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Stochastic phase resetting of stimulus-locked responses
of two coupled oscillators: Transient response clustering,
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Transient phase dynamics, synchronization, and desynchronization which are stimulus-locked~i.e.,
tightly time-locked to a repetitively administered stimulus! are studied in two coupled phase
oscillators in the presence of noise. The presented method makes it possible to detect such processes
in numerical and experimental signals. The time resolution is enormous, since it is only restricted by
the sampling rate. Stochastic stimulus locking of the phases or then:m phase difference at a
particular timet relative to stimulus onset is defined by the presence of one or more prominent peaks
in the cross-trial distribution of the phases or then:m phase difference at timet relative to stimulus
onset in an ensemble of poststimulus responses. The oscillators’ coupling may cause a transient
cross-trial response clustering of the poststimulus responses. In particular, the mechanism by which
intrinsic noise induces symmetric antiphase cross-trial response clustering in coupled detuned
oscillators is a stochastic resonance. Unlike the presented approach, both cross-trial averaging
~where an ensemble of poststimulus responses is simply averaged! and cross-trial cross correlation
~CTCC! lead to severe misinterpretations: Triggered averaging cannot distinguish a cross-trial
response clustering or decorrelation from a mean amplitude decrease of the single responses. CTCC
not only depends on the oscillators’ phase difference but also on their phases and, thus, inevitably
displays ‘‘artificial’’ oscillations that are not related to synchronization or desynchronization.
© 2003 American Institute of Physics.@DOI: 10.1063/1.1505813#

Transient responses of coupled oscillators to pulsatile
stimuli are relevant in several fields of the natural sci-
ences. Such responses are typically studied by experimen-
talists to obtain information on dynamical systems and to
characterize the system’s inventory of reactions. For ex-
ample, in neurology stimulus evoked electroencephalog-
raphy responses are a standard tool for diagnosis. The
data analysis tools typically used to investigate such re-
sponses aim at a noise reduction, e.g., by means of par-
ticular averaging techniques, in order to reveal what is
supposed to be the actual response to the stimulus. Deal-
ing with physiological data, it is indispensable to take into
account noise inherent in the dynamics. This type of
noise, however, is not just something one should try to get
rid of at all costs. For example, if coupled oscillators may
react to a stimulus in more than one way due to intrinsic
noise, it does not make sense to apply data analysis meth-
ods designed to extract only one sterotyped response.
This article explains how complex transient responses of
two coupled oscillators emerge as a consequence of the
oscillators’ interactions in the presence of noise. In anal-
ogy to multistability in stationary processes, multistabil-
ity of transient stimulus induced responses may occur. In
detuned oscillators intrinsic noise induces a cross-trial re-
sponse clustering in a stochastic resonance-like manner.
The article presents a simple model of two coupled phase

oscillators subject to noise. The novel dynamical stimulus
induced phenomena demonstrate why the assumptions
behind the standard data analysis tools are dangerous
and even misleading. Furthermore, a data analysis tech-
nique is presented which makes it possible to detect com-
plex responses of two coupled oscillators to stimulation in
a reliable way. In particular, this work makes it possible
to detect a transient clustering of coordinated short-term
responses. Processes of this kind might be particularly
important in the context of short-term adaptation during
sensory processing.

I. INTRODUCTION

Synchronization is of great importance in physics,1

chemistry,2 biology,3 neuroscience,4 and medicine.5,6 A large
number of studies addressed stochastic phase synchroniza-
tion of periodic oscillators2,1 and chaotic oscillators7,8 in
physics1,9 and biology.10,11 The majority of these studies fo-
cused on stationary dynamics evolving on a long time scale,
i.e., for time t→`. Stochastic phase synchronization was
defined as appearance of one or more prominent peaks in the
distribution of the phase difference during a sufficiently long
observation.1,12

Numerous physical processes, however, are caused by
pulsatile stimuli and are transient. They act on short time
scales and fulfill neither at→` nor a quasistationarity as-
sumption. The analysis of transient bivariate data is a cruciala!Electronic mail: P.Tass@fz-juelich.de
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issue in various fields of the natural sciences. For example,
transient short-term brain responses evoked by sensory
stimuli play a key role in the study of cerebral information
processing and diagnosis.6 Up to now, a stimulus-locked re-
sponse of a neuronal population is typically analyzed with a
cross-trial averaging~CTA!, where an ensemble of post-
stimulus responses is averaged across trials.13,14To study the
oscillators’ interaction, cross-trial averaged responses of two
neuronal oscillators are phenomenologically analyzed, e.g.,
by comparing changes of peak latencies or amplitudes under
varying conditions. In addition to CTA, a cross-trial cross-
correlation~CTCC!, i.e., a cross-correlation calculated across
all trials at each timet relative to stimulus onset, may be
used to detect linear correlations in an ensemble of pairs of
responses.

Based on a stochastic phase resetting approach,5 I
present a method for the analysis of stimulus-locked tran-
sient phase dynamics, synchronization and desynchroniza-
tion of two oscillators subject to noise. Stochastic stimulus
locking of the phase dynamics and stochastic stimulus-
locked n:m phase synchronization is characterized by the
presence of one or more prominent peaks in the cross-trial
distribution of the phases and of then:m phase difference at
each timet relative to stimulus onset in an ensemble of re-
sponses. The time resolution of this method is only restricted
by the sampling rate. In contrast, both CTA~Refs. 13, 14!
and CTCC lead to misinterpretations or even artifacts. A part
of the results of this study was already presented in a rapid
communication.15

II. STOCHASTIC MODEL

We consider two phase oscillators with phasesc1 , c2

and constant amplitudes, given by

ċ j5v j2K sin~c j2ck!1X~ t ! Sj~c j !1F j~ t !, ~1!

where j ,k51,2 and j Þk. The eigenfrequencies readv1,2

5v6m/2 with detuningm. The stimuli are modelled by 2p-
periodic, time independent functionsSj (c j )5Sj (c j12p),
since in biology the effect of a stimulus is typically phase
dependent.3 Both stimuli are delivered simultaneously.
Switching on and off the stimuli is modelled by

X~ t !5H 1: stimulus is on at timet

0: stimulus is off at timet.
~2!

The random forcesF1 andF2 are Gaussian white noise ful-
filling ^F j (t)&50 and^F j (t)Fk( t̃ )&5Dd jkd(t2 t̃ ) with con-
stant noise amplitudeD. Equation~1! may serve as a mini-
mal model for two electrically stimulated neurons5 or as a
minimal model for two neuronal populations affected by sen-
sory stimuli~see below!. We set the amplitude of both oscil-
lators equal to 1 and define the signal of thej th phase oscil-
lator as

xj~ t !5cosc j~ t !. ~3!

III. CROSS-TRIAL ANALYSIS BASED ON STOCHASTIC
PHASE RESETTING

Normalized phases,

f j~ t !5
c j~ t !

2p
mod 1 ~ j 51,2! ~4!

and thenormalized cyclic n:m phase difference,

wn,m~ t !5
nc1~ t !2mc2~ t !

2p
mod 1 ~5!

are introduced. We want to detect whether in an ensemble of
responses to the stimulus there are epochs during which the
phasesf1 , f2 and/or the phase differencewn,m display a
stereotyped, tightly stimulus-locked time course. For this, we
deliver a series ofl identical stimuli at random timest1 ,
t2 ,...,t l . The length of the interstimulus intervals is ran-
domized according to

tk112tk5w1zk , ~6!

wherew is constant and large compared to the time scale of
the transient dynamics, andzk is uniformly distributed in
@0,2p/V#. To each stimulus we attach an identical time win-
dow @ ta ,tb# (ta,0, tb.0, Fig. 1!. Each window has a time
axis t8, so thatt8P@ ta ,tb#, where the onset of the stimulus
in each window lies int850. The window lengthtb2ta is
smaller than the length of the interstimulus intervals:tb2ta

,w.
For the sake of simplicity we drop the prime int8, keep-

ing in mind that from now ont denotes the window’s time
axis. To study the dynamics of the ensemble of stimulus-
locked responses for each timetP@ ta ,tb# we introduce the
time-dependentcross-trial (CT) distributionsof the normal-
ized phases from Eq.~4! and the cyclicn:m phase difference
from Eq. ~5! by

$f j~ t1tk!%k51,...,l , $wn,m~ t1tk!%k51,...,l . ~7!

The time course off j andwn,m is perfectly stimulus-locked
at time t if the corresponding CT distributions from Eq.~7!
are Dirac-type distributions, i.e.,f j (t1t i)5f j (t1tk) and
wn,m(t1t i)5wn,m(t1tk) for all i ,k51,...,l . On the other
hand, iff j andwn,m are not at all stimulus-locked at timet,
these distributions are uniform. To quantify the extent of
stimulus locking off j and wn,m for each timet, we intro-
duce the time-dependentstimulus locking indicesl j

(n)(t) of
f j with

l j
(n)~ t !5U1l (

k51

l

exp@ in2pf j~tk1t !#U, ~8!

and then:m stimulus locking indicessn,m
(n) (t) of wn,m by

sn,m
(n) ~ t !5U1l (

k51

l

exp@ in2pwn,m~tk1t !#U, ~9!

where uyu denotes the modulus ofy, and n is an integer.
l j

(n)(t) andsn,m
(n) (t) detect whetherf j ’s or wn,m’s CT distri-

bution from Eq.~7! at time t hasn peaks that are equally
spaced in@0,1# ~modulo 1! and fulfill 0<l j

(n)(t)<1, 0
<sn,m

(n) (t)<1 for tP@ ta ,tb# and for all integersn.
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~i! One,~ii ! two or ~iii ! three equally spaced peaks in the
distribution $f j (t1tk)%k51,...,l at time t correspond to~i!
largel j

(n)(t) for n51,2,3,~ii ! largel j
(2)(t) and smalll j

(n)(t)
for n51,3, ~iii ! large l j

(3)(t) and smalll j
(n)(t) for n51,2.

l j
(n) andsn,m

(n) are the modulus of thenth Fourier mode of the
CT distributions from Eq.~7! ~cf. Ref. 5!. Similar to Eq.~8!,
Zn(t)5 l 21(k51

l exp@injk(t)# detectsn phase-locked clusters
in a population ofl oscillators with phasesj1 ,...,j l .5,16

We use the first and the 99th percentile of the prestimu-
lus distributions$l j

(n)(t)% tP[ ta,0[ and$sn,m
(n) (t)% tP[ ta,0[ as con-

fidence levels in order to determine whether a stimulus
causes a significant increase or decrease ofl j

(n) or sn,m
(n) . An

increase or a decrease of the stimulus locking off j at timet
is considered significant providedl j

(1)(t) is larger than the
99th or smaller than the first percentile of$l j

(1)(t)% tP[ ta,0[ ,
respectively. Significant stimulus-locked in-phase synchroni-
zation or desynchronization at timet occurs provided
sn,m

(1) (t) exceeds the 99th or falls below the first percentile of
$sn,m

(1) (t)% tP[ ta,0[ .

IV. TRANSIENT RESPONSE CLUSTERING,
SYNCHRONIZATION, AND DESYNCHRONIZATION

We here focus on the simplest case withn5m51. Let
us consider the effect of stimuli of first order with equal
intensity defined by

S1~c1!5I cosc1 , S2~c2!5I cos~c21p! ~10!

~Figs. 2 and 3!. We assume that the coupling is strong
enough compared to the noise amplitudeD, so that without
stimulation the two oscillators spontaneously synchronize in-
phase@Figs. 2~f!, 2~g!#. The stimulation intensityI is large
compared to the coupling strengthK and to the noise ampli-
tudeD (K!I , D!I ). The two strong stimuli quickly reset
the oscillators:f1 is shifted close tof1

stat'0.36 @Fig. 2~a!#,
whereasf2 is forced close tof2

stat5f1
stat10.5'0.86 because

of the phase shift ofp in the argument ofS2 @Fig. 2~d!#.
The reset of the oscillators’ phases is reflected by an

increase of the locking indexl j
(1) @Fig. 2~b!#. Due to this

reset the oscillators undergo a transition from an in-phase
synchronization to a particularly strong antiphase synchroni-
zation via a transient desynchronization in between@Figs.
2~f!, 2~g!#. After the stimulation both oscillators relax back to
the same in-phase synchronization as before stimulation.
During this relaxation they pass through a desynchronization
which lasts longer than the desynchronization during stimu-
lation sinceK!I . In the course of the desynchronization
during and after stimulation the trajectories ofw1,1 form two
‘‘branches’’ that converge to and diverge fromw1,150.5
@Fig. 2~f!#. The antiphase position of the two branches coin-
cides with a local maximum ofs1,1

(2) @Fig. 2~h!# and a local
minimum of s1,1

(1) @Fig. 2~g!#.
After the stimulation the trajectories of bothf1 andf2

form two clusters, respectively: Whilel j
(1) relaxes to zero,

l j
(2) reincreases@Figs. 2~c!, 2~e!#, which indicates that the

FIG. 1. Scheme illustrating the cross-trial analysis: A
series ofl identical stimuli is administered at random
times t1 ,t2 ,...,t l . Begin and end of the stimuli are
denoted by bold solid and dashed vertical lines, respec-
tively. An identical time window@ ta ,tb# ~with ta,0,
tb.0) is attached to each stimulus and indicated by a
shaded region at the top of each panel. The signals
x1(t)5cos@2pf1(t)# and x2(t)5cos@2pf2(t)# from ~3!
are shown in~a! and ~b!. The corrsponding phasesf1

andf2 from ~4! are displayed in~c! and ~d!. The nor-
malized cyclic 1:1 phase differencew1,1 from ~5! is
shown in~e!. Note thatw1,150 andw1,151 are identi-
cal, which is why continuous variations aroundw1,1

50 appear as abrupt jumps between 0 and 1. The traces
shown stem from a numerical integration of the model
Eq. ~1!, which is described in Fig. 2.
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distribution $f j (t11tk)%k51,...,l has two separate peaks
@Figs. 3~a!, 3~d!#. With further increasing time the clustering
of f j ’s trajectories vanishes due to the noise. The intimate
relationship between resynchronization and clustering of the
trajectories off j is reflected by the strongly correlated rein-
crease ofl j

(2) ands1,1
(1) ~starting att'0.75) @Figs. 2~c!, 2~e!,

2~g!#.
To clarify the relationship between the branching ofw1,1

and the clustering off1 andf2 , we split the ensemble ofl
trajectories ofw1,1 into the two subsetsU andL belonging to
the upper and lower branch ofw1,1 during strongest antiphase
branching@at time t0'0.75, Figs. 2~f!, 2~g!#: w1,1(t01tk)
<0.5 for kPU and w1,1(t01tk).0.5 for kPL. @Note, due
to the graphics program used, in Fig. 2~f! the y-axis runs
downwards, so that values ofw1,1 in the upper branch are
smaller than those in the lower branch.# If in a single re-
sponsew1,1 runs through the upper branch at timet0'0.75
both f1 andf2 preferably end up in the right peak of their
distributions at timet1'1.25@Figs. 3~b!, 3~e!#. In contrast, if
w1,1 runs through the lower branchf1 as well asf2 are
mainly found in the left peak of their distributions at time
t1'1.25 @Figs. 3~c!, 3~f!#. The peaks in the distributions of
f1 and f2 which belong to the upper branch@Figs. 3~b!,
3~e!# or the lower branch@Figs. 3~c!, 3~f!# are approximately
in-phase, respectively.

V. COMPARISON WITH CROSS-TRIAL AVERAGING

To perform a cross-trial average of the signalxj from Eq.
~3! of the j th phase oscillator, we use the stimulus onsettk as
trigger. Thecross-trial averaged signalreads

x̄ j~ t !5
1

l (
k51

l

xj~tk1t !. ~11!

The assumption behind the triggered averaging is that a re-
sponsexj can be decomposed into a stereotyped evoked re-
sponseej occurring with a constant delay after the stimulus,
and additive Gaussian noisej j , so that

xj~tk1t !5ej~ t !1j j~tk1t ! ~12!

holds.13,14Averaging then improves the signal-to-noise ratio
by Al , where the number of responsesl typically equals
20–300, andx̄ j (t)→ej (t) for l→`.13,14

The assumption from Eq.~12! is, of course, not justified
for the stochastic model given by Eq.~1!, because the oscil-
lators perform an ongoing oscillation, the stimulation effect
depends on the phase of the oscillator, and the model’s noise
is not simply added to the signalxj , but inherent in the
dynamics. Anyhow, the model given by Eq.~1! has basic
features in common with stimulated brain activity:~i! Ongo-
ing oscillations abound in the brain.17 ~ii ! Evoked responses
result from reorganizing part of these ongoing oscillations, in
particular, by resetting their phase dynamics.18,19 For ex-
ample, auditory stimuli cause an evoked EEG response
mainly by changing the phases~but not the amplitudes! of
the Fourier spectrum of the existing, spontaneous neuronal
oscillatory activity.18 ~iii ! Noise is inevitably inherent in neu-
ronal action.20 Hence, also in neuroscience the averaging as-
sumption is highly questionable. Nevertheless, averaging is

FIG. 2. Strong stimuliS1(c1)5I cosc1 and S2(c2)5I cos(c21p) from Eq. ~1! cause an antiphase reset. CT distributions from~7! are shown as time-
dependent histograms off j and w1,1 calculated across trials for each time point relative to stimulus onset within the time window@ ta ,tb#: $f1(t
1tk)%k51,...,l in ~a!, $f2(t1tk)%k51,...,l in ~d!, $w1,1(t1tk)%k51,...,l in ~f!. ~0 is black and maximal values are white.! ‘‘ u’’ and ‘‘ l ’’ indicate upper and lower
branch of trajectories in~f!. Locking indices from Eqs.~8! and~9!: l1

(1) in ~b!, l1
(2) in ~c!, andl2

(2) in ~e!. l2
(1) nearly coincides withl1

(1) . s1,1
(1) in ~g! ands1,1

(2)

in ~h!. Local maxima~‘‘ ↓ ’’ ! of l1
(2) , l2

(2) , ands1,1
(2) indicate antiphase clustering of the corresponding distributions@cf. Figs. 3~a!, 3~d!#. Begin ~at t50) and

end of the stimulation are indicated by vertical lines. Prestimulus interval:t,0; poststimulus interval:t.0. Significance levels: Dashed lines in~b!, ~c!, and
~e! denote the 99th percentile of the prestimulus distributions$l1

(n)(t)% tP[ 22,0[ . In ~g! and~h! the upper and lower dashed line indicate the 99th and the first
percentile of$s1,1

(n)(t)% tP[ 22,0[ . Parameters of Eq.~1!: K52, v56p, m50.04, D51, I 530, w54 @cf. Eq. ~6!#, stimulus duration50.3, number of stimuli
l 5200. In this article the model given by Eq.~1! is numerically solved with a fourth-order Runge–Kutta method. Results are stable with respect to variations
of l between 50 and 2000 and more.
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widely used for noise-reduction of electroencephalography
~EEG! ~Refs. 6, 13! and magnetoencephalography~MEG!
signals14,17 and local field potentials~LFP!.4

The clustering off1 andf2 has an important effect on
the cross-trial averaged responsesx̄1 and x̄2 . Before the
stimulationx̄1 andx̄2 vanish due to the randomized stimulus
administration@Figs. 3~g!, 3~i!#. The stimuli resetf1 and
f2 , and hencex̄1 andx̄2 approach a constant value. After the
stimulation x̄1 and x̄2 display strongly damped oscillations.
This strong damping is due to the clustering in the ensemble
of responses off1 andf2 . Averaging the signals belonging
to the right and to the left peak of the distribution off j

@Figs. 3~a!, 3~d!# separately, yields the slowly relaxing aver-
aged signalsx̄ j

a andx̄ j
b @Figs. 3~h!, 3~j!#. x̄ j5( x̄ j

a1 x̄ j
b)/2 van-

ishes rapidly since within only two cycles after the stimula-
tion the phase relationship betweenx̄ j

a and x̄ j
b turns from

in-phase into antiphase. From Figs. 3~a!–3~f! we read off
that x̄ j

a mainly belongs tow1,1’s upper branch, whereasx̄ j
b

mainly belongs tow1,1’s lower branch. Whilex̄ j
a and x̄ j

b es-
tablish an antiphase relation, both pairsx̄1

a and x̄2
a as well as

x̄1
b and x̄2

b get in-phase@Figs. 3~h!, 3~j!#.
To illustrate the impact of the type of reset onx̄ j , we

replace the second stimulus byS2(c2)5I cos(c21g) with
constantg, while all other parameters are as in Fig. 2. In a

series of simulations we varyg within @0,2p#, to cover the
whole spectrum between in-phase resetting (g50 or 2p! and
antiphase resetting (g5p). Only in a narrow phase range
aroundg5p the averaged responsesx̄ j vanish rapidly@Figs.
4~a!, 4~d!# due to the transient desynchronization@Fig. 4~e!#
and the following clustering off j ’s responses@Figs. 4~b!,
4~c!#. In contrast, if no antiphase reset is achieved, i.e., ifg is
not close top, the stimuli mainly strengthen the in-phase
synchronization temporarily@Fig. 4~e!#. In this case no de-
synchronization@Fig. 4~e!# and no clustering@Figs. 4~b!,
4~c!# occur, so thatx̄ j vanishes slowly@Figs. 4~a!, 4~d!#.

Let us interpret the dynamics ofx̄ j in the spirit of the
evoked response literature.6,13,14Before stimulation the oscil-
lators are not active, the stimulus activates them, and their
activity ~i.e., amplitude ofx̄ j ) fades away quickly~for g
close top! or slowly ~else! @Figs. 4~a!, 4~d!#. However, ac-
cording to Eq.~1! the oscillators are permanently active with
constant amplitude, irrespective ofg. For g close top the
averaged responsesx̄ j rapidly relax to zero due to the post-
stimulus response decorrelation@Figs. 3~h!, 3~j!#. Cross-trial
averaging13,14 cannot distinguish between a mean amplitude
decrease of the single responses and a response decorrela-
tion. In contrast, this is possible with the stochastic phase
resetting analysis presented here.

FIG. 3. Clustering of the responses, averaged signals, and CTCC for the simulation of Fig. 2. Antiphase clustering of the distributions$f1(t11tk)%k51,...,l in
~a! and$f2(t11tk)%k51,...,l in ~d! ~peaks separated by ‘‘↓ ’’ ! at timet1'1.25, when period 2 measuresl1

(2) andl2
(2) are locally maximal@Figs. 2~c!, 2~e!#. At

time t0'0.75 the ‘‘branches’’ ofw1,1 in Fig. 2~f! are in antiphase position@s1,1
(2) is locally maximal#. U and L denote the subsets of trials for thatw1,1(t0

1tk) is in the upper and lower branch@‘‘ u’’ and ‘‘ l ’’ in Fig. 2~f!#: w1,1(t01tk)<0.5 for kPU andw1,1(t01tk).0.5 for kPL. Distributions off1 andf2

belonging to the two branches ofw1,1: $f1(t11tk)%kPU in ~b!, $f2(t11tk)%kPU in ~e!, $f1(t11tk)%kPL in ~c!, and $f2(t11tk)%kPL in ~f!. Cross-trial
averaged signalsx̄1 in ~g! and x̄2 in ~i! according to Eq.~11!. ~h! Averaging thosex1(tk1t) that belong to the left and right peak of the distribution in~a!
separately, yields the averaged signalsx̄1

a ~thick line! and x̄1
b ~thin line!, respectively.~j! Analogously,x̄2

a ~thick line! and x̄2
b ~thin line! belong to the left and

right peak of the distribution in~d!. Note that after the stimulation the phase relationship ofx̄ j
a and x̄ j

b changes from in-phase to antiphase, so thatx̄ j5( x̄ j
a

1 x̄ j
b)/2 vanishes rapidly, whereas bothx̄ j

a and x̄ j
b relax slowly. Dashed line in~g!–~j! at time t1'1.25. ~k! C12 ~thick line! and S12 ~thin line! display

‘‘artificial’’ oscillations with twice the oscillators’ frequency@cf. ~h!, ~j!#. Format in~g!–~k! as in Fig. 2. CTCC and CTSCC, i.e.,C12 from Eq. ~13! andS12

from Eq. ~14! produce severe artifacts. To demonstrate the origin of CTCC’s and CTSCC’s ‘‘artificial’’ oscillations we study noise-free, idealized responses
which are defined by Eqs.~15! and~16! @but not generated by the model from Eq.~1!#: ~l!, ~m!: An ensemble of responses with in-phase synchronized phases,
wheref1(t1tk)5@ t1«j1,k# mod 1 andf2(t1tk)5@ t1Df1«j2,k# mod 1 withDf50 for k51,...,l , where$j j ,k%k51

l is constant and normally distributed
with variance 1, and«50.01~thin line!, 0.1 ~dashed line!, 1 ~bold line!. Note,f1 andf2 have period 1. For«50, C12 andS12 are always51, except for the
times when the signalsxj5cos(2pfj) vanish. A constant gitter of the phases («.0) smoothens the nearly coincidingC12 andS12 , so that oscillations with
twice the oscillators’ frequency occur—although the phase differencewn,m of all pairs of responses is constant.~n! C12 of an ensemble of responses as in~l!
but with Df50.25, where«50.01 ~thin line!, 0.1 ~dashed line!, 1 ~bold line!.
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VI. COMPARISON WITH CROSS-TRIAL
CROSS-CORRELATION

To detect linear correlations between the two oscillators
across trials we apply the cross-correlation21 across trials to
either the signals or the signals’ signs.

C12~ t !5
(k51

l x1~ t1tk!x2~ t1tk!

A@(k51
l x1

2~ t1tk!#@(k51
l x2

2~ t1tk!#
~13!

is the cross-trial cross-correlation (CTCC)betweenx1 and
x2 at time t, which ~to avoid a singularity! by definition is
set50 if all responses ofx1 or x2 vanish at timet. To avoid
singular behavior, alternatively, we may also use thecross-
trial sign cross-correlation (CTSCC),

S12~ t !5
1

l (
k51

l

sign@x1~ t1tk!x2~ t1tk!# ~14!

which corresponds to the CTCC of the signals’ signs, where
sign(a)521, 0 or 1 if a,0,50 or .0.

Both C12 and S12 are normalized:21<C12(t)<1 and
21<S12(t)<1 hold for all t. C12(t)51 or 21 if x1(t
1tk)5cx2(t1tk) with constant c.0 or ,0 for all k
51,...,l . Analogously,S12(t)51 or 21 if x1(t1tk) and
x2(t1tk) have either the same sign for allk51,...,l or dif-
ferent sign for allk51,...,l . S12(t)50 if at least one of the
responses vanishes at timet for all k51,...,l @Figs. 3~l!–
3~n!#.

Although different by definition, CTCC and CTSCC are
very similar and do not only depend on the phase difference
wn,m , but inevitably also on the oscillators’ absolute phases
f j . This is illustrated in Figs. 3~l!–3~n! by means of noise-
free, idealized responses. The latter are not generated by the
model given by Eq.~1!, but simply defined in order to reveal
crucial features of CTCC and CTSCC. Imagine an ensemble
of responses of both oscillators defined by

f1~ t1tk!5@ t1«j1,k# mod 1, ~15!

f2~ t1tk!5@ t1Df1«j2,k# mod 1, ~16!

for k51,...,l , whereDf is the mean phase difference be-
tween the responses of the two oscillators, and$j j ,k%k51

l is

constant and normally distributed with variance 1 forj
51,2. By varying« we modify the variance of the normal
distributions of the responses. Note, the phase difference
w1,1(t1tk) of all responsesk51,...,l is invariant with re-
spect to variations of timet. This is the very feature moti-
vating the definition of the synthetic responses from Eqs.
~15! and ~16!. CTCC and CTSCC of these synthetic
stimulus-locked responses ‘‘artificially’’ oscillate with in-
creasing timet, i.e., with increasing phasesf j although the
phase differencewn,m remains constant. These oscillations
occur for all values of the phase differenceDf @Fig. 3~l!–
3~n!#.

Correspondingly, CTCC’s and CTSCC’s ‘‘artificial’’ os-
cillations are also observed when CTCC and CTSCC are
applied to the simulated data belonging to the model from
Eq. ~1!. In the simulation of Fig. 2, prior to stimulation the
oscillators are synchronized with phases that are not
stimulus-locked due to the randomized stimulation according
to Eq. ~6!. The values ofC12 and S12 are nearly constantly
close to 1@Fig. 3~k!#, and correspond to those from Figs.
3~l!, 3~m! averaged over one period. The stimulus causes an
antiphase reset, so thatC12 andS12 come close to21. While
the stimulus-locked poststimulus responses resynchronize,
C12 and S12 oscillate with twice the oscillators’ eigenfre-
quency@as in Fig. 3~l!–3~n!#. The CTCC is set close to21
only by an antiphase reset~i.e., for g close top!, whereas it
remains close to 1 else@Fig. 4~f!#. However, independently
of the type of reset~i.e., for all g) the stimulus-locked re-
sponses are connected with oscillations of the CTCC that do
not reflect synchronization/desynchronization processes.
CTSCC displays ‘‘artifical’’ oscillations that are very similar
to those of CTCC shown in Fig. 4~f!. Hence, CTCC as well
as CTSCC are no appropriate measures for stimulus-locked
synchronization and desynchronization.

VII. SHAPING STIMULUS-LOCKED RESPONSES

To further demonstrate the important effect of the oscil-
lators’ coupling on their cross-trial averaged responsesx̄ j we
again turn to an antiphase reset of both oscillators, with
stimuli as defined by Eq.~10!: S1(c1)5I cos(c1) and

FIG. 4. In a series of simulationsg85g/(2p) is varied within@0,1#, whereS2(c2)5I cos(c21g), and all other parameters as in Fig. 2. Time course ofx̄1

from Eq. ~11! in ~a!, l1
(1) from Eq. ~8! in ~b!, l1

(2) in ~c!, x̄2 in ~d!, s1,1
(1) from Eq. ~9! in ~e!, andC12 from Eq. ~13! in ~f! ~0 is black and maximal values are

white!. l2
( j ) nearly coincide withl1

( j ) . The transient antiphase response clustering, characterized by a reincreasingl j
(2) and vanishingl j

(1) @Figs. 2~b!, 2~c!,
2~e!#, only occurs forg close top. Stimulation starts att50; the end of the stimulation is indicated by the vertical line.
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S2(c2)5I cos(c21p). We now vary the coupling strengthK
from Eq. ~1! ~Fig. 5!. For vanishing coupling the amplitude
of x̄ j slowly relaxes, andx̄ j runs through several cycles. Put
otherwise, forK50 both oscillators exhibit a pronounced
oscillatory cross-trial averaged response. Sufficiently strong
couplingK.0, however, causes a strong transient antiphase
response clustering with reincreasingl j

(2) and vanishing
l j

(1) . This is related to strongly damped oscillatory cross-
trial averaged responsesx̄ j . For strong enough couplingK
the antiphase response clustering occurs so rapidly, that the
cross-trial averaged responsexj from Eq.~11! even vanishes.

With increasing coupling strength the transient post-
stimulus sequence, i.e., desynchronization after stimulation
with following resynchronization, combined with the charac-
teristic changes of the indicesl j

(k) andsn,m
(k) ~cf. Fig. 2! oc-

curs on a shorter time scale. The time the oscillators need to

undergo this sequence decreases with increasing coupling
strengthK.

Once more we interpret the dynamics ofx̄ j in a way that
is typical for evoked response studies.6,13,14With increasing
coupling strengthK duration and amplitude of the response
x̄ j decrease and finally vanish. Equating the amplitude of the
responsex̄ j with the stimulus-locked ‘‘activity’’ of thej th
oscillator, we end up with the following interpretation: For
sufficiently strong coupling strengthK the oscillators no
longer become active after having been stimulated. We
know, however, that both oscillators are permanently active
with constant amplitude 1~cf. 3!. It is the transient antiphase
clustering which mimics a weak or even vanishing amplitude
of the cross-trial averaged response. Obvioulsy, treating the
amplitude of the responsex̄ j as equivalent to a stimulus-
locked ‘‘activity’’ of the j th oscillator leads to severe misin-
terpretations. Nevertheless, this way of interpretation is still
standard.6,13,14

VIII. THE ROLE OF NOISE

A. Motion in a double-well potential

To study the impact of noise on the poststimulus tran-
sients we consider the dynamics of the phase differencew1,1

that emerges after stimulus administration. According to Eq.
~2! we setX50. With w1,1 from Eq. ~5! and model equation
~1! we immediately obtain

ẇ1,15
m

2p
2

K

p
sin~2pw1,1!1F~ t !5G~w1,1!1F~ t !.

~17!

The random forces are given byF(t)5F1(t)2F2(t), which
is Gaussian white noise obeying^F(t)&50 and^F(t)F( t̃ )&
52Dd(t2 t̃ ) with constant noise amplitude 2D. G(w1,1) is
a shortform for the deterministic terms of the right-hand side
of Eq. ~17!. Studying the poststimulus dynamics ofw1,1

means considering an initial condition problem of Eq.~17!:
The stimulus putsw1,1 on a particular value, which isw1,1’s
initial value of the poststimulus period. Starting at that initial
value,w1,1 relaxes towards a stable state.

First, we consider the behavior occuring without noise,
i.e., for D50. In this case the dynamics is governed by a
potential

V~w1,1!52E
0

w1,1
G~j! dj, ~18!

which fulfills

ẇ1,152
dV~w1,1!

dw1,1
~19!

~see Ref. 1 and Chap. 9 in Ref. 22!. The dynamics of Eq.
~17! corresponds to an overdamped motion of a particle in
the potentialV(w1,1) ~Fig. 6!. w1,1 moves in such a way that
it minimizes V(w1,1), and w1,1 stops only when dV/dw1,1

vanishes. The maximum of the potential is an unstable fixed
point. Let us denote the value ofw1,1 at whichV is maximal
by w1,1

max. For w1,15w1,1
max a minimal perturbation is sufficient

to makew1,1 move either to the right or to the left minimum

FIG. 5. In a series of simulations the coupling strengthK is varied within
@0,15#, where the antiphase resetting stimuli are given byS1(c1)
5I cos(c1) andS2(c2)5I cos(c21p). All other parameters are as in Fig. 2.
Time course ofx̄1 from Eq. ~11! in ~a!, l1

(1) from Eq. ~8! in ~b!, l1
(2) in ~c!,

x̄2 in ~d!, l2
(1) in ~e!, l2

(2) in ~f!, s1,1
(1) from Eq. ~9! in ~g!, ands1,1

(2) in ~h! ~0
is black and maximal values are white!. A pronounced transient antiphase
response clustering, with reincreasingl j

(2) and vanishingl j
(1) , occurs for

sufficiently strong couplingK.0 and is connected with strongly damped
oscillatory cross-trial averaged responsesx̄ j , which even vanish for largeK.
Stimulation starts att50; the end of the stimulation is indicated by the
vertical line.
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of V. Depending on whetherw1,1 is greater or less thanw1,1
max,

the particle relaxes into the right or left minimum, respec-
tively. Hence, by placingw1,1 to the right or to the left of
w1,1

max, the stimulus completely determines whetherw1,1

moves to the right or to the left minimum.
The situation is qualitatively different when noise is

added, i.e., forD.0. Instead of predicting the trajectory of
the particle, the dynamics can now only be described in a
probabilistic sense. For instance, by means of a Fokker–
Planck equation we can determine the time course of the
probability densityp(w1,1,t), wherep(w1,1,t)dw1,1 gives us
the probability of findingw1,1 in the interval @w1,1,w1,1

1dw1,1# ~see Ref. 1 and Chap. 9 in Ref. 22!. Noise influ-
ences the dynamics both during and after stimulation.

The impact of noise during stimulation:In the absence
of noise, the same stimulus applied to the oscillators in the
same dynamical state always moves the particle to the same
place in the potentialV. In contrast, in the presence of noise
the motion of the particle is perturbed by random forces, so
that the outcome of the stimulus can no longer be predicted
precisely, but only in terms of a probability. In other words,
applying the same stimulus to the same dynamical state sev-
eral times, leads to a noise-induced scattering of the position
of the particle at the end of the stimulation.

The impact of noise after stimulation:The overdampled
motion of the particle is perturbed by random forces and
behaves in a way which has been studied in detail in the
context of diffusion in a double-well potential~see Chap. 9
in Ref. 22!. The dynamics fort→` is no longer totally de-
termined by the initial state, which means that the division
into three different scenarios~i.e., staying at the unstable
maximum or moving into the right or left minimum! is no
longer valid. For sufficiently large noise amplitude the par-

ticle may end up in the right well although it started left from
w1,1

max and vice versa.

B. Detection of symmetric cross-trial antiphase
response clustering

In Sec. IV we have seen, that the poststimulus cross-trial
branching of the phase differencew1,1 is tightly related to a
cross-trial antiphase clustering of the phasef j of each oscil-
lator. The poststimulus cross-trial clustering off j shown in
Figs. 2 and 3 is symmetrical, which means that the number
of responses in both clusters are approximately the same.
Accordingly, x̄ j

a andx̄ j
b , i.e., the averaged responses belong-

ing to each of the two clusters, have approx. the same am-
plitude, so thatx̄ j5( x̄ j

a1 x̄ j
b)/2 vanishes as soon as the an-

tiphase relationship betweenx̄ j
a and x̄ j

b is established@see
Figs. 3~h!, 3~j!#.

To study the impact of noise on the averaged reponsesx̄1

andx̄2 , it is necessary to investigate under which conditions
a symmetric antiphase poststimulus response clustering oc-
curs. With this aim in view we introduce the time-dependent
antiphase clustering indexof the j th oscillator by setting

a j~ t !5l j
(2)~ t !2l j

(1)~ t !. ~20!

21<a j (t)<1 is fulfilled for all times t. a j (t) specifically
detects symmetric cross-trial antiphase response clustering
which is stimulus locked in time. To illustrate this, let us
define the time-dependent configuration of a cross-trial
2-cluster state. We assume that an ensemble ofl responses of
the j th oscillator at timet relative to the stimulus onset splits
into two groups, which consist ofl 1(t) and l 2(t) responses,
respectively. Within each group the phase difference between
the different repsonses at timet is small, whereas the mean
phase difference between the two groups at timet is large,
e.g., close top. The configuration of the cross-trial 2-cluster
state at timet will be denoted by@ l 1(t),l 2(t)#. The defini-
tion of the configuration of a cross-trial 2-cluster state corre-
sponds to the definition of the configuration of a 2-cluster
state in a population of coupled oscillators.23

To illustrate the configuration of a cross-trial 2-cluster
state let us consider an ensemble of simple synthetic re-
sponses of thej th oscillator defined by

f j~ t1tk!5@ t1«jk# mod 1 ~k51,...,l 1!, ~21!

f j~ t1tk!5@ t10.51«jk# mod 1 ~k5 l 111,...,l !,
~22!

where $jk%k51
l is constant in time and normally distributed

with unit variance. The variance of the distribution of the
responses is modified by varying«. For vanishing« the re-
sponses belonging to each cluster are identical, respectively,
and the only difference between the two clusters is their an-
tiphase relationship. In the simple example given by Eqs.
~21! and ~22! the configuration@ l 1(t),l 2(t)# is not time-
dependent. Note, the responses given by Eqs.~21! and ~22!
are not obtained by integrating model equation~1! numeri-
cally. Rather, for the sake of illustration these responses are
simply defined by Eqs.~21! and~22! and, of course, they are
artificial, but they serve their purpose.

FIG. 6. The potentialV from ~18! governs the dynamics of the normalized
cyclic phase differencew1,1 according to~17! and ~19!. Starting at the po-
tential’s maximum, a slight perturbation may drivew1,1 down to either the
right or to two left minimum, which corresponds to running through the
lower or upper branch shown in Fig. 2~f!. The maximum ofV is located in
w1,1

max. @Because of the graphics program used, in Fig. 2~f! the y-axis runs
downwards, so that values ofw1,1 in the upper branch are smaller than those
in the lower branch.#
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Figure 7 showsa j from ~20!, l j
(1) from ~8!, and l j

(2)

from ~9! for different values of«, where the ratiol 1 / l of the
number of responses of the first clusterl 1 to the total number
of responsesl is varied between 0 and 1. Varyingl 1 / l means
modifying the extent of asymmetry of the antiphase cross-
trial 2-cluster state. A perfectly symmetric antiphase cross-
trial 2-cluster state consists of two clusters which are the
same size and, thus, fulfilll 15 l 2 and l 1 / l 50.5. Figure 7
visualizes the two main factors that determine the value of
the antiphase clustering index:a j (t) is the larger~i! the more

symmetrical the cross-trial 2-cluster state and~ii ! the smaller
the variance within the two clusters. In other words,a j (t)
specifically detects distinct symmetric cross-trial 2-cluster
states of the responses of a single oscillator at timet relative
to stimulus onset.

C. Stimulus-locked dynamics with no noise

Figures 8 and 9 show the dynamics caused by the same
stimuli S1(c1)5I cosc1 andS2(c2)5I cos(c21p) as in Fig.
2, which are applied to the two oscillators modeled by Eq.
~1!, where the noise amplitudeD now vanishes. We consider
the noise-free case with and without frequency detuningm,
where the eigenfrequencies are given byv1,25v6m/2. D
5m50 in Fig. 8, whereasD50 andm50.5 in Fig. 9.

Let us first dwell on thenoise-free case without fre-
quency detuning(D5m50, Fig. 8!: Without stimulation the
two oscillators are strongly synchronized in-phase@Figs. 8~j!,
8~k!#. An antiphase reset is rapidly achieved by means of the
two strong stimuli: After the stimulationf1 is close tof1

stat

'0.36 @Fig. 8~a!#, whereasf2 is close tof2
stat5f1

stat10.5
'0.86 @Fig. 8~f!#. The antiphase reset is a consequence of
the phase shift ofp in the argument ofS2 ~see also Fig. 2!.
Since there is no noise,w1,1 relaxes from the maximum of
the potentialV to a minimum ofV only slowly ~Fig. 6, see
Sec. 9.1.5 in Ref. 22!. Accordingly, the transition from an-
tiphase synchronization to in-phase synchronization takes
much longer in the noise-free case@Fig. 8~j!, cf. Fig. 2~f!#.

For vanishing detuning the potentialV from ~18! is sym-
metrical about the linew1,150.5 @Fig. 10~a!#. The antiphase
reset placesw1,1 on top of the potential’s maximum or very
close to it. Let us denote the time at the end of the stimula-
tion by toff . The stimulus is not infinitely long, so that the
antiphase reset is not perfect. This is why at the end of the
stimulation the cross-trial distribution ofw1,1(toff) splits into
two peaks which are located to the right and to the left of
w1,1

max, respectively@Fig. 10~b!#. For higher stimulation dura-
tion, e.g., for twice the duration, the two peaks melt and form
one peak with a maximum atw1,1

max ~not shown for space
constraints!. As explained in Sec. VIII A, after the stimula-
tion w1,1 moves to the left well of the potentialV if
w1,1(toff),w1,1

max @Fig. 11~a!#, whereasw1,1 moves to the right
well if w1,1(toff).w1,1

max @Fig. 11~b!#. The cross-trial branch-
ing of w1,1 is connected with a cross-trial antiphase clustering
of f j which is connected with a relaxation ofl j

(1) @Fig. 8~b!#
and a reincrease ofl j

(2) @Figs. 8~c!, 8~g!#. The symmetric
antiphase cross-trial response clustering leads to a relaxation
of the cross-trial averaged signalx̄ j from ~11! @Figs. 8~e!,
8~i!# and is detected with the antiphase clustering indexa j

defined by Eq.~20! @Figs. 8~d!, 8~h!#.
Next, we consider thenoise-free case with frequency de-

tuning (D50, m50.5, Fig. 9!: Without stimulation the two
oscillators are strongly synchronized in-phase@Figs. 9~j!,
9~k!#. The stimuliS1 andS2 perform a rapid antiphase reset.
Due to the frequency detuning the potentialV is no longer
symmetrical about the linew1,150.5: The right well is
deeper than the left well, and the maximum of the potential
V is now located inw1,1

max50.499 75 @Fig. 10~a!#. Conse-
quently, in only a few of the trialsw1,1(toff) is located to the

FIG. 7. Antiphase cross-trial 2-cluster states are formed by the synthetic
responses of thej th oscillator as defined by Eqs.~21! and ~22!: The l 1

responses of the first cluster readf j (t1tk)5@ t1«jk# mod 1 for k
51,...,l 1 , whereas thel 2 responses of the second cluster readf j (t1tk)
5@ t10.51«jk# mod 1 for k5 l 111,...,l , where l 11 l 25 l 5400. We ana-
lyze 2-cluster states fort51. In ~a!–~c! the extent of asymmetry of the
antiphase cross-trial 2-cluster is varied by varyingl 1 / l , i.e., the ratio of the
number of responses of the first clusterl 1 to the total number of responsesl .
$jk%k51

l is constant in time and normally distributed with unit variance for
all values ofl 1 / l . The variance of the responses is modified by varying«:
«50 in ~a!, «5A0.01 in ~b!, and«5A0.02 in ~c!. Put otherwise, the over-
all variance of«$jk%k51

l in ~a!, ~b!, and~c! is 0, 0.01, and 0.02. Cross-trial
antiphase response clustering is detected by means ofa j5l j

(2)2l j
(1) , the

antiphase clustering index of thej th oscillator defined by~20!. a j ~bold
line!, l j

(1) from ~8! ~thin line!, andl j
(2) from ~9! ~dashed line! are displayed

in ~a!–~c!. In ~d!–~f! the corresponding distributions of the phasesf j are
plotted for the symmetric configuration, i.e., forl 15 l 2 , where~d! belongs to
~a!, ~e! to ~b!, and~f! to ~c!. The number of binsNbin is determined accord-
ing to the formulaNbin5exp@0.62610.4 log(l21)# ~Ref. 24! and, hence,
equals 21. The relative frequencyr , which is the ratio of the number of
responsesf j within a particular bin to the total number of reponsesl is
displayed in~d!–~f!. For the responsesf j (t1tk) under consideration the
indicesa j , l j

(1) , andl j
(2) shown in~a!–~c! are time-independent, whereas

increasingt causes a linear shift mod 1 of the distributions displayed in
~d!–~f!.
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left of w1,1
max @Fig. 10~c!#. Therefore, in the majority of trials

w1,1 decays to the right well of the potentialV @Fig. 9~j!#.
Since there is practically no cross-trial branching ofw1,1,
there is also no relevant cross-trial response clustering@Figs.
9~a!, 9~f!#: Hence,l j

(1) does not relax@Fig. 9~b!#, and a j

does not increase@Figs. 9~d!, 9~h!#. Correspondingly, also the
cross-trial averaged signalx̄ j does not relax@Figs. 9~e!, 9~i!#.

D. Stimulus-locked dynamics with noise

We run a simulation with the detuned oscillators from
Fig. 9, but now we introduce noise (D50.5). As discussed
in Sec. VIII A this causes two effects:

~1! Effect of noise during stimulation:While in the noise-
free case in the ensemble of responsesw1,1(toff) is
mainly located to the right ofw1,1

max @Fig. 10~c!#, noise
broadens the cross-trial distribution ofw1,1(toff), so that
in approx. half of the trialsw1,1,w1,1

max and vice versa
@Fig. 10~d!#.

~2! Effect of noise after stimulation:In the noise-free case
w1,1 moves to the left potential well ifw1,1(toff),w1,1

max

@Fig. 11~a!#, whereasw1,1 moves to the right well if
w1,1(toff).w1,1

max @Fig. 11~b!#. In contrast, in the presence
of noisew1,1 may either move to the right or to the left
well, regardless of whetherw1,1(toff),w1,1

max @Fig. 11~c!#
or w1,1(toff).w1,1

max @Fig. 11~d!#.

These two effects guarantee that—different from the

noise-free case—we now observe a cross-trial response clus-
tering of f j for both w1,1(toff),w1,1

max @Fig. 11~e!# and
w1,1(toff).w1,1

max @Fig. 11~f!#.

E. Stochastic resonance of transient response
clustering

In Secs. VIII C and VIII D we have seen that in identical
oscillators symmetric cross-trial antiphase response cluster-
ing occurs already for vanishing noise amplitudeD, whereas
sufficiently detuned oscillators need a certain amount of
noise in order to exhibit this dynamical phenomenon.

To study the relationship between noise amplitude and
the extent of symmetric antiphase response clustering in de-
tuned oscillators we introduce two quantities: We obtain the
mean poststimulus antiphase clustering indexof the j th os-
cillator by averaginga j (t) from Eq.~20! over the poststimu-
lus interval@ toff ,tb# according to

ā j5
1

tb2toff
E

toff

tb
a j~j! dj. ~23!

Analogously themaximal post-stimulus anti-phase clustering
indexof the j th oscillator reads

a j
max5max$a j~ t !;tP@ toff ,tb#%. ~24!

Again we turn to the oscillators with detuningm50.5, which
were shown in the simulation from Fig. 9. Model equation
~1! is now integrated numerically with noise amplitudeD
varying between 0 and 1.5~Fig. 12!. ForD50 the cross-trial

FIG. 8. The same stimuliS1(c1)
5I cosc1 and S2(c2)5I cos(c21p)
as in Fig. 2 are applied to the two os-
cillators given by Eq.~1!. In contrast
to Fig. 2, in this simulation there is no
noise (D50) and no frequency detun-
ing (m50), so that the eigenfrequen-
cies of both oscillators coincide (v1

5v2). CT distributions $f1(t
1tk)%k51,...,l , $f2(t1tk)%k51,...,l ,
and $w1,1(t1tk)%k51,...,l are shown in
in ~a!, ~f!, and ~j!, respectively. Lock-
ing indices from Eqs.~8! and~9!: l1

(1)

in ~b!, l1
(2) in ~c!, andl2

(2) in ~g!. l2
(1)

andl1
(1) nearly coincide.s1,1

(1) ands1,1
(2)

are displayed in~k! and~l!. Cross-trial
averaged signalsx̄1 in ~e! andx̄2 in ~i!
are calculated according to Eq.~11!,
with the 99th and first percentile of
$x̄ j (t)% tP[ 22,0[ indicated by upper and
lower dashed lines. 99th and first per-
centile practically lie on top of each
other. Same format as in Fig. 2. Pa-
rameters of Eq.~1! as in Fig. 2, except
for the noise amplitudeD50 and the
frequency detuningm50.
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averaged responsex̄ j and the corresponding indexl j
(1) relax

only very slowly @Figs. 12~a!, 12~b!#. With increasingD we
observe a much quicker relaxation of bothx̄ j andl j

(1) @Figs.
12~a!, 12~b!#. The antiphase response clustering is reflected
by a reincrease of l j

(2) @Fig. 12~c!# and—more
specifically—by an epoch with positive antiphase clustering
index a j , which indicates a pronounced symmetric an-
tiphase response clustering@Fig. 12~d!#. This clustering is
particularly strong for values ofD approximately between
0.2 and 0.7.

Stochastic resonance of symmetric cross-trial antiphase
response clustering is demonstrated by plottingā j over the
noise amplitudeD @Fig. 12~e!# and, in particular, by plotting
a j

max overD @Fig. 12~e!#. Without noise there is no response
clustering. For intermediate values of the noise amplitude
~i.e., D around 0.25! the response clustering is strongest,
whereas with further increasingD the extent of reponse clus-
tering decreases again. A noise-dependence of this kind is a
feature which is typical for stochastic resonance.25 The sto-
chastic resonance effect is more distinct fora j

max than forā j

@Figs. 12~e!, 12~f!#, because the period, during which the
pronounced symmetric response clustering occurs, is clearly
smaller than the duration of the poststimulus interval
@ toff ,tb# chosen in Fig. 12~d!.

IX. DISCUSSION

In this work, I have introduced a model which allows to
study transient phase dynamics, synchronization, and desyn-
chronization of two coupled phase oscillators. Furthermore,
appropriate data analysis tools have been presented which
make it possible to detect these transient dynamical pro-
cesses both in simulated and experimental data. These novel
data analysis tools have been compared to standard data
analysis techniques, applied in a cross-trial manner. Cross-
trial cross-correlation inevitably causes massive artifacts in
terms of artificial oscillations that are not related to synchro-
nization or desynchronization processes@Figs. 3~l!–3~n!#.
Cross-trial averaging as used in evoked response
studies6,13,14 may lead to severe misinterpretations since it
cannot distinguish between transient response clustering and
an overall decrease of the amplitude of the single responses
~Figs. 3–5!.

Response decorrelation due to transient antiphase clus-
tering is robust with respect to variations of the model pa-
rameters: It is neither restricted to symmetric stimulation in-
tensities and couplings nor to in-phase coupling~as can be
seen with the transformationc j→c j1cj with constantcj ).
Effects of asymmetries of coupling and stimulation, higher

FIG. 9. The same stimuliS1(c1)5I cosc1 and S2(c2)5I cos(c21p) as in Figs. 2 and 8 are administered to the two oscillators given by Eq.~1!. The
simulation shown in Fig. 8 was performed for vanishing noise amplitude (D50) and vanishing detuning (m50). In contrast, in this simulation the
eigenfrequencies of the two oscillators are detuned withm50.5. CT distributions$f1(t1tk)%k51,...,l , $f2(t1tk)%k51,...,l , and$w1,1(t1tk)%k51,...,l are shown
in in ~a!, ~f!, and~j!, respectively. Locking indices from Eqs.~8! and~9!: l1

(1) in ~b!, l1
(2) in ~c!, andl2

(2) in ~g!. l2
(1) andl1

(1) nearly coincide.s1,1
(1) ands1,1

(2)

are displayed in~k! and~l!. Cross-trial averaged signalsx̄1 andx̄2 are shown in~e! and~i!. Same format as in Fig. 8. Parameters of Eq.~1! as in Fig. 8, except
for the detuningm50.5.
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order coupling and stimulation terms, delays and stimuli ap-
plied at different times will be presented soon.

If the stimuli Sj are not strong enough, i.e., if intensityI
and/or stimulation duration are not large enough, the analysis
has to be performed for different values of the initial phases
f j (0) separately with a suitable binning off j (0) to deter-
mine the impact of the initial conditions. In this way the
impact of the initial phase at the beginning of the stimu-
lation on the outcome of the stimulation can be revealed~cf.
Ref. 5!.

Noise plays a crucial role in the emergence of stimulus-
locked symmetric antiphase response clustering. In identical
oscillators ~i.e., with vanishing detuningm! the response
clustering occurs also in the absence of noise~Fig. 8!. With-
out noise and with small detuning the clustering off j is
strongly asymmetrical, so thatx̄ j vanishes slowly in time.
Without noise and with sufficiently large detuning there is no
response clustering any more~Fig. 9!. However, sufficiently
strong noise causes a symmetric response clustering also in
detuned oscillators~Fig. 11!. In fact, the mechanism by
which noise induces symmetric antiphase cross-trial re-
sponse clustering in detuned oscillators is a stochastic reso-
nance~Fig. 12!. Since in many applications, e.g., in biology,
one typically encounters detuned oscillators, the inherent
noise modeled by the random forcesF j (t) in Eq. ~1! has to
be considered essential for the generation of transient
stimulus-locked dynamical processes like transient symmet-
ric antiphase response clustering. Inherent noise generates
transient dynamical order, and as a consequence of the at-

tempt to average out this type of noise, e.g., with cross-trial
averaging as defined by Eq.~11!, one will inevitably miss
important transient processes.

Transient antiphase clustering may, e.g., enable the ner-
vous system to switch between different coordinated reac-
tions to the same stimulus. This may be an essential mecha-
nism necessary for short-term adaptation in sensory
information processing. The data analysis approach pre-
sented in Sec. III provides a key for the study of the interac-
tions of oscillators during stimulus-locked transient short-
term dynamics with a superb time resolution. It prevents
from misinterpretations originating from the standard cross-
trial averaging as well as the cross-trial cross-correlation
analysis and is already being applied to EEG/MEG signals
and to the cerebral current source density.

In an application to experimental data also the oscilla-
tors’ amplitudes have to be registered. To investigate the
stimulus-locked dynamics one can either average them
across trials as done in Eq.~11! with the signals or one can
evaluate the cross-trial distribution of the amplitudes in a
similar way as defined by Eqs.~8! and ~9! for the phases.
This was not necessary here, since the amplitude of the phase
oscillators is constant. In experimental data a relevant oscil-

FIG. 10. The potentialV from Eq. ~18! is plotted in ~a! for the detuned
oscillators (m50.5, bold line! and for identical oscillators (m50, thin line!,
where in both casesK52. The distribution ofw1,1(toff), i.e., the distribution
of w1,1 at the end of the stimulationtoff , is shown for three different cases:
no noise and no detuning (D50, m50) in ~b!, no noise and detuning (D
50, m50.5) in ~c!, noise and detuning (D50.5, m50.5) in ~d!. In ~b!–~d!
the vertical arrow indicatesw1,1

max, the location of the maximum of the po-
tential V. ~b!, ~c!, and~d! belong to the simulations displayed in Figs. 8, 9,
and 11~c!–11~f!, respectively.

FIG. 11. The CT distribution$w1,1(t1tk)%k51,...,l from Fig. 8~j! is divided
into the CT distribution$w1,1(t1tk)% of the trials fulfilling w1,1(toff),0.5
~a! and the CT distribution$w1,1(t1tk)% of the trials withw1,1(toff).0.5 ~b!.
The simulation shown in Fig. 9 was additionally performed with non-
vanishing noise amplitudeD50.5. The CT distribution$w1,1(t1tk)% of the
trials fulfilling w1,1(toff),0.5 is shown in ~c! and the CT distribution
$w1,1(t1tk)% of the trials withw1,1(toff).0.5 in ~d!. Furthermore, for this
noisy simulation the CT distributions$f1(t1tk)% of the trials with
w1,1(toff),0.5 is displayed in~e! and the CT distribution$f1(t1tk)% of the
trials with w1,1(toff).0.5 is shown in~f!. In ~a!–~f! black corresponds to
minimal values, whereas white corresponds to maximal values.
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latory signals(t) such as a particular brain rhythm is ex-
tracted out of a complex Fourier spectrum with bandpass
filtering. A filter causing a phase shift ofp/2 for all frequen-
cies yields the Hilbert transformsH(t) of s(t) and instanta-
neous phasec(t) and amplitudeA(t) of s(t) according to
s(t)1sH(t)5A(t)exp@ic(t)#.26 For discrete signals like tim-
ing sequences of spiking neurons the phase can be estimated
with linear interpolation.

From the physiological standpoint it should be men-
tioned that the shape of stimulus locked oscillatory re-
sponses, the so-called waveform of the response, crucially
depends on the interactions between different oscillators
~Fig. 4!. As a consequence of the oscillators’ interactions,
equating the amplitude of the stimulus-locked cross-trial av-
eraged responsex̄ j with a stimulus-locked ‘‘activity’’ of the
j th oscillator causes massive misinterpretations. It is, thus,
indispensable to study transient stimulus-locked coordinated

dynamics appropriately in order to reveal transient dynami-
cal processes and their potential meaning, e.g., in terms of
mechanisms of short-term adaptation in sensory processing.
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FIG. 12. The simulation from Figs. 11~c!–11~f! was performed for different
values of the noise amplitudeD, while all other model parameters remained
unchanged. The cross-trial averaged signalx̄1 is shown in~a!, l1

(1) in ~b!,
l1

(2) in ~c!, and the antiphase clustering index of the first oscillatora1

5l1
(2)2l1

(1) from Eq. ~20! in ~d!. l2
(1) , l2

(2) , anda2 nearly coincide with
l1

(1) , l1
(2) , anda1 , respectively. Stochastic resonance of the transient sym-

metric poststimulus antiphase response clustering is illustrated by plotting
ā1 , the mean poststimulus antiphase clustering index of the first oscillator,
in ~e! anda1

max, the maximal poststimulus antiphase clustering index, in~f!.
ā1 anda1

max are evaluated in the poststimulus interval@ toff ,tb# according to
Eqs.~23! and ~24!, respectively. Number of stimulil 5400.
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