shear stresses sxy normalized by s0xy for different

arm lengths and concentrations as a function of Wic. s
0
xy follows

from the relation sxy ¼ s0xy Wic in the limit of small shear rates;

its dependence on concentration is presented in Fig. 9.

Evidently, the shear stress is a linear function of shear rate for

Wic < 1 independent of concentration. At larger Weissenberg

numbers, a crossover can be observed to a weaker dependence on

Wic. In that regime, we observe a non-universal concentration

dependence; sxy=s
0
xy is larger at smaller concentrations, but the

data seem to converge toward a common limiting behavior with

increasing concentration. Both, MPC and DPD simulations

exhibit the same behavior.

The dimensionless stress scale factors s0xyR
3
h=ðkBTÞ in Fig. 9

are virtually independent of the star-polymer arm length. This

demonstrates that the characteristic relaxation time of a star

polymer exhibits a similar length dependence as R3
h. A slight

deviation is found between the stress scale factors for MPC and

DPD simulations. We attribute this deviation to differences in

the way a star polymer is coupled to the solvent in the two

approaches.

The viscosities of the star-polymer solutions are displayed in

Fig. 10 for various arm lengths and concentrations. The curves

are scaled by the corresponding zero-shear viscosity h0 in order

to verify and find a scaling behavior. The values of h0 for the

systems withNm ¼ 10 can directly be extracted from simulations.

However, for the systems of longer chains, the zero-shear plateau

appears only at extremely low shear rates, which is difficult to
This journal is ª The Royal Society of Chemistry 2012 Soft Matter, 2012, 8, 4109–4120 | 4115
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Fig. 9 Scaling factors s0xy (normalized by kBT=R3
h) for the shear stress of

star-polymer solutions at different concentrations. s0xy values are

computed as sxy/Wic at low shear rates ( _g/0).

Fig. 10 Shear-rate-dependent viscosity of simulated star-polymer solu-

tions for various arm lengths and concentrations as a function ofWic. (a)

MPC simulation results, with arm lengths Nm ¼ 10 (filled symbols) and

Nm ¼ 30 (open symbols), and various concentrations c/c*, as indicated.

(b) DPD simulation results for various star-polymer concentrations, as

indicated, and Nm ¼ 10 (filled symbols) and Nm ¼ 20 (open symbols).

Only polymer contributions to the viscosity are shown. The viscosity

curves are scaled with the corresponding values of the zero-shear viscosity

h0 for different concentrations. The solid lines indicate the power-law

dependence hp � Wic
�0.36; they are identical in (a) and (b).
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access in simulations, since thermal fluctuations overwhelm

average flow properties and reliable statistics are difficult to

obtain. An additional simulation complexity for star systems

with long arms is related to the characteristic relaxation time of

such stars, which becomes very long in comparison to that of the

stars with relatively short arms and leads to demanding simula-

tion times. Therefore, the various viscosity curves for Nm ¼ 20

and 30 in Fig. 10 were scaled to match the lowest available

concentration results at low shear rates, which may not neces-

sarily be within the zero-shear plateau, but are likely within the

transition region to the power-law regime.

At Wic > 1, the viscosities exhibit a power-law decay with

increasing shear rate (Fig. 10). An interesting feature is that the

power-law exponent appears to dependent on the star-polymer

concentration, a dependence already visible for the shear stress in

Fig. 8. At low concentrations, the exponent is equal to approx-

imately �0.3, while at high star concentrations c=c*x1:3 it is

about �0.4. Such a dependence has not been predicted by any

theory and appears to be independent of arm length, but is

consistently obtained with both simulation techniques. The

concentration dependence results in a poor scaling of the

viscosity curves, suggesting that a common master curve for the

shear viscosity behavior may not exist. This is in contrast to

simulations results for linear polymers, where the viscosities

hardly exhibit a concentration dependence when data are plotted

as a function of Wic.
24 It is not evident what causes the differ-

ences in the behavior of linear and star polymers, keeping in

mind that the stress tensor is in essence determined by the virial

term of the polymer-bond contributions. We would like to point

out, however that the star-polymer dynamics under flow is

distinctly different from that of a linear polymer—a linear

polymer undergoes tumbling motion,25 whereas star polymers

show a tank-treading-like rotation18 for functionalities f > 5.

Fig. 11 presents the zero-shear viscosity values for various arm

lengths with respect to star concentration extracted from the

scaling of the polymer contribution hp to the viscosity. For the

star solutions with Nm ¼ 10, in DPD simulations we have also

used an alternative method, called reverse Poiseuille flow (RPF),

in order to estimate the zero-shear viscosity.46 The RPF is
4116 | Soft Matter, 2012, 8, 4109–4120
generated from two Poiseuille flows driven by uniform body

forces in opposite directions along two halves of a periodic

computational domain. The zero-shear viscosities computed

with RPF are in excellent agreement with those values obtained

by proper scaling of the viscosity curves as done in Fig. 10.

Evidently, the star-polymer concentrations exceed the linear

regime, where h0/hs ¼ 2.5f applies as predicted by Einstein47 for

colloids of volume fraction f—in our case f ¼ c/c*. The MPC

data follow the dependence h0/hs ¼ 2.5f + 6.2f2 proposed for

Brownian solutions.48 The DPD simulations yield somewhat

larger viscosity ratios h0/hs, but the dependence on c/c* is very

similar. In addition, the dependence ð1� f=fmÞ�2:5fm is plotted,

which is valid for a colloidal solution.49

It is clear that there is only a weak dependence of the zero-

shear viscosity on the arm length Nm. This is again an indication

that certain properties of star-polymer solutions may be absor-

bed in the star hydrodynamic radius Rh, which determines the
This journal is ª The Royal Society of Chemistry 2012
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Fig. 11 Zero-shear viscosity normalized by hs as a function of star-

polymer concentration c/c*, for various Nm as indicated. Several theo-

retical predictions for a colloidal solution are also plotted. The solid black

line corresponds the linear regime h0/hs¼ 2.5f predicted by Einstein47 for

colloids, where f ¼ c/c*. The cyan dashed curve displays the dependence

of h0/hs ¼ 2.5f + 6.2f2 for Brownian solutions.48 The black dashed curve

indicates the dependence of ð1� f=fmÞ�2:5fm , which is valid for a solu-

tion of colloids.49

Fig. 12 First normal-stress coefficient J1, normalized by a concentra-

tion-dependent factor c0
1 (see Fig. 14), as a function of Wic. (a) MPC

simulation results, with arm lengthsNm¼ 10 (filled symbols) andNm¼ 30

(open symbols), and various concentrations c/c*, as indicated. (b) DPD

simulation results for various star-polymer concentrations, as indicated,

andNm ¼ 10 (filled symbols) andNm ¼ 20 (open symbols). The solid lines

indicate a power-law dependence c1 � Wic
�1; they are identical in (a)

and (b).
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solution concentration. In contrast to these results are experi-

mental measurements of h0 for star solutions with different

functionalities,15 which show a strong dependence of h0 on f such

that the star solution viscosity approaches the viscosity curve for

a colloidal solution at high f. This is likely a consequence of the

increasing monomer concentration around the star center, which

is altered substantially for varying f. Thus, star functionality

would be directly associated with star softness, while Nm effec-

tively changes the size of a star polymer.

We have introduced three scale factors, b, s0xy, and h0, which

are not independent. They are rather related and the ratio

h0=ðs0xybÞ is approximately constant.

Fig. 12 shows the normalized first normal-stress coefficientJ1.

The curves ofJ1 for various concentrations are scaled by factors

c0
1, which are displayed in Fig. 14. As expected, we find a plateau

at low Wic < 1. At high Wic, the shear-dependent J1 exhibit

a power-law behavior with an exponent of approximately �1,

independent of the arm length and the employed simulation

method. Note that the power-law exponent becomes slightly

larger for high c/c* values in comparison with the solutions at low

star concentrations; however, the differences in the exponents

seem to be less pronounced than those for the viscosity curves in

Fig. 10. We expect that in the asymptotic limit of large c/c* the

exponent approaches �4/3, as predicted by theory and observed

for polymers.24,43,50–54

The corresponding normalized second normal-stress coeffi-

cientsJ2 are presented in Fig. 13 as a function ofWic. The values

of J2 are noticeably noisier than the values of J1 and it is not

fully clear if the zero-shear plateau can be reliably estimated from

the simulation data. The power-law region at high Wic corre-

sponds to the exponent of about �1.4 for all simulated Nm, close

to the theoretically expected value for c1. Finally, the simulated

normal-stress coefficients agree very well for both, the MPC and

DPD method.
This journal is ª The Royal Society of Chemistry 2012
The scale factors c0
1 and c0

2 normalized by h2sR
3
h=ðkBTÞ are

shown in Fig. 14. These factors were obtained by scaling

the normal-stress coefficients for various concentrations to the

lowest available concentration for a given Nm. Under the

assumption of a universal scaling of J1 and J2 for various

concentrations, the factors c0
1 and c0

2 are proportional to the

corresponding zero-shear-rate plateau values of the normal-

stress coefficients. The factors c0
1 and c0

2 are rather similar for

a given arm length, for both, the MPC and DPD calculations.

Moreover, the MPC and DPD values agree very well for

Nm ¼ 10. The decrease of the values with increasing chain

length is due to scaling by the hydrodynamic radius R3
h�N2

m.

The factors c0
1, c0

2 themselves exhibit a weak arm-length

dependence only. The magnitude of the scale factors for both,

the first and second normal-stress coefficients seem to be

nearly identical, which points to a similar dependence of

the zero-shear-rate plateau values on concentration for both

J1 and J2.
Soft Matter, 2012, 8, 4109–4120 | 4117
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Fig. 13 Second normal-stress coefficient J2, normalized by a concen-

tration-dependent factor c0
2 (see Fig. 14), as a function of Wic. (a) MPC

simulation results, with arm lengthsNm¼ 10 (filled symbols) andNm¼ 30

(open symbols), and various concentrations c/c*, as indicated. (b) DPD

simulation results for various star-polymer concentrations, as indicated,

and Nm ¼ 10 (filled symbols) and Nm ¼ 20 (open symbols).

Fig. 14 Scaling factors c0
1 and �c0

2 (normalized by h2sR
3
h=ðkBTÞ) for

the normal-stress coefficients of star-polymer solutions for various

concentrations. These factors are obtained by scaling the normal-

stress coefficient curves for various concentrations (Fig. 12 and 13)

to a reference curve, which corresponds to the lowest available

concentration for a fixed Nm.
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4 Summary and conclusions

We have investigated the flow behavior of dilute and semidilute

solutions of star polymers in shear flow by two mesoscale

hydrodynamics simulation techniques. The simulations show

that many structural, dynamical, and rheological properties of

star-polymer solutions can be described very well in terms of

a concentration- and arm-length-dependent Weissenberg

number Wic ¼ _gs(c). This implies that the main effect of steric

and hydrodynamic interactions on the star dynamics in dilute

and semidilute solutions can be absorbed in the concentration-

and arm-length-dependent relaxation time s(c). Furthermore, we

find that the behavior in the regime of small or large Weissenberg

numbers is often well described by power laws, similar to those of

semidilute solutions of linear polymers.24

An important aspect of our study is a detailed comparison of

the predictions obtained by two frequently used particle-based

hydrodynamics simulation techniques, MPC and DPD. As

mentioned several times in Sec. 3, the agreement of the results for

relaxation time, data collapse with concentration-dependent
4118 | Soft Matter, 2012, 8, 4109–4120
Weissenberg number, and power-law behavior is excellent. This

is not self-evident, but requires that the parameters are chosen in

the appropriate regime; here, it is particularly important to

guarantee a sufficiently high Schmidt number (the ratio between

momentum and mass transport). The good agreement between

the two approaches strongly indicates that our results allow

quantitative predictions and comparison with experimental

results.

A careful look at corresponding figures for MPC and DPD

reveals that there are small differences in the absolute values of

several quantities. This can be seen most easily by comparing the

simulation data to the lines indicating the power laws, because

these lines are identical in corresponding figures. We attribute

these differences mainly to small discrepancies in the star relax-

ation times of the two simulation approaches. We used the Zimm

time to define a Weissenberg number, which appropriately

captures the arm-length dependence, but is not necessarily

identical to the relaxation time governing the dynamical prop-

erties of a star. Our simulation results suggest that the ratio of the

Zimm time sz and the characteristic relaxation time of a star

polymer is somewhat larger in MPC than in DPD simulations.

Scaling of conformational and dynamical properties of dilute

and semidilute solutions with a concentration-dependent Weis-

senberg number Wic was obtained previously for linear poly-

mers.24 This raises the question about the similarities and

differences in the flow behavior of linear and star-polymer

solutions. Not unexpectedly, the qualitative behavior is similar in

the two systems. It is also clear that the absolute values of

deformation and orientation, viscosity and normal-stress coeffi-

cients are different. In general, star polymers seem to be less

stretched and less aligned with the flow direction than linear

polymers at a comparable Wic, and have a higher zero-shear

viscosity—because stars resist stretching more than linear poly-

mers due to the repulsive entropic and enthalpic interactions

between their arms. Interestingly, similar power-law regimes are

obtained for the various quantities for both, linear polymers and
This journal is ª The Royal Society of Chemistry 2012
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star polymers of functionality f ¼ 10. This suggests that the star

properties are determined to a considerable extent by the poly-

mer arms. To what extent the asymptotic behavior predicted for

linear polymers is reached by the star-polymer systems remains

to be investigated.

Finally, we can compare our simulation results with

experimental studies of rheological properties.15 The zero-

shear viscosity increases more rapidly with concentration

(with h0/hs ¼ 2.5f + 6.2f2) than for linear polymers24 (where

h0/hs ¼ 2.5f + 6.25kHf
2 with the Huggins coefficient55,56

kHx0.3), but less strongly than for hard-sphere colloids.

Furthermore, the zero-shear viscosity as a function of c/c*

depends only very weakly on the arm length. A comparison of

the experimental data for f ¼ 34, f ¼ 62, and f ¼ 124 with the

simulation results for f ¼ 10 and f ¼ 2 (linear polymers) is shown

in Fig. 15. This shows a very consistent trend of an increase of the

zero-shear viscosity with increasing functionality at constant

concentration c/c*, and demonstrates the crossover of star-

polymer properties from ultra-soft to hard-sphere colloids with

increasing functionality. A more detailed comparison requires

simulations for larger functionalities and arm lengths.

The viscosity of star-polymer solutions of very high func-

tionality f x 390 has also been measured experimentally at

concentrations in the fluid and glassy phases.16 In the semidilute

regime, the shear stress shows a linear increase at low shear rates,

followed by a less pronounced growth with effective exponent of

approximately 0.5; this effective exponent decreases with

increasing concentration.16 Both observations are consistent with

our simulation results. The exponent of the power law of the

shear stress for intermediate Weissenberg number is important,

because a value larger than unity signals shear banding. Such

a behavior has indeed been predicted for concentrated solu-

tions.22 On the basis of our simulations, no shear banding is

predicted for f¼ 10 stars in the investigated concentration range.

We expect that considerably larger functionalities are necessary

to observe shear banding.
Fig. 15 Experimental and simulation results for the zero-shear viscosity

of solutions of star polymers of different architecture. Experimental

results (open symbols) for functionalities f$ 34 are extracted from Fig. 6

of ref. 15. They are compared with the results for star polymers with f ¼
10 (closed symbols, dashed line) and for linear polymers (24) (solid line).

This journal is ª The Royal Society of Chemistry 2012
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