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Application and methodological improvements to the floating-wire
technique to characterize the magnetic properties of a spectrometer dipole
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The floating wire technique was applied to characterize the focusing properties of the D2
spectrometer magnet to be used in the ANKE installation of the COSY Ju¨lich accelerator facility.
Trajectories corresponding to 140–600 MeV/c ejectiles emerging from a target in front of the
rectangular-type D2 magnet were measured in order to determine the location of foci where
detectors for the physics experiments were to be placed. The focus for trajectories of the same
momentum was localized by varying the trajectory start angle at the target. To overcome the
problem of instability, which arises when the pulley has to be located behind the focus, an
unbalanced pulley was used. Other improvements include methodological features such as the
particular design of our air-bearing pulley enabling a ‘‘freezing-in’’ of the wire movement and
therefore yielding a very high accuracy of the wire position measurement, the use of a 40mm
gold-plated tungsten wire best fulfilling the mechanical and electrical requirements, a fast-regulating
power supply in combination with an absolutely calibrated current meter, and the excellent accuracy
of modern surveying instrumentation. An overall momentum accuracy ofDp/p<1023 and a
position accuracy of the trajectories of61 mm in the vicinity of the foci have been demonstrated.
The precision and accuracy of the floating-wire measurements are discussed and compared with
ray-tracing calculations based on measured and calculated field maps. ©2001 American Institute
of Physics. @DOI: 10.1063/1.1357232#
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I. INTRODUCTION

The ANKE dipole spectrometer facility for the mome
tum separation of particles ejected from proton-induced
actions at internal targets has recently been installed in
COSY Jülich cooler-synchrotron ring.1 The installation con-
sists of three rectangular dipoles, D1, D2, and D3, formin
triangle-like chicane in one of the straight sections of
accelerator ring. The three magnets guide the circula
COSY beam through a thin target in front of D2 and at t
same time D2 is used for the separation of ejectiles emi
in a forward direction. One of the experiments performed
the near-threshold production ofK1 mesons.2 They have to
be selected from a huge background of protons andp me-
sons. A combination of different particle detectors, cal
telescopes, placed at the focus surface of the spectrom
magnet solves this task. The required experimental accu
was to be able to locate the focus position of a certain m
mentum within 1 mm where the momentum should
known with 1022 relative accuracy. The well-known
floating-wire technique~FWT! appeared to be a rathe
straightforward method to directly determine the necess
foci for the fixed geometry of theK1 experiment. Other
experiments with different geometries of target a
detectors1 demand a more general knowledge of trajector
through the magnet. Here, numerical ray-tracing techniq

a!Electronic mail: j.stein@fz-juelich.de
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based on field maps have to be applied. The availability
measured and calculated field maps3 permitted—as an im-
portant crosscheck4—the comparison of the FWT result
with trajectories calculated for the same geometry.

Some decades ago, the FWT was commonly applied
determine the magnetic properties of spectrometer and e
cially accelerator magnets.5–7 A current-carrying wire freely
floating in the magnetic field is balanced by the equilibriu
of magnetic force and a mechanical tension force. The t
sion force is usually produced by running the wire over
balanced low-friction pulley and hanging a weight from
The wire takes a position representing the trajectories o
charged particle of a certain momentum. The focus form
by trajectories of the same momentum is found by vary
the start angle of trajectories at a predefined target poin
front of the magnet. Straight trajectories can then be m
sured in the field-free region outside the magnet. The obt
able accuracy is determined by~i! the friction and hysteresis
of the pulley and the wire,~ii ! the accuracy of the wire po
sition measurement, and~iii ! the stability of the magnetic
field and the current in the wire.6 Using air-bearing pulleys,
accuracies ofDp/p from 1023 to 1024 were reported.8,9 The
wire remains stable as long as the tension force is applie
front of the focus. Steffen has discussed the instability of
wire when the tension force is applied behind the focus a
how to overcome the problem by using, e.g., an unbalan
pulley.5

The location of the focus surface at our D2 magnet
3 © 2001 American Institute of Physics
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quired in some cases placing the wire position measu
device behind the focus. Therefore, it was necessary to s
the principle of the unbalanced pulley in detail. The over
momentum accuracy in the physics experiments is expe
to beDp/p;1022. In order to be precise enough, our FW
apparatus was devised to have an accuracy ofDp/p
;1023. We report on the results and on improvements to
FW techniques and methodologies for the D2 spectrom
magnet.

II. EXPERIMENTAL ARRANGEMENT AND
PROCEDURE

A. The principle of the floating-wire technique

Figure 1 gives a schematic view of our FWT setup at
D2 magnet illustrating the measurement principle. The
magnet is a rectangular C-type magnet with outer pole
mensions of 14003658 mm2. The pole edges are canted wi
45° and 60° phases yielding a pole face area of 12403460
mm2. The gap height is 200 mm. The starting position of t
wire in the midplane of D2 is fixed by a small wheel whic
is part of a motor-driven spool mechanism to vary the w
length. The whole spool mechanism can be rotated aro
the vertical axis thereby defining the start angle of the w
This axis is located at the designated target position 300
in front of the D2 poles and 80 mm off the longitudinal ax
of the magnet. The wire is passed through the magnet
and hung over the pulley. The tension of the wire is p
duced by the weight with massm fixed to the free end. Sup
plied with a certain currentI, the wire freely floats in the
magnet field following the trajectory of a single-charged p
ticle with a momentump.

The relationship between tension forceF, currentI, mag-
netic fieldB, and momentump of a particle with charge stat
q is given by

F/I 5Br53.3356p/q, ~1!

wherer is the radius of the trajectory curvature in meters a
F, I, B, and p are in units of N, A, T, and GeV/c,
respectively.5,6 With F5gm, m in grams, andg59.811
ms22, the local value~Aachen! of the acceleration of gravity
the momentump in MeV/c is obtained:

FIG. 1. Principle of the floating-wire setup at the D2 dipole.~a! Wire-length
spool mechanism,~b! pulley with pendulum weight (Dm) and wire stressing
weight (m), and wire-position measuring table with rulers.
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The pulley is oriented to the direction of the wire b
rotating it around the vertical axis. The position of the tr
jectory is measured outside the magnetic field by a se
rulers on the measuring table. By varying the wire length a
at the same time moving the pulley slightly alongside t
measuring table, different start angles can be set. A p
defined angle is adjusted when the wire is aligned to
angle control ruler directed towards D2~Fig. 1!. Extrapola-
tion of the trajectories until they cross determines the fo
point for the given momentum. Repeating the procedure w
different current values and different measuring table po
tions, the foci for all desired values of momenta are foun

A number of practical difficulties had to be overcome
order to exploit this elegant principle with the desired acc
racy. The planned physics experiments with D2 required
determination of trajectories in the momentum range fr
140 to 600 MeV/c at a maximum field of about 1.6 T. Figu
2 illustrates a floor-plan geometry of D2 with the accelera
beam trajectory and trajectories for two momenta, 140 a
500 MeV/c, assuming a hard-edged field of 1.6 T with
approximate effective length and width of 1500 and 758 m
respectively, given by the outer dimensions of the poles p
half of the gap height. The expected focus is indicated by
dashed line. Provided the magnetic field is stable and c
stant during the measurements, the accuracy depends e
tially on how accurately the tension force can be determin
An air-bearing design for the pulley is a common techniq
to reduce friction to a negligible amount.8,9 Absolute current
measurements of the order ofDI /I 51024 can easily be
achieved today.

FIG. 2. Floor-plan view of the measuring-table arrangement for a low an
high momentum. For lower momenta the focus is in front of the pulley,
the higher momenta it is behind the pulley. The table position relative to
magnet is determined by a high-precision theodolite.
P license or copyright, see http://rsi.aip.org/rsi/copyright.jsp
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The challenging problem was the fact that for low m
menta, from 140 to 300 MeV/c, the measuring table with
pulley could only be placed behind the focus~Fig. 2!. With a
well-balanced pulley, the wire is not stable under such c
ditions. The wire is pulled into the field or drops out of it.5 In
the detailed theoretical investigation by Kosodaev10 and in
the first experimental demonstration by Bounin a
Milman11 it was shown how the wire can be stabilized
using an unbalanced pulley, for instance, by attachin
small weight (Dm) at the periphery of the pulley~Fig. 1!.
Since the movement of the wire is connected with a turn
of the pulley in one direction or the other, the restoring for
around the inherent equilibrium position of the pulley pr
vents the wire from moving away. If the wire length is pr
cisely adjusted such that the pulley, acting as a physical p
dulum, moves back to this equilibrium position determin
without the wire, the tension force is again well defined. T
unbalanced pulley also permitted a ‘‘force-free’’ current co
nection to the pulley. A piece of 40mm tungsten wire was
fixed at the position of the pendulum weight and led in
wide bend to the power supply connector~Fig. 1!.

As a consequence of such a setup, the measuring t
can always be located at or close to the crossings of
trajectories. The accuracy of the crosspoint determinatio
appreciably improved in this case, since long-distance
trapolations are avoided. The positions of the measu
table and the target with respect to the magnet were de
mined by modern surveying techniques applying a speci
selected high-precision theodolite12 which measures angl
and distance at the same time by using prismatic reflecto
the magnet, the measuring table, and the target position~Fig.
2!. For the target position measurement the target whee
replaced by a prismatic reflector.

The choice of the wire is another point of practical im
portance. In order to cover the whole range of foci, w
lengths from 3.5 m for 140 MeV/c to 5.7 m for 600 MeV
had to be used. A gold-plated tungsten wire 40mm in diam-
eter fulfilled all electrical and mechanical requirements. W
currents form 0.09 to 0.21 A and a weight of about 10
momenta from 320 to 140 MeV/c could be defined. A weig
of about 20 g was used for the range from 650 to 280 MeV
The use of two different weights was necessary so as no
exceed the safety regulation limit of 60 V of the curre
power supply. The resistance of the wire at 0.21 A was ab
90 V/m, and the maximum electric power was then not m
than 4 W/m, which kept the temperature of the wire bel
100 °C. With weights between 10 and 20 g sagging of
wire was calculated to be negligible~less than 2.5 mm! while
the wire was still flexible enough to be manipulated.

B. Pulley design and properties

The design of our air-bearing pulley fabricated fro
low-permeability stainless steel is shown in Fig. 3.13 Com-
pressed air enters axially into the inner cylinder, is distr
uted through radial holes into the 0.05 mm split lifting th
outer coaxial cylinder with the wire guiding disk and flow
out radially along the gaps formed by the two side disks. T
width of the side gaps, about 0.25 mm, is adjustable in or
Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject to AI
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to achieve self-stabilization of the outer cylinder with resp
to small axial forces. The outer cylinder with the wire gui
ing disk has a weight of 70 g. The diameter of the groo
bottom is 60 mm. The air pressure required to lift the disk
approximately 0.5 bar. Clean dry air from a centr
compressed-air pipeline was used via a pressure-con
valve. During the measurements we applied a pressur
about 1.5 bar. The pulley was fixed to a support which
lowed the pulley groove to be aligned with the direction
the floating wire. The support was mounted on a mot
driven table so that the pulley was horizontally movab
along the measuring table. An integral part of the pull
device was a thin pointer fixed to the wire-guiding disk
order to control the zero position of the unbalanced pul
~see Fig. 1!. At the tip of the pointer at a radius of 80 mm th
reading precision was60.3°. This corresponds to a wir
length variation of60.16 mm. The wire spool mechanism
was therefore equipped with a precision gear with man
fine control.

The performance of the pulley was investigated with
spect to the concentricity between the pulley groove and
surfaces upon which the air acts. Attaching a 200 mg wei
of the periphery of the wire guiding disk, the well-balanc
pulley was transformed into a physical pendulum. Using
40 mm tungsten wire, two 20 g weights were suspended
the left and right of the pulley. Adding additional sma
weights of some milligrams on one or the other 20 g weig
left and right displacement angles of the pendulum w
measured over a range of about645° as a function of the
additional weights. This procedure was repeated for the o
three sectors of the disk. The deviations from the ideal d
placement function indicated the inhomogeneities of the c
centricity. Deviations of up to 60mm radius variations were
found. However, a 90° wide region could be selected wh
the radius was constant within 20mm. This region was used
for further application. The value of the radius variation
the selected sector was confirmed by observing wire
placements through a measuring microscope~magnification
30! while turning the pulley over a range of 150°. In add
tion, the pulley revealed a slight intrinsic moment of rotati
caused by the air flow in the split which was found to
about~1065! mg equivalent load. This intrinsic moment o
rotation, referred to as the ‘‘turbine effect,’’ only has to b
considered for the balanced mode. In the unbalanced mo

FIG. 3. Cross-sectional view of the air-bearing pulley made of lo
permeability stainless steel. The diameter of the pulley is 60 mm at
groove for carrying the wire.
P license or copyright, see http://rsi.aip.org/rsi/copyright.jsp
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is compensated by the pendulum action. The uncertaint
65 mg stems from air-flow-induced fluctuations which c
also be interpreted as friction. This uncertainty is included
the reading error of the equilibrium position.

C. Operational procedure

The pendulum weight necessary for stabilizing the w
if the pulley is placed behind a focus can be estimated
lowing the theory of Kosodaev.10 The weight should be a
light as possible so that the uncertainty of the pointer read
does not contribute too much to the uncertainty of the w
tension. However, a system close to instability becomes
practical due to the low oscillation frequency around t
equilibrium state. A weight ofDm50.8 g for the 10 g load
~1.2 g for 20 g! attached at the periphery of the pulley w
found to be appropriate. In these cases the oscillation
quency of the pulley was acceptable~'0.5 Hz!. The pointer
reading uncertainty was about the same as the uncerta
caused by the turbine effect.

The principle of the unbalanced pulley enabled a spec
experimental procedure to be applied which turned out to
extremely advantageous. Cutting the compressed-air flow
lowed the oscillating pulley to be stopped exactly in t
equilibrium state. In this ‘‘frozen state’’ the reading of th
wire position at the table was highly reproducible. At t
beginning of the investigations, additional slow moveme
of the wire were observed due to fluctuating convective h
losses from the hot wire. This effect was avoided by red
ing the regulation time constant of the wire current pow
supply.

To find the equilibrium of the wire in the unbalance
mode is slightly more complicated since the wire length is
longer a free parameter. Wire length and position of the p
ley have to be adjusted alternately until the pulley pointe
back in its zero position under the condition of a we
defined wire start angle. A typical time needed for this o
eration was 15 min so that a full set of measurements for
momentum could be performed in about 2 h. Neverthele
comparing the main error sources of the balanced and un
anced mode, we would always prefer the unbalanced m
because it avoids the extrapolation of trajectories which
troduces random errors in wire position readings at the m
suring table. The main random error in the unbalanc
mode—the uncertainty of the pulley pointer reading—can
kept small compared to the other errors~see Table I, Sec
IV !.

D. Wire-position determination

The position of a wire stretched over the measuring ta
was measured by a set of four 0.5 m long rulers with 0.5 m
scaling mounted on a 7003560 mm2 320-mm-thick alumi-
num plate. The rulers were mounted on the table at rela
positions of 0, 101.1, 250.5, and 535.1 mm. Mirrors bel
the rulers enabled a parallax-free reading. The height of
measuring table was adjusted such that the wire passed
mm above the rulers ensuring good visibility of the wire a
its image. Placing a lens on a glass plate about 100
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above the table and illuminating the wire from the side ma
ruler readings with a precision of60.1 mm possible.

The table plate was made of a special stress-free Al
loy. It was accurately machined to be flat within 0.1 mm
Four precisely machined boreholes to accommodate the
matic reflectors were arranged in a rectangle with late
lengths of 61060.05 and 35060.05 mm~Fig. 2!. The coor-
dinates of these four prism positions together with two m
net positions and the target position were determined
each separate table location. The basic coordinate syste
a measurement is formed by the position of the theodo
and a reference prism placed in the prolongation of the m
net axis. Applying appropriate coordinate transformatio
the wire positions on the table are finally transferred into
D2 reference coordinate system with its origin at the cen
of the magnet~Fig. 2!. A least-squares fit to the four point
obtained for each trajectory was used in order to obtain
formation about the straightness of the trajectories and ab
uncertainties of their position and direction.

The target position only 300 mm away from the iro
edge is already located in the fringe field. In order to prov
a well-specified start angle, the curvature of the trajecto
was taken into account. The deviation of the wire from
straight trajectory 150 mm in front of the target point w
theoretically determined and checked by a 1 mm paral-
lax-free mirror scale mounted on the angle control ruler~see
Fig. 1!.

III. RAY-TRACING CALCULATIONS BASED ON FIELD
MAPS

The ANKE dipoles D2 and D1/3 were designed on t
basis of three-dimensional field map calculations. TheMAFIA

code14 has turned out to be the most appropriate tool.3 In
order to verify the theoretical results, D2 was experimenta
investigated using an appropriate field-mapping machin15

In the physics experiments, ray tracing is a necessary pre
uisite for momentum reconstruction. TheGEANT code16 is

TABLE I. List of the various error sources influencing momentum a
position of measured FWT trajectories.

Error source Value

Relative random errors of momentum
Dispersion of current readings (DI /I )meas 6131024

Dispersion of tension force (DF/F)pend 6331024

Resulting momentum error~rms! (Dp/p)random' 6331024

Absolute geometrical errors
Wire position reading on rulers 60.1 mm
Positioning and alignment of rulers 60.2 mm
Table position relative to the magnet 60.5 mm
Table orientation relative to the magnet 62 mrad
Dispersion in settings of start angles 64 mrad

Relative systematic errors of momentum
Mass of the main weight DM /M 6131025

Acceleration of gravity Dg/g 6231025

Calibration of the current meter (DI /I )cal 6231024

Radius of the pulley DR/R 6631024

Drift of the magnetic field DB/B 6231024

Resulting momentum error~rms! (Dp/p)sys' 6731024
P license or copyright, see http://rsi.aip.org/rsi/copyright.jsp
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used as a powerful tool to cover all aspects of the detec
process. The comparison of calculated trajectories base
field maps with those directly determined by FWT measu
ments will give the necessary confidence in the correctn
of the momentum reconstruction procedure.

For this article, theMATHEMATICA 17 program package
was used to calculate the trajectories. It provides featu
such as interpolation of field maps and numerical soluti
for differential equations. The equation of motion f
charged particles in the D2-midplane magnetic field read

x91
B~z,x!

Br
@~11x8!2#3/250, ~3!

whereB(z,x) is the local magnetic field value taken from th
field map by interpolation andBr53.3356p is the magnetic
rigidity (Tm) of a particle with momentump ~GeV/c!. The
measured and calculated field maps are given in a 20320
mm2 grid. Since the measured map in the horizontal pla
covers only 80% of the range necessary for ejectile traje
ries of interest, the measured map was complemented by
calculated map.3 The numerical accuracy of theMATH-

EMATICA calculations was checked by tracing a hypotheti
trajectory in the forward direction and, using the result o
tained, back to the target. A maximum deviation of 0.2 m
from the starting point is only seen in the longitudinal dire
tion for low-momentum trajectories where the bending an
is large.

During the FWT measurements the characteristic ma
mum field valueBmax at the center of the magnet wa
checked by a Hall probe. A nuclear magnetic resona
probe was used to calibrateBmax as a function of the supply
current over the whole current range. The measured value
100% current was 1.573 T.

IV. EXPERIMENTAL RESULTS AND ERROR
DISCUSSION

Figure 4 shows an overview of the results of the FW
measurements. For each of the six momenta, 140.4, 20

FIG. 4. Measured floating-wire crossings for the six momenta 140.4, 20
291.3, 400.3, 500.3, and 600.1 MeV/c forming the midplane focus curve
the given target position (z5299.67 cm andx527.86 cm!. The dashed
line around the magnet represents the effective hard-edged field boun
Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject to AI
n
on
-
ss

es
s

e
o-
he

l
-

-
e

i-

e

or

.4,

291.3, 400.3, 500.3, and 600.1 MeV/c, five trajectories w
traced with start angles of210°, 25°, 0°, 15°, 110° rela-
tive to an assumed accelerator beam angle of110.6°. For the
first three momenta the unbalanced pulley was applied,
the other three the balanced one. The momenta were der
according to Eq.~2! where the value of the massm of the
weights used~9.9847 g in the range 140–320 MeV/c an
19.9233 g in the range 280–650 MeV/c! was modified by a
few systematic corrections. Expressed in equivalent m
these were1~1061! mg for the piece of wire between th
pulley and weight,2~1065! mg for the turbine effect~only
during measurements with the balanced pulley! and 1~7 to
1563! mg for small magnetic forces acting on the curre
supply wire when the measuring table was close to the m
net ~for 140.4, 207.4, 400.3, and 500.3 MeV/c!. Sagging of
the wire may influence the balance of forces and may ca
a deviation of the trajectory from the midplane of the mag
where the vertical component of the field strength is low
In the worst case at a free length of 4 m sagging was 2.5 mm
which is negligible. The geometrical conditions for the me
surement were chosen such that they represent a typica
plication in the planned physics experiments.~Maximum
magnetic field, target at a nominal position ofz52100 cm
and x528 cm.! The measured target position (z5299.67
cm andx527.86 cm! was close to the nominal position
The dashed line in Fig. 4 represents the midplane focus cu
for the applied maximum field of 1.573 T.

Aberration is not resolved in the global view of Fig.
Only the 110° trajectory for 600.1 MeV/c does not hit th
focal point formed by the other trajectories. A magnifie
view on the focal area clearly resolves aberration. As
example, the aberration pattern for 140.4 MeV/c trajector
is shown in Fig. 5~a!. Here, the pulley was operated in th
unbalanced mode. The trajectories near the focus were
cated at the measuring table yielding the highest poss
precision of trajectory position readings. As a check for t
overall reproducibility a second 0° trajectory was determin
once more after the whole apparatus had been shut down
switched on again the next day. Figure 5~b! indicates these
two 0° trajectories by a slightly thicker line. A second 0
trajectory determined with a 1% higher momentum clea
demonstrates a reproducibility of;1023. It should be noted

4,
r

ry.

FIG. 5. Demonstration of the reproducibility of the FWT measurements.~a!
Five 140.4 MeV/c trajectories for different start angles.~b! The apparently
thicker line represents two 0° trajectories measured on different days. A
indicator of the momentum resolution, the dot-dashed line was determ
with 1% higher momentum.
P license or copyright, see http://rsi.aip.org/rsi/copyright.jsp



t

es
o

en
th
n

en
fe
we

-
a

lle
c
om
tu

o
on
ll
e
a

nt

di
r
b
s

fa
m
t
th
d
a

m

a
gh
u

tiv

rin

e
. 6
00
w
n
a
ri
he
la

tio
i
d

by
. At
the
oss-
ct
ur

e

he
ther
ngle
he
for
e

ng
s at

lcu-

2008 Rev. Sci. Instrum., Vol. 72, No. 4, April 2001 Stein et al.
that before starting a measurement under new conditions
equipment had a 1 hwarm up.

In order to comment on the overall accuracy it is nec
sary to study the various error sources in detail. Two kinds
errors can be distinguished: errors involved in the mom
tum determination and errors influencing the accuracy of
wire position determination. Random errors of wire curre
and tension force may occur within one set of measurem
for a certain momentum and in measurement sets for dif
ent momenta. Once the wire is fixed in an equilibrium,
may have dispersion of current readings and dispersion
the tension force~see Table I!. The error sources are mutu
ally independent and, when added quadratically, yield a r
dom error of (Dp/p)random'6331024. The dispersion of
the tension force is caused by the uncertainty of the pu
zero point,60.3°, comprising fluctuations of the intrinsi
moment of rotation, friction, and reading errors. The rand
error holds within a set of measurements for one momen
as well as for sets of different momenta. The second kind
error is purely of geometrical origin comprising the positi
and orientation of the rulers on the measuring table as we
position and orientation of the latter relative to the magn
Finally, there are systematic errors which are the same in
measurements~Table I!. They are also mutually independe
and, added quadratically, yield (Dp/p)sys'6731024.

The geometrical errors essentially depend on the
tances between crosspoints and the closest ruler. These e
are minimized if the trajectories cross at the measuring ta
as is the case in the unbalanced mode. This error depend
the accuracy and precision of the theodolite. The manu
turer gives values of 0.001 mrad for the angle and 0.5 m
for the distances. The precisely machined distances of
drilled holes in the table plate yielded a direct measure of
accuracy of the theodolite. Ten measurements of these
tances for five different table locations resulted in mean v
ues of 610.1160.04 standard error and 350.1060.05 mm
standard error with a maximum deviation of 0.25 mm co
pared to 350 and 0.17 mm compared to 610 mm. The 1
distance between the two marks on the magnet was alw
accurate within60.05 mm. These numbers reveal the hi
performance of modern surveying instruments and ens
that the absolute locations of trajectory crosspoints rela
to the magnet are accurate within60.5 mm. Due to the ex-
treme angle accuracy, the orientation error of the measu
table is assumed to be smaller than 2 mrad.

The measured field maps3 enabled the assumptions to b
checked for the various errors of the FWT data. In Fig
measured and calculated trajectories for 291.3 and 5
MeV/c are compared in the focus region in a magnified vie
The 291.3 MeV/c trajectories were determined with the u
balanced pulley, and the 500.3 MeV/c trajectories in the b
anced mode. The agreement with the calculated trajecto
is almost perfect. The dot-dashed line refers to 1% hig
momentum. The difference between measured and calcu
trajectories corresponds toDp/p<0.531023.

It is interesting to discuss the shape of the aberra
pattern in view of start angle errors. The five trajectories
Fig. 5 form a kind of triangle with a hyperbolically shape
‘‘hypotenuse.’’ As shown in Fig. 7, this line~the caustic! is
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independent of small input angle deviations. It is formed
the foci of a series of trajectories of adjacent start angles
the tip of the aberration triangle, however, dispersion of
start angles leads to increasing uncertainty. Using the cr
point of trajectories in the limit of small angles with respe
to 0° enables the unique definition of the focal point. In o
case, the crossings of15° and25° trajectories are precis
enough for positioning of the detectors.

Tracing the trajectories backwards, starting with t
measured trajectories in their focus region, provides ano
way of assessing the measuring errors. Here, the start a
error is not involved since all trajectories originate from t
target point. Figure 8 shows such backward trajectories
291.3 and 500.3 MeV/c in the vicinity of the target. Th
trajectories meet almost perfectly in one point indicati
very small random errors within a group of measurement

FIG. 6. Comparison of measured trajectories with field-map-based ca
lated trajectories for two selected cases:~a! unbalanced pulley,~b! balanced
pulley. The agreement in the focal region is in the order ofDp/p51023 as
indicated by 0° trajectories measured with a 1% higher momentum.
P license or copyright, see http://rsi.aip.org/rsi/copyright.jsp
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the same momentum. For instance, aDp/p510.331023

would move the 500.3 MeV/c15° trajectory such that it
would cross the other trajectories just as optimally as in
291.3 MeV/c case. However, a clear displacement from
measured target position is evident, which may be due
several systematic errors such as overall momentum er
and/or table position errors. It should be noted that lack
mechanical precision in mounting the prismatic reflector
the axis of the target rotation mechanism might have bee
additional cause. An estimate of the target rotation erro
shown as an ellipse around the measured target position.
small rectangle describes the dispersion of theodolite re
ings.

Figure 9~a! shows all the trajectories calculated bac
wards in the momentum range from 207.4 to 600.1 MeV
All the trajectories meet close to the measured target p
forming a waist of 2 mm width. Compared to the measu
target position the waist seems longitudinally shifted
about22 mm. Figure 9~b! shows the ensemble of calculate
trajectories superimposed by the various error contributi
as discussed (Dp/p560.07%, Dposition561.0 mm,
Dorientation562.0 mrad!. Position and orientation compris

FIG. 7. The crosspoints of adjacent trajectories with slightly different s
angles form the caustic of the aberration, here shown for 207.4 MeV/c.
caustic is insensitive to start-angle errors. The nominal focus can be de
by the crossing in the limit of small angles.

FIG. 8. Trajectories calculated backwards in the vicinity of the target.~a!
The 291.3 MeV/c trajectories cross rather perfectly at a point.~b! The 500.3
group indicates small random errors. The general shift of the crossing
gions from the measured target position~the rectangle describes the dispe
sion of theodolite readings! is caused by systematic errors of momentu
orientation, and the target rotation~shown by the surrounding error ellipse!.
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the least-squares errors of trajectories and the assumed e
for the measuring table. The comparison clearly dem
strates that the experimental estimates concerning the e
are correct. The overall results shown in Fig. 9 confirm
precision and the accuracy of the FWT as well as the r
ability of the field mapping measurements. It is interesting
note that the appliedBmax51.573 T fits well with the FWT
results and that the pureMAFIA field, with its Bmax normal-
ized to 1.573 T, results in a deviation equivalent to a 0.1
too high *Bdl product.3 The availability of an independen
method to experimentally determine charged particle tra
tories for the ANKE magnet D2 resolved a number of qu
tions about the ray-tracing calculations. It was also sho
that modern field map codes like the three-dimensio
MAFIA code may deliver results close to the original accura
goal ofDp/p'1023. A double check with a method like th
FWT may then provide the desired confidence.4
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