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ABSTRACT: The thermoelastic properties of polymer networks are of interest owing to the information
they provide on κ ) d ln〈R2〉0/dT, the temperature coefficient of chain dimensions of the network species.
Stress-strain measurements at constant volume provide that information directly, through a determi-
nation of the energetic fraction of the restoring force fe/f. Almost always, however, the measurements are
conducted under constant-pressure conditions, and a correction is applied to account for the effect of
volume change. The correction formula commonly used is known to be inaccurate, and here we present
a new one that predicts the volume change and κ quite satisfactorily. Some comparisons of κ obtained
from thermoelastic measurements, from small-angle neutron scattering, and from intrinsic viscosity data
in athermal solvents are given.

Introduction

The thermoelastic properties of polymer networks
have been studied intensively over the years. Molecular
theories based on the random coil model predict the
temperature dependence of stress-strain behavior and
testing that prediction to verify the model was an early
interest. A later interest was to use the data and model
to obtain κ ) d ln〈R2〉0/dT, the temperature coefficient
of chain dimensions for the network species. Its value
depends on local molecular structure and the energy
differences among rotational isomeric states and there-
fore is of interest in the molecular theory of chain
conformations.1 Before small-angle neutron scattering
became available, κ was not easily obtained by other
means. Some aspects of the analysis of thermoelastic
data were left unsettled, however. This article offers a
clarification and corresponding correction of κ for vari-
ous species.

Development

When stress is applied to an elastic body, the effect
at equilibrium is to store elastic energy in the body by
changing both its shape and its volume. For uniaxial
tension applied to an elastomeric network at ambient
pressure, the elastic energy results from both network
distortion and volume dilatation. Adopting the James-
Guth view,2 these can be regarded as the independent
contributions of two entities cohabiting the occupied
space. One is a volumeless network of random-coil
strands that undergoes a global extension. The other is
a dense liquid that is caused to expand by the uniaxial
tension acting upon it. Only the network contribution
is of interest in the consideration of molecular elasticity
theory. It can be obtained either by stress-strain
experiments conducted at constant volume, which are
difficult in practice, or by constant pressure experi-
ments, which are relatively easy, and then correcting

for the dilatation. It is the widely used correction
formula that is of concern here.

The development here draws extensively on results
reported in the review of thermoelasticity by Price.3
Whether constant-pressure or constant-volume experi-
ments are conducted, the equilibrium restoring force f
in uniaxial extension is measured as a function of
specimen length L and temperature T. The energetic
and entropic components of the force, fe(L,T) and fs(L,T),
are obtained from derivatives of the force with respect
to temperature.3,4 Thus, for constant-pressure experi-
ments,

and for constant-volume experiments,

in which U and H are the internal energy and enthalpy
of the specimen, and fs ) f - fe. Only the network
contribution, the energetic fraction of force fe/f at
constant volume, is of interest:

The difference between (∂H/∂L)P,T and (∂U/∂L)P,T is
negligible at ambient pressures for systems with dense
liquid compressibility. The constant-pressure strain can
be expressed as the sum of a constant-volume strain and
then a dilatation at constant strain to the final volume.
The result is a correction formula:5
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in which

The first term on the right side is the internal pressure,
shown by separate experiments to be independent of
strain.6 For dense liquids and ambient pressures, it is
well approximated by

in which R is the thermal expansion coefficient and â
the isothermal compressibility. The second term on the
right side of eq 5, (∂V/∂L)P,T, describes the dilatation.
Flory developed an expression for the dilatation based
on the Gaussian network model7

in which λ is the stretch ratio L/L0. Equations 6 and 7
lead to the corresponding correction factor:

Allen, Bianchi, and Price built an apparatus for
making constant-volume thermoelastic measurements
in uniaxial extension.6 They applied eq 3 to the data
and obtained values of fe/f for several network species.
Their results are summarized in ref 3. The same
apparatus was also designed to generate constant-
pressure and dilatation data for the same networks,
permitting eqs 6-8 to be tested independently. Their
results and those of others4,8,9 showed that neither eq 7
nor eq 8 was adequate. Price3 pointed out, however, that
much better agreement with the dilatation data was
obtained when the thermodynamic consequences of an
earlier proposal by Gee10

were worked out. The following thermodynamic identi-
ties,

together with the Gee proposal, lead to

The force can be expressed with the Gaussian network
model:4

where A0 is the undeformed cross section at the test

temperature and G0 is the shear modulus. Applying that
formula leads to the following dilatation equation:

A revised correction factor then follows immediately
from eqs 5, 6, and 13:

For completeness, we also include the result of replacing
the Gaussian expression with the Mooney-Rivlin form:4

where C1 and C2 are empirical parameters that vary
from one network to another. Assuming C1 and C2 have
the same temperature dependence, eqs 11 and 15 lead
to the Mooney-Rivlin variant:

where Λ is the coefficient ratio C2/C1. Equations 14 and
16 seem not to have been presented previously. The
remainder of the paper describes some tests of them and
their consequences.

Discussion
A comparison of observed values for ∆P,L ) (∂H/∂L)P,T

- (∂U/∂L)V,T in natural rubber networks4 and the values
calculated with eqs 8, 14, and 16 is given in Table 1.
Calculated values are plotted against the observed
values in Figure 1. Agreement is evidently much better
for the values from eqs 14 and 16 than those from eq 8,
the latter being consistently too small. Even though
widely different stress-strain behavior is represented,
as reflected by the range of Λ, the differences between
results from eqs 14 and 16 are relatively minor. Values
of fe/f calculated from the results in Table 1 are shown
in Table 2. Omitting results for the smallest stretch
ratio of network A, the averages of fe/f are 0.127 ( 0.023
for the constant-volume measurements. With the data
from constant-pressure measurements, eqs 14 and 16
lead respectively to fe/f ) 0.123 ( 0.018 and 0.140 (
0.020, in good agreement with the constant-volume
result. In addition, all three values agree well with
Boyce and Treloar,4 who obtained fe/f ) 0.13, from
constant-pressure torsion tests, for which the dilatation
correction is much smaller. Equation 8, on the other
hand, leads to a significantly larger and incorrect value,
fe/f ) 0.189 ( 0.018.

Values of fe/f from constant-pressure measurements
on unswollen polyisobutylene and polyethylene net-
works11 are listed in Table 3. The average obtained for
polyisobutylene is -0.030 ( 0.033 from eq 8 and -0.094
( 0.033 from eq 14. An average of -0.08 was found for
polyisobutylene by constant-volume measurements,12 in
excellent agreement with the result from eq 14. The
average values for polyethylene are -0.422 ( 0.057 from
eq 8 and -0.528 ( 0.057 from eq 14. No constant-volume
data are available for polyethylene, but estimates of κ
based on other methods (see below) suggest the value
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from eq 14 is more nearly correct. Finally, a value of
fe/f has been obtained from constant-volume data for a
third species, poly(dimethylsiloxane).13 The result, fe/f
) +0.25, agrees fairly well with a value from constant-

pressure measurements14 as corrected with eq 14, fe/f
) +0.20.

Use of eq 14, based on a more accurate description of
observed dilatations, has the effect of increasing ∆P,L
relative to the prediction of eq 8 and thus decreasing
algebraically the deduced value of fe/f. It is easily shown
that

For typical temperatures (T ∼ 350 K) and expansion
coefficients for polymeric liquids (R ∼ 6 × 10-4 K-1),

Accordingly, compilations of values based on eq 8 as
applied to uniaxial extensions at constant pressure15,16

Table 1. Comparison of Observed P to V Correction Term with Predictions for Natural Rubber Networks

network φa Λ R (K-1) × 104 λ ∆P,T(obsd), kPab ∆P,T(eq 8), kPa ∆P,T(eq 14), kPa ∆P,T(eq 16), kPa

A 1.0 0.72 6.62 1.948 24.3 7.1 22.1 18.1
A 1.0 0.72 6.62 1.775 24.2 8.8 22.2 18.3
A 1.0 0.72 6.62 1.48 23.7 13.4 23.3 20.1
A 1.0 0.72 6.62 1.08 30.1 29.5 32.0 31.0
B 1.0 0.76 6.62 1.982 31.8 11.0 35.9 29.0
B 1.0 0.76 6.62 1.531 32.4 19.8 36.9 31.2
B 0.61 0.42 8.02 1.517 26.5 17.5 32.1 28.9
B 0.61 0.42 8.02 1.342 27.6 22.9 33.7 31.2
B 0.36 0.2 8.91 1.474 15.6 15.5 26.9 25.5
C 1.0 0.32 6.62 1.902 63.6 23.2 68.8 62.3
C 1.0 0.32 6.62 1.582 56.6 34.7 68.9 63.2
C 1.0 0.32 6.62 1.18 71.9 64.3 78.1 75.2
D 1.0 1.05 6.62 2.095 31.6 9.4 34.9 26.4
D 1.0 1.05 6.62 1.843 32.0 12.5 34.4 26.4
D 1.0 1.05 6.62 1.475 31.8 21.1 36.7 30.2
D 1.0 1.05 6.62 1.213 47.6 33.6 42.4 38.3
D 0.65 0.58 7.87 1.535 14.1 10.2 19.1 16.6
D 0.39 0.15 8.80 1.445 12.9 12.8 21.3 20.5
E 1.0 0.21 6.62 1.484 59.4 30.0 52.6 49.8
E 1.0 0.21 6.62 1.377 53.4 34.4 52.9 50.5
E 1.0 0.21 6.62 1.13 65.5 59.5 68.3 67.0

a φ is polymer volume fraction. b Tensile force divided by initial area.

Figure 1. Comparison of predicted and observed P f V
corrections for thermoelastic data on natural rubber networks.
The filled circles are values calculated with eq 8, the open
squares with eq 14, and the open diamonds with eq 16.

Table 2. Energetic Fraction of the Elastic Force for
Natural Rubber from Constant-Volume and Corrected

Constant-Pressure Measurements

sample φ Λ λ fe/f (obsd) fe/f (eq 8) fe/f (eq 14)

A 1.00 0.72 1.948 0.091 0.167 0.101
A 1.00 1.775 0.112 0.188 0.122
A 1.00 1.480 0.136 0.204 0.138
A 1.00 1.080 0.089 0.103 0.038
B 1.00 0.76 1.982 0.139 0.194 0.128
B 1.00 1.531 0.151 0.200 0.134
B 0.61 0.42 1.517 0.113
B 0.61 1.342 0.137
B 0.36 0.20 1.474 0.126
C 1.00 0.32 1.902 0.137 0.196 0.129
C 1.00 1.582 0.112 0.154 0.088
C 1.00 1.180 0.181 0.218 0.151
D 1.00 1.05 2.095 0.135 0.192 0.126
D 1.00 1.843 0.121 0.180 0.114
D 1.00 1.475 0.120 0.166 0.099
D 1.00 1.213 0.098 0.203 0.138
D 0.65 0.58 1.535 0.125

Table 3. Energetic Fraction of the Elastic Force in
Polyethylene and Polyisobutylene from Corrected

Constant-Pressure Measurements

network λ (∂H/∂L)P,T/f fe/f (eq 8) fe/f (eq 14)

Polyethylene
PE1 1.55 0.30 -0.417 -0.523

1.82 0.27 -0.333 -0.439
2.09 0.41 -0.449 -0.555
2.46 0.37 -0.393 -0.499
2.96 0.43 -0.443 -0.549

PE2 1.43 0.30 -0.465 -0.571
1.7 0.34 -0.421 -0.527
2.02 0.36 -0.404 -0.510

PE3 1.4 0.15 -0.332 -0.438
1.54 0.32 -0.440 -0.546
1.68 0.37 -0.455 -0.561
1.79 0.42 -0.487 -0.593
1.86 0.43 -0.488 -0.594

PE4 1.75 0.40 -0.473 -0.579
2.02 0.41 -0.454 -0.560

PE5 1.4 0.12 -0.302 -0.408

Polyisobutylene
PIB 1.73 -0.01 -0.036 -0.100

1.78 0.06 -0.101 -0.166
2.07 -0.03 0.006 -0.059
2.32 0.02 -0.037 -0.101
2.38 0.01 -0.025 -0.090
2.52 -0.01 -0.003 -0.067
3.24 0.01 -0.016 -0.080
3.75 0.02 -0.024 -0.088

∆fe/f ≡ (fe/f)eq 14 - (fe/f)eq 8 ) -RT/3 (17)

∆fe/f ∼ -0.07 (18)
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can be easily corrected, either with eq 17 if the thermal
expansion coefficient is known or with eq 18 if not.

The molecular interpretation of fe/f, based on the
Gaussian network model, was made possible by the
demonstration that the force-deformation relationship
for random coils is universal.17,18 For a Gaussian
network, the force-temperature relationship at con-
stant volume can be expressed as

where 〈R2〉0 is the mean-square end-to-end distance for
unperturbed free chains of the network species at the
test temperature. Thus, assuming no other contribution
to the restoring force, eq 3 leads immediately to the
result18,19

Accordingly, the correction from values of κ obtained
with eq 8 to those corresponding to the more nearly
correct eq 14 is

or with the typical polymeric liquids value, R ) 6 × 10-4

K-1,

Some comparisons of κ obtained from fe/f data with
those obtained from size vs temperature data from
small-angle neutron scattering are shown in Table 4.
Also included are values of κ inferred from the temper-
ature dependence of intrinsic viscosity in good solvents
on the assumption of athermal solvent behavior.1 We
omit comparisons with values obtained with RIS cal-
culations,1 which involve adjustable parameters, and
with multiple Θ solvent data, which are known to be
undependable.20,21 When available, the listed values of
κ from fe/f are those calculated directly from constant-
volume measurements with eq 20. Such values were
available for high cis-polyisoprene (natural rubber),
polyisobutylene, and poly(dimethylsiloxane), as dis-
cussed earlier. The others were obtained from uniaxial
extension measurements at constant pressure, as cor-

rected for dilatation with eq 8. Those literature values
were then corrected by applying either eq 21 or eq 22
to obtain the values in the table.

The results in Table 4 demonstrate a fair agreement
in corrected κ among the various methods. For polyeth-
ylene, the value of κ based on eq 8 is -1.0, while that
based on eq 14 is -1.2, a value in significantly better
agreement with values from the other two methods. The
two available results for poly(ethylene-propylene) are
rather different, but that may be due in part to
sequencing differences in the polymers. The various
methods agree roughly that κ for atactic polystyrene,
for poly(methyl methacrylate), and for low vinylpoly-
butadiene is effectively zero. Values from fe/f and SANS
are generally consistent for all cases except polyoxyeth-
ylene, in which the disagreement may be beyond the
errors.

Concluding Remarks

The dilatation predictions, the comparisons we have
presented of fe/f obtained by the constant-volume method
and the constant-pressure method, and the improved
agreement of κ for polyethylene all support the Gee
formula, eq 9, and its thermodynamic consequence, eq
14. This is a useful outcome in that it removes a
puzzling inconsistency in the thermoelastic analysis of
polymeric elasticity. It should be noted, however, that
the changes that result from the use of eq 14 are not
large and that the conclusions we have drawn from the
results in Table 4 would not be materially changed if
eq 8 had been used. It should also be noted that eq 9
remains strictly empirical and that, in our hands at
least, it remains something of a puzzle: despite its
attractive simplicity, we have been unable to derive it
from a general mechanical principle.
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