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Abstract

The ambipolarity constraint and the parallel momentum balance
equation of neoclassical theory, accounting for finite Larmor radius
effects and inertia, allow to describe the radial electric field and the
related spin up in collision dominated edge - plamas with steep gradi-
ents . Thus they may contribute significantly to the understanding of
the L-H transition .

The variation of the toroidal velocity from the last closed magnetic
surface up to a position r within the plamma is predicted to be propor-
tional to the integral of the product ue a"7' i,e ., to Ed [ T~]Ld, if thea"

	

i
interaction with the neutral gas can be neglected. The summation is
over different radial domains, such as the edge pedestal . Ld is the ra-
dial extension of the respective domain. The dimensionless parameter
A =

� q2R2
= vLTP [where 1/i = gRvi > 0.22 is the relevant collision pa-

rameter and aip the poloidal ion Larmor radius] characterizes the ratio
of the diamagnetic rotation frequency to the heat diffusion rate along
magnetic field lines . Conventional neoclassical theory assumes A , 0.
However, e. g. in ALCATOR C-MOD ohmic H-mode pedestals, A
is sufficiently large that conventional neoclassical results are invalid:
it follows from the neoclassical theory that the poloidal velocity de-
creases below the Standard prediction v�� = - leB T/ as A2 increases
and changes sign for A2 = A2 (typically ti 1-2) .
The equations are treated analytically using a linear interpolation for
the poloidal velocity, ve(A2), based an VO(A02) = 0 and an the neoclas-
sical value vneo for Small A. This allows to account for finite A effects
in the just mentioned integration .



The equations are also solved numerically (1) to benchmark with a
simplified analytical theory with A=0 and vanishing neutral gas den-
sity ; (2) to compare with the analytical theory accounting for finite A
effects and (3) to explore the parameter space in regions where the an-
alytical theory is not valid, in particular in the cases where the neutral
gas density is larger than 10 14m-3 .

The method resorts to an ODE - solver for the classical momentum
balance which is combined with a solver for transcendental equations
yielding vg .

The results concern the comparison with the analytical solution
and the experimental results of the ohmically heated ALCATOR plasma .
For A = 0 the numerical solution and the analytical one agree exactly.
For finite A .^2 1 the deviations are surprisingly Small . The toroidal
spin up of the ALCATOR plasma, characterized by a very short decay
length L~, = 0.76 cm, is .^2 40 se . This compares well the measured
value of 35 seC . The radial electric field profile assumes the character-
istic shape and absolute values reported by the DIII-D Group .
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1 Introduction

Anomalous plasma Iransport and the concomitant deterioration
of the confinement timen of tokamaks much below the neoclas-
sical prediction, in particular if auxiliary heating is applied, are
key issues in fusion research .

Therefore the surprising experimental discovery of the transi-
tion to a high confinement mode [1] above a certain operating
power has evoked considerable interest in improved confinement
regimes .

Thus e. g . the H (high) ([1] - [5]), the VH (very high) [6], the
RI (radiation improved) [7] and the ERS (enhanced reversed
shear) ([8] - [11]) modes were investigated. The importance of
these modes is underlined by the fact that ignition of the Inter-
national Tokamak Experimental Reactor (ITER) [12] requires
an improved confinement regime .

The theoretical models for these transitions and in particular for
the L (low) to H transition, ([13] - [17]) are generally speaking
not fully selfconsistent . In fact, a model accounting for the in-
teraction of turbulence, MHD - activity and neoclassical effects
selfconsistently is out of range.

Here we concentrate an the revisited neoclassical theory ([22] -
[24]) which, in contrast to the conventional neoclassical theory,
allows within the framework of a rigorous analytical approach
to calculate the velocity field parallel to the flux surfaces and
the ambipolar electric field . This theory is valid in the collision
dominated regime which is sometimes, e .g. in [4], encountered
in the edge region .

In standard neoclassical theory it is assumed that all macro-



scopic lengths (connection length qR, minor radius a, and the
absolute values of the decay lengths of the ion Temperature
T and ion density n, LT = {'}-1 = T (

O
T)-i and Ln =

a
Or
n}-i =

n(22)-1, respectively, are muck larger than the ion
Larmor radius .

lf, however, the decay lengths of the plasma parameters are
intermediate between the ion Larmor radius and the connec-
tion length, finite Larmor radius (F . L . R .) effects and inertia
become important . Therefore standard neoclassical Iransport
theory (predicting e. g . 'automatic' ambipolarity) does not ap-
ply to the collision dominated edge region .

Within the framework of the revisited neoclassical theory ([22]-
[24],[27]), the analysis of poloidal or toroidal rotation in a col-
lision dominated toroidal plasma wich steep gradients is based
an the fluid equations wich mass and momentum sources . The
revised theory has introduced important modifications into the
parallel momentum equation, when the parameter

n

	

Vii q2 R2
i

	

SZi LT 4r

exceeds 3 . (9i, vii are the ion gyro- and the ion - ion collision
frequency, respectively.)

Since the poloidal velocity is determined in this theory by means
of a cubic equation, it has also been speculated that the poloidal
velocity as derived by the revisited neoclassical theory would
not be unique and under certain conditions allow for bifurcated
equilibria.

Poloidal plasma rotation in toroidal systems is related to vari-
ous instability mechanisms [32] . For example, plasma rotation



is always accompanied by a radial electric field, whose origin ap-
pears to be complicated due to various competing effects, e . g .
the friction wich the neutral gas and steepening of the tempera-
ture profile . It is usually believed that the neoclassical Iransport
should be ambipolar and independent of the radial electric field .
However, this requirement is strictly valid only in a plasma with-
out steep gradients as source of toroidal momentum.

Stringer [19] was the first to notice that the resistive diffusion
rate in a toroidal plasma can not only be non-ambipolar, but
can also be negative for some values of the poloidal rotation
velocity.

Rosenbluth and Taylor [20], considered the stability of toroidal
diffusion using a fluid model and proved that if the resistivity
were the only dissipative mechanism, then even if all plasma
deformations were excluded, there could be no stable poloidal
rotation velocity .

The rapidly growing poloidal or toroidal rotations, can also be
observed as spin-up phenomena, sometimes of unknown origin,
in tokamaks .

An interaction between a poloidal or toroidal spin-up and the
turbulence driven anomalous Iransport is also believed to be
a likely reason for the aforementioned L-H mode transition in
tokamaks .

A further consequence of an unstable rotation is that a poloidally
asymmetric particle transport may also render the radial electric
field unstable [21] .

In the here envisaged high collisionality regime wich steep gra-
dients only stationary solutions are investigated . The F . L . R .
effects enter the ion fluid equations via the gyro - stress ten-



sor [22] . Since ambipolarity is no longer automatically ensured
in these equations, an ambipolarity constraint can be derived
allowing to determine the selfconsistent radial electric field Er .
This constraint together wich the momentum balance provide
the possibility to compute the parallel ion speed vjI and the radial
electric field Er or, equivalently, the poloidal velocity component
uo = VE + B vjI + vn + vT selfconsistently. As mentioned, both
equations are nonlinear in uo and vIp ([22]-[24],[27]) . (The elec-
tric drift speed and the density or temperature related velocities

VE, vn, vT are given by vE _ -Er , vn =
_T c9ln n

vT
=

	

T öln T )
B~

	

eB~ ör

	

eB~ OOr
The momentum source or sinks due to the recycled neutrals and
NBI are included in these equations.

The crucial parameter A1 measures the ratio of the contributions
arising from perpendicular viscosity to those from the parallel
viscosity . To compare with the results of the standard neoclas-
sical theory A l is chosen to approach zero .

By increasing Al until 0 .5 (as indicated by ASDEX - parame-
ters) the modifications due to the full theory can be investigated .



2 Ambipolarity and momentum balance in
the revisited neoclassical theory

The revisited neoclassical theory provides an ambipolarity con-
straint, which together wich the parallel and radial momentum
equations allows to account e .g . for the radial electric field, the
plasma rotation and the formation of transport barriers [24] .

Equations for a two-component plasma, describing the conti-
nuity of species j with sources Sj (x, t), the momentum balance
wich friction Rj(x, t) and momentum input S~I (x, t), and the
energy balance with analogous terms and energy input are

and

Ono
+ V(njuj) = Sj

t

duj _ -~P~ - v llj - cZ�nj (E, + -ui x B) - Rj + SM (2)
cdt

3 dT .
2 nj dt + P3 . vui = -,7qj - lh : vuj + RE + SE

The viscous tensor is given by

y y y y y
The tensors WO, W1 W2, W3, W4, accounting for the paral-
lel, perpendicular and gyro stress are given in [18] (recently ex-
tended and completed by Mikhailovsky and Tsypin [26]) . The
terms SE an the R.H .S . of equation (3) denotes energy sources
and loses, whereas RE denotes terms relating to collisional en-
ergy transfer and frictional heating . The correct forms of these

- gl(W1 + 4W2) + g3(W3 + 2W4) _

	

(4)



terms require a kinetic and atomic approach . However, here we
shall assume them, as given functions .

The radial electric field satisfies the radial momentum balance

and

Er +(Ü

In the revisited neoclassical theory [1], a plausible ordering in-
side the separatrix is introduced by means of a small parameter
p -~ 0 .1 as

BO

1 0

r

ejV

	

me

	

a2ti ----P
T3 m2 L~)

where LO is the radial scalelength of the temperature, cj and
aj are the thermal speed and the gyro radius of the species
j, respectively ; V is the loop voltage and vj the collision fre-
quency between like particles . Using the magnetic field aligned
orthonormal unit vectors (p, b, n) in radial, binormal and paral-
lel directions, and the small parameter ,a, the velocity of species
j can be assumed as,

nÜj _

	

u,(1)
(+) +

/12U(2)
(+, X) . . .

Assuming that the magnetic field, density, temperature, poten-
tial, etc ., are independent of the poloidal angle in dominant



order, these are also expanded in perturbation series . For ex-
ample, the density and the magnetic field are written as,

and

N(~), x) = NI°) (~5) [1 + liN(1) (~), x) . . .]

B(~b, x) = B(0) (~b) [ 1 + pB(1 ) (~b, x) . . .]

respectively . For a tokamak plasma wich circular cross section,
also use is made of the toroidal unit vectors (er , ee, CO) . Taking
toroidal and parallel projections of the momentum equation and
averaging them over the magnetic flux surfaces, and imposing
the ambipolarity condition, one obtains a pair of coupled non-
linear equations for the toroidal and poloidal ion velocities in
terms of other plasma variables, such as temperature, density,
and electric field [1] .
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Classical Toroidal Momentum Transport

The main result of the revisited neoclassical theory [27] is an
equation describing the radial transport of toroidal momentum
in a collisional subsonic plasma wich steep gradients . For large
aspect ratio and circular cross - section we get the time - depen-
dent uo - equation

a

	

_au~y

	

0.10782 aln T BO
~ ['02 ( ar

	

1 +~

	

ar

	

Boue) ]r

- mini ( at +
v� )uo - mini(M0.2 + J,Bo)

Q and S are given in the appendices F and E . m2, n2 are the ion
mass and ion density, respectively.
The poloidal rotation driven by the temperature gradient seen
inside the paranthesis an the right hand side of (5) results from
the gyro stress tensor and acts like another source term, i .e .,
as a toroidal momentum source or sink, depending an the sign
of its radial gradient . External momentum sources can be di-
rect, such as fast ions provided by the neutral beam injection
(NBI), collisions by alpha particles, or indirect and due to par-
ticle sources such as aforementioned charge exchange reactions
wich cold recycled neutrals . The poloidal rotation velocity ue,
the charge exchange reactions wich the recycled cold neutrals,
the momentum injection Mo,2 by NBI and by a probe generating
the radial current density j, determine the toroidal flow velocity
uO [25] . The charge exchange reactions are characterized by the
charge exchange frequency

vcx =< or v >ex

	

no	(6)

1 2



< u v >, is the rate coefficient for charge exchange, and no the
neutral gas density. We define

and

9 =-
vT

h = ue

VT

Here we used the (constant, positive) velocity

1

	

Tinf
vT

	

eB0 L~,

Tinf is the temperature at the inflection point Pinf of the tem-
perature profile (Fig . 1) . The inflection point has the radius
rinf and is defined as the locus of vanishing curvature of the
temperature profile. L , is the temperature scale length at Pinf
in absolute value (appendix A) . We get

vT 0

	

reg

	

0.10782 Oln T BO h
L~ ax ~~2

( ax - 1 + Q2

	

ax

	

BO

= mininfÜVT(~t + vcx)g -mininfn(MOi +JrBo)

ninf is the density at the inflection point and n is defined by
ni = nninf . The characteristic time t, is given by

1
tc

	

mininfL~
7)2 'inf

1 3

7



We introduce this time by multiplying wich rr

	

1

	

. With the
decomposition

we can write

We define

and get

or

772,in f

	

_a

	

_ag

	

0.10782 aln T Bo h
mininfL

	

( ax ~~12 ( ax

	

1 + Q2

	

ax

	

Be

nM~y,i ] +

	

JrBe=
n(a

+ vcx)g -t

	

vT

	

mivTninf

By differentiating we obtain

772 = T72,inf772

ag	0 .10782 aln TBo
h

1 + ~

	

(9x

	

BB

772,in f

	

(9
mininfL2 ax (~2G)

a
=n(-+vcx)g-

	

+

	

3rBe
at

	

vT

	

mivTninf

r%2,inf
2
(G0r/2 + r/20G)

mininfL~)

	

ax

	

ax

a

	

12M i

	

J~BB
= 12i(- + vcx)9 -

	

+
at

	

vT

	

mivTninf

T72,inf 2 112(G0 ln(~2 ) + aG
mininfL~b

	

ax

	

ax

a nM~,i

+ v

	

J~.Be
cx)9

+
n( ~,t

	

-

	

v

	

mVnTiTinf

1 4

(10)

(12)

(13)



Furthermore we get

and

T72,in f

	

0

	

0

	

W
mininfL0	ax

	

at

	

vT

üM,
vT

772,inf
2 ~2GaIn(q2)1m ininfL b	ax

The coefficient

	

1

	

'g2,in f = 7/' containing the viscosity can be
rewritten as

Jr Be	1

mivTninf

2mininfL~

	

a_ 1n()t + vcx)9 _
T72,in fT12

Jr Bo
mivTninf

2 r~2G
a

ln(r~2 )
mininfLo	Ox

1 5

6n2nf kTZnfT22
92T2mininfL2

We use kTinf = mitnfT, where cinf is the thermal Speed at the

ai.inf is the ion Larmorradius at the inflection point .
We assume

Ze.f .fi = Zef.finfT
z

(14)

(15)

(16)

inflection point and get
sTCZnf__
~2TZZL~

(17)

or (appendix D)

i a2 12in 1
= 8.57 10-7 ,inf fTe.f .fZnf

-3 (18)
L~2

Z'Znf
A



where Z is a constant . Then the radial dependence of 'q2 is given
by (one T is cancelled)

We get the derivative

or

X12 = ÜT( - 2+z)

	

(19)

a
(~12) = T-2+z+ + n (- 1 + Z)T-2+zaT

Ox ax 2 ax

The logarithmic derivative is

~ü-2+z

Oxln(g2)
=

Oxln(~2)
=

a

	

l an

	

(-i+Z) aT
1--1
xln(r~2) = --ax +

	

7'

	

ax

(20)

+ n(-2 + Z)T-2+z
51

nT-2+z
(21)

(22)
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Poloidal rotation

Using the ambipolarity condition and the extended forms of the
stress tensors in the parallel momentum equation, one can can-
cel the time derivative and the source terms. The result - in the
lowest order - is a nonlinear equation between the radial deriva-
tives of the poloidal and toroidal plasma velocities . For large
aspect ratio and circular cross - section it can be written as [25]

ue
+ 1 .833 aT - 0 .36

	

711

	

2R2 eB0 aln T

eB0 rar

	

r7o(1 +
~)q

	

TZ	rar

This may be rewritten as

T OUO 1 2

eBe ar + 2u0

BO

	

T aln (Tn2)
-uff

BO
(ue

	

CBO

	

ar

	

)+

1.9B
[uo

	

0.8 T

	

aln (TnZ1 .6) 2

	

(23)
BO

e

	

eB0

	

ar

	

] }

1.833 aT _
ue
+ eB0 ar

TZ OUO 1 2
7'3s

{ eBe rar + 2u0

BO

	

TZ aln (Tn2)
-ufi BB

(ua

	

eB0	ar

	

)+

1 .9B2
[uo

	

0.8 T

	

aln (Tn2 .6) ]2l

	

(24)
BO

a
eB0 ar

1 7



T36 is given by

T36 = 0.36

	

711

	

2
q2R2 eB0 aln T

Tl0(1 +

	

)

	

T

	

rar

We use vT = 1 Tief and get the following expression for theB~ L,
LHS of the preceding equation

1 8

1.833 aT aT
ue
+ =

vT (h + 1.833 ) (25)
eB0 ar

T36 may be rewritten as

T
T36

711 eB0 aln
= 0.36 2 g2R2

7l0(1 + ) T (9r

R R Oln T
0.36 q1

q
2 eB0L0 L

~o (1 + Q2 ) T L~ L~ ar

f il 1 R2 Aln T
= 0.36

q
(26)

Tio (1 + S2) vTTL0 ax

The viscosities X11, T7o can be written as [18]

6nZTTZi
X11
-
_

SZ2T2
(27)

0.96nZTv22
Klo = (28)

v2.
ZZ

For the ratio ö we get

!LniTvü
_T71_ 92 6 v2

= (29)
Klo

o.9v~ 5 . 0.96 92



Therefore the factor T36 in the preceding term becomes

The other terms of equation (24) are

and

rl1 2 1 R2 alnT
T36 = 0.360

(1
+ Z) q

vTT L~

	

ax

0.36

	

6

	

v2

	

1

	

2

	

1

	

R2 Oln T
5 0.96 SZ2 (1 + Q2)

	

vTT L2

	

ax

v2
0.45

	

1

	

2

	

1

	

R2 aln T
= -S22 (1 +

	

) q v,7-1 L,2

	

Ox

v2 7,a9
eB0 ar

	

BB eBOL~, Ox

	

BO
z'

	

ax
T auo BO T auo

-u BO

	

T aln (Tn2)
BO

(ue

	

eB0

	

ar

	

) -

2 BO

	

aln (Tn2)
-vT9Be (h - T

	

ax

	

)

B0

	

TZ	aln (Tn2.6)
21 .9

Bä
[ue - 0 .8

ee0

	

ar

	

]
2

	

1 6)

1 .9B2v72,[h - 0.8Taln
( n2

	

]2a
Thus equation (24) can be written as

VT(h + 1 .833 Off) _

T36{BvT7'

	

+ 2vT92
B

1 9



2 Bo

	

aln (Tn2)
-vT9Be (h - T

	

ax

	

)

B2

	

aln (Tni.6)
+1 .9BOVT[h - o.BT

	

ax
Z

	

]~}

	

(33)
B

We multiply wich TvT and cancel vT

C, is defined by

(h + 1 .833
aT)T =
x

Bo
T a9

+ 192
BB Ox 2

-9Bo
(h
- ~, aln (Tn2) )

BB Ox

B2

	

Oln (Tni .6)

Clq = VTTT36 =

0 .45g2 R2
vZZ(nin,~ i Tin.~)

2
(T_2TZn)2

	

1

	

aln T

	

(35)
L2

	

92

	

(1 + Q2)

	

ax
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Description of the plasma rotation by a 2nd
order equation and a transcendental equa-
tion

We start wich equation (7) for g

ninf is the density at the inflection point and ri is defined by
ni = nninf . To get the characteristic time we multiply - as
before - by mzn

1
fvT

and get using'02 ='q2,inf~2

We define

vT 0

	

reg _ 0 .10782 Oln TBO
h[~2 ( (9x

	

1 + Q2

	

ax

	

Bes

= mininfÜVT(C
t
+ vcx )g - mininfÜMO,i + JmBI

	

(36)

'q2,in f
2~ (

a
[~~2 (

ag

	

0 .10782 aln T BO h

mininfL(9X

	

ax - 1 + ~

	

(9x

	

BO

= n(
a
+ vcx)g -

hmo,i 1 +

	

JrBO
rat

	

vT

	

miVTninf
The characteristic time tc is given by

1
tc

	

rnininfL2~ r/2,znf

G = ag - 0 .10782 aln TBO h

	

(38)
Ox

	

1 +~

	

(9x

	

BB

and get the firnt order equation

r%2,Znf

	

Ö
(1721-)

(37)



rat

	

vT

	

miVTninf
By differentiating we obtain

2,Zn
L2 (Gax~2 + ~2 ~x

G)
mi

n
inf

	

~

or, resolving with respect to +x G we get

a9
at )

Here

and

n( Ö
+Ucx

	

niüo,i
+

	

JrBO
=

	

-

	

)9 -

-
n(at

+ vcx)g -

	

+

	

vr
BB

i

	

(40)

T

	

mi T

	

nf

JrBo
mivTninf

mininfL~

	

0

	

üü<
Ih( at

+ vcx)g _

	

v772,inf 772

	

T

itinfL2 W- axln (~2mi

	

)~
772,inf

Öx G = TCX + TNB + TPr -

22

n
TNB = t,-7-Mo,

772VT

n

	

o .5 -z
TCX = tc-vcxg = tcT

	

vcxg

(39)

(41)

In the last term the factor ~2 appears because the 'In' was in-
troduced. The equation can be written in the form (omitting

axln(~2)
(42)

TPr = tc

	

JrBB
miVTninf'l2

account for the friction caused by the neutral gas, the momen-
tum source due to neutral beam injection and the momentum
source due to a probe, respectively.
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Boundary values

The solution of the preceding equations is strongly influenced
by the the boundary values which are therefore discussed in the
following .
Firstly we assume a symmetric streaming of the scrape-off plasma
into the divertor . This yields as boundary value h(r = rs ) = 0 .
We note that this assumption determines the value of n(r = r,)
at the boundary . Via the temperature profile we then get the
radius rs . Thus the condition h(r = rs ) = 0 is not a boundary
condition for the differential equations, but determines the radial
extension.
Secondly we assume g(r = rs ) = 0 because of the absence of
momentum sources such as neutral beam injection (NBI) and
because neutrals may be reducing g(r = r,) to a low value . (We
note, however, that at JET [33] and JT60, i. e . devices wich
strong NBI, a considerable spin up at the separatrix had been
observed . )
The analytical or numerical integration can start at the inside
(r=0) or at the outside (r = rs) .
For integrating from the outside to the inside - what may be
considered as the 'natural' procedure - g and 2 are prescribed
and G follows from equation (38) . If the neutral gas can be
neglected, NBI and the probe are switched of, the boundary
condition is G = 0 .
If the neutral gas density is finite as in chapter 13, the deriva-
tive

C9X
must be adjusted such that ä9 ,.-o = 0 ('shooting

method') .
For integrating from the inside to the outside g and G are pre-

23



scribed . From equation (38) follows G(x = -oc) = 0 . Now
g(r = 0) must be adjusted to hit a prescribed boundary value
g(r = rs ) at the outside .
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Halfanalytical solution

We envisage the equation

vT a

	

ag

	

0.107g2 aln TBO h--
['12(-LO (9x

	

(9x

	

1 +~

	

ax

	

BO

Considering stationarity and neglecting injection, probe current
and the neutral gas yields

Integrating radially we get

= miNinfÜVT(
(9
+ vcx)9 - miNinfÜMO,i

	

(43)

_a

	

_ag

	

0.107g2 aln TBO
h)]

ax [~2
(ax

	

1 + QS2

	

ax

	

Be
=0 (44)

'q2
( ag

	

0.10782 aln TBO h) = Const

	

(45)
ax - 1 + Q2

	

ax

	

Be

In the interior the term °

	

äln T Bo h vanishes, thereforeäx 70-s

'q2
ag
x

x-_oc = Const

	

(46)

In an infinitesimally small volume around the magnetic axis the
thermodynamic quantities are constant because of the nesting
of the flux surfaces around this axis . Therefore we get for the
preceding equation Const=0 . We integrate radially again and
get the general solution

9 - 9°= dx,
[ 0.10782 aln TBO

h]

	

(47)
(1 + ~)

	

ax

	

BB

25



go is the boundary value of g at r=0 or x = -
boundary values also see chapter 6) .
We consider the neoclassical approximation of equation (24) for
CO =0

With this equation we

or

9 - 90=

dx'[

(concerning the

aTh = -1 .833
ax

et

(48)

0.10782 aln TBO (-1.833OT)] (49)
(1 + ~) Ox Bo (9x

dx' 0.10782 BO ( - 1 .833 1OT ]2)] (50)
(1+Q2)Bo 7' ax
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Analytical integration resorting to a special
temperature profile

We evaluate equation (50) in the case of the profile

which is normalized to Tinf, the temperature at the inflection
point r = rinf (Fig . 1) . The profile (51) stands for the pedestal
at the boundary and thus contains the main property leading to
the spin up of the plasma . With the derivatives

and

we get

9(

T = Tinf (1 - tanh
r _ rinf
OT

	

) = Tinf (1 - tanh(x»

	

(51)

ax

	

(1 - tanh(x))csh2(x)

dx 0.10782	1

	

BO x
(1 + Q2) (1 - tanh(x»csh2 (x) BO

(1 .833 1 )]

	

(54)
csh2 (x)

We use the identities
1

	

(1 - tanh(X)2)2

27

(1 - tanh(x))csh4 (X)

	

(1 - tanh(x))

(1 - tanh(x) ) 2 (1 + tanh(x) ) 2

(52)

(53)

(1 - tanh(x))

(1 - tanh(x»(1 + tanh(x)) 2

	

(55)



and

This yields

(1 - tanh(x))csh4(X)

_ (1 - tanh2 (x))(1 + tanh(x)) = 1 + tanh(x)

	

(56)csh (x)

0 .10782 Bo
9(x)-9o= (1+~)Bex

(1 .833 (tanh(x) + 0 .5tanh2(x)) x""

	

(57)
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Analytical treatment in the case of finite Ar

The uo - equation is in the case of vanishing neutral gas density
given by

ag

	

0.107g2 aln T B
ax

	

1 +~

	

Ox

	

Be

With h = h"9t and g = g'Ba we obtain

or

Og' - - 0 .10782 Oln T f (9T

The ue - equation can be written as

vT
(h + 1 .833

)
= vT(h' + 1 .833) _

oT Ox
Ox

B

	

vT ~,ag + 1

	

vT

	

2
T36{

BB [~-]2

	

Ox

	

2 [~]
29

v22,

	

B
"

	

Oln_	(Tn2)
[~?'

]2gBe
(h - T

	

Ox )
ox

B2 v 2

	

,91n (Tni.6)

ox

vT(h' + 1 .833) =

Z'36
[ B0 ] 2 {

	

vT

	

i, Be ag + 1

	

vT

	

[ Be ] 282
BO	[2] 2

	

Bo Ox

	

2 [+i ] 2 BO

22,

	

BB

	

Oln (Tn2)

[oT]2gBO
(h - T

	

Ox )
ox

29

(59)



+1 .9 ~T 2
[h - 0.8T

aln (Tn1 .6)
]2}

	

(61)[ 7 ]

	

ax

We replace 2 according to equation (58) cancel one vT, and
employ h = h'77-

(h' + 1.833) _

T36i)T[-B0]2{

	

1

	

7, 0.10782 Oln T h, + 1

	

1

	

[BB]2g2
BO

	

[1T--]

	

1 + Q2

	

(9x

	

2 [ 2 ] 2 BO

Using vT = vTL- and

1

	

BO

	

Oln (Tn2)

-]2g

	

(h - T

	

ax

	

)[IL-Do

1

	

j aln (Tn2 .6 )
+1 .9

[+i]2 [h -
0.8T

	

Ox

	

]2

- vii q2R2
r

	

S2 i LTr

we get for T36 [BB ] 2 successively the relations

BO 2-

	

6

	

v

	

1

	

2

	

1

	

R2 aln TB2

T36[BB]
- 0.365

0.96522 (1 + 2)q
vTLL2b

	

Ox

	

BB

T36 [
B

] 2 = 0 . 36

	

6

	

v

	

1

	

2

	

q2

	

1

	

R2

	

B0

BB

	

5 0.96 SZ2 (1 +

	

)

	

7)T LTT L.~LT BO

T36 [
B

] 2 = 0.36

	

6

	

v~

	

1

	

2

	

q2

	

R2

	

Bfi
BB

	

50.969 2 (1 +

	

)

	

vTLT BO

B

	

A2r2

	

1

	

1 B2
T36

BO
]2 = 0.45

	

R

	

1 +

	

2 -
q2

	

2
(

	

) vT BO

30

(62)



and finally

With Co = VTTT36 we obtain

B~, 2

	

112

	

1
T36[Be 1]

	

= 0.45

	

.
r
n2 � -

2
T36[BO] 2 i)T = 0.45

	

r�2
o

	

(1 + S2 )

_ CI7 BO 2OT _

	

112
vT

	

T [
Be

]

	

ax
- 0.45 (1 +

s2 )

For h' we get the equation

1 .6)
+1 .9 ~T 2

[h - 0.8Taln
(Tni	)

]2}[9i ]

	

ax

We use (appendix C)

wlth

or

B
T36[B ]

e

(h' + 1.833) =

0.45

	

112
2

	

{

	

1

	

7,
0.10782 )In T

h,
+ 1

	

1

	

1
BO

1
29,2

(1+ S2) [äx]

	

1+ SS22

	

ax

	

2 [ä]2 Bfi

1

	

BB

	

aln_	(Tn2)
[aT]2gBo

(h - T

	

ax

	

)
ax

A2 = A2

	

f
ü_2c[0T]2

r r,in

5
-

1
Z= --c2 rl

31

(63)



E . g., the following cases are envisaged in chapter (13) :

l . c=1, Z=0

	

= 3

2 . c=1, 71 = 2 --> Z=s = 0 .833

3 . c=1, q = 1 .6 --> Z=0 .875

The choice c=1 is important for the analytical treatment . Using
the model profile (51) we have

-(1 - tanh 2 (X» = -(1 - tanh(x»(1 + tanh(x» = -T(2 - T)

We rewrite equation (63) as

Now we assume h' = 0 and get an equation for 11 = no at the
zero of h'

aT _ a(1 - tanh(x»

	

1
ax

	

Ox

	

cosh2 (x)

0 .4511 0 .10782 ,

	

1 1

	

, 2
h + 1 .833= 1+ ~ { 1+ ~ h +2 T2(9)

s s [ax ]

- 1^ g'(h' - (1 + 2 ) + 1 .9[h' - 0.8(1 + 11.66]2}

	

(64)

0 .451102

	

(90l)21 .83- 1 + 0 .26[0 .625(1 + 2,q2 1 )] 211ö {0
.5,

0 ( 2 - To)2

+ ^

	

90

	

(1 +
271Z 1) + 1 .9[0 .8(1 + 1 .6772 1)]2}To (2 _ To)
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To , gö are temperature and the normalized velocity g' at the zero
of h'. We approximate the solution by

For Small Ar we get the solution at the magnetic axis .
We use the ue - equation and take the limit for x=-oo . Only

the term with g' remains

-1 .83 +
0.45
T2_ Ar(-

or

We use the equation

we get

From the relation

A2
hl = h',(1- A2)

0

-1.83 + 0225 A2(_

and combine it with the Ansatz for h'

[T(2 -T)]22(gl)2~

	

1

	

2[T(2 T)]

9.
-- 0.5(h' - 0.625(1 + -»Ar

S

	

'0

2
5((h'(1 - A2) -625(1 + 2S

= 0.)_~

	

0.))Ar
0

	

77

2

f2 A2Ao

Ar, inf2-T

At the boundary we obtain

1

	

Ar, inf2 - To
=

Ao

	

TOC-
1

33
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We get

Q =0.5((h') � -0.625(1+2)-(h')_.f2)nr

or - if we replace A, -

We discuss

The maximum value is

f=0, f=f,-, and f=1 . We get

-0.625(1+ 2) - (h')_.f2)nof

F= 2-T
Tci

as a function of T. F has an extremum for

T=2c-1
c-2

We investigate ~ as function of f2 . lt has a maximum for

f2 = f2

	

= 1

	

0.625(1+ 2) ]
max

	

3 1 -

	

(h')-
and a minimum for

f2=f2 0.625(1+2)
min = 1 -

	

(h')

This value is larger than unity and outside the range of interest .

34

Q2 = 0.26112_

	

]24 ~1 - 0.625(1 + ~) ] 3
S2

	

0[(h1)
°° 27

	

(h')

We approximate s2 by a parabola which interpolates between

Q2 - 0.26110[(h')-� ] 2 Lfm( 9fm - 1) - (5fm - 1)f2]f2



The toroidal velocity is then given by

and

where

_ _
g'(T) = g'(To) + 0 .107g2 (h'), fT (1 - f)(2 - T)dT

To 1+af +ßf

In the expression

we put T = To and get

or

f=

35

cti and ß are given by

a = 0.26A2(h') 2 jm(9fm - 1)

One can factorize 1 + af2 + ßf4 and gets

f2 +ßf4 =ß(f2- a)(f2- b)

a

	

- -a :

	

a - 4
(b )

	

2ß

nr,inf 2 - T
Ao Tc-1

1

	

1Ar,inf2 - To
=

no

	

TOC-
1

Tc-1Ar,inf 0

110

	

2 - T0
2 - To

A0 = A',inf Tc 1
0



We consider c=1 implying

u0 (T) - u

We assume

and use the boudary value

because in this case a simple analytical integration is possible .
This integration yields the jump

UO(T = 2 ) - ufi(T°) = - 0 .107g2 (h'),

	

110

	

ln[[ -a ]1- a[ -b ]b-1 ]2

	

a

	

- 4ß

	

11r ,inf

	

1 - a

	

b - 1

The radial dependance is given by

C)
- - 0 .107g2 (h'),

	

Ao

	

in [f2
°

	

2

	

a

	

-4ß

	

Ar inf

and (neglecting the Small term
mately)

(h')rs = 0

to compute 11ö . We get the equation

+ -

	

u0,o

	

( 1 +

	

i') + 1 .9[0 .8(1 + 1 .6,q-' )]2}To (2 - To)

36

0.225 A2
22c r

- a] 1-a [b - Ab-1]

(g') 2 �,) approxi-

1 .83 =

	

0.4511ö

	

ufi'° ,.
1 + 0 .26[0 .625(1 + 2,12

1
)] 2 1120

	

To
2
(2 - To)2



In addition we assume uo,o = 0 (concerning the boundary values
also see chapter 6) and get

0 .4511'1 .83 = 1 + 0 .26[0 .625(1 + 2,1i 1 )] 2112

+1 .9[0 .8(1 + 1 .6g2 1)]2}
or

1 .83+1 .83 0 .26[0 . 625( 1+ 2,12 1 )] 2 112) = 0 .45112{+1 .9[0 .8(1+1 .6g2 1)]2}

Therefore

A02 (1 .83 0 .26[0 .625(1+2,12 1 )] 2 -0 .45 1 .9[0.8(1+1 .6g21)]2) = -1 .83

or

2 __

	

-1.83
110

	

(1 .83 0.26[0.625(1 + 2,1i 1 )] 2- 0 .45 1 .9[0 .8(1 + 1 .6gi1 )] 2 )

and finally

g' and h' allow to compute the radial electric field which is given
by

This can be rewritten as

112 = 1 .47

Er = Beufi - Bfiue +
TZ Opi
- 1-)e2 r

B

r

	BB
uo - ue + eB L nT [n ax +

T
c)n
ax ]

Introducing the ratio q entails

37

Er. _ Bo

	

TZ

	

1__ _

	

_aT

	

_1
BO	BOufi - ue +

eZBfiL

	

T ax [1 +
-]



or

with the help of the velocity vT

Er

-VT{Beg-h+aT[l+ 1]}

BO

BO ax

We

introduce g' and h' and get

Er

-vT{g'+aT[-h'+1 +1~}

BO

ax

The

radial electric field is then

Er=

	

Lf

[g'+(-h'+1 +

e

	

1)aT~
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Numerical solution method

The second order equation is replaced by two firnt order equa-
tions . The Ist equation is that for 2 which can be written
as

derivative of g by

Thus the 2nd equation looks like

or

ag

	

0.10782 )In T B
-`' h

	

(65)
(9x -

G
+ 1 + Q2

	

Ox

	

BB

The 2nd equation is that for G which is related to the firnt

G = ag - 0 .10782 aln T BO h

	

(66)
Ox

	

1 +~

	

ax

	

BB

ö

	

mininfL~G =

	

[nvcxg -
nM0

'i +
772,inf T72

	

vTx

JrBO

	

_

	

g2,inf
2 h2G

Ö
ln(n2)]

miVTninf

	

mininfL

	

Ox

a 1

	

rim,G= 1^ [n+v~xg-
x

	

T7 rl2

	

vT

JrBB

	

a-
77 'q2 G-ln(rl2

mivTninf

	

ax

In addition we have the equation for the poloidal rotation
can be written as a nonlinear equation for h

-g BO
(h
- ~, aln (Tn2) )

BB Ox

39

(67)

(68)

which



+1 .9B2 [h - 0 .8T aln
(Tni.s) ]2]

	

(69)BO ax
For a given temperature and density profile and the radial de-
pendence of the normalized toroidal velocity g this equation is
solved for h by means of the solver ZEROIN [28] for transcen-
dental equations .
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Friction due to recycled neutrals

The charge exchange frequency of a neutral gas with the density
no13 is given by

v e = 4 .7 10-1

We multiply wich the characteristic time (8) and get as charge
exchange term in equation (67)

__n

	

^0
5-Tex

	

X12
tcvcxg = T *

	

tcvcxg

	

(70)

We assume that the neutral gas density decays as

no = Noexp( LL b x)
neu

NO is the neutral gas density at the inflection point .
In the case of the Alcator [30] we have te = 3.3 10 -3 sec, No
5 10 14 and one gets

Tex (r = rinf) = 4.710-14 51014 3 .3 10 -3 = 8.08

	

10 -2

This has an influence an the step g - go already.

1
nosec m3
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Neutral injection

The injected current Ib in Amp gives rise to an increase of the
mean density by

Ib [A]
CO

CO is the elementary charge . Resorting to the injected power P
and the beam energy Eo we get

or

PMW 103

EO,kev CO

or
No = 0 .624 1022 PMW

EO,kev

At large energies the rate coefficient < orv >, saturates at
3

< Orv >�= 1.5 10 -7C
sec

The charge exchange frequency is

= 1 .5 10-13
m3

0 .624 10 22 PMW
sec EO,kev

3
< Orv >� No = 0 .94 109

m

	

PMW

sec EO,kev

Acounting for the geometry of a pencil beam and of a circular
tokamak plasma [24] we get for the deposited momentum

No<Orv>~x
II,Z -

	

2E(27r)2rR

42



This can be rewritten as

or as

Finally we have

= 0.94 107_, 1 ~ PMW

	

100

r7R2 Eo,keV V24-FI

-0.94 107 3 1 1 PMW 1.79
r7R2 EO,k,V

I 7p = 1.68 10

	

8 11 PMW
r 2R2 0,keV



13 Results

The equations for uo and ue are solved numerically (1) to bench-
mark wich a simplified analytical theory for A1=0 and vanishing
neutral gas density and (2) to compare wich the theory account-
ing for finite A 1 effects and (3) to explore the parameter space
in regions where the analytical theory is not valid, in particular
in the case where the neutral gas density larger than 1017
and/or neutral injection is important .
The method resorts to an ODE - solver for the classical momen-
tum balance which is combined wich a solver for transcendental
equations yielding vg .
Several integration procedures such as the Adams - Pece -, Burl-
ish - Stoer -, or the fifth order Cash - Carp - Runge - Kutta -
method were applied showing that the results are almost inde-
pendent from the special numerical method .

13 .1

	

Comparison with the simplified analytical theory
of section 8 and the halfanalytical theory of sec-
tion 7

For the case TZ�f=165 eV, L , = 0 .76 cm, rinf=20 .8 cm, rs
= 21 .5 cm (Fig. 1), we get the jump Duo=uo - uoo = 140 se ,
the analytical and the numerical solutions agree exactly (Fig .
2) . This jump is much larger than the measured one (Auo ti

2
35 se) because the approximation Q2 = 0 was made, i. e . in
the numerical and the analytical approach A1 = Cq = 0 was
assumed .

The halfanalytical treatment in chapter (7) resorts to the neo-
classical solution (48) . One gets exact agreement wich the ODE

44



- integration (Fig . 3) if in the numerical method the solution
of equation (24) is replaced by the neoclassical value (C� = 0) .
The corresponding jump of the approximate solution Duo = 43
1?n is now close to measured one .,sec
Since the neoclassical approximation of ue is rather accurate
the halfanalytical solution (circles) agrees well wich the exact
solution (triangles) . In Fig. 4 both solution are compared . We
see that the 'neoclassical jump' is around 10% larger than the
corresponding jump of the exact numerical solution Duo = 35
m which is now close to measured one.,sec

13 .2

	

Comparison with the approximate analytical the-
ory of section 9, accounting for finite A1

The input data are those of ALCATOR C-MOD [30] (partly
used already before) : Tinf = 165 eV, ni = 1.87 102°m-3 , L~, =
0.76 cm, rinf = 20 .8 cm, r s = 21 .5 cm, E = 1.6, Zeffinf = 1 .57, Z
= 0.875, ,q= 1 .6, R = 67 cm, BO = 0.625 T and BO = 5.2 T. Here
Zeffinf and Z are defined by Zeff (r) = Zeff,TZ, i .

	

e.

	

Zeff�� f is

Zeff (r) at the inflection point and Z is a constant . We proceed
wich the comparison of numerical and analytical solutions in
the case of the exact expression for A . The jumps Duo and the
radial dependence of uo according to the numerical integration
(triangles) and according to the analytical theory (quadrangles)
agree well (Fig. 5) . The deviation of the maxima (jumps) is
ti 8% . Both jumps, Duo = 34 se (numerical) and Duo = 37
sec (analytical), agree approximately with the experimental one
(~ 35 se) [30] . The deviations of the maxima of ue and of
the minima of Er according to the numerical integration and
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the analytical theory are less than -- 8% and 10%, respectively
(Fig . 6 and Fig . 7) . The radial dependence shown in Fig. 7 is
similar to that reported at DIII - D .

13 .3

	

General radial profiles of the plasma parameters

In Fig . 8 the profile

for x < 0 and

T = To + ( 1 - TO)exp(-	) 1 - To
(71)

T = exp[-x]

	

(72)
for x > 0, discussed in appendix A in more detail, is shown. This
profile is continuous, has a contiuous derivative, but in contrast
to the profile (51) the second derivative is discontinuous . In
Fig. 9 the normalized velocity g is shown in the range [x=-
12, . . .,x=1 .4] . As in the solutions before the toroidal velocity
increases within the distance L~, to roughly the Same value as
before in Fig . 5 . The poloidal velocity (Fig . 10) has a sharp
maximum of 10 se . It becomes zero at r=22 cm. Analogously
the electric field (Fig. 11) has a sharp local minimum.
We now generalize the profile (51) to

T = TZnf{(1 - tanh(x» + (To

	

- 2)(1 - [ r
]2)2,

inf

	

rinff

To is the temperature at the plasma center (Fig . 12) . This profile
has been measured at ALCATOR C - MOD [30] . In Fig. 13 g
is shown in the Same range as before in Fig . 5 . The major part
of the step in uo is located in the boundary region . uo increases
there to around 32 seC . In the central pari of the plasma the
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increase is around 10 e.

	

(To = 1020 eV was assumed.) The
poloidal velocity has a dominant peak in the boundary region
(Fig . 14), and the electric field is somewhat modified in the
central region (Fig . 15) . However, one has to keep in mind the
restricted validity of there calculation including thethe central
core plasma, because there another collisionality regime may be
entered where modifications of the present theory are needed.

13 .4

	

Influence of the neutral gas

It turns out that the solution is very sensitive with respect to
the neutral gas density. This may indicate the the neutral gas
plays a decisive role in the L - H transition . In fact, the neutral
gas physics in limiter and divertor devices are quite different .

In Fig . 16 the influence of the neutral gas is investigated . Even
the very low density of NO = 5 _ 1014/m3 an effect an the step
can be seen which is reduced in size by 20% and gets a pedestal
at the outside . In the poloidal rotation velocity and the radial
electric field the influence of such a small neutral gas density
can be neglected .

If the neutral density NO is increased to No = 5 - 1015/
step in g is reduced to about 20% , i . e . almost removed (Fig .
16) . Therefore the system may not be able to transit into the H
- mode (Fig . 10) .

Since not all charge exchange neutrals leave the plasma and con-
tribute to the momentum loss (as it is assumed in equation 1151),
the aforementioned neutral gas densities are probably underes-
timated by a factor 2 - 3. However, the includinn of a more
detailed neutral gas model would be beyond the scope of this
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report .

14 Conclusions

The good agreement between the numerical and the analytical
model Shows that both models are consistent and the compar-
ison with the experimental data should be reasonable . In fact,
this comparison Shows that in (ohmic discharges of) the ALCA-
TOR - device neoclassical physics prevail during the H - mode .

Surprising is the strong influence of the neutral gas . A very
small density no = 5 10 15 m-3 destroys the step already.

Preliminary calculations accounting for neutral beam injection
indicate that in this case the neoclassical viscosity must be cor-
rected by an anomalous contribution .
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Figure 1 : Ion temperature T[l0eV] . The inflection point of the temperature
profile, Pinf , is the locus of vanishing curvature . The decaylength there and
the maximum at r=0 (165 eV) are adjusted to ALCATOR C-MOD data .
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Figure 2 : Toroidal velocity Ufi [kmlscc] . Due to the assumptions -2 = 0 and
C,1 = 0 the analytical and the numerical solutions agree exactly . By the same
reason the jump of the toroidal velocity Dur=uo - u �5o -- 140 se is much too
large .
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Figure 3 : Toroidal velocity Ufi [kmlscc] . The halfanalytical treatment in
chapter (7) resorts to the neoclassical solution (48) . One gets exact agreement
with the ODE - integration if the solution of equation (24) is replaced by the
neoclassical value (C�, -- 0) . The corresponding jump of the approximate
solution Duft = 43 se is now close to measured one .
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Figure 4 : Toroidal velocity Ufi [kmlscc] . One gets approximate agreement
of the halfanalytical solutions (triangles) with the exact ODE - integration .
As in Fig . 3 the halfanalytical solution is obtained by replacing ue by the
neoclassical value (C�, -- 0) . The corresponding jump of the approximate
solution Duft = 43 se is now close to measured one .
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Figure 5 : Toroidal velocity Ufi [kmlscc] . The jumps Duft and the radial
dependence of u �5 according to the numerical integration (triangles) and ac-
cording to the analytical theory (quadrangles) of chapter (9) agree well . The
deviation of the maxima (jumps) is ti 8% . Both jumps agree approximately
wich the experimental one (~ 35 ke) [30] .
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Figure 6 : Poloidal velocity UB [hm/sec] .

	

The deviations of the maxima of
ue according to the numerical integration and the analytical theory are less
than ti 8% .
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Figure 7 : Radial electric field Er[kVIrn] .

	

The deviations of minima of Er
according to the numerical integration and the analytical theory are less than
ti 10% . The radial dependence is similar to that reported at DIII - D.
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Figure 8 : Ion temperature T[l0eV] . The temperature profile in the appendix
(A) was chosen to demonstrate the effect of different profile shapes . It has
an inflection point at r = rinf . As in Fig. 1 the central value is 2 times larger
than the value at the inflection point, so that similar results can be expected
as Figs . 6 and 7.
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Figure 9 : Toroidal velocity UO [km/sec] . The total jump in g is three times
larger than in Fig. 5 .
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Figure 10: Poloidal velocity UB [kmlscc] . The maximum of ue is roughly the
same as in Fig . 6 analytical theory are less than ti 8%. The different profile
shape of Fig . 8 effects a rather sharply peaked maximum .
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Figure 11 : Radial electric field Er [kV/m] . The minimum of Er is of the Same
order as in Fig . 7 . Even in the Gase of a strongly changed temperature profile
the electric field is positive at r--0 .
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Figure 12 : Ion temperature T[l0eV] . The more realistic temperature profile
has a pedestal like in Fig 1 and a parabolic part connecting the edge with
the center .
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Figure 13 : Toroidal velocity Ufi [kmlscc] . The input data are those of AL-
CATOR C-MOD [30] . The jump Duft and the radial dependence of ufi in
the edge are the same as in the corresponding Fig . 5 . In going to the center
the spin - up increases further because of the temperature gradient .
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Figure 14 : Poloidal velocity UB [kmlscc] . The maximum of ue due to the
pedestal is still pronounced . The poloidal rotation velocity at smaller radii
is -according to the temparature gradient - finite but Small .
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Figure 15 : Radial electric field Er [hV/m] . The electric field deviates at the
plasma interior from that of Fig . 7 by at most 20%
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Figure 16 : Toroidal velocity Ufi[kmlscc] . Even at the very low neutral density
of No = 5 . 10141 an effect an the step can be seen which is reduced in size773
by 25% .
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Figure 17 :

	

Toroidal velocity Ufi [krnlscc] .

	

If the neutral density NO is in
creased to NO = 5 - 1015

	

3 , the step in g is reduced to about 16%, i .

	

e.
almost removed.
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A

	

Temperature and density profiles with L
as decay length

Inside the last closed flux surface wich radius r, an exponential
decay hat been assumed for the temperature and density profile .

or

r _ riefT = To + (1 - To)exp(-L
(1
-

7,0)
)

T = To + (1 - TO)exp(-

	

)

	

(74)
1 - To

wich T (r = 0) = To and T(r = rinf) = l .

	

LO is related to
the temperature scale - length LTs (nee below) . Analogously we
have for the density profile

n
-

no
+

(1
-
no)exp(_

	

r _ rin.f
LOn( 1 - no)

)

or with r - rinf = L,x

= ho + (1 - no)exp(-

	

L~,

L~In( 1 - ho)
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(73)

(75)

(76)

wich n(r = 0) = ho .

To , ho are the central values and rinf is the radius of the in-
flection point . L~In is related to the density scale length in an
analogous way as is LO to the temperature scale length .

The firnt and second derivative have the simple forms

_
-exp(

x
n ) ( 77)dx

1
o

dn L~, L~, x_
cxp(

)
(78)

dx L~In LOn 1 - no



and
2~d T

	

1
( -x)

	

(79)
^ exp

	

^
1 -To	1 - Tod

dxb,

	

1 -no

	

L0,z 1 - no
At the inflection point we have

(
dT

)x-o = -1
dx

dri L,
( dx ) L~�n

The temperature and density scale lengths are

T LIT
LT = T

_
T - dT

är Tx

LT�,f

Lninf

=L [

	

To

	

- ( 1 - To)]
- exp(

	

1To )

- n - L n - L~, [no + (1 - no)exp(-

	

r
LIn

-
(1
rinfL

	

-no))
OOn dn

	

L1LI x
Tr

	

Tx

	

-L n exp(-

	

1-Üo )

= L~bn [

	

nL

	

x

	

- ( 1 - no)]

	

(84 )
- exp(

	

L~n 1-no )

respectively .
The temperature and density scale lengths at the inflection

point are then
T

= (TT)znf = -
-Fr

77-
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(81)

(82)

(83)

(85)

(86)



They are then independent from the maximum values To and
no .

Outside the last closed flux surface also an exponential decay
hat been assumed for the temperature and density profile . For
the temperature we have

L~ .

_ r2n
T = expL

r

	

f]
L
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(87)

It is a constant and equal to (ä)r-rZnf so that the radial tem-
perature dependance is continuous and 'smooth' at r=r2n.f . (the
curvature, however, is discontinuous .)

For the density analogous formulae are valid. In the calcu-
lations we assume L

~In
= L~ . Thun we have utilized the Same

model behaviour for both T and n wich the Same scale length

or
T = expl-x]

wich i(x = 0) = 1 and i(r = = 0 .
derivative have the simple form

(88)
The firnt and second

dT _
-expL (89)

dx

d2T _
- exp[ (90)

dx2
The temperature scale length is

T L�,T
(91)cT _dt

Or dx



B Ion - ion collisionality and collision fre-
quency

In the following we collect some standard formulas for the colli-
sionality and the collision frequency. For the collisionality vi we

This formula compares well wich that of Braginski if a Coulomb
logarithm \eoui = 15 is assumed. More exactly we have

1

	

1.98 106 3

T.=_=

	

~

	

T.2
\

rn~vz

	

( 15 )

73

A
2niZeff2 (98)

have (Ni
nin=

_lö , snf 1013)

fi qR gRNi
ff,

2 = = 7.14 l02
T

Ze
(92)

ci7i
~

With the thermal Speed
kTZ mei= Ti [CV]

= 0.99 104 (93)
A mi sec

we get the collision frequency

vi
Ti[CV]

= 1 = 7.14 102 NiZeff i 0 .99 104 (94)
Ti Ti A

or
vi = 1 = 7.14 106 NiZeff i (95)

Ti Ti7

The collision time is then
3

1 1.414 TZ2 _A
2

= 10-6 (96)
vi 7.14 NiZeffi

or
1

-ii = - = 1.98 10-7
ZZ

(97)
vi izeffi



C

	

Parameter 11 1

The connection of Al with the velocity S is given by

A

	

2vT BO
I
= sB

S is defined by

Therefore

or

wich SZi = B we get

Al,inf = 2

74

8rci

Üi qR

2vT B
Al - 8rci B

vigR

where vT = cB~ T wich LT = alaT . Therefore we get

2CBO1

	

TBO

	

vi q2R2
Al =

	

8rci

	

B - n LT4i r
vigR

At the inflection point we have (LT = LT,inf )

21 Tin
cB~ LT,inf B
8rinfeinf
qR

qR°inf 'ii,inf
B

1

	

TnfR2
eB0 LT,inf8rinfCnfTii,inf

q2 2

Al,inf =
yii,inf

	

R
S2i	LT,inf4rinf



The quantity Ai,2nf used in appendix G is defined by

for LT,inf = -L, as in the case of the preceding temperature
profiles .

The radial dependence due to the plasma parameters is given
by

or

111 is given by

We get (appendix B)

or

vii,inf

	

g2R 2

	

_ LT,i_

	

f
~i

	

L~4rinf

	

L~

	

nl 'inf = -Ill'inf

Al = Al,inf nl'- 2Zeff
rinf

LT,inf
dln (T)

r dr

Ll,

LT

	

vii q2R2
111
-
_111----

L~,

	

SZi L~4r

we assume ri = T7-7 and Zeff = TZ where q can be written as

dln(T)
dx

dln(n)
dx

1

	

Al,inf

	

s
1
L-Z

	

f
LT,in

dln(T)
T2-q-Z r

	

f dr

1

	

rinf dT
Al = nl,inf

	

s -i -
Z

T27 r dx

If we assume that the exponent of T, 2 - -L - Z, is equal to zero,
we get

rinf

	

dln(T)
Al =A, ;,nf

r
LT,inf

	

dr

75



or
rinf LT,inf

11 1 = 11-l,inf r LT
It is sometimes convenient to introduce the quantity Ar . We use
the expression

and replace S

Then we replace vT and get

With ai = ~. we get

111
_

	

fügR B G
1

	

2vT
8rci B

2vT B 4
S B

T

	

iiigR BO
c&LT 8rci B

We use q = RBB
, T = mici , eB = mi 9i and obtain

A1
- 2 rnici	iiirR

	

1
mi9iLT RBB8rci B

111 ai

	

vi1 =

	

BLT Be4
We define nr = 411 1 and obtain

11 =aviB
r

	

LT Bo

With ap2 , the Larmorradius in the poloidal field we get the simple
expression

A

	

api �r =

	

i
LT
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D

	

Reciprocal time rl'

The quantity q', is defined as

5NinfkTTii
(100)

TnininfL ~2

	

SZ2T miniL

With the expression for the thermal Speed ei we get

6 2
r

	

5Ci
~1 = 92T. .L2

Replacing Tii by means of the collisionality yields

5c2 iiiei

92L~, qR

With the expressions for the collisionality and the thermal speed
we get

77

(102)

6 2 7.14 102qRN
r ci T. ei

T7
5

_
(103)

S22L2 qR

Introducing the Larmorradius ai = ; gives

7.14 102gRN 0.99r 6a2 104~ Ti[ev]
A5

L2 qR
(104)
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a2 714
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L Ti2 A

and finally
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10-7 niZeffz
3 (106)
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wich

ai is the Larmorradius . Outside (inside) the inflection point we
have

r1 1
= rlinfT 212

- s ag

	

L~4rinf
77inf - L2

	

Al,inf

	

g2R2

	

ei

(109)

Replacing Tii by means of 11 1 we get
6c2 L~4r

_
11 1 SZi (107)

92L2
g2R2

or, simplifying
6a2~, -

L2
A1 2R2
-

Qi (108)
g



E

	

Velocity S

We use two expressions giving the exact result, the firnt resorts
to xil and the second to Al . The firnt is

79

S 2rxll (111)vT 4ng2R2i)T

We use
4TinTii= 4c2nFii =xil mi

and get
S 2rxll 2r4Ti__ (112)
VT ng2R2vT m,UÜg2R2vT

or with vT
T OOln T= cB,1, c0r

S 2r4Tin 9iLT8r_ _ __ _2 (113)
VT Tniviing2R2i)T viig2R2 Al

At the inflection point we have
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(115)

VT mivii,infn(1 2R2VT vii,infg2R2 Al,inf

Alternatively the formula

Sinf 2_
(116)

VT Al,inf



can be employed which is analytically identical with the afore-
mentioned formula . The scaling wich the plasmaparameters is
given by

F

	

Velocity Q

Q is defined in [22] and is given by

Q = (4uo - 5vn - 2 .5i)1,) B4
B

Q = (4uo - 5vn(1 + 2 )) B
wich the neoclassical value uo = u,9vT

Q= (4u OTVT -5vn(1+ 1))B4ax

	

2,q B
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(119)
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(120)
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We also have

S 2 BO 8 B�
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(121)
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(122)
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We get by normalizing

and

h' is defined by
~ - ueh

VT

Using the neoclassical expression

and

we get

= h -
~Ü
aln(n2T) 2 . 5

4vT	ax 4
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vT q B
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5 B

It follows the derivative äQ = 4vT. We get the ratio

h - T aln
n2T 22-5
ax 4

TB,,
2A1 B

h - T aln n2T 22-5
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ax 4

S

	

sZn T~ B,1,
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We also get by using Q and S normalized to vT
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or with 285 = 0 .3125

(0 .5h'-0 .3125(1+2)) B"
S _i BIl,

Ar B

= (0 .5h'- 0 .3125(1 + 2»A
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Evaluation of T36

Two exact expressions are given, the firnt involves the collision-
frequency and the second 111 .

G.1

	

lst expression

In the firnt case we have

or

G.2

	

2nd expression

We introduce
ni - Vi

	

q2R2
1

	

SZ i L~b4rinf
(111 does not depent an LT) into T36 and get

or

1

	

R2 aln T
T36 = 0.36

os
1+ ~)

q2TvT L2 (

	

ax

	

)s

6
v22

1Q g2 ^1 R~( OlnT )
T36 = 0.36

5 0.96 SZ

	

(1 + s2 )

	

Z'vT L2

	

ax

T

	

- 0.36

	

6

	

~l 2 L

	

16x2

	

1

	

2

	

1

	

R2
36 -

	

5 0.96

	

1

	

g4R4

	

(1 + Q2)
q TvTL2~ (

	

ax

	

)

6

	

A' 2 16x2	1

	

1

	

(aln T
T

	

)
36 -- 0.36

5 0.96

	

1 g2R2 (1 + S2 ) TvT

	

ax

The dependence an the plasma parameters is given by
2 2

T36 = 0 .45g2Ryii,inf (T-2hTz)2
L2. S22
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H

	

Electric drift velocity

The electric drift speed is given by

We use

vT

E, BB-B =vE=vo - BvII,Zfi

9 = vllI2

vT
h = vo

vT
and get the normalized drift speed

BVE

	

vo - Bvll,2
-

bE=h- Be9-vN-vT
T T

The normalized Speeds are given by

vT

	

T c~ln T

	

-,aln TL
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aTeB cn
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, --

	

r
Tinf
eBL,

T

	

Oln n
VN - eBL~,

	

aln nL
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Temperature profile in Alcator C - MOD

or

The decaylength at the inversion point is OT again because

85

dTi(r)
r

-
-

-
dr

-
(Ti(0)

2T(rinf»
2 ( 1 [ ] 2 )2

rin 2f rief

Ti(rinf) 1
(125)

OT -cosh2 r-rinfoT
at r = rinf we have

dTi (r) Ti(rinf)
(126)

dr OT

The derivative of the pedestal is given by

d Ti (r) d Ti (rinf) - rinf--
[l tanh r ] (127)

drTi (0) dr Ti (0) OT

and
d Ti (r) Ti(rinf) 1 1-

OT[
]]

(128)
drTi (0) Ti(0) cosh2[roT

Ti(r) Ti(0) - r--
Ti (0) Ti (0)

2T(rinf)
(1 [ ]2)2+

rinf

Ti (rinf ) -[l r rinf- tanh (123)
Ti (0) OT

Ti(r) = (Ti( 0) - 2 T(rinf»( 1 - [r
nf

]
2
)
2 +

Ti (rinf) [ r1 nf- tanh OT (124)



The logarithmic derivative of the pedestal can be written as

lTZ(r)

	

Ti(ranf) Q [

	

2
1
-~inf ]Ti (r) dr

	

T

	

cosh [

	

o

	

]
T

1

or as
Ti (rinf) [l - tanh 1öinl ]

T

1 d

	

1

	

1

T

	

Iinf ]]Ti (r) dr 2 (~)

	

OT [

	

cosh2 [

	

oT

1

[l - tank" -rin ]
oT

(129)
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