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Complexation of semiflexible chains with oppositely charged cylinder
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We study the complexation of long thin semiflexible polymer chains with an oppositely charged
cylinder. Starting from the linear Poisson—Boltzmann equation, we calculate the electrostatic
potential and the energy of such a charge distribution. We find that sufficiently flexible chains prefer
to wrap around the cylinder in a helical manner, when their charge density is smaller than that of the
cylinder. The optimal value of the helical pitch is found by minimization of the sum of electrostatic
and bending energies. The dependence of the pitch on the number of chains, their rigidity, and salt
concentration in solution is analyzed. We discuss our results in the light of recent experiments on
DNA complexation with cylindrical dendronized polymers. ZD04 American Institute of Physics.
[DOI: 10.1063/1.1707015

I. INTRODUCTION bution on DNA might also be importalDNA overwinding
o ) from 10.5 bp/turn in solutiof? to about 10.2 bp/turn in
Compactification of DNA into~100-nm large com- . ,cle0somed 3237 occury. Large charge densities of both
plexes with opposnely charged proteins and pc?lycé"f'OfTS IS @Bpjects introduce additional complications, since the linear
important tool in gene therapyo deliver DNA into an in- Poisson—Boltzmann theory may not apply. However, to un-

fected cell? In parti(_:ular6, DNA  condensates  With qgrstand the basic physical properties of complexes, it might
polyly3|ne3' and polyamlne% are used for these purposes. be sufficient to start from the simplest model.

Nucleosome core particles and supercoiled DNAs are also | this article we consider the wrapping of thin semiflex-

fundamentally impqrtant biqlogical objects which involve Ajple charged chains around an oppositely charged cylinder.
DNA arrangement in a helical manner. Although the cOm-ue cajculate the electrostatic potential and energy of the
plexation and aggregate formation of chains of various ﬂexhelical complex using linear Poisson—Boltzmann theory.

ibilities and of different lengths with oppositely cgf\rged Hence, our calculations extend those of Ref. 12, because the
spheres and cylinders has been studied theoreticafly, 1 solution of the linear Poisson—Boltzmann equation is

- 17-22 : 2330

experimentally, ““and by computer smula‘uoﬁ »~ S8V- considered for the particular charge distribution and not sim-

eral features of this phenomenon are still not completely UNhly a superposition of Debye-ldkel potentials. This has

derstood. _ _ ~ consequences for the amount of DNA adsorbed on a cylin-
One of these features is overcharging of a cylinderye, ithin our model neutral and undercharged complexes

by adsorbed oppositely ~ charged chains predictedye preferred, whereas the calculations of Ref. 12 predict a
theoretically>**and recently reported experimentally for cy- significant overcharging. We compare the predictions of the

lindrical DNA/dendrimer complexeS. In contrast, DNA o6l with available theoretical and experimental data. In

wrapped around spherical dendriszezrs was shown 1o fore eng we discuss some possible extensions of the model.
preferentially neutral complexé§?"*? Nature also uses The paper is organized as follows. In Sec. Il the model is

similar techniques to compact the genetic material in cells, jjined and the electrostatic energy for a helical charge dis-
where the nucleosome can be sugitant|ally overcharged by tion on a cylinder is calculated. In Sec. IIl the electro-
DNA molecule wrapped around 3t:* Another aspect is the ~ gatic energy for a helical charge distributions is determined.

theoretically predicted release of a chain from a sphergyeg it for the helical pitch are presented and discussed in
at high salt concentratiofishat reminds salt-induced DNA Sec. IV. Finally, Sec. V summarizes our findings.

release from the nucleosome observed experimeritalfyin

experimentsn vitro at higher salt concentrations, it has been
reported that DNA attaches stronger to cylindrical
dendrimer®’ but weaker to spherical onésThe physical A. Model and approximations

origin of this effect is not clear yet. , , We solve thdinear Poisson—Boltzmann equation for an
In many cases, electrostatic interactions play a dominankinitely long, positively charged cylinder with negatively
role in the formation of complexes between highly charged.parged semiflexible strings adsorbed on its surface in a he-
macromolecules. Wrapping of DNA duplexes around 34| conformation. The strings are considered to be infinitely
cylindrical/spherical object is, however, a formidable electro-y,;, charged lines. No fluctuations of the strings on the cyl-

static problem, which can involve chiral interactions between,qer surface are considerézero-temperature solution, the
DNA helices® The details and discreteness of charge distriy,gjices are ideal The cylinder has the radiusand the sur-

II. ENERGY CALCULATION

face charge density. (the linear charge density &7, €
dCorresponding author. Electronic mail: a.cherstvy@fz-juelich.de is the elementary chargeFor simplicity, no distribution of
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the electrostatic potential inside the cylinder is considered. ,~ ~ 2
Every string is characterized by a linear charge deresjty, M + i détk.n.r) " +1|p(k,n,r)
and the mechanical persistence length The water is con-  d(k,r)?  wr d(kyr) (kyh)?

sidered as a dielectric continuufmo discreteness effegts
with the dielectric constant~80. The dielectric constantof =0, (6)
the cylinder interior is the same as in the bulk solutioo wherex, = k2T K2 This is the differential equation for the

'mage forcej NO effects of charge fluctuations and Correla'modified Bessel functions of the second kind. Its general
tions are considered.

solution is
B(k,n,r)=aK,(ker)+ Bla(kyl), 7
B. Electrostatic energy where the constantg and B are to be found from the bound-

The electrostatic energy of such a charge distributior?’Y conditions. When the cylinder is inserted into a cylindri-

follows from the electrostatic potential(F) with the charge c@l Cell of the radiusRs, the boundary conditions on the
densityp(F) according to surface of the cylindefGauss theorejrand on the surface of

the cell are
1
Ea=p J (7 p(7) dpnn)|  ddknn|  ams(kn)
a (2= % d(kyr) = , d(kyr) r—a £Ky .
2 de | azzeaoze) M " ®

The general solution fogs(k,n,r) satisfying the boundary

The volume charge densigyis related to the surface charge 2 )
conditions(8) is

density o of the complex viap(z,¢,r)=45(r —a)o(z,¢).

Cylindrical coordinates are used, where thexis is oriented 47 (k,n)
along the axis of the cylinder. Below, we consider a helical-¢(k,n,r)=— —
like distribution of charges that suggests using a Fourier rep- &Ky

resentation of the potential and of the surface charge density, ~ ~ - -
% I n(KkRs)Kn(Kkr) - Kn(KkRs)I n(Kil)

[d’(z"”)]:r dkekz >, e‘”“’[ ¢(k’”'r)] ) 1 (kR K (k@) — 1 (k@) K (K Rs)

)
o(z,¢) = o(k,n)
For a uniformly charged cylinder the surface charge is
0(z,¢)=—0>0 and henc&(k,n)=—o.5(K) 6,0, Where
Bk,n.r) 1 o o ‘ 6(k) is the Dirac delta function and,, ., is the Kronecker
( ~ k ' ]= —zj dze"kzj doe™ "¢ delta (6, =1 if n=m and§,, ,=0 otherwis¢. The electro-
a(k.n) (2m)" ) 0 static potential is then of the formeydo(r)/(kgT)
d(Z,0,1) =2&Ko(kr)/[ kaKqi(ka)], where IBzeS/(skBT) is the
o(z,0) | 3 Bjerrum length anc =17, is the well-known polyelectro-

lyte charge density parameter ¢lis the separation between
Note thato(z, ¢) in these relations may have no helical sym- unit charges along the cylinder axis

metry. In terms of Fourier components of the electrostatic ~ For a complex in an infinite volumeR,— <), Eq. (9)
potential Ea(k,n,r), and of the surface charge density yields
o(k,n), the general energy expression is

with

- 4mras(k,n) K, (k)
» S~ $(k,n,r)=— — —. (10)
dk X $(k,na)F(—k—n). (@ e Kaki(xa)

Since the fixed charges are located on the cylindrical surface,
the energy depends only on the surface potential. Equation
(4) then gives the general energy expression

a
Eu- (27 |

C. Electrostatic potential

We now consider the complefcylinder plus wrapped
semiflexible stringsin an electrolyte solution with the De- N |’&(k,n)|2 Kn(7<ka)
bye screening lengtk 1. We calculate the electrostatic po- Eei=—a(2m) f_wdkn;_w ~ L= (1)
tential ¢(z,¢,r) created by the charge distributiar(z, ¢) exc Kp(r@)
using the linearized|,¢|<kgT) Poisson—Boltzmann equa- in terms of|(k,n)|? for arbitrary helical charge pattern.
tion

Po 1i6 106 Pé lll. HELICES
aZ T a2t oz X . (5) In this section we determine the charge densiiéls,n)

and the energies for an adsorbed double helix on a neutral
Applying the Fourier transformation, the equation for cylinder as well as for a double helix and multihelix ad-
$(k,n,r) reads sorbed on the surface of an oppositely charged cylinder. The
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first two results can be used to study certain electrostatithe axis of the cylinder. The charge distributioiiz, ¢) for
properties of the double-stranded DNA. The third distribu-the infinitely long heliX® is given by is given by

tion is used in the present work to calculate the energy of a
complex of many polyelectrolyte chains adsorbed on the sur-
face of an oppositely charged cylinder in a helical manner.
As cylinder charges are distributed homogeneously on its
surface, we speak further about the “jellium” helicé®r +olo+2mm—g(z+h)]}, (12

DNA, for instance, the smeared out charge of adsorbed cat- i .
ions forms the cylinder charge whereg=2x/H. The Fourier coefficients of the charge den-

sity (12) are given by

o(z,0)= WUPE {8(¢+2mm—g2)

A. Double helix &(k,n) = opd(k+ng)[1+exg —ingh)1/2. (13)

We model a double helix by two negatively charged he-
lical strings on the cylinder surface, with a mean surfacelsing the Fourier coefficient€l0) and Eq.(2) the electro-
charge densityo,. The helices are right-handed with the static potential created by a charge distributi(iz, ¢) is the
helical pitchH>0 and are separated by the distahca@long  sum of harmonics,

©

€oh(Z,¢,1) Ko(xr) {cogn(¢—gz)]+cogn(¢—gz)—ngh]}K,(x.r)
=2& ~2£,2 ; : (14)
kgT kaKi(ka) =1 knaK/ (kna)
|
yvhzre §P=I377|7-p and .77:\|/1+(hZ;-ra(]Hh)2. Thg r.enormal- c _4772‘7332 Ko(ka)
ized reciprocal screening length foth harmonic is . aK,(xa)
kn= K2+ n2(2alH)>. (15 _i [1+cosngh) IKn(xnd) | 16
n=1 KnaKrQ(Kna) '

The termn=0 in Eqg. (14) corresponds to the potential

o) of a uniformly charged cylinder. The terms with Term with n=0 corresponds to the self-energy of a uni-

. . , ! - formly charged cylinder with surface charge densify. The
#0 are “corrections,” which reflect the helicity of the terms withn+#0 again are corrections to this energy caused

gharge distribution. These potential terms vary al_ong th_e heBy the helicity of the charged stringE, [Eq. (16)] has a
lix and may produce an accumulation of mobile Calt'onsminimum ath=H/2, where the electrostatic repulsion be-

in the vicinity of the negatively charged helical strin@s. tween the helical strings is minimal. Wheh decreasess,

F'g'Bl; ' evaluation of the integral of Eq11), we obtain the increase and the electrostatic in_teraction becomes effectively
electrostatic self-ener er pitch(linear ’ener densi} better screened, Th.us the sum in ELp) favorsH—>0. The
Q.ﬁe' Perp ay Y value of each term in the sum decreases witinda, since
as the sum of harmonics, the functionK, (xa)/[ — kaK](xa)] decays withka.
In the limit h—0, we obtain the energy density for a
single strand,

- [\a 2h 47720'38.2 Ko(ka) - Kn(knd)
= / / ST ka2 Ak
3, - \ a7
% \ / \ / =4 This corresponds to the self-energy of the helix considered in
5 2P S TN S Ref. 12. The energy terms are, however, different. The au-
o o thors of Ref. 12 findgg~ 7,23 n(n—1), whereas our solution
) S of the Poisson—Boltzmann equation yieBg~ 572 This
D difference has severe consequences on the charge of the cyl-
o o 20 30 40 50 6D inder and on the possibility of its overcharging by adsorbed
z, A helices, as we will discuss in the next section.

FIG. 1. Electrostatic potential of a double helix wiBtDNA parameters,
with no adsorbed cations, according to Et4) with ¢=0 at physiological
salt concentration. The potential variation decreases with increasing separ.

tion from the molecular axis increaséines indicate the potential of the We now consider two negatively charged helical strings
corresponding uniformly charged cylindetf the counterion condensation

is taken into account, the potential variation along the molecule will be lesdVith & helica}l pitchH adsorbed on the surface of a positively
than unity, and the linear Poisson—Boltzmann theory becomes strictly validcharged cylinder. The charge density reads

B. Double-stranded jellium helix
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expressions for the total energy of the cylintgldrelices are

0(z,¢)=—0ct 77%% {8(¢+2mm—g2) different (cf. Sec. Il B). This has consequences for the ef-
fective charge of the complex.
+dle+2mm—g(z+h)]}, (18) The first term in Eq(21) vanishes when the strings fully
and F(k,n)=— 0c8(K) 80t opS(k+gn)[1+exp compensate the charge of t.he cylinder. Thus this term' favors
(—ingh)]/2. The electrostatic energy density of the Chargeaf'”'te value ofH, i.e., a helical conformation of 'Fhe _strlngs.
distribution (18) is given by The second ternfthe sum represents the repulsive interac-

tion among the strings. The sum is always negative, because
K} is negative. Hence this term will lead to a larger pitch the
one given by the first term alone. As a consequence, the

complex will at best be neutral or its effective number den-
B 02% [1+codngh)]K(kna) sity of chargesre=7.— 77, Will exhibit the same sign as

B 4m2oia® | Ko(ka)

el € KaKl(Ka)(1_0)2

n=1 knaK/\(kna) ' 19 the cylinder, in contrast to the finc_iings_ in Ref. 12. _
. ) The convergence of the series in energy expressions
where we introduced the ratio (16), (19), and (21) depends on the ratie/(2/H). If the
o 77T, argument of the Bessel functior,a grows substantially
0= U—CZ T_c with n, thenth term in the sun{16) decreases rapidly with

n. Thus, for relatively largéd («>2m/H), the contribution

The repulsion between the strings disfavors full compensato «,a with increasingn is small and the convergence of the

tion of the cylinder charge by wrapped strings, and the comseries is slow. In the opposite limik&2/H), the conver-

plex is usuallyunderchargedin the limit h—0, the energy gence is fast. Thus, with increase ldf the summation be-

density of a single string is obtained. Finally, decreases comes less accurate and we have to take into account more

nearly exponentially withc at largexa. terms in the sum to achieve the same precision. The conver-
The molecule with the charge distributidi8) can be gence of the series is better for a larger number of adsorbed

considered as a model for B-DNA helix: charges on the strings,N, (at the sameH).

strands represent the phosphates and cylinder charge corre-

sponds to adsorbed cations, smeared on the DNA suffiace p_gending energy

B-DNA:*2a~10 A, h~0.4H).%° , , . .
The mechanical bending energi ..o associated with

the rigidity of a string disfavors the helical conformation,
which is favored by charge neutralization of the complex.
. Larger persistence lengtiHg and smaller cylinder radia
The model for two strands can easily be extended to @esult in a higher bending energy for the wrapped conforma-
situation with many adsorbed strands. Pty helical nega-  tion. Parametrization of the radius vecfis) along the he-
tively charged strands, equally separated on the surface of|g, F(s)={a cog§2ms/(yH)],asin2x7s/(7zH)1,9 7", yields for
positively charged cylinder, the charge distribution is giventhe energy density along the cylinder witk, wrapped

C. Multistranded jellium helix

by strings,
Ng—1 | 1 [+112] 5%F(s)\?
0(z,9)=—0ctmo,Y, >, S@+2mm Ebenc(H)%NSkBT—plim—J' — ) s
w &0 2|ﬂoc| _1)2\ 0S
—g(z+sH/NY]. (20 I (27alH)*
=NgkgT (22)

Here o, denotes the mean surface charge density for each 2a2 [1+(2malH)??

string andH/Ng is the separation between the strings alongvvhere|dr*(s)/ds| — 1. This energy is the same as used in Ref.
the cylinder axis. If the total charge density of the strings12 Other effects, which can affect the wrapping of the

.NSGP:ZUC’ they tota'lly compensatg the charge of the Cyl.'chains, are considered in the next section.
inder. The electrostatic energy density of the charge density

(20) is given by IV. RESULTS AND DISCUSSION

2 2.2
|:4Tr Tca l Ko(ka) (1—6)2 A. Linear Poisson—Boltzmann approach
e
¢ raky(xa) The optimal helical pitch of the complex is found by
. 2K (Kjn.2) , minimizing the total-energy density
a j=1 KjN a'Kj,N (KjN a) ’ ( 1) E(Tp’TC’KYNS!H!a)zEel(Tp:TcaKaNs;H,a)
S S S

The productjNg gives the index of the functions, («,a). T EpendH 2,15, Ny). 23
For Ng=2, the expressiof21) turns into Eq.(19) [only the  Figure 2 shows results fdi at various string numbeis; in
terms with evem survive in Eq.(19) ath=H/2]. The en- the case of constardurface charge densityd=1 of the
ergy density for a single string follows fdds=1. This cor-  strings and of the cylinder. As expected, the optildalalue
responds to the situation considered in Ref. 12. However, thmcreases with increasing chain stiffness. The optikhalso
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FIG. 2. Optimal helical pitch of the complex witkg equidistant strings as
a function of their persistence length for the paramefierd, a=10 A, and
0.=0g_pna=16.8 uClcn? [Eq. (21) is used. The dots on the curves de-
note the points with an energy depth of T/A, compared to theH

— o state.

increases withNg because of the higher total bending
energy’® For largerx the optimal pitch increases since the
electrostatic interaction is more efficiently screened and the
same bending energy leads to an energy minimum at larger
H (dashed lines in Fig.)2

For constantinear charge densities;, and 7. and for

A. G. Cherstvy and R. G. Winkler

FIG. 4. Optimal helical pitch of the complex and its charge neutralization
fraction as a function ok for Ng=1 and for several values of the persis-

weakly charged chainévhen 7,<7;), the electrostatic en- tence lengtH,. Other parameters are the same as in Fig. 3.

ergy has a minimum at a finite value ¢f and thus the
helical conformation is favored for smallg values. Larger
persistence lengthk, disfavor wrapping(Fig. 3. Conse-
quently, a smaller fraction of the cylinder charge o,/o
=7,/ 7 is compensated by wrapped chais. Fig. 3.
The pitch increases witNg and withl, (Fig. 3). For given

7, and 7. and beyond a certain number of adsorbed strings,
the energy difference between a helical conformation and a
conformation with straight rods is rather small. Hence we
may observe both kinds of conformations, in particular when

we take thermal fluctuations of strings into account. This

100

applies to the system witN;>5 in Fig. 3. Vice versa, for a
given N there is a threshold ratie, /7. above which the

50 100 150 200

FIG. 3. Optimal helical pitch of the complex and its charge neutralization
fraction 6 for constantr, . and for various chain numbers. Parameters:
=10 A anda=20 A, x=1/(20 A), 7,=1/A, and7,=0.1/A (the cylinder

50 100 150 200
TS

is ten times more charged than each string

straight conformation is almost as favorable as the helical
one.

With an increase of the cylinder radius, the correspond-
ing electrostatic energy decreases for fixed linear charge den-
sities. That may lead to higher values of the helical pitch
(althoughEe,q decreasesand to a weaker charge neutral-
ization of the cylinder by wrapped stringBig. 3). With de-
creasing linear charge densities, the value of the helical pitch
increases more rapidly with the persistence length. Please
note that in Fig. 3 such large, and 7. values are used that
the linear Poisson—Boltzmann theory is no longer strictly
applicable. But, it will provide an estimation of the features
following from the full theory. With increasing salt concen-
tration, the value of the optimal helical pitch increases for
weakly charged chaind=ig. 4). At small «, the electrostatic
interaction between string and the cylinder is strong enough
to compensate a large portion of the cylinder charge, whereas
with increasingk the neutralization fractio® decreases rap-
idly. Figure 4 shows this dependence fg=1 and for sev-
eral values of the persistence length.

Our theory agrees with experiments on DNA/dendrimer
complexes which display an increase of the pitch with de-
creasing dendrimer charge densityTheoretical predictions
of Ref. 12 also indicate that the straight conformation of a
single string adsorbed on an oppositely charged cylinder be-
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comes favorable at high salt concentrations. Our model also (iii) Several mechanisms of macroion overcharging by
shows that for a fixed number of string the optimalH oppositely charged polymers were suggested in the
increases whenc increases(cf. Fig. 2, becauseE,, de- literaturel®!21516530ne mechanism, which is relevant for
creases and the energy minimum shifts to ladgerin ex-  adsorption on curved surfaces, suggests that the adsorption
periments, the pitch of DNA wrapping around dendrimersof highly charged semiflexible chains of finite radius around
indeed increases witl for spherical® dendrimers, but it a cylinder may be accompanied by charge neutralization
decreases for cylindrical dendriméfs'! One might argue along their contactlike for DNA wrapping around the his-
that the DNA persistence length decreases at high salt coene core in the nucleosorffe Then excess charges on the
centrations, because the electrosfatipersistence length outer chain surface appear, and their electrostatic repulsion
Ipye|:|B/(4K2b§) decreases. The DNA could then wrap produces a spontaneous curvature of the chain towards the
denser around the cylinder. However, such effects should ogylinder. This would change the calculated helical pitch and
cur for spherical complexes also, but have not been observetiay even lead to an overcharging of the complex.
in experiments.

Another unresolved issue is the charge of DNA/V. CONCLUSIONS
dendrimer complexes. Preferentially neutral complexes of

) . . ) ) In the present article, we have analytically calculated the
DNA with spherical dendrimers were observed in experi-

: energy of the helical conformation of charged strings on the
ments of Refs. 21 and 22, in contrast to a pronourio@do g rface of an oppositely charged cylinder and the depen-

two times overcharging of cylindrical dendrimers by gence of the helical pitch on the model parameters. We have
wrapped DNA reported in Ref. 19. The adsorption/attraction.g|cyjated the electrostatic potential created by a helical
of cylindrical complex onto a positively charged silica sur- charge distribution and the energy of the system in such a
face was used as an evidence for overcharging in Ref. 19. Tqqtential. The present work extends the treatment of Ref. 12
have this attraction, however, the overcharging may not bgy, an arbitrary number of helical strings. We have also
required, since the negative DNA charges are closer 10 thegnawn that the transition from a helical to a straight confor-
silica surface than the positive charges of the dendrimer,ation is a continuous transition, rather than an abrupt one.
Hence advanced e_xperlments are required tp ur_lderstand e our pure energy minimum solution we do not observe the
nature of a possible overcharging of cylindrical DNA/ pronounced overcharging of the complex, reported in Ref. 12
dendrimer complexes. on the basis of a superposition solution for interaction ener-
B. Extensions of the model gies. We rather find neutral or undercharged complexes. We
currently extend this Poisson—Boltzmann treatment to

dWIe summarize below a few possible extensions of thepherical complexes. The results will be reported elsewhere.
model.
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