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In this work, we stndied die motion of the solidification front of a disordered binary
alloy_ Hers; we assurne t die atoms are frozen not only in die solid stete but also in
the liquid state. `his essumption is jnstiled if the System is quenched frorn its melt so
fast timt die atoms

	

ath phases do not have time to jump as the solidi&cation front
passec. Both analytie results d resalts obtained Üora MGsimu o are
presented. The quenohed disorder in the system, which is cansed by concent e ion
flue K aiions, Wels to spe la' and temporal correlations tbrot die propagation of the
9GJd1[,t18ii~atifiJ11 front .
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non= vial effects ofthe qnenched disorder an the behavior of the solidifeation front.

ha the one®plrase region of an equilibritzs phase ramm, tbe interface moves with
a constant velocity . However, in die two-phase region it demonstrates a coorrapli ted
behavior, which strongly dep s an the System para eters . The average
displa ent h of the interface as a fron of time t obeys a power Iaw, hü) - . tv,

t exponent v <1. For very lergc bond energy, the ekponent v des es to die
value of a one-dimensional system for moderate band energy, the exponent increases
to about 1, and for =all band ener°gy, it reverts to the value of a one-dimensional

syst.em. Therefore, die propagation of the solidification front is blocked by the
quenc bd disorder at very sinall as well as very lange band e ges.

The energy range Bierre v =1 increases with icgessing system size. Per a very
lange System with finite band energy tbe Interface moves with a constant velocity.
Tos mov rea t cor ponds to die thermal ereep motion of die front . A finite
teraperacure m-uears out the slup pin g-depi

	

g transition at zero te p t .
The dynamic behavior of the % has beeil s died by rnoans of a scaling theory . lt

beeil foud that under small driving force, at iow tenaperat or relatively high
bond are-rgy, he velocity v of tbe front as a function of nd energy eand

coracentr€an c ea~ be factorized : v(s . c) e- affe' Ai r(c'a- `). Eiere A enaracte s the
relative stre th ofthe disorder in th system and Co represents die concentradon that
separates the solid from li quid state in the equilibrium phase diagram_

In addition to sie dii sionle solidification we also studied the effects of the
rn e a; dif.5.Ision an the motion of the freut t m h MGeimulation ofa one-
dimensional system \Vithout di ian the exponent v has a value between 0 and 1_
Typio y, the exportent of a & Fusion process is 0.5. The MC-simulation shows t
die exponent v inc ases to 0.5 for die concentration Tange where without di sion v
would be smaller than 0.5. Eiere sie diasion process dominates . For other
can centrati the exponent remRi1 Imeb ed and the interface dyna ics
d °minates.
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ntroaurtion

1.1 General Introduction t e Thesis

An ideal crystal, ie ., a crystal with perfect lattice and periodic boundary con-

ditions, does not exist in nature . Tndeed, most properties of real materials

depend crucially an the presence of imperfections - bnik vacancies, disloca-

tions, surface roughness and local variations in density and compositions -

which are remnants of the nonequilibrium conditions under which the mate-

rial has formed . Over the centuries, the art and science of crystal growth has

progressed to ever more elosely approximate the ideal of a perfect, crystalline

solid, as evidenced impressively by modern techniques such as molecular beana

epitaxy (MBE), which aliows for the engineering of solid state devices at the

level of individual atomic planes . Nevertheless, the success of this and other

techniques depends crucially on the ability to control the disordering e. fects

of the nonequilibrium growth conditions, and to assess, at least empirieally,

the relationship between the growth conditions and the resulting structures.

in a more general sense one may consider crystal growth also as a moving

Interface in a random media . The quenched noise, which does not change with

time, generated by the randomness of the medium, has a nontrivial effect on

the motion and morphology of an interface . In general, it is agreed that

quenched noise produces anomalous roughening of the advancing interface

[1]-[17] . The understanding of roughening doaninated by quenched noise is

3



1 .1 . GENERAL INTRODIJCTION OF THE THESIS

especially important for interpreting the results of various experiments, for

which it is genera.lly believed that the disorder of the substrate determines the

morphology of the interface. There are many examples in various disciplines

of physics : the interface[18, 191 between two phases in random media, such

as between two fluids in a porous medium [20], or domain walls in a random

ferromagnetic alloy; lattices of vortices in dirty type II superconductors[21,

22, 23] ; Charge Density Waves(CDWs)[23]-[28], which are spatially periodic

modulations of the electron density that occur in certain solids ; the contact

line of fluid drop [29, 31] ; the motion of geological faults[23] ; and ultimately

even dry friction between two solids.

In all of there systems, a driving forte, cal] it F, can be applied which acts

to try to make the object move, but this will be resisted by the random pinning

forces exerted by the medium or substrate . The primary questions of interest

will involve the response of the system to such an applied driving force . If F

is small, then one might guess that it will not be sufficient to overcome the

resistance of the pinning forces ; sections of the object would just move a bit

and it would deform in response to F, but would afterwards be at rest . If

the force is increased, some segment might go unstable and move only to be

stopped by the remaining parts . But for large enough F, it should be possible

to overcome the pinning forces, unless they are so strong that the object is

broken up, and then object will move, perhaps attaining some steady-state

velocity v.

Solde basic questions one might ask are : is there a unique F~ separating

the static from the moving regime? How does v depend an F? Are there

some kinds of non-eq_nilibrium critical phenomena when v is small? In . CDWs,

the role of Fof F is pivayeda by the external eiti ectric nrel zn; a finite Cri~rrr
vJ current

appears only beyond a threshold applied electric field. Interfaces in porous

media, domain walls in random magnets, are stationary unless the applied

magnetic field is sufficiently strong . A key Feature of fliese examples is that

they involve the collective depinning of many degrees of freedom that are

"elastically" coupled. The elastic manyfold is pinned by disorder if the driving

force is small, but for forces just above the critical threshold Fe , the interface

4



CHAPTER 1 . INTRODUCTION

advances by jumping from one pinning path to another. At the absolute

zero temperature a sharp pinning-depinning transition takes place at a finite

strength of an external driving force, but at a finite temperature, the pinning

transition is smeared out by the creep motion of the interface.

In this thesis we shall study the motion of the solidification front or the

interface between the liquid and solid part of a binary alloy systera with

quenched disorder . We consider a disordered two-component alloy system

which consists of A and B atoms . Each species of atoms can change its state

from liquid to solid during the solidification as the interface between the two

phases is advancing towards the liquid . Without allowing for diffusion, the

positions of die atoms are assinned to be fixed, so that no rearrangement

can occur . This corresponds to a very rapid solidification, as, for example,

achievable during the Formation of metallic glasses . The growth of such a

binary alloy is controlled not only by the temperature but also the relative

concentration of the alloy in the mother phase . In Fig .1.1, the two-component

equilibrium phase diagram with three regions : the solid (S), the liquid (L)

and the two-phase coexistence in between, is shown . If an initially liquid

melt is suddeniy cooled down to a temperature corresponding to the solid

one-phase region for the corresponding relative AB-concentration, the stable

solid grows steadily with a constant speed. The situation changes if the melt

is cooled down into the two-phase coexistence region of the corresponding

equilibrium phase diagram. The process then becomes unstable with time-

dependent growth rate, since there will now be spatial regions with local alloy

concentrations, which wart to solidify, and other regions which preferably

remain liquid . The spatial regions of the alloy with concentration dose to

the solides line can solidify, but the aller parts with concentrations dose

to the liquidus line act as an obstacie to the solidification f ont and stop the

solidification front to advance. Thus the propagation of the solidification front

becomes pinned by the fluctuations in the concentrations . In consequence,

whether the solidification front advances with a constant speed or is pinned

by quenched disorders and eventually stops to move depends an the relative

AB-concentration or the driving force. There exists a critical concentration

5



1 .1 . GENERAL INTRODUCTION OF THE THESIS

c

Figure 1 .1: The equilibrium phase diagram for an ideal AB solution with temper-

ature T versus coneentration c of the B-atom species . S and L denote the solid and

liquid phase, respectively. The area between the lower solides line CS(T) and upper

liquidus line CL(T) is the two-phase coexistence region . C0(T) is the concentration

at which the thermodynamic potential per Atom in the liquid and solid phase are

equal.

which separates a static and a moving interface, but the transition between

them is smeared out by the ereep motion.

The problem in a one-dimensional (1D) system with a zero-dimensional

interface has been studied extensively[32]-[54] . The equilibrium phase dia-

gram in the concentration and temperature phase space is found to determine

regions, where depinning-pinning transitions of the interface occur . In a one-

phase region, the interface moves steadily, and in the two-phase region the

steady velocity vanishes . The atomic speeies which prefers to remain in the

liquid state acts as a quenched obstacle to hinder the propagation of the solid-

ification front . The system is found to be equivalent to the random hopping

mode]. with a power-law distribution of jump waiting time[40]-[48] . In the

6



CHAPTER 1 . INTR.ODUCTION

two-phase region the interface position h(t) shows an anomalous time depen-

dence as a Power law behavior h(t) - with an exponent ul < 1, which is

not a universal number but depends an both concentration of the alloy and

the temperature.

For a two-dimensional(2D) system with a 1D interface extending in the

direction normal to its propagating direction, a new degree of freedom comes

into plag : the Interface tension tries to keep the Interface straight, and counter-

acts the roughening effect by the quenched randomness . The elastic restoring

effect caused by the interface tension leads to correlations along the interface,

and the correlation length increases slowly with time . Therefore one can ex-

pect a finite size effect . All these make a 2D system rauch more complicated

than a 1D one . One can ask the saure questions here as these for a 1D system.

For example, under which condition can the interface realize a steady-state

velocity v? Is it possible only in the one-phase region of the egnilibrium phase

diagram like in the 1D system ; or it is also possible in the two-phase region?

How does v fiepend an the driving force and the bond energy? There are

many interesting but difficult questions about a 2D system . The behavior of

the interface depends an many parameters : concentration c, bond energy €,

system size N and the temperature T . lt is almost impossible to have a theory

taking the effects of all these parameters into account . Fortunately, things

sometimes beeome a little bit simper when orte haneiles the Problem in the

limit of some parameters and the corresponding asymptotics usually act as a

very useful guide to investigate the behavior of the system . For a finite size

system with large restoring force, we develop a theory ~vhich shows the saure

asymptotic dynamics in many respects as the 1D system.

lt means that the interface achieves a steady-state velocity in the one-

phase region of the ecpuiiibrium phase diagram, but it vanishes in the two-

phase region. However, for a lange system with a moderate restoring force,

the interface propagates steadily even in the two-phase region . This is quite a

surprise because it is totally impossible in a 1D system . Absence of a critical

pinning foree in a lange 2D system was already shows by the Monte Carlo

study by Jackson et al .[59] . lt has been found that for low temperatures and

7



1 .1 . GENERAL INTRODUCTION OF THE THESIS

driving forces well below the T = 0 depinning threshold, Fe , the dynamics

of the driven manyfold is controlled by thermally activated jumps of corre-

lated regions over the pinning energy barriers separating different metastable

states. In this region the mean velocity of the driving manyfold is highly nm-

linear and has been evaluated via a scaling approach [62, 63] with the result,

v exp[-U(F)/T], where U(F) is the optimal energy barrier for creep be-

tween favorable metastable states . Under the action of the external driving

force, sections of the manyfold that are initially pinned move to a more fa-

vorable metastable state, determined by the condition that the energy gain

due to the driving force equals the "elastic" deformation and the pinning en-

ergy of !• tu1e med1 ium. rTlor .rTI « T! lauge sections o
-Ir ' - 1 - _the mang-_ S_o1J

iu
L_~hop 1_~

~uur , sg

distances to find the next optimal-energy state. This yieids a large energy

barrier that diverges algebraically with vanishing force, U(F)

	

(FG/F)P ,

where p is a characteristic exponent . This problem was attacked in numerous

works[64]-[80] . We shall study the front propagation in the two-phase region

systematieally and find that the steady-state velocity v depends on the driv-

ing force F as v o: exp(-F` 1 ) . The results can be also analyzed in terms of

random field Ising (RFI) model [81].

In reality, atoms are not completely quenched as we assumed but are mov-

ing, and concentrations follow the diffusion law . The natural question one

may ask is then how the diffusion affects the motion of the interface . We

address the question by the Monte Carlo simulation of the one-dimensional

system and eompare the results with an approximate analysis which neglects

the correlations in the concentration distribution . We found that there exists

competition between the kineties and diffusion mechanics . If the growth is

controlled by the diffusion of the alloy atoms, the anomalous propagation of

the interface, the variance o-(t) N t'2 , cross over to the t1" 2 law in the two-

phase region, at least for the situation, where the quenched system would

grow wich a sma.ll exponent than the diffusion exponent lv2 < 1/2 . In the

one phase region on the other hand steady-growth is obtained and controlled

always by the kinetics of the advaneing interface.

8



CHAPTER 1 . INTRODUCTION

1 .2 Out i e

The structure of the thesis is as follows . The basic concepts about pinning-

depinning transition are introduced in Chapter 2 through a simple example.

Chapter 3 is devoted to diffusionless solidification of a 1D alloy system.

Special attention will be paid to the interface behavior in the two-phase region.

The problem will be modeled by a random walk in a 1D disordered lattice in

Section 3 .1. The results we get in this section become the theoretical basis

for the work in the following chapters . Section 3.2 introduce the 1D lattice

model and section 3 .3 mainly summarize smulation results.

In chapter 4 - 7 the model is extended into two c iimensions where the

energy tost for the interface deformation is taken into aecount . Practicaliy

we restrict our investigations to models of solid-on-solid (SOS) type, where

overhangs on the interface are not allowed . The 2D lattice model is introduced

in Chapter 4. In particular, we also show that the model can be mapped to

a randomn- ield Ising (RFI) model with temperature-dependent random fields.

Emphasis will be put on the different system behavior both inside and outside

the two-phase coexistence region.

Since there are so many factors interplaying in a 2D system, the problem

becomes extremely complicated . We start with a relatively simple system : a

finite size system with very lange bond energy, in Chapter 5 . In this limit

it is found theoretically that a 2D system has the saure asymptotics in many

respects as that for a 1D system. However, we can not analytically handle

the problem for arbitrary value of the bond energy since mathematically too

demanding . The alternative is the Monte Carlo Simulation . Chapter 6 deals

with the Algerithm and tests of the program for a 2D system.YYT tVA1 Viia ...

Chapter 7 is one of the maul parts of the thesis where mimerical results

of a 2D system obtained from computer simulations are summarized . The

behavior of the interface is found to depend on bond energy, concentration of

alloy, temperature, the system size and the Simulation time in a complicated

manner . The eorrelation along the interface plays an important role . In

section 7 .1 the theoretical expectations for a 2D system with lange bond energy

9



1 .2. OUTLINE

studied in chapter 5 is verified by compute simulations . Section 7.2 and 7 .3

show that the 2D system has a finite size effect and the interface motion varies

with the bond energy in a complicated way. For a large system the simulations

in section 7 .4 show that the interface always settles to a motion with a constant

velocity. Even inside the two-phase region such a large system is not pinned

but moves at a slow creeping velocity . This creep motion is analyzed in terms

of RFI model, and our numerical results tonfirm quantitatively the analytical

estimates of the dependence of the creep velocity upon the driving forte and

the bond energy. The development of the correlation along the interface in

section 7.6 explains the finite size and the finite time effects observed in the

asymptotic behavior of small systems.

Before chapter 8 we deal with a quenched system where atoms are frozen.

In other words, there is no diffusion of particles in the system. In Chapter 8

we will treat a more realistic system by taking the diffusion into account . In

section 8 .1 and 8 .2 we introduce the diffusion into the diffusionless 1D model

and Write a corresponding Algorithm . Section 8.3 attempts to provide an

approximate analysis of transient random fiuctuations of the interface which

neglects the correlations in the concentration distribution . A set of diffusion

equations is obtained, and therefore we can numerically integrate them to

obtain the motion of the interface . The comparison between Monte Carlo

simulation and numerical integration of the diffusion equations is presented

in section 8 .4.

Finally, a conclusion about the whole work is given in Chapter 9.

10



Pinning-Depinning Transition

For a dass of interface phenomena we haue an interface that moves in a dis-

ordered medium . The fiui.d fiow in porous media, propagation of flam fronts,

flux lines in a superconductor and the solidification front in a disordered al-

Ioy lattice are some examples . This apparently different phenomena actually

can be discussed using a common framework . lt is coming to be appreciated

that all the systems display essentiaiiy the saure physics : an elastic interface

( 'elastic' in the sense that it does not break, but tries to remain smooth)

propagates in a disordered material. The ra.ndoraness of the substrate aets to

pin the interface, thereby making the interface rough . In the fluid case, local

inhomogeneities may block the fluid ilow. Sonne parts of the paper do not

bunt as rapidly as others, so the flam is halted . Impurities attract the flux

live and pin it down in random positions . The atoms in favor of being in the

liquid state pin some sections of the solidification front . Thus the velocity of

the interface is affected by the inhomogeneities of the medium : the resistance

of the medium against the motion of the interface is different from point to

point ; we caii this quenched noise, because it does not change with time. In

the case of fluid flow, fluid Pressure and capiilary force drive the fluid and

disorder in the medium slows its propagation . If the disorder wins the compe-

tition, the interface becomes pinned . Conversely, if the driving force wins, the

interface stays depinned . This transition from a pinned to a moving interface

- obtained by changing the driving force - is ealled,the depinning transition.

11



2 .1 . ONE PARTICLE

In this chapter, we discuss how quenched disorder leads to interface pin-

ning and depinning . The problem of a moving interface in the presence of

quenched noise is a new type of critical phenomena, arising frort "quenched

randomness" . Although the investigation of this problem by numerical Simu-

lation and renormalization group approach results in mang important results,

the diversity and richness of the underlying phenomena continue to present

us with a large number of unanswered questions.

2

	

Olle Par&Ad e

Depinning is a non-equilibrium critical phenomenon involving an external

force and a pinning force . A simple example is provided by a point mass

on a plane. In Fig.2 .1(a), a particle of mass m on a plane, driven by an ex-

ternal force F is shown . There are two friction forces acting: static friction,

FR, and dynamic friction pdr/dt, proportional to the velocity. There exists a

critical force Fc . For F <

	

v = 0. For F > Fc , the equation of motion is

der

	

dr
rradt2

= F-

	

P dt ,

fiere p is a dissipative coefficient . Solving Eq.(2.1), one can easily find the

velocity of the particle

v = -(F-F~-e-mt).

So after a transzt period, the particie wiü reach a constant velocity v . There

are two regimes as a function of the external force F, as shown in Fig .2.1(b).

Pinned phase - If F < Fe, the driving force can not overcome the static

friction, thus the velocity of the particle is zero.

Moving phase - if F > Fc, the velocity is v = ' p '` , a linear function of F.

The transition fron a pinned to a moving phase is called a depinning transi-

tion, and takes place at a critical threshold Fe . In the vicinity of the depinning

12



CH.APTER 2. PINNING-DEPINNING TRANSITION

v
A

FP	F

	

r(t) --~

	

Fe

	

F

	( a)

	

(b)

Figure 2.1 : Depinning transition of a single partiele an a plane . (a) The partiele

of mass m is driven by the external force, F, to the right, and the frietion force,FR,

acts against its rriotion. (b) The velocity of the partiele as a function of the external

driving

	

drivingg forcedriving fo i[:G . d' C is thec %ri oitic~, f a,i

	

~. a

transition, the average velocity has the form

v

	

(F - Fc ) 6 ,

	

(2 .3)

rohere & is the velocity exponent . In the example, v o (F - ), so 0 = 1.

2 .2 Random Force

In Fig .2.2(a), a particle of mass m on a rough plane is driven by the force F.

The plane is randomly distributed some obstmies and the average distance

between two obstacles is a . Then the velocity of the partiele is given by[31]

p = F + f(r(t)),

	

(2.4)

with f(r(t)) representing the random pinning forces of the static heteroge-

neous medium on the plane. The resistance of the medium against the motion

is different from point to point and does not eirange with time . Three regimes

are predieted by the motion equation (2 .4) as shown in Fig .2.2(b) . (a) Pinned

phase - If we add a small driving force, the partiele tends to move in the di-

rection of F, but will eventually become pinned by obstacles.

(b) Criiical moving phase - If we increase the driving force, the partiele over-

come the pinning force of impurities at a criticle force F'c , and begins to move

13



2.3. INTERFACE IN A DISORDERED MEDIUM

v

Figure 2.2: Depinning transition of a single particle an a rough plane. (a) The

particle of mass m is driven by the external force, F, to the right, and the randomly

distributed obstacles act against its motion . a is the average spacing between two

obstacles (h) The velocity of -he p rticle as a function of the external rlrivir, force

F is the rritica.l driving force,

with a finite velocity. In the immediate vicinity of Fe, the velocity follows

(2.3) . The motion of the particle just above the threshold is not uniform and

sometime siow and sometime fast.

(e) berge velocity regime - If F » Fc , the particle feels a rapidly iluctuating

noise, so the velocity inerease linearly with F.

2

	

Interface in a Disordered Medium

Consider the general situation of an interface in a porous medium, as shown

in Fig.2 .3(a) with a driving force F acting on the interface in a vertical di-

reetion. This is in fact a generalization of a single particle raotion shown in

Fig.2 .2. Instead of a single particle, we have a spatially extended string that

has a surface tension and so tries to remain straight . The disorder acts as an

inhomogeneous friction force, pinning parts of the interface . However, other

parts are free to advance, and they try to drive the neighboring parts of the

interface as well. The configuration of the Interface at time t is described

by the function h(x, t) . The function h is assumed to be single valued, thus

excluding configurations with overhangs . In many cases [18, 191, where viscous

forces dominate over inertia, the local velocity of a point on the interface is

0 FFc

(b)

14
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CHAPTER 2 . PINNING-DEPINNING TRANSITION

dh(x,t) -
F + f (x , h(x , t)) + Kz[h(x` , t )]•

	

(2 .5)

The ferst term an the right hand side is the driving force on the interface

which is also the external control parameter . Fluctuations in the force due

to randomness and impurities are represented by the second term . With the

assumption that the medium is an average translationally invariant, the av-

erage of fix, h) can be set to zero . The final term in eq.(2 .5) describes the

"elastic" forces between different parts of the interface . Skort Tange interac-

tions can be described by a gradieret expansion ; for example, a live tension

leads to i[h(x)] = ® 2h(x) or x [h(q)] = -q2h(q) for the Fourier modes . The

surface of a drop ~of non-wettingg liquid ternates at a contact live on a solid

substrate[29] . Deformations of the contact live are accompanied by distor-

tions of the liquid/gas surface . As shown by Joanny and de Gennes[30], the

resulting energy and forces are non-local, described by x[h(q)] -l qja h(q).

Wien F is small, the interface is trapped in one of mang metastable states

in which Oh/8t = 0 at all points . Th.e interface is therefore in pinned Phase.

For F langer than a threshold FF , the interface is depinned from the last

metastable state, and moves with an average velocity v . On approaching

the threshold from above, the velocity vanishes as v ti (F - Fc ) e . A mean-

field estimate for 8 was obtained by Fisher in the context of CDWs[27] . lt

corresponds to the limit a = 0, rohere every point is coupled to all others,

and hence experiences a restoring force proportional to < h(x) > -h(x) . The

resulting equation of motion,

dh(x, t) _< h(x) > -h(x) + F + f(x, h(x, t)),

	

(2.6)
dt

has to be suppiemented with the condition < z(x) >= vt. The seif consistent

solution for the velocity indeed vanishes as (F - Fc ) e , with an exponent that

dependents on the details of the random force.

The motion just above the threshold is not uniform, composed of rapid

jumps as large segments of the interface depin from strong pinning centers,

superposed on the slower steady advance . Theses jumps have a Power law

distribution in size, cutoff at a correlation length which diverges at the

given by
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2 .4. THERMAL NOISE

h(x,t)

v

Fc

	

F

(b)

Figure 2 .3 : (a) Schematie representation of an interface h(x,t) in a random envi-

ronment . The shaded cireles represent randomly distributed pinning centers, whose

Position and pinning strength is independent of time (quenehed) . F is the external
d-

	

lt-.\ .The velocity- V,f the interface .
R] nCL funeti .,n of the exter•„al drizrin

U11i11~', 1V1
f`°1 .C . lU~ .The

	

l the d1EliG11~LG

	

UFFL VFVld of ' '- [,1aVL1 El[.a~i u11is1ag

fVl-

	

ritica1 dtlrdYldE bVi LLrinm

	

g force.2L. isQ the
V1SG critical

transition as

e (F - FC ) a .

	

(2 .7)

This phase we call critical moving phase . Tf F is much larger than FG , the

interface attains some steady-state velocity v which increases linearly with F.

Then the interface is in the large velocity regime . The above three regimes

are shown in Fig .2.3(b).

Although, the underlying issues of collective depinning for CDWs have

beeil around for some time, only recently a systematic perturbative approach

to the problem was developed . This functional renormalization group ap-

proach to the dynamic equations of motion was originally developed in the

context CDWs by Narayan and Fisher[27, 28], and extended to interfaces by

Nattermann et a1r66].

2.4 Thermal Noise

The results discussed in the previous sections ..rere obtained in the zero-

temperature Limit, where the thermal noise is negligible . However, thermal

noise is always present in experiments, so its effect an the motion of interfaces

x

(a)
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CHAPTER 2. PINNING-DEPINNING TRANSITION

v

Fc

	

FH

Figure 2 .4: Dependence of the velocity an the driving force at nonzero tempera-

ture (middle curve), compared with idealized behavior at T = 0 (bottom curve).

Thermal fluctuations help the interface advance even at forces smaller than Fe.

in a medium with quenched randomness must be discussed . The thermal noise

affects the motion of the interface dose to and below the depinning transition.

At finite temperature the transition from an unpinned to a pinned interface is

somewhat rounded ; the interface moves with a nonzero average velocity even

for F < Fc, which can be understood by looking more closely at the nature

of the thermal fluctuations . Let us consider that the interface is trapped in

a local potential minimuna, generated by the quenched disorder . In order to

advance further, it maust pass a potential barrier ®V . At zero temperature

the interface rem.ains in the local minimum forever, its velocity being zero.

However, at finite temperature, the interface can pass the barrier with a prob-

ability P frv dEezp(-F/k$ T) . A schematic iflustration of the resulting

velocity-driving force diagram at finite temperature is shown in Fig .2 .4.

17



ln this chapter we shall study the propagation of the solidification front of

a 1D binary system. This problem can be modeled by a random walk in a

1D disordered lattice . From a theoretical point of view, it seeins to be one

of the simplest models of disordered system. However, it gives a satisfactory

understanding of conductivity experiments on some anisotropic organic con-

ductors [85] and serves as the theoretical basis of the following work . In a

discrete-time version, one can formulate the problem as follows . Consider a

particle on a one-dimensional lattice . lf the particle is on site n at time t, it

will be at time t + 1 either on site n + 1 with probability pn or on. site n - 1

with probability qn, = 1 -- pn . The problem is obvious if all the p p, are equal.

However, if the p,, are randonily chosen with some probability distribution

p(pn, ), one can observe very unexpected behaviors . One of the most striking

results was obtained by Sinai [48] who has shown that, for random hopping

rates pn and the distribution p(pn ) which satisfy

r	 p~,

	

.P
\~t1-pes -

	

(pn) upn an y -

	

u 9
1 pn

the particle is at a distance of order logt from its starting point after time t.

When. the hopping rates do not satisfy the. coiidition (3 .1), one finds [45, 49,

18



CHAPTER 3 . SOLIDIFICATION OF A ONE-DIMENSIONAL SYSTEM

42, 40] that the mean position < h(t) > of the partiele increases linearly with

time, i .e., with a finite velocity only if

~pn

.<

	

or

	

\q/ C1.

lt was found that

< h

	

(t)

	

(--)'

	

if

	

< I,

	

(3 .3)
(

	

qn,Pn

	

!!!
whereas

1 y 1
	< h(t)

	

(-

	

- (1-2r )) t

	

if

	

( qn
fq~

On the contrary, if the conditions (3.2) is not satisfied, the mean position

h(t) increases lil~e a power law t'" with v1 < 1 . Then, if v1 is the nonzero

solution of

	

((1
_pn n'~

= 1
a

one finds

<h(t)>-tv

	

if v 1 >0,

< h(t) >^- -t- "

	

if v1 < 0 .

	

(3 .6)
Bernasconi and Schneider[40] found that fliese power laws (3 .6) are mod-

ulated by a periodic function of logt for some particular distributions of pn.

Q 6

	

a ensA a Hopphlg Model

In the following, we shall give the explicit derivation of the dependence of the

exponent v1 an the system parameters . The basic results are identical to the

ones given in [41] . For this problem, the first equation that one can write is

the Master equation

Pn(t + 1) = gr+IPn-1(t) + pn-l .Pn-1(t)•
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3.1 . ONE-DIMENSIONAL HOPPING MODEL

Piere Pn(t) is the probability of finding the particle on site n at time t,

and we use the periodic boundary conditions for a lattice with N sides, which

means the site N + n is identified with the site n.

After a very long time, the probability PP (t) converges to an equilibrium

probability distribution Q n which satisfies

Qn = qn--1Qn+i + pn-1 Qn-1 .

	

(3 .8)

Our aim is to determine the long-time asymptotic behavior of the particle ' s

velocity which is given by

N

	

N
Til1 IfV` n

v -

	

gn)'nJ/ L/`en}-
n=1

	

n-L

If the transition rates have ftxed values p, independent of n, one immediately

derives the result : v = p - q. This is the case of pure atoms . In the case

of random transition rates, Q , can be solved by using the recurrence (3 .8).

Taking equation (3 .8) into account, subtracting a term pnQn in both sides and

reordering terms, we obtain

q-n+1Qn±i - pnQn = q Qn °- pn--1Qn-l• (3.10)

The above equation has the Same structure on two sides, therefore each of

theni can be nothing but a constant C1

gn+lQn+1 - pnQn = cl

1e dehne three new functions fn , gn and sn which satisfy

Qn = fn/An;

	

gn ='='
1	 = Pn+i

	

sn+i

	

qn+i

Inserting fn and gn in equation (3 .11), we get the following recursion relation

	

fn+i = 9n(fn + C1 ) .

	

(3.13)

Using the recurrence (3 .13), fN+1 can be derived as following

f2 = 91f1+9ici

(9 o),,n . f)

(3 .11)

(3 .12)
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CHAPTER 3 . SOLIDIFICATION OF A ONE-DIMENSIONAL SYSTEM

f3 = g2gxfl + (g2gl + g2)C1

f4 = g3g2gxf1 + (g3g2gi + g3g2 + g3) C1

fn+1 = gn gn-1 • - .91fx + (gngn-x . gl - g,ign-1 .g2 + . + gngn-x + gn)

i + +

	

gi ` " gn
i=n-1

= fi
(

gi +

	

gi+gi+
i=1 /

	

i=1

	

i=2

	

i=3

N

	

N

	

N

	

N

	

N

fi ( gi) + j gi + 1 gi + gi + +

	

gi + gN
i=I J

	

i=1

	

i=2

	

i=3

	

i=N-1

(-.

	

1

	

I ..-r

	

11 .

	

-i-r 1 1{ 41gi +cx 19i 1 +

	

11-fl
\i=1

	

i=1 /

	

i=1 j=I gj~

Here III 1 gi is a constant for given lattice, replacing it by a constant C2 and

using the periodic boundary condition fi = fN+1 and (3 .12) for sn , we obtain

N-1 i

f1 = f1 C2+ C1C 2 1 + E

	

3j-} .1
/i=x j=1

fN+1 Cl

(3.15)

N-1 i

s j+1
i=1 j=1

(3.16)

then

Generally,
N-1	 i

f = (1 + E 11 s3--n)
i=1 j=1

(3.17)

fiere C = C1C2/(1-C2) is a constant . lt turns out that Qn can be determined

explicitly as a function of all the p i from equation (3 .12) and (3 .17)

j+n

l

.

	

(3.18)

From expressions (3 .9) and (3.18), we can now calculate the velocity v for

any choice of the pn . In order to have a quantity which is simple to average
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3 .1. ONE-DIMENSIONAL HOPPING MODEL

and to study, we give the expression of the inverse
`
velocity:

~~--.. 1 ( .

	

1v~1

	

i< . .

	

1 i

~v-1 ===	 / /

	

(3.19)
lvI (1 - niN,1 Si)

Now let us try to average v-1 over the possible ehoice of pn . Consider first

the case where < Ins > < 0 [i .e ., < lnp »< ln(l - p) >] . Then the product

in the denoaninator of (3 .19) can be neglected with probability 1 in the limit

N --+ oo and it becomes easy to average the right siele of equation (3 .19):

1 N

	

N 1 N-1 ( i

Y-‘ + E

	

( H s i+n)

	

(i+sn))+K(1+sn)

r

	

x
N -

N

	

N-1

x=1

	

x-1

	

i=1

	

=1

N-1
(1+<s>)+(1+<s>) E <s>x

i=1

The series is convergent in the limit N --~ 00 only if < s > < 1 . We

conclude that there is a finite velocity for this Problem only if < s > < 1 and

in this case, the velocity is given by
1+<s>

< v -1 >=

		

(3.21)
1-<s>

If the distribution p was chosen such that < Ins > < 0 but < s > > 1,

the inverse velocity would be infinite . e shall see later that in this case, the

distance h covered by the particle during the time t is no longer promotional

to t but to t with 0 <v < 1.

The calculation of < v-1 > can be done in the case < ins > > 0 in the

saure way as for < 17S > < 0 . One starts by neglecting 1 in the denominator of

Equation (3 .19) and then one finds that < v -1 > is finite only if < s-1 > < 1.

The result for < v-1 > is, in this case,

1+<s -1 >

< v-1 >

a

= (1+<s>)(1+E <s>i)

	

(3 .20)
i=1

N-1

(3 .22)
< s-1-•-- 1 >
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CHAPTER 3. SOLIDIFICATION OF A ONE-DIMENSIONAL SYSTEM

It may look arbitrary to average the inverse velocity v -1 . Iowever , if

< s > < 1 or < s -I > < 1, one can show that the fluctuations of v -1 are

in the Jarge-N limit . This indicates that the velocity has smart fluctuations,

and therefore

	

-
<v>

At this stage, the rain question is what happens if < s > > 1 or < s-1 >

> 1 . In order to simplify the calculations, we shall restrict ourself to a simple

distribution p which depends an two parameters a and p (for convenience we

choose p > 2) :

p(pn)=a&(pn-p)+ (1-a)8(p,,-(1-p))

	

(3 .23)

For the distribution (3.23),

<s>=a 1 -+(1-a)	 p
p

	

1-p

<sI>=a1p-+(1-a)1	
Pp

	

(3.25)

< Ins >= aln 1
p

p + (1 - a) ln t 1 Pp\ (3.26)

From equation (3 .24) and (3 .25) we can see that a finite velocity exists if

<s><1,i.e.,c >por<s-'><1,i .e.,a<1-p. So the region we want

to study is 1-p < a < p. Let us come back to formula (3 .19) . If < Ins > < 0

(here it means that a > from formula (3 .26)), we can neglect the product in

the denominator . Then by regrouping terms in (3 .19), one can write < v 1 >

as
N-1

v -1 = 1+2ES~+SN

	

(3 .27)
n.=1

where Sn (capital S,not sn ) is defined by

SR =

	

s 2 . ,

	

(3 .28)
z=1 g=1

In the lull N - oo, if n remains finite, Sr, -+ < s >n and so S . in-

creases with n . On the other hand, SN = [I 1 s j vanishes with probability

(3.24)

and

23



3.1 . ONE-DIMENSIONAL HOPPING MODEL

1 . Therefore, there are certainly in the sum (3 .27) terms between n = 1 and

n = N which are maximum and give the dominant contribution to v' in the

limit N oo . Sn is a sum of N terms and one could be tempted to use the

central-limit theorem . This would be wrong because for most values of n, the

number of terms in the sum (3 .28) is too small to give the average < s >n .

Therefore, with probability 1, S r, is not equal to < Sr, > . The main idea used

in the following is that the most probable value of the quantity 5, 2 can be very

different from its average < ST, > . We denote the term in the summation in

(3 .28) as I,,,,, = f7, 1 Si+j . Among the n terms in I,,,, , , there are m times

s -- _ I-p with probability a and (n -- rn) times s = lpp with probability (1-a).
91 nerelore we nave

	

= 1
( 1 -	 P )n_m (	 P	 )~ = 1 ( 1 - P),x_2 .,,z

	

(3 .29)

	

N p

	

1- p )n p

We define f2(m) as the number of terms in the sum S t, which are equal to 1n,,,

. The average f2(m) is

< 9(m) >= NC, ai'mi (1 - a) m' .

	

(3 .30)

For large n, we see that, depending an m, n(m) can be either muck bigger

than 1 or tauch smaller than 1 . The critical values mn,i,,, and mma , can be

estimated by requiring that 9(m) 1 . If msrti7, < m < m,,,,a„ then f2(m) » 1;

therefore with probability 1, 2r(m) =< n(m)> . This is due to the fact that

the fluctuations of f2(m) are of order < f (m) > 2 only. On the other hand,

if m < rnmZ, or m > mmax, < n(m) is small (« 1) and then f2(m) = 0 with

probability 1 . For large n, the values

	

and mmaw are the two solutions of

1riN± min( n(1 - a)) + (n - m)in(	
na	 )

	

(3 .31)
m

	

n - m

Since p > , p raust be less than 1 . Therefore ( lp ')?2
2 7 increases with

increasing m and give the dominant contribution when m mma , . lt follows

that St, is given with probability 1 by

72=,72mar

E c,man-m( 1 - {~ m' (~ - ~I )n-2an
l

	

I

	

P
%'%b=m min

(3 .32)

(3 .33)
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Cn7nrrLaxan-mmax
(1

a)mmax (	
-

	Y )n--2mmaz

p j

l(~
	 P	 )2mmax-n

. _ - p

Now we try to solve m~rxax • Let

u(n) = 2m,naa - n

then

	

mma~ _ (u n)/2

	

(3.38)

The

	

u(n) g1veJ the dominant ~ c.,q,,a t S. . b R..~.k .

	

(3.31)eplacing -m inmaxiiti.~lriä of u(n)

	

~ byby

(u + n)/2, performing derivative with regard to n and letting 8u/8n = 0, we

have found u = n(2a -- 1), and therefore m,aa„ = na . With this evaluation

of Sn , we can come hack to the calenlation of v-1 by looking for the value n
whicb is dominant in sum (3 .27) . One finds by replacing m by m,~ az = na in

equation (3 .31)

(3 .34)

(3.35)

(3 .36)

(3 .37)

lnN

(2a - 1)1n(1«%)
(3.39)

and

	

v-1 - S

	

,T'1

	

(3.40)

(3.41)

with

To obtain the most probable value of Sn , we have completely iguored the

correlations between the terms in the sums (3 .27) and (3 .28) . A calculation

taking these correlations into account would be more complicated, hut the

result would be the saure apart from sohle factors lnN in equation (3 .40) . 'die

have chosen < Si(m) >N 1 to determine m,nin, and an,n, ax . If we had replaced

1 by any other finite constant, the result would have been the saure . The fact
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3 .1 . ONE-DIMENSIONAL HOPPING MODEL

that sum (3 .27) was replaced by Sn can be justified by looking at the behavior

of Sr, around One can estimate that there are lnN terms in (3 .27) which

are comparable to Sn around n. Therefore (3 .40) is again valid apart from

factors of Order lnN

We have shown that the inverse velocity v -1 - .f Iz- 1 for a chain of N sites

with periodic boundary conditions when z < a < p. This means that to cover

a distance h ti N the particle needs a time t = v-'N Nz . lt is equivalent

to say that the distance h covered by the particle during the time t behaves

like h t" with vl = 1/z. lt is interesting to notice that in (3.27), all the
terms are positive and therefore the sign of v -1 is positive. Uris means that
wnen cx > there is a systematic displacement to the right . lf a < 2, v -

becomes negative because the dominant term in the denominator of (3 .19) is

the product(see Fig .3 .1).

In the limit a

	

4, vl vanishes and we find that h increases less rapidly
than any power law . This is in good agreement with h ln 2t found by Sinai.
In the limit where < s

	

1 (here a p) v 1 tends to 1 . We recover that in
this lirmit, the distance starts to be promotional to the time.

In conclusion, it is found that a 1D lattice with random hopping rates
behaves differently from the one with regular hopping rates . The particle
of the former system does not always have a steady-state velocity. When

the hopping rates satisfy the condition (e) < 1 or q < 1, one finds the

velocity

v

		

< 1
< y'rx

	

~pn

	

pn }

v(1- `nl

	

if

	

1nI<1

	

(3.42)
\ GI/

	

\

	

\' n l l

	

\ rin /

from equations (3 .12), (3.21) and (3 .22) . However when (pe» > 1 and

	

>
1, the displlacement of the particle follows a power law of time as : < h(t) >^

Then[40, 42, 45, 491 the exponent v l is the nonezero solution of

((1	
p _
	 pn v

l

} = 1 .

	

(3 .43)
I
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0

	

1 - p

	

0 .5

	

P

	

1

Figure 3 .1 : Phase diagram for the distribution p(pn,) = aö(pn - p) + (1-- a)(S(pn -

(1 - p)) . If a > there is a systematic displacement to the right . The velocity is

finite only if a > p. For < a < p, the displacement h covered during the time t is

given by h t`1+ with v = in

	

fin - The situation for a < is ä

	

etrir

3 .2 One-Dimensional at iee Model

The formation of interfaces and surfaces is influenced by a large number of

factors, and it is almost impossible to distinguish all of them. Nevertheless, a

scientist always hopes that there is a sma .ll number of basic laws determining

the morphology and the dynamics of growth . The action of these basic laws

can be described in microseopic detail through discrete growth model which

mimics the essential physics but bypass some of the less essential details . The

following one-dimensional model of a binary alloy generates a nonequilibrium

Interface that exemplifies many of the essential properties of a growth process.

The microscopic model was originally proposed by Temkin [32, 33, 351 as

follows: On a one-dimensional lattice chain two species of atoms, A and B,

are distributed uniformly with the concentration c of B species . This atoxnic

chain is separated by asolid-liquid interface into two Parts: the liquid in

the right and the solid in the left, for example. The atomic co figu ation is

fronen and atoms cannot move, but can only change their state between the

solid and the liquid. The solidification and melting frequency for an A atom

(or probability of phase-change per time-unit) are denoted by w .~ and wnA,

respectively. w+B and W_B denote the corresponding frequencies for a B atom.

The interface position h is defined then as the lattice site of the rightmost solid
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3 .2 . ONE-DIMENSIONAL LATTICE MODEL

atom which can be either a species of A or B . Here we assume that only the

two atoms adjoining the interface are allowed to ehang their states . If the

solid atom on the left side of the interface melts the interface-height decreases

by one : h -+ h - 1 . If the liquid atom solidifies, the interface advances by

one: h -+ h + 1 . The interface motion is assumed to take plaee stochastically

following the master equation

rP(h, t) =

	

W(h + 1 -)- h)P(h + 1,t)
at

-[W(h -+ h+ 1) + W(h h - 1 )]P(h, t )

+W(h - 1 -- h)P(h - 1,t),

	

(3 .44)

where P(h, t) is the probability that the interface is at a site h at time t . The

transition probabilities W fiepend on the atoxnic configurations around the

interface. We consider a model where the transition probability W depends

only locally on the type of particle which changes its state during melting or

solidification. If the solid site h is oceupied by an X (= A or B) atom and the

liquid site h + 1 by a Y (= A or B) atom, the transition probability of the

interface advancement is given as

W(h h+1) =w+y,

	

(3.45)

and that of the interface retardation as

W(h h - 1) = w-x .

	

(3 .46)

The deta .iled balance condition requires that the kinetic ratio w_x/w+x should

be equal to exp(-L1px/T) determined by the thermodynamics:

w-x

	

-Agxl1

w+x

where L .px is the chemical potential difference of atom X(=A or B) between

liquid and solid state . At a temperature T near the equilibrium melting tem-

perature Tx of a X atom the chemical potential difference is approximately

written as

8ßx = TX
(Tx - T)

	

(3 .48)

(3 .47)
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CHAPTER 3 . SOLIDIFICATION OF A ONE-DIMENSIONAL SYSTEM

with the specific latent hegt Lx . For the mixture of A and B atoms an ideal

solution without mixing energy but with a mixing entropy is assumed . Thera

the eg77ilibrium phase diagram is obtained with the solidus live C8 (T), the

liquidus live C1 (T) and the concentration Co (T) at which the free energy per

liquid atom is equal to the free energy per solid atom as

1 - e-°uAIT
C3(T)

	

e-AttBIT - e-°FAIT 7

(1 _ e--AgAIT )e-au$IT

C1(T)
_

e-ouBIT - e_ tAIT

Co(T )

	

(3.49)
nf_tA hxi.LB

The phase diagram with solidus live C.,(T) and the liquidus line C1(T) as well

as the concentration C0 (T) is depicted in Fig .1 .1 with the following set of

parameters : TA = 0.9, TB = 0.1, LA/TA = LB /TB = 1.

In the difiusionless crystal growth considered here, the solidification pro-

ceeds via the propagation of a single solid-liquid interface over a fronen con-

figuration of A and B atoms . Although each atom has fixed probability to

solidify or melt, the solidifieation and melting Lake place only at the inter-

face position. In other words, we exclude the possibility of nucleation of the

energetically favorable phase in positions away fron the solid-liquid-interface.

The above 1D growth model can be mapped onto the 1D hopping model.

The interface located between the solid atom Xh (=A or B) and the liquid

atom Yh+1 (=A or B) in the growth model can be considered as a "particle"

in the hopping model which sits at the site h at a time t (sec Fig . 3.2) . At

the time i + 1, the interface jumps either one lattice unit forward to the site

h + 1 by solidifying the liquid atom Yh+I wich a probability

Ph =

	

w+Yh + 	 	 (3 .50)
w+Yh +t + W-xh

or one lattice unit backward to the site h -- 1 by melting the solid atom X I,

with a probability

~--xh

W +Yh+l + W_X h
(3.51)qh =
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s

	

h-1

	

h

	

h+1

	

L

t+1

	

t

	

t+l

Figure 3 .2: Mapping of the 1D mode! of a binary alloy onto the 1D hopping model.

The hopping probabilities of a particle, pn and q,,, are related to the transition

frequencies, w+Yh+I and w_x h , of the liquid atom ' and the solid atorn. X at the

interface by (3 .50) and (3 .51).

From the results of the previous section, it is possible that the interface

has a steady-state velocity for some distribution of A and B atoms, but it

vanishes for other distributions.

The theoretical analysis by Temkin[32, 33, 35] has revealed that for our

lattice model the interface has a steady-state motion in one-phase regions,

but in the two-phase region the average velocity of the interface advancement

vanishes with time . In a one phase region the mean displacement (h(t)) of the

interface is linear in time t as

(h(t)) = v+t

	

(c < Cs),

(h(t)) = -v_t

	

(c > C1 ),

	

(3 .52)

with the velocities

V +

w-A (,,._B1

	

(1 c)	 +c-
w+4 w+B

	(1 - (++))~(

	

)

I - c + c -%

w+ .A w+B
}

c)w+
A +cw+B1>[1-c+	 c

	

(3 .53)
-R w-B

	

w+A W+B
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CHAPTER 3 . SOLIDIFICATION OF A ONE-DIMENSIONAL SYSTEM

fiere w+(-= w+A or w+B ) refers to the solidification frequency and w_ (= w_ A

or w_ B ) to the m.elting frequency. The angular bracket means the ensemble

average of the quantity within the brackets.

The fact that at Cs and CI the average (w_/w+) and (w~../w-) are equal to

unity and therefore the velocities v+ and v_ vanish, respectively reveals that

the phase boundaries C s and ei serve as the critical concentrations where the

system undergoes a phase transition between the pinning and depinning states.

in the two phase coexistence region Cs < c < C1, the mean displacernent is

no longer linear in time . For example, the position (h(t» of the solidification

front instead advanees as a power Iaw (h(t)) - t l+ in the concentration range

Cs G C < Co and Kh(t)) ^'

	

_ in theL11G concentrationconcentration

	

c < C ,.vithtratio vu range CoC_ ~ < ~

	

. . 1

the exponent v1+ (ui-) beilag

	

~less tharL unity-- and decreasing an leaving the

phase boundary Cs (Ci ) . So the steady-state velocity vanishes in the two-

phase region . According to Derrida's general treatment of the ID hopping

model, the exponent are deterrnined from the relation

((wto_
+)+) = 1 , (( + ) L}- ) = 1 .

	

(3 .54)
to_

In the present rase, this equation can be written explicitly as

(1 -c)( wuA )

	

+e( w_B ) ' "~ = 1,
w+.4

(1 - e)(w+A )v;_
+ c( w+B )'_ = 1.

w-A

	

w_ B

Atc=Co

( -+» = ( ln( } )) - U.
ui

	

w_

and ~a+ = ub~ = 0.

In addition, Derrida[42] also obtained the expression of the diffusion con-

stant

=
1

li	
d

{G [h(t)- < h(t)
2 t-} .o di

_ hm
d

o- (t)
2t-›a.. dt

(3.55)

(3 .56)
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1

	

w+ ) -3K
1

	

w_

	

1 1

	

l w._

	

w+

	

2 + 2 ~'
2

	

+

	

1 - w+ /)_w

	

1

(3 .57)

for the region < (w_/w+ ) 2 >< 1. When c is larger than

w+B ) - ( w+A )

D is expected to diverse even in the one-phase region..

3®3 Simulation es lts

In order to understand the fact that the mean displacement and the variance

becomes anomalous at different concentrations, Monte Carlo simulations have

been performed . The Parameters are Chosen as : TA = 0.9, TB = 0 .1, T =

0.5, LA/TA = LB/TB = 1 From the phase diagram we can see that the

equilibrium concentrations are CS = 0 .310 and C1 = 0 .690 . Parameters for

the Interface dynamics are set as w+A = w+B = 1, w_A = 1/w_B = 0.4493.

The results presented here was obtained by Saitoj34] and we repeated all of

them . The random walk of the interface position has been simulated up to the

time 105 . Physical quantities have been averaged over 10 5 chains . The mean

displacement of the interface (h(t)) at various concentrations of B atoms are

plotted in Fig .3 .3(a) . The time dependence is fitted to a single power law of the

time as (h(t)) = oa 1t" +b1 , and the obtained dynamic exponent v; is plotted in

Fig.3.5. Up to the equ.ilibrium concentration Cs = 0.31, the exponent remains

about unity, and afterwards it starts to decrease an increasing c to the point

Co = 0.5 . By foreing a linear fit of (h(t)) to the time t, the velocity v of

the interface is obtained. lt varies as is shown in Fig .3.4, and agrees quite

1 -(w-A ) 2

w+A	c2 = (w_B 2

	

w A2 , (3.58)
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5000 50000 1x106

A

t

t

Figure 3.3: Time variation of (a) the mean displacement (h(t)) and (b) the variance

o-(t) for various concentrations c of B atoms in the double logarithmic way at T =

0.5. Two straight lines represent the asymptotic behavior with exponent 1 and 1/2.
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3.3. SIMULATION RESULTS

well with the theoretical expectation Eq.(3 .53) in the one phase region, which

is shown by a solid line . In the two-phase region, CS < c < Cl , v~ depends

on the concentration and varies between unity and zero . The variation of vi

agrees well with the theoretical expeetation (3 .55), which can be simplified in

the present rase as

vr = 1 .25 in
(1 -

e)c

	

(3.59)

and is shown by a solid line in Fig .3 .5.

The time evolution of the variance o-(t) = 1J< [h(t)-- < h(t) >] 2 > is plot-
ted in Fig.3.3(b). lt is also fitted to a single power law, 47(t) = a2t2 + b2 ,

and the exponent v2 is shown in Fig .3.5 . v2 starts fron 1/2 of the normal

Brownian motion for a pure system, c = 0, up to about e 2 = 0 .168 given by

Eq.(3.58), and increases to 1 near C3 . From Cs on, v2 decreases similarly with

the veloeity exponent vl .
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0.8

0 .6

0 .1

	

0 .2

	

0 .3

	

0 .4

	

0 .5

Figure 3 .4: The ste d=state velocity v versus concentration c. The solid Eine repre-

sents the theoretical expectations from Eq.(3.53) and dots represent the MC results.

0 .1

	

0 .2

	

0 .3

	

0 .4

	

0 .5
c

Figure 3 .5: Exponent vl of the mean displacement, < h(t) >- t", and exponent

v2 of the variance, o -(t) t'2 , at various concentrations of B atoms . The solid-liquid

phase boundary is at Cs = 0.31, and the anoinaly in a is at C2 = 0.168. The solid

line represents the theoretical expectations from Eq.(3.55) and dots represent MC

simulation results .
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In this chapter the 1D diffusionless binary alloy model will be extended into

2D system and the model will be also mapped onto the Random Field Ising

model.

4d Theo o y amics arid

	

etics of the Al=

Ios Model

We consider a simple square lattice which is randoniiy occupied by A and B

atoms and decomposed into two parts by a 1D solid-liquid interface, liquid

above solid, for example . The solidification or melting takes place only at

the interface : Only those atoms which have both solid and liquid nearest

neighbors have the possibility to transform to the other phase . Atoms are not

allowed to change their positions, and therefore the atomic configuration is

quenched. For simplicity we assume that the cohesive Torces act only between

nearest neighboring atoms of the saure phase but they do not depend an the

type of atoms:

A = 4B = 5B =£ß

	

(/3 =s, l) .
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CHAPTER 4. TWO-DIMENSIONAL MODEL OF BINARY ALLOY

Here the superscripts s and 1 refer to solid and liquid state, respectively . Since

the mixing energy

4	 	 A+	 B

	

(4.2)A~

	

2
is zero both phases are ideal solutions . The interface thus corresponds to

the place where the atomic cohesion is broken and each broken bond costs

interface energy. We study the effect of the interface energy on the dynamics

of the alloy solidification.

The phase transformation is assumed to Lake place stochastically at the

interface. The phase change of an atom is associated with the breaking of

cohesion of nearest neighboring atoms in the saure phase which costs energy.

Fig.4.i highllghts the possible configures of the interface and transitions of

atoms at successive time intervals, so that the growth process can be followed

qualitatively. Depending on the process (freezing or melting) and the number

j(= 1 3) of nearest neighboring atoms in the same phase, these are 12

transition frequencies : six solidification frequencies denoted as w+x(j) and six

melting frequencies denoted by w_x(j) with X referring to A or B atom . In

Fig.4 .l(a), the liquid atom X has one nearest liquid neighbor, so it transforms

into solid state with the frequency w+x(1) . In Fig.4.1(c), the liquid atom X

has two nearest liquid neighbors, one is above and the other is at the right, so

it transforms into solid state with the frequency w+x(2) (or w+x) . Fig.4.1(e)

shows a liquid atom surrounded by three nearest liquid neighbors which can

transform into solid state with the frequency w+x(3) . Fig.4.1(b),(d) and (f)

represent the cases where a solid atom surrounded by one, two and three solid

neighbors transforms into liquid state with the frequencies w ... X (1), w_x (2)

(or w_x) and w_x(3), respectively. All these frequencies should satisfy the

detaiied balance condition to ensure the egnilibrium phase diagram as

w+x(?) = w+x exp[-(j - 2) EI/T1,

w_x(j) = w-x exp [-(j - 2)E s /T1.

The transition frequencies W±x of component X at the trink position (j = 2)

are related to the chemical potential difference Apx between liquid and solid

phases as
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L

	

L

(0_
X(1) ( b )

L

( c )

L

	

L

(1) _ X(2) ( d )

( e )

L

	

L

( X(3 ) (f)

Figure 4.1 : The two-dimensional solidification model illustrates three solidification

and melting possibilities . The Letter X represents A or B atoms . Doted sites are

the solid phase denoted by S and empty is the liquid phase denoted by S. The

interface is represented by the hold solid lines . Shown is the case N=4, where N is

the number of columns or the System size.
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CHAPTER 4 . TWO-DIMENSIONAL MODEL OF BINARY ALLOY

+x = exp(~  )
x

with
Tx - T

®lax = Px - fx ti Lx,x	 .

	

(4 .5)

fiere Tx and Lx are the melting temperature and the latent hegt for pure

X(= A, B) atoms . The solidus C,(T) and the liquidus lines C1 (T) obey the

detailed Balance principle in the form

(1 - Ca )w- A = (1- Cr)w+A,

Caw_s = Crw+ B ,

	

(4 .6)

and they are obtained as

C(T) - e-®uBIT - e-AUAIT '

_ (1 - e-AUAIT)e-AgBIT
C1(T) - ` e-

AA.BIT - e-ArtAIT

At the equal-free energy line Co, the free energy 95 g per solid atom is equal to

the free energy 0 1 per liquid atom;

0$ = (1 - Co)uf(T ) + GI-4(T )

Or = (1 - Co)plA( T) + CoPa(T ),

	

(4 .8)

or

(1 - Co)Ltiu4 + Co4B = 0 .

	

(4.9)

From equations (4.4) and (4 .9), we obtain Co as

Co(T) _
APA - Alus

Equation (4 .9) is equivalent to Eq .(3.56) and we shall see Iater that the

interface velocity ofa large 2D systema vanishes at this concentration Co.

The phase diagram with coexistence li_nes Cg (T) and Cr (T) as well as

Co(T) is depicted in Fig .1.1 with the following set of parameters : TA = 0.9,

1 - e-AMA1T

(4.10)
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4.2. RANDOM FIELD ISING MODEL

TB = 0 .1, LA/TA = LB /TB = 1. lt is seen that the solidification or melting

of the system depends not only upon the cooling condition but also on the

alloy composition . At a fixed temperature T between TA and TB , the system

remains in the solid state as bong as the concentration c is smaller than Cs(T).

When c comes to lie between C8 (T) and C1 (T ), the solid and liquid phase

coexist, but when c becomes larger than C1 (T) the system melts completely.

4.2

	

, n o n Field Ising Model

The above 2D growth model ean be manped onto the random field Ising (RFI)

model with external field which depends exnlicitly on the temnera.tnnre_ The

RFI model is defined by spins with two possible values si = ±1 that are placed

on site i of a lattice. Its Hamiltonian is given by,

+ F) (4.11)

Eiere s i = +1 represents the solid state, s i = -1 represents the liquid state,

><i,;> denotes the summation over all nearest-neighbor pairs < i, j >, Ei is

the sum over all spins in the system . J is the exchange energy between the

ferromagnetieally-coupled nearest-neighbor spins and determined by the bond

energies as

J = 1 (es + €i ) . (4 .12)

F is the external uniform driving forte which is proportional to the concen-

tration difference (Co - c) . fi is the quenched local field caused by the con-

centration fluctuation from the average concentration c of the B-atoms . Since

each lattice site i is occupied by eitler A atom with the probability (1 - c)

(the average concentration of A atoms) or B atom with the probability c (the

average concentration of B atoms), the probability distribution of the quantity

(fi+F) is

p (fi +F) _ (1- c)S(fi + F - fA) + c 5(A + F - fB ) .

	

(4.13)
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CHAPTER 4 . TWO-DIMENSIONAL MODEL OF BINARY ALLOY

Here fA and fB fiepend an the temperature and the latent he gt and are defined

as,

1

	

1

	

T
fA (T) = -

2
ApA _ -

2
LA (1 -;A )

MT ) _ -
2

APB = -
2

LB (1 - B ).

In addition, the driving Force F(T), or the average free energy gain by

solidifying one atom is

F(T) = (1 - c) fA (T)±cfB (T),

	

{4.15)

here c is the average concentration of B atoms . Accordingly, the randomiy

quenched field f2 has a zero average value

< fz >= 0 .

	

(4 .16)

Here the angnlar bracket represents the average over the different realization

of randomness . fz then is assuined uneorrelated for different sites .

(4.14)
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In the previous chapter, we have introduced a 2D model for difussionless solid-

ification of a disordered binary alloy. Comparing to the 1D model, two more

parameters are introduced, the System size and the bond energy . This makes

the system extremely complicated : effeets of all parameters (concentration,

bond energy and system size) on the motion of the interface interplay . Due

to the mathematical difficulty, we were not able to solve the model exactly

for arbitrary parameters . However, in this chapter, we will present the exact

solution of the diffusionless solidification at large bond energy limit where the

interface is found to have the saure asymptotics as its 1D counterpart in many

respects . lt means that the interface moves steadily in the one-phase region

but the velocity vanishes in the two-phase region.

übe consider the alloy solidification starting from a Fiat interface configura-

tion. The solidification is initiated by the Formation of a single nucleus or an

island with two kinks on a flat one-dimensional interface. For infinitely large

Bonding energies, es and

	

transition frequencies of atoms differ orders as

w±x ( 1 ) =w±xe z(3)iT wtx » wtx(3) = wtx
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CHAPTER 5. SOLIDIFICATION AT LARGE BOND ENERGY

Figure J.11fCt : _ The a,.sa_y cf-by_.-la,yayeg-

	

-_ o _growth mechanisrn for large borid energy limit.

{_Kn} = E
j srn

	

Y*L t is the atom arrangement in the n-th layer respective

to the interface with n > 0 in the liquid phase and n < 0 in the solid phase,

respectively. XZ can be either A or B atom.

So the comparatively small w±x(3) makes this nucieation process very slow

compared to the lateral growth of the island with w~x (2) (= w±x) afterwards.

The solidification proceeds layer-by-layer by the single-nucleation and growth

mechanism and the probability of multi-layers and multi-nuclei processes is

negligible small : Once a duster appears, it soon spreads laterally until the

whole layer is filled. If the Bond energy e s is lange the melting also proceeds

by a layer-by-layer mechanism. In these cases the jump of a flat interface to

the neighboring layer positions may be considered as a single "elementary"

action. Then one may construct an effective 1D model where the "elementary "

transition frequencies n± of a "layer" jumping forward (+) and backward (-)

pi the'`~,y th° same role as

	

piayr i in ua

	

a real. .~tem. In. reality these "elementary"w~

	

1D ~~sys~

jumps consist of many atomic solidification-melting subproeesses . We can

calculate the elementary frequencies g-2 in terms of atomic frequencies w d,.

From the analysis, we shall find the remarkable result that the exponent v 1

obeys the same equation (3.54) as in the 1D system. This result will be tested

by the Monte Carlo simulation in the section 7 .1.

First consider the situation when the layer has just been completed and the
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flat interface is located between the solid iayer with an atomic arrangement

{X-1} = {X7 1 , X2-1 . . .XN l } and the liquid layer above with an arrangement

{X°} = {X?, X-1 . . . X } as shown in Fig .5.1. Here XZ denotes A or B atom

with n > 0 in the liquid phase and n < 0 in the solid phase, respectively. The

index i (= 1, 2 . . .N) denotes the column-number in the square lattice. The

solidification, for instance, starts from the nucleation at a site i in the liquid

layer . The solid nucleus grows to the right or to the left, but can also melt

back. Fina.lly the iayer is completed by the solidification at the last site f.

We call here the sequence of events starting from the site i and ending at the

site f as a "trajectory" . After an average waiting time T, the interface has

moved one iayer forward with a probability P or one iayer backward with a

probability %1 wllere F `i' Q = 1 obvlously. Then the transition frequencies of

layer jump are given by

= P/T

	

and

	

SZ_ = Q/T .

	

(5 .2)

The forward transition probability P obeys the foll.owing iterative equation

N

	

N

P

	

P > [i (1 - Pi ) + qz(1 --- Qz)] .

	

(5 .3)
i=1

	

i-1

Here

Pi = N

	

w+2(3) N 	 = w.e i (3)r

	

(5 .4)
Ei=1 w+i (3) + Ea=1 w_ (3)

is the probability that a solid island first nucleates at the site i on the initial

fiat interface {X°} . Sinnilarly

qi = w_i(3)r

	

(5 .5)

gives the probability of the first melting event at the ith site in the solid iayer

We introduced the abbreviated notation wfi for represents

the mean waiting time before the first solid or liquid nueleus is created on the

fiat interface . In Eq.(5 .3) Pi represents the probability that the solid duster

which started from the site i completely covers the interface without being

molten back before finishing the coverage, so that the interface never comes
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CIIAPTER 5 . SOLIDIFICATION AT LARGE BOND ENERGY

back to the initial Hat configuration during the solidification process . Simi-

larly Qi defines the probability that the liquid cluster started from the site i

completely melts the interface layer without being completely resolidified to

the original interface configuration . Therefore the first term an the RHS of

Eq.(5.3) represents the contribution from all the possible trajectories which

never come back to the initial flat interface during solidification process . The

second term gives the contribution from those trajectories which lead to the

initial interface configuration during solidification . Those started by solidi-

fication but remelted have a probability pi (1 - Pi) to return to the original

interface configuration, and those started by melting and resolidified has a

	

probability gi(l iglvz) . Afterwards the' _ Interface has theInterface has thC same--

	

ä,a .°. probabillty

to be solidified . Eq .(5.3) has a solution

P =	 L1l~i~i	

E z piri + giQi]

Obviously Q = 1 -- P . In the saure spirit we can derive the equation for the

average waiting time T :

N

	

i

	

7

	

+ giQi] +
i=l

N

(T +

	

.Pz(l - Pi) + qi(l Q,i)]

Equation (5 .7) is approximate because we take into account only a single

nucleation and growth during the interface evolution . lt has the solution

_

	

7-
T

	

N [PiPi+giQi]

Now we obtain the transition frequencies:

1 N

	

N

i-i

	

i-1
N
Ew_i(3)Qi.
i-i
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The important feature of the obtained result, Eq .(5.9), is that in the used

approximation the frequency of solidification, Si+, depends only on the atomic

configuration of the solidifying liquid-layer above the interface . Similarly the

melting frequency depends only on the atonaic configuration of the melting

solid-layer at the interface.

In terms of the introduced frequen.cies Stf we can Write down sonne impor-

tant characteristics using the known 1D results . The solidification velocity v+

and the melting velocity v_ are given as

v ; = + 1-<

	

> /< 1 >,

ilG+

	

1

	

~,_ = _ [ 1 _ < - > I / < - > .

	

(5.10)
L

The frequencies Si + and S2_ depend on the sequence {X IX2 . . . Xjq}(X2 =A or

B) of A and B atoms in the solidification or melting layer and < . . . > means

the average over all possible configurations in the layer, for example,

=

	

E 2-(XI . . ._KN) N
(5.11)

fl+

	

x1 -.4 B xN-A B n+ (XI . . . XN) i=1

where f I ci (with ci = c for Xz = B and e = 1 - c for XZ = A) is the

probability of finding the configuration {XXX2 . . . XN } . These steady-state

velocities, v+ and v_, vanish under the following conditions

< 2_/n+ > = 1 ,

< 2+/f_ > = 1 .

	

(5 .12)

In the region where steady-state motion of the interface is impossible, the

mean displacement < h(t) > shows a power law behavior < h+(i) >- Ui+

and < h_(t) >- -tim- wich the exponents and detcrmined from the

relations

«244 )'¢ >

< (f+1f-)vl- > = 1 .

	

(5 .13)

At the point where

< ln(Si_/52+) > = 0,

	

(5.14)
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CHAPTER 5. SOLIDIFICATION AT LARGE BOND ENERGY

the mean displacement vanishes, < h+(t) >=< h_(t) >= 0 and vl + = vr_ _

0. Note that in accord with the 1D-results[32, 33, 35] the frequencies f _ and

SZ+ in equations (5 .10) to (5 .14) should be taken for the saure layer.

In order to proceed further we need to calculate the probabilities P2 and

Qi in Eq.(5 .9) . For Pi with i = 1, 2, • • ,1Y, one can write the following set of

equations :

Pi =
1

{w+(i-z)Pi-1,i + w+(=+r)Pi,i+~} ,

Px, . . .,2+R

1
Pi, . . .,i+N-2 =

Wi,i+N_2

+w_(i+N-2) Pi,. .,i+N-3 + w+(i+N -i) (1 )}

fiere is the probability that the solid cluster with (n + 1) particles

which occupies the sites from i to (i + n) finally fglls the layer of N atoms

without being completely remelted . The denominators are the total rate of

possible events for the nucleus occupying the sites i to i + n;

P7i , i = w_i (1 ) + w+(i-1) + w+(i+i),

i,i+n = w-i +

	

+ W+(i_i) + w+(i+n+1),

Wi,i+N-2 = CEl_i + w-(i+N-2) + w+( i+N- 1 ) ( 1 )

	

(5.16)

We consider Eqs. (5 .15) and (516) with periodic boundary conditions . Namely,

w (k+N) = w±k , and a duster which reaches a boundary of the layer can con-

tinue to grow from the other side of the layer.

For a given configuration of the layer one can solve linear equations (5 .15)

numerically. The closed analytical form of the solution is obtained only for

N = 2,3,4 and rt+ is given by:

1	
{w_zPx+1,. . .,i+*x T w-(i+n) Pi, . . .,i+n--1

i,i+n

+ W-j-(z+n+i)Pi, . . .,z+-n+i} i

for n = 1, . . .,N - 3

(5.15)
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For N = 2,

	

_

	

1

	

1

	

n+ =

	

+
1W+2 {w+2(1) + -1( 1 ) + w+1(1 ) -{- w-2 (1)

(5.17)

Forti=3,

n+ -

+w+2w-2(w+1w---3 + Cs7 -1W+3 ) + X51+3w- w+ lw-2 + w- 1 w+2 1 ](5 .18)

exp[-(es+ Q)/T] 4

Ew+iw+(i+1)w-(i+2)w-(i+3)
i=1

(w+{i+2)+ w+(i+3))(w-i `l' 	
w+(z+2) + w+(i+3) + w-i + w-(i+i)

Equations (5 .17)-(5.19) are obtained by using the fact that

w i(1) =

	

exp(EZ(s)/T) » w+i » w+i (3) = w+i exp(-El(s)/T).

The expressions for a2_ can be obtained from the corresponding expressions

for St+ by replacing w+i with w-i and vice versa . The solidiflcation velocity

v+ can also be calculated explicitly as follows:

Forti=1,

v+ = e-Ej/T(1 _ S+e(£t-E¢)lTy
i- c + c

	

(5.21)
w+A w+B

For N = 2,

v+

	

(1 - S )

	

( - e)2

(w+A eE `/T +. _A 6 1 )
l	

+A

exp[-(E8 + €t)/T] x [w+1w-1(w+2w-3 + w--2w+3)
~-ICH-2C'%-3

ForN=4,

n+

(5 .19)

(5 .20)
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W+A W +B ( W +A + W+B) (W-A + W-B )

c 2 (1 - c)' w-Aw-B (W+A + w_A + W+B+w-B )
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2c(1 - c)

	

(w+ A e"IT + w-Be ES /T)	 (w+Be E ` /T + w+Ae' .iT)
w+Aw+B

x

	

(w+A + w+B )eElIT + (w_A + w_B )e»»IT

C 2
+	 2	 (w+B eE=IT + w_BCEDIT)hW+B \

	

)

For N = 3,

e-{Es+E~)IT (1 - S3 )/r

(1 - C)3W_A

	

3(1 - C) 2 CLJ_AW-B
6w.'

	

+ 2w+A (w+Aw_B + W+BW-A + W+BW-B )

3(1 - C)C2w_.ACJ-B

	

C3W_B I

	

!K 991

+ 2w+B (w+AW-B + W+Bw-A + w±Aw-A) 6w+B .

For1Y=4,

v+ = e-(ES+Ei)/ T(1 - S)/

3

	

+ (1 - c)3e w-
2

W-B
OLe.)+A

	

W+A

-1
(w+A ++B)w-B  + (w_A +W_B)w+B

2(23_4 + W+A + W+B 2W+A + W_A + W_ B

2

	

2 w-AW-B W+AW-B

W+AW+B W-A + w+B

-1
+ (w+A +w+B) (w-A + W-B) +	 w-AW+B

W+A + w-A + w+B + W-B w+A + W-B

l

	

) 3w (J.7-B
	 ( W+A + W+B)w-A

	

(w_A +W_B)w+A
-1

-~ 1 - c c
W2 B

X w+A + w+B + 2W-B + w_A + 2W+B + W_B }

+c4W_B(W+B +W-B)3

	

'SW+B

+

(5 .22)

v+

{ (1 -
c)4w-A(w+A+ W-A)

(5 .24)
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Tiere S+ is defined as

w-i

	

w-s
S+

	

<

	

> = (1 --- c) w-A
+ e

	

.
w+i

	

w+A w+fl

We should rote that result for N = 1 in Eq .(5 .21) differs from the usual

result, Eq.(3.53), for the pure one-dimensional-system by the presence of the

exponential factors. T his difference is due to the periodic boundary condition.

The analytical result of the velocity v+ is compared with numerical simu-

lation results explicitly for the case with system size N = 4 in section 7 .1 . We

havel	 also ~:~ec:x~~
l__
~v

7___7__3 the~.ue resultslt_ reg süi.cull_aer_ sys~_W- and iSvu~u,__-~t,e~x5

	

goou agreements ,
i •

	

n rn,wirmii 70.

The remarkable result found in the analysis is the relation

	

12_

	

N_

	

w-z

	

(5 .26)
n+ i=I w+i

for N = 2,3,4 . So far this result has been explicitly shown only for systems

with finite sizes N = 2, 3, 4, but it can be extended to an arbitrary large N by

a plausible argument . lt is clear that each trajectory which gives contribution

to S2+ has the common factor IN 1 w+i, because all atoms in the liquid layer

have to be solidified at least once . An exponential factor contained at the

initiation of a solid nucleus, w+i (3) = w+i exp(---cl/T), is compensated by the

factor at the end : w+N (1) = w+N exp(e l/T) . Index "1" here simply is the place

from where the nucleation of the new layer has started . Additional melting

and resolidification at the site j in the intermediate stage introduces a factor

w-;w+ ; . Thus we can formally write äZ + as a sum over a'1 possible trajectories

N

n+ = ( w+z)

	

f+k( w-~w+~}, wn,m),

	

(5 .27)
i=1

	

k

where function f+k describes the contribution from the +kth trajectory.

is given in. Eq.(5.16) . The similar formal expression can be written for SZ - for

the saure layer :

N

	= ( w-z) E f k({w+jw-j}, Wn, m) .

	

(5.28)
i_I

	

k

(5 .25)
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CHAPTER 5 . SOLIDIFICATION AT LARGE BOND ENERGY

We cannot calculate the trajectory sum in the general case, but we can show

that Ek f+k = Ek f_k . For each +kth trajectory there exists a -kth trajectory

with precisely the opposite sequence of elementary events, like a movie film

forward for the +kth trajectory and backward for the -kth one . Through

this one-to-one correspondence between trajectories, one gets f+k = fk and

the relation (5 .26).

From the property, E q . (5 .26), that the ratio 9- is just the product

of the ratios of the frequencies w_4w+ 2 , We can derive that the 2D system

with large e in mang respects behaves similarly as the pure 1D system . The

average of the ratio reduces to

(5.29)

From Eq.(5.10) the growth rate v+ then vanishes at S+ = 1 . This is

precisely the same condition for the absence of steady growth in the 1D sys-

tem Eq.(3.53), and it corresponds to the solides live an the phase diagram.

Moreover, Eq.(5 .13) for the exponent v1 has the form

(5.30)

and gives the same exponent V!+ as for the 1D system (see Eq .(3.55)) . ALl

these results obtained for the solidification front can be easily converted into

the melting front just by exchanging the indices + and - . For example the

melting velocity v_ vanishes at the concentration which satisfies

w+Ä w+B
S_-(1-c)

	

. +c

	

= 1.
cs3_A

	

W_B

In above, we have verified that the 2D system with a large band energy is

effectively one-dimensional with the transition raten fi+ and st_ . Then we can

use some additional results for a real one-dimensional system . For example,

following the procedure of Ref.[33] we can derive the expression W({Xn }) for

the probability of finding a configuration {Xn }

	

{Xj . . .X2 in the nth
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Iayer from the steadily growing interface:

cx'	for n < -1, in the solid,

II cxi
{ 1 + Sxn [ ({xn }i

	

+ n+ ({xn

i-sN
l)<i/nt,> j }

for n > 0, in the liquid.

fiere f 1 cx:, is the probability of finding the configuration {XI- = {XI', X2 . . . X }

in the n-th Iayer respective to the interface. From Eq.(5 .32) one can cal-

cnlate the average concentration of B-atoms, c(n), in the n-th Iayer from

the interface, by fi ing the configuration of one lattice site, say i = 1, to

a B atom (Y = R )anrl c„rnming W(('

	

over a H possihle cnnl'igura.-

tions { X ' } = {B, X'n

	

Xr ?? For exarnpla when the initial coneentration is

c = Cs where S+ = 1 and the steady-state velocity v+ = 0, c(n) is obtained

as

c(n) =

	

Cs

	

for

	

n<-1,

CL

	

for

	

n > 0.

Both phases have the equilibrium compositions, as one finds in the Gase of the

real one-dimensional system[33j.

W({Xn }) _
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investigate the problem of Interface motion from this chapter on . This chapter

deals with the algorithm and tests of the program . Meanwhile we obtain a

closed solution for a two-column ordered System.

6 .1 Implementation of the Algorithm

For the analysis of a 2D alloy solidification with general values of bond energies

we perform Monte Carlo (MC) simulations of the lattice model introduced

before . On a square lattice with N columns and M rows, A and B atoms

are distributed randomly with a mean concentration c of the B component.

We introduce the state variable m ij which takes the value 0 or 1 according to

whether the lattice site (i,j) is occupied by an A or B atom,

0

	

for A atom
un i;= .

1

	

for Batom

The average of r«i; over . the w.hole lattice sites N : x M should be the given

concentration c :
1 N

Bach atom can be in either solid or liquid state . We use the solid-on-solid

(SOS) model, and therefore overhangs are forbidden and the interface is single-

mi; .

	

(6 .2)
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6 .1 . IMPLEMENTATION OF THE ALGORITHM

valued. We put the lattice sample in such a way that the liquid phase stays

above the solid phase . Then, the interface is defined to be the set of column

heights {hi} for columns i = 1 to N in the solid phase . The growth starts

from a horizontal line at a height hi(t = 0) = h(0) for all the columns . Each

row is assumed periodic and both ends of each column are assumed free.

For the motion of the interface, only 2N atoms adjacent to the interface

are involved . Let us denote the interface configuration as {hi }, the solid-atom

arrangement below the interface as {x s (hi)} and the liquid-atom arrangement

above the interface as {X 1 (hi + 1)}. The melting rate of a solid atom an the

ith column depends an the number ji of neighboring solid atoms as w_2

w_x•fh;}(1i) and the solidification rate of a liquid atom above the interface

depends an the number jZ of neighboring liquid atoms as w+i = w ,kxl(h ;+r) (jz)-

Then, during the time interval

N

= 1 1(Ew+i +

an atom in the ith column in the Liquid or solid layer changes its state with

the transition probability

P±(i) = W±i®i,

	

(6 .4)

where i = 1, • • ,N . fiere +(-) refers to the solidification (melting) of the

atom at the height h i + 1 (hi) . Since the probability (6 .4) is normalized, some

event raust Lake place within the time interval ist . Therefore, our simulation

algorithm ruus as follows ; Pick up a random number between 0 and 1 . If it

falls in the interval between P+ (n) and Z_I P+ (n) then the liquid atom

at the site (i, hi + 1) solidifies and the interface height at column i increases

by one unit : hi

	

h i + 1 . If the random number falls in the interval between

En, P+ (n) +> ; P (n) and EnN=I P+(n) + (n), then the solid atom

at the site (i, h i ) melts and the interface height at column i decreases by one

unit : hi -+ hi - 1 . After each attempt the configuration of the interface

changes and the time increases by

	

t = t + ®t . To describe the growth

quantitatively, we introduce two functions.
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CHAFTER 6. MONTE CARLO SIMULATION

(i) The displacement of the interface ,h, is defined by
N

h(t)

	

E hi(t) - h(0),

	

(6 .5)
i_z

where hi (t) is the height of column i at time t and h(0) is the initial position

of the interface.

(ii) The interface width, which characterizes the roughness of the interface, is

defined by the root-mean-square fluctuation in the height,

a(t)

	

-N z i h2(t) - -1 EN hi (t)
z

	

Z _

N

	

[h(t)] 2 .1t

	

Ir \

6® Tests of the Program

(t) -

	

(6.6 )

Several tests of the program are performed in this chapter . First of all, using

this 2D growth program with zero Bond energy (e $ = e i = 0), we have repeated

all main results in the section 3 .3 for a 1D chain . Secondly, we have tried to

find out some analytic results for simple 2D systems, for example, a ti,vo-

column system consisting of one column. A atoms and one column B atoms

and a 21) pure system at equilibrium state . The simulation results agree very

well with the theoretical expectations . In order to make a further checking of

the program., we have used our program to perform Voronkov's model which

has the analytic expression of the interface velocity . Again, the simulation

results and the analytic expectation are in good agreement!

6e2 .1 T wo-column system

We consider a two-column lattice system which consists of one column A atoms

and one column B atoms . The structure of the interface can be classified into
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6.2. TESTS OF TIDE PROGRAM

A B A B A B

k-Ä

	

n_0

Figure 6 .1 : The interface configuration of two-column system . n is the height

difference between the interface positions of the two columns. n > 0 refers to a plus

Interface ; n < 0 refers to a minus interface; and n = 0 refers to a fiat Interface.

three types : plus, minus and Hat interfaces as shown in Fig .6.1 frozn left to

right. Plus interface refers to the interface configuration in which the interface

position in the right column is higher than that in the left ; The minus interface

is just opposite of the plus ; And the fiat one has equal interface height . At a

given time, the interface can haue one of these three structures. We introduce

the probability p(n)(n = 0, +1, +2, . .) of finding an interface configuration

with a height difference n between left and right colunnn . So p(0) denotes

the probability of finding a flat interface . Each row is assumed periodic and

both ends of each column are assumed free. Since the interface position in

each column can hop at one elementary act only one unit, the process raust

be controlled by the following set of Master equations . For n > 0

dp(n)
-p(n)[w+A(1) +w-A (3) + w+B(3) + w-B(1 )]=dt
+p(n - 1 ) [w-A(3 ) +w+B(3)] + p(n + 1)[w+Ä( 1) +w-B(1)] . .
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CHAPTER 6 . MONTE CARLO SIMULATION

For n < 0

dt

	

= -P(n ) [w+A(3 ) + W-A(1 ) + W +B (1) + w-B ( 3 )]

+p(n + 1 )[0)-A( 1) + W+B( 1 )] + p( n 1)[w+A(3) + W-B( 3 )]•

(6.8)

For n = 0

dt

	

= -P(0)[w+A(3) + W-A(3) +w+B(3) + W-B(3 )]

+P(-1)[w-4(1) +w+B(1)] +P(+1)[w+A(1) +w-B (1)] . (6 .9)

7 • --- • LIn the lOng time	 one expects that Uuc,that the interfaceace reiches a steady-stateli~r[il,,

	

terf~,~, .,

and the probability p!!UJ\ 3___uoes uOu

	

w sassi 3, 	 '(;licLli G	
;61 t ;mua,ue.

the equation (6 .7) as

P(n)[w+A(l) + w-B(1)] - P(n - 1)[w-A(3 ) + W+B( 3 )]

= p(n + 1) [ w+4( 1 ) + W-B( 1)] - P(n)[w-A(3) + w+B(3)]

= C(constant) .

	

(6 .10)

Dividing the above equation from the two sides by [W+A (1) +W_B (1)], we have

got

	

P(n ) = P(n --- 1)77+ + C1,

	

(6 .11)

W-A(3) +W+B (3)
_

	

< 1.71+
w+A( 1 ) + w-B(1)

Due to p(oo) being zero the constant C1 zaust be zero too . Using the recursion

relation (6 .11), one can get a relation for the probability p(n) of the plus

interface

p(n) = P(0)71+

	

(n > 0) .

	

(6 .13)

Silnilarly, we can obtain the probability of the minus interface from equation

(6.8)

dP( n)

dp(0)

Set dp{ ~ ) = 0 and rewrite[fit

(6 .12)
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6.2. TESTS OF THE PROGRAM

p(n) = P( 0 )i1-'	(n < 0),

	

(6 .14)

w-A(1) +w+B (1)
77- =

	

> 1.
w+A (3) +W_B (3)

(6.15)

here

The probabilities raust satisfy the normalization regnirement

+0.

p( n) = 1,

näiueiy

p(0 ) (77+ + 77? +
. .

.) + P(0) + P(0 ) (- + 2 + . .) - .
77

	

77

Solving the above equation, we get

(6 .16)

(6.17)

P(0) =
+

	 77+	 -1

71-- 11 - 7]+
(6 .18)

The velocity of the interface v is the average velocity over three interface

configurations

+~

	

-1

2v

	

p(0)v jjat + E p(6)7]+n vpjus +

	

p(0)77nv:ainus

/

	

n=1

+co

P(0) vjzat + vpu3 E u+ + VminuS
n-1

	

n-=- C

(6 .19)

For pure atom at steady-state, the velocity of the interface is deterniined

purely by the dynamics : v = w+

	

so we have

v =

	

2p(0) {[w+A (3 ) - w-A(3 ) + w+B(3) - w-B(3 )]

	 77+	
1 71+ [w+A(1) - w-A(3) + w+B( 3 ) - w_B (1)]

+	 1 1 [w+A(3) -w_A(1) +w+B(1) -w-B(3)]}-

	

(6.20)

7

	

7i+
P( 0 ) (\.vftat + vplus

	

+ v»ainus
77- -
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CHAPTER 6 . MONTE CARLO SIMULATION

Because 77+ is smaller than 1 and 77_ is bigger than 1, we conclude that the

interface of the AB structure has always a steady-state velocity. This is differ-

ent from the system with quenched randomness where the interface does not

always move with a steady-state velocity. For AA structure or pure A atoms,

?7+ = n- from equation (6 .12) and (6 .15), so we have p(0) =
i+77f

. In this

case, the expression of the velocity can be simplified as

v = 1-77+
[w+A(3) - w_.A(3)] +

	 ?+	
[W+A( 1 ) +w+A (3) - w_A(1) - ~_A(3 )]

1 + 77+

	

1 + 71+

eAmAIT - 1
2cts_A(2) x

eßt/T +

In the fo_lowing table we have shown that the simulation results and the

analytic predictions from equation (6.20) for AB structure and (6 .21) for AA

structure. The Parameters are chosen as : T . = 0.9, TB = 0 .1, LA/TA =

LB/TB = 1, e,/TA = ei/ 'A = 1 and W_A = we B = 1 . From the table we

can see that under various temperature for both pure and AB structure, the

analytic and simulation results agree quite well.

Temperature analytic va numeric vom. time structure

0 .2 0.1381 0.1381 2 .3 x 10 5 AB

0.4 0.0609 0.0607 1.5 x 105 AB

0.5 0 .0000 0 .0004 1.5 x 10 5 AB

0 .4 0.0609 0 .0607 1.3 x 10 5 AB

0 .7 -0 .1264 -0.1268 7.5 x 104 AB

0 .7 0 .1698 0.1690 7.5 x 10 4 AA

0 .9 0.0000 -0.0006 7.4 x 10 5 AA

1 .1 0.1228 0.1229 6 .6 x 104 AA

6 .2.2

	

o©di. ensio a Pure System at Equilibrium State

For a two-dimensional pure system, the interface may contain many struc-

tures like Chose shown in Fig .6 .1 . Structures can distinguish from each other

(6 .21)
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6 .2 . TESTS OF THE PROGRAM

by the Interface height difi'erence n between the two neighboring coluanns . At

nonequilibrium state, we do not know the probability p'(n) of finding a struc-

ture wich a given height n, but at equilibrium state it should obey Boltzman's

distribution

and

	

770,--e
TA .

	

(6 .23)

The partition function is

z = T
1

	

77
po(n) = 1 + 2 ( 77o+~lfl + . . .) _

	

ag

	

(6.24)

and then the normalized probability can be expressed as

p(n) = p'(n) =

	

Ip (0)5

	

p(0) = 1
	

+
	 770 .

	

(6 .25)

If the bond energy is set to be TA : € = TA, then = and p(0) = 0 .462.

In the following table we have shown the analytic predictions (6 .25) and the

simulation results for the probabilities p(n) and we can see that they are in a

good agreement (within 0 .2%) . Other parameters are chosen as : LA/TA = 1

and the system size N = 100.

height n analytic p(n) numeric p(n)

0 0.462 0 .461

1 0.170 0 .172

2 0 .063 0 .063

3 0 .023 0 .023

p'(n)=e TA n = 0, +1, +2 • •

	

(6 .22)171.1

o'
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CHAPTER 6 . MONTE CARLO SIMULATION

6.2 .3 Vorm ov's Model

For a pure material, Voronkov introduced a special model which defines the

transition frequencies w± (j) in such a way that no correlation along the inter-

face exists . T-he transition frequencies are so defined

w+ (2) = ( 1 f)w-(2),

2

W+(3) = ‘t'+ (2)	 +s2

w+ (i) = f .)-".-,1+s2,(2 2	

w_(1) T w+(3) (1 +
1f)s2

2

(43)

	

w+ (1) 1+f ,

	

(6.26)

f = exp( 1-i'I	 us ) - 1
'T

s exp( E i
± es
2T ) .

(6.27)

So w_(2) is the only dynamic parameter . Under this model he found that the

velocity of the Interface can be expressed as

2sf ,_ (2)
v

	

1 s2

	

(6.28)

By replacing the transition frequencies (4 .3) of our model by Voronkov's ones

(6.26) in our program, we have simulated Voronkov 's model using our program.

The parameters are Chosen as : T4 = 0.9, TB = 0.1, LÄ/TA _ LB/TB = 1,

Es/TA = EI/TA = 1 and w_A = w_B = 1 . We have performed simulations

for pure A and pure B atoms and the simulation results as well as analytic

here
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6 .2. TESTS OF THE PROGRAM

prediction are summarized in the following table. From the table we can see

that the numeric and analytic velocities are in a good agreement!

temperature 1 analytic velocity numeric velocity atom 1

0 .5 0 .3944 0 .3948 A

1.2 -0.1709 -0.1703 A

0.5 -0.1772 -0.1752 B

dE 6~ B i o .ixr e sionai Periouic

	

e

We consider a 2D periodic lattice consisting of alternate columns of either

A or B atoms . This ordered lattice can be considered as repetitions of the

two-column AB system studied in the section 6 .2 .1 to arbitrary size . Even for

this ordered system we are not able to give an exact theory . However, for the

specialization to Voronkov's model we do obtain an expression for the velocity

of the interface.

First we introduce two distribution functions pA (n) and pB (n) of the

height n of a break, the vertical part of the interface between two neigh-

boring columns . pA(n) is defined as the probability of finding a break located

between A-column on the left side of the break and B-column on the right side

of the break and pB (n) is the probability of finding a break located between

B-column an the left side of the break and A-column on the right side of the

break. When the highest solid atom on the right side column of the break

is higher than the one on the left column, n is positive : n > 0 . Otherwise

n is negative : lt C 0. For breaks pA(n) = PB(----n) and pB(n) = ps(-n)

should hold due to the symmetry. T hen under the assumption of the absenee

of correlation among the breaks, one can write down the Master equations.

For pB (n) when n > 0, the Master equation is
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CHAPTER 6 . MONTE CARLO SIMULATION

dpB (n) _
di

ao

	

1

	

1

PB(n + 1) [W_A(2) + w+B(2)]

- PB(n) { [w+A(2 ) + w-B (2)] E p A (n) + [w+A(3) + W-B ( 3)] E pA (n)

+ [w-A(2) + W+B(2 )J E PA(n) + [w-A(1) + w+B(1 )] E pA(n) l .
a n--oo

At the steady-state this equation can be simplified and hence the following

relation is obtained

PB(n) = P(0 ) S ,

pA (-n) = pB (n.),

	

when n > 1,

	

(6.30)

The similar equation for p4 (n) when n > 0 as (6 .29) can be written and the

similar relation as (6 .30) is obtained

PA(n) = P(0 )

pB(-n) pA (n),

	

when n > 1 .

	

(6 .31)

Here
(1-S4(1-SB )

P(0) =

		

(6.32)
1- SA SB

provided that SA < 1 and SB < 1. p(0) is the probability of the absence of

any Break and SA and SB satisfy the conditions

(1 - SB) { SA[w+A(2) + w-B(2)] - SB[w+B(2) + w-A(2)l}

+(1 - SA) {[w+A(3) +cv_B (3)] - S[w+B(1) +w-A (1)]} = 0,

(1 - SA) 1 SB [w+B (2) + w-A ( 2)l - SA[w+A(2) + w-B (2)11

+(1- SB) {[w+B(3) +w-A(3)] SS[w+A(1) +W_B(1)l} = 0 .

(6.33)

n-o

	

n=-oa

	

i

+pB (n -1) { [w+ A (2 ) + w-B(2)] E pA(n) + [w+A(3 ) +w-B(3)] E PA(n)
-n.=1

	

n=-oo

1e A n\‘. V .G .7f
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6 .2. TESTS OF THE PROGRAM

These are highly nonlinear equations and generaily we can not solve them . We

guess that (6 .33) has the following specific solution under Voronkov's model

SA = S J
w+B(3)+w-A(3) - S
w+A(1) +w_B(1)

w+B(2) + w_ A (2)
w+A(2)

+ w_B(2 )
'

w+A (3) + w_B (3) - s I W+A (2) + w_B (2)

w+B (1) +w_A(1)

	

w+B (2) +w-A (2) '

(6 .34)

where S is defined as

_ !w+A(3)+w+B(3)+w_A(3)+w_B(3)

1 w+A(1 ) + W+B (1) + £-A( 1 ) + L-B(1) •

	

(6.35)

Note for an alloy consisting of A and B atoms, the transition frequencies of A

atoms defined in (6 .26) differ from Chose of B atoms . lt turns out that (6 .34)

is a solution of (6 .33) since it satisfies the equations (6 .33) . The velocity is

found to satisfy

2v _

	

S

(1 SA)2[w+A(1) w-B( 1 )]
P(0 ) 2	-

a
+ (1 B 2 [~'+B( 1 ) - w_A

+ (1 IS:)2
[w+B(3) - w-A( 3 )]

+ (1. SB)2
[ w+A(3) -- w_B(3)1

+ (1 - SA2)(1 - SB) [w+A(2) - W-B(2 )]

2SB

+ (1 5,4 )(1 - SB) [w+B(2) - w-A(2)],

	

when SA, SB < 1.

(6 .36)

This general expression of the velocity has a finite value when SA = 1 or

SB = 1 and we found

v = 2-[w+B( 3 ) -W_A(3) +w+A(1) -w_B(1)]

	

when SA > 1,

v = - [w+B (1) - w-A(1) + w+A(3) - 442_ 13 (3)]

	

when SB > 1 . (6.37)

SB	S,\

64



CIIAPTER 6 . MONTE CARLO SIMULATION

For pure material under Voronkov's model (6 .26) we have

W -(3 ) + W-(3) -

	

Ei + Es

w+(1)+W-(1)
-s-exp(-

2T )

Using the relations among transition frequencies in (6 .26) and (6 .38) we can

recover the velocity expression. (6 .28) for a pure material under Voronkov's

model.

Diffusionless growth of a 2D periodic structure is simulated . In order to

overcome the finite size effect, we keep E 3(1) /T being 1, so that 100 columns

always can be seen as "infinite" size n .o matter how low the ternperature is.
'--se

	

LA/TA = ._IT_ = 1, ~es~1
=

•.a
e .

	

T and w- eri,-~(2) =Parameters are t;iLU71GiL as: 7"~A/ d - i ~iil l 15

id1-B\
. .

= .~

,

. The • tll of the systhGiLLe"' is 100

	

u ~uc . ax'00 and the num+.

	

of sarnple isEiG~

	

. Tni width

	

.,

	

x.- .~

one. Under these parameters we found SB = 1 at the temperature T~ = 0.27.

Fig.6.2 shows the velocity of the interface as a function of temperature . The

curve is drawn from (6.36) for T > 0 .27 and from. (6.37) for T < 0.27 and the

empty diamond symbols represent the Monte Carlo simulation results . lt is

clean that the theoretieal expectations are in a good agreement with Monte

Carlo simulation results.

One remark wortb. mentioning is that a disordered 1D chain differs from

an ordered chain [35] . The former does not always have a steady-state solidi-

fication front, but the latter does . For a 2D ordered system, for example AB

structure, like the 1D ordered cha,in, the interface moves steadily when e s(1)

not very lange.

SA =SB =S= (6 .38)
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6.2. TESTS OF THE PROGRAM

45

i

5

Figure 6 .2: The stead-state velocity of the Interface of a 2D periodic System versus

temperature under Voronkov's model . Ex!) /T is kept 1.
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The goal of understanding the effect of quenched noise on interface motion

and morphology has motivated a lange number of numerical studies . In this

chapter, we study the diffusionless solidification front more systematically.

Special effort is put on the two-phase region.

In the two-phase region, bond energy effects are examined in the whole

range. For both very small and very lange value the solidification front is

found to become pinned in the sense that the velocity of the interface decays

due to the pinning Force . For moderate energy, however, the interface of a finite

size system obtains a steady-state velocity. A very lange system is always in

a depinning state, which is related to the creep motion . The height-height

correlation on the interface is studied, by that the finite size effect foir.d in

the system can be well explained .

7.1 Large Bond Energy Limit

In the chapter 5, we proved that when the bond energies E S are infinitely lange

and the system width is finite the 2D system has asymptotics equivalent to

the 1D system . In order to check this, we simulate the interface motion of

a four-column lattice : N = 4, for which we have obtained a closed solution.

€7



7.1 . LARGE BOND ENERGY LIMIT

The parameters governing the phase diagram are : TA = 0.9, TB = 0.1 and

LA/TA = L B /TB = 1 . The correspondent phase diagram is shown in Fig .1 .1.

Other parameters are chosen as : e s/TA = e t /TA = 3.0, w_A = w_$ = 1 and

T = 0.5. The egnilibrium concentrations at this temperature are Cg = 0 .310

and Ct = 0.690 . By solving equations (4 .4), (4 .5) and (3.55), the exponent for

the displacement of the interface is obtained as

=1 .251n( 1µe )

	

(0.31<c< 0.50)
c

Since the Bond energies e s/T = et/T = 5 .4 are so large that the thermally

excited trink density is very small ; Then the solid-liquid interface is expected

to advance by the single nucleation and g;owth mechanism as is discussed in

chapter 5. The exponent vI and the velocity v obtained by the simulation are

presented as functions of the concentration c in Fig.7.1 and Fig .7 .2, respec-

tively. The exponents v1 in Fig.7.1 are determined from the asymptotic slope

of the logarithm of displacement versus time . The solid line in Fig .7.1 repre-

sents the theoretical expectations Eq .(7 .1) . In the one phase region far from

the equilibrium concentration C8 , simulation results have a very good agree-

ment with the theoretical expectations : v1 = 1. However, there is a deviation

of simulated v l from the theoretical value near the phase boundary C3 . The

deviation is also observed in a 1D case [341 and is probably due to the finite

simulation time efeet . The velocity in Fig .7.2 is determined from the asymp-

totic slope of the displacement versus time and it has a non-zero value even

in the two-phase region due to the creep tnotion . The solid line in Fig .7.2 is

the velocity obtained theoretically fror. Eq.(5 .24) for N = 4 . Comparing the

analytic prediction (solid~p line) with the simulation results
//
(symbols), we can

conclude that the 2D dfflusionless crystal growth in the infinite Bond energy

limit obeys the saure law as the 1D counterpart . lt means that the inter-

face advances steadily in the one phase region, but the steady-state velocity

vanishes in the two phase region .
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Figure 7.1 : Exponent vi of the mean displacement at various concentrations

of B atoms for Tour-column system: N = 4. The solid line represents the

theoretical expectation Eq .(7 .1) and dots represent MC results.
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Figure 7 .2: Steady-state velocity v versus concentration c for the Tour-colurnn

system : N = 4. The solid line represents the theoretical expectation Eq .(5.24), and

dots represent MC results.
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7.2. THE FINITE SIZE EFFECT

7®2 The Finite Size Eifert

Simulation results have shown that the interface of a 2D alloy system has a

steady-state solidification velocity in the solid phase region (c < C s ) and a

steady-state melting velocity in the liquid phase region (c > C1 ). Naturally,

the basic question we wallt to ask is how the interface in the two-phase coexis-

tence region behaves . There are many parameters which affect the properties

of the system but the ones which are new compared to the 1D system are the

bond energy and the system size N . In the following, we shall systematically

study the effect of these two parameters an the dynamics of the interface . The

values of other parameters are keilt frxed to reproduce the same equilibrium

phase diagram, Fia_1 .1 : '72A = 0.9- T~ _ 0 - 1 5 LA/T.4 = TB ITB = L We

choose the concentration c = 0 .4 and the temperature T = 0 .5 so that the

corresponding phase point is located in the two-phase coexistence region with

a solid phase favored (see Fig .1 .1) . Then the choice of w_A = w_B = 1 leads

to solidification frequencies w+A = 1/w+B = 2.226 at T = 0 .5 . For simplicity,

the bond energies es and e i take always the Same value : €8 = e1 = e. We shall

keep the values of the above parameters through chapter 7, otherwise they

will be specified.

We first study the time dependence of the interface displacement (h(t))

for various system sizes N at a given bond energy e . Figure 7 .3 depicts the

raw date in the log-log Plot for six different sizes N ranging from 20 to 80

at the Mixed band energy e/TA = 2 .0 . The simulation is performed up to the

time 106 and (h(t)) have been averaged over 50 150 samples . Two different

behaviors of interface separated by a cross-over time t X are observed:

(i) Initially, the displacement, < h(t, N) >, in creases linearly with time t,

<h(t,N)>'t

	

[t«lx}

	

( . .2)

which is reflected by the unity slope of the initial pari of curves and is inde-

pendent of the system size N .
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Figure 7.3 : Log-log plot of the mean disglacement < h(t) > as a function of time

t for various System sizes: N =20,30,40,50,60 and 80 from the bottom to the top.

The bond energy is e = 2.0T4.

Figure 7.4: Log-log plot of the mean disglacement < h(t) > as a function of time

t for three system sizes : N =10, 25 and 40. The bond energy is e = 1 .5TA .
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7.2. THE FINITE SIZE EFFECT

(ii) The liner increase in displacement does not continue indefinitely, but

followed by a power-law increase

< h(t, N) _>- t"l

	

t » t <] .

	

(7 .3)

Up to a simulation time T = 10 6 we obtain a dynamic exponent v1 which

varies from around 0.51 to 0 .97 as the system size N increases from 25 to 80.

The same tendency is also observable for a system with a sm .alller bond energy,

E/TT = 1 .5 as that depicted in Fig .7.4. Here the simulation is performed longer

up to the time t = 108 and (h(t)) verse t haue been averaged over 900,300 and

80 samples for N = 10,25 and 40, respectively . The asymptotics s11lopes of the

three curves of (h(t)) verse t in double-logarithm are around 0 .51 . This result

suggests us strongly that the interface of a finite size system in the long time

limit (see tails of the curves in Fig .7.4) behaves similarly and it is independent

of size like the initial growth phase . The tails of the curves in Fig .7.3 are just

the intermediate behaviors between depinned and pinned states.

In the simulation, the solidification states from a straight interface . As

atoms on the interface change their states between the liquid and the solid

states, the interface gradually roughens and bumps appear . At the beginning,

bumps are so small and isolated from each other that the interfaces of systems

can not teil one system size from the other and therefore display a common

linear law behaviors . However at a time near the Cross-over time when the

typical bump size reaches the system size, the System is affected strongly by its

size. Obviously it takes longer time for a larger system when a typical bump

develops and finaily reaches the system size . This leads to what we can see in

Fig.7 .3 and 7 .4: the larger the system is, the later the Cross-over takes place.

In the bong time limit (see Fig.7 .4) all systems lose the memory of the size

and present a common behavior : a quasi-1D behavior which is characterized

by the power law behavior of the displacement with v i = 0 .51.
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N

Figure 7 .5: Log-log plot of the cross-over time tx as a function of the System size

N. The fitting line is tx N N3 .

Fitting the initial behavior and the asymptotic behavior of each curve in

Fig.7.4 to two straight lines, we estimate the cross-over time for the three

systems. Fig.7.5 shows the size-dependence of the cross-over time on the log-

log plot and it can be fitted by a straight line with a slope around 3 . So the

cross-over time tx at which the interface Cross over from the behavior of (7.2)

to that of (7.3) dependents on the system size,

t x - Ar',

	

(7 .4)

where z is the dynamic exponent.

So for a finite-size system with moderate Bond energy at the very beginning

of growth (t « tx) the interface advances steadily in a undepinned state and

at the Jong time limit (i » tx) it beconies pinned; In between it is strongly

affected by its size . This scenario will be further elucidated later in the section

7.3 .2 .
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7.3 The and Energy Eifert

« .3 .1 Bond Energy Dependence of the Exponent v 1

Now we examine the eifett of the band energy e an the dynamic exponent v1

for a given system size N. The exponents vi are obtained from the simulations

up to the time t = 105 - 105 and (h(t)} have been averaged over 100 - 1000

realizations of randomness . We studied seven systems with sizes ranging from

25 to 2000 and the results of the bond energy e dependence of the exponent v i

are summarized in Fig .7.6. It clearly shows that there is an evident size- and

bond energy-dependence of the interface dynamics . tvVe can divide the bond

energy dependence of v1 into four characteristic regimes ; (a), (b), (c) and (d),

as is exemplified in Fig .7.6 for the system with a size N = 40.

(a) Jump Regime - For e = 0, v1 has theoretically the value 0 .51 since the

2D lattice becomes 1D one due to laeking correlations among atomic columns.

The exponent vl increases sharply from the 1D value, 0 .51, to unity in a very

skort range of energy from 0 to 0 .ITA .

(b) Steady-state velocity regime - For moderate bond energies (> 0 .1T4 ),

the Interface obtains a steady-state velocity and its displacement grows

early with time; The exponent has the value 1 in this regime : vl = 1 . This

is quite a surprise since the interface of a 1D chain gets completely pinned at

the concentration e = 0.4 and temperature T = 0 .5. The energy range where

v~ remains unity varies with the system size . The langer the system size N is,

the wider the range becomes . For example, this range falls in 0 .1TÄ ti 1TA

and 0 .1TA ti 1.5 TA for N = 40 and 70, respectively. However, the interface of

a system with size 2000 moves always steadily in our time-limited simulations.

(c) Transit Regime -If the bond strength c exceeds the critical value e c (N)

then vl starts to decrease. For the reason of easy Operation we deine e, as the

value of the bond energy when vj drops from 1 to 0.9. The so defined critical

value e, is found to increase linearly with the system size N, as is shown in

Fig .7.7. Note that the results in Fig .7 .3 belang to this regime.

(d) Pinned Regime- For a strong enough bond energy the exponent v 1

eventually approaehes to the 1D value 0.51. This regime has been studied
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1 40 32
c/TA

Figure 7.6 : Dependence of the dynarnical exponent vz on the bond energy E . Curves

fron bottom to top correspond to system sizes N =25,30,40,50,70,80 and 2000 . data

are obtained from the simulations performned up to the time 10 6 .
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Figure 7 .7: Dependence of critical bond energy e, on the system size N.
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in detail in the previous section 5 theoretically and in the section 7 .1 by the

simulations.

lt is worth mentioning that the results presented in Fig .7 .6 are obtained

from time-limited (10 5 - 106 ) simulations . If we could perform simulations

for infinite time (t » t X or t -~ oo), then the picture in Fig .7.6 should look

totally different ; all v1 have the 1D value 0 .51!

7 .3 .2 Very Small Bond Energy Regime

For very small but non-zero bond energy (E/TA « 1 ), namely the jump regime

of the two-phase region in Fig .7 .6, the Interface is pinned and therefore does

not have a steady-state velocity. The fact that the exponent vl increases from

the value 0 .51 of a 1D system, or namely the case = 0 in a 2D system,

to 1.0 when is around 0 .1TA reveals that the 2D effect an the system gets

stronger as increases . Pinning for small bond energy can be understood

by the following picture : treat the very small energy c as a perturbation for

the zero-E case. In the absente of the bond energy, there exists no correlation

between neighboring atomic columns in the 2D system and it becomes simply

a pile of 1D chains . Once an atom is pinned, it will stay in the pinned state

until be excited into unpinned state by the external driving force II and

gets no help from its neighbors . Therefore, the interface is rather corrugated

and interspersed with many ditches with a B atom sitting at the bottom.

Therefore, the dynamic exponent v l can be approximately expressed as

H
-

Co - c
(7.5)

He Co - Cs

Here His the critical driving force which separates the moving interface (when

H > H) from the pinned interface (when II < H) for a one-dimensional

diffusionless disordered alloy system . The above formula (7 .5) shows a linear

dependence of v1 an c. The suitability of this approximation (7 .5) can be

verified by Fig.3 .5 where the solid line shows a approximately linear decrease

of v1 from 1 at c = es to 0 at c = Co in the solid siele of the two-phase region.

As the small bond energy is introduced, the atoms in different columns

start to affect each other . The bond energy plays a role ofan extra driving
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forte which always tries to Haake the pinned atonaic column catch up with its

two neighboring advancing columns . In eonsequenee, when the pinned atom

solidifies the system gets energy gain not only from the driving force b(Co - c)

but also from the bond energy 2e with its two neighboring atoms . According

to (7.5), vs can be now approximately written as

1 _ b(Co-c)+2E/TA

	

(7.6)v

	

c

	

b(Co - Cs )

This formula shows a linear dependence of vi on E . Roughly speaking, this

is what we have seen in the jump regime of Fig .6. Because of the extra

driving force 2E, the real external driving force b(Co - c) required to keep

the interface steadily moving becomes smaller than that (b(Co Ca )) in the

zero e case. In other words, even for b(Co - c) < H , or c > C87 it is still

possible that the interface moves steadily provided that e is bigger than a

critical value e* which satisfies the condition : vi (e * ) = 1 . In the case studied

here (c = 0 .4, b = 0 .8,C, = 0 .31 and Co = 0 .5), e * is about 0 .04T4 Prom

the formula (7.6) by letting v1 = 1. The value of e* measures from the

simulation as around 0 .1TA (see Fig.7.6) . This means that the interface gets

pinned when c < e*, but unpinned when e > E* in the two-phase region of

the egri librium phase diagram for very small E . In addition, e* varies with

the concentration and the temperature . Note that this argument applies only

to the very small e* case where such an interface structure of a single pinned

atomie column surrounded by two rauch advanced columns could exist and E *

can be eonsidered as a perturbation . Thus botl,. for very lange and very small

bond energy in a finite system the interface is pinned . However that the Iatter

result applies only to models of SOS-type and probably not to systems with

ov,,..  s.

704 Depinning of L a rge Systems

In the previous sections, we have seen that the properties of a 2D system

depends strongly on the two parameters : the size N and the bond energy E . In

the limit of lange energy (e -~ oo) the system loses its 2D features and behaves
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7.4. DEPINNING OF LARGE SYSTEMS

effectively like its 1D counterpart . On the contrary, in the limit of large system

size (N -+ oo), the crystal grows steadily for the concentrations c < Co(T) if

e > 0 .1n (sec Fig.7 .6 for N = 2000) . Here the critical concentration Co is

defined in Eq .(3.40), and takes the value 0 .5 at T = 0.5.

Our concern hereafter in this section is the growth law in the two-phase

region; how does the growth depend an the driving force H x Co c for

a very large system in the two-phase region? Fig .7.8 shows the simulation

results of the velocity of a solidification front as a function of the driving force

H oc 0.5 - c for a large System with size N = 2000 . Three different bond

energies are considered : e/TA = 1 .0, 1 .5 and 2.0 . The simulation has beeil

performed oniy once for Bach parameter set, but statistics are suiciently good

due to the Zarge system size.

Figure 7.8 clearly shows that the velocity of the front increases system-

atically with the driving force H. Genera ly, we can not formulate the H-

dependence of v, but for a very small driving force we shall make it in the

Spirit of a driven elastic manifold[60, 81, 62, 63? . Our pieture of the interface

motion is as follows . In the absente of an external driving force H = 0 or

c = Co = 0.5, the interface moves until it finds a configuration with a local

minimum of the energy, whereupon it is pinned . If we drive a system with a

non-zero force

I = b(0 .5 - c),

	

(7 .7)

the interface tends to move in the direction of H, but the pinning force f

tends to block the motion . Here above b is a constant . As soon as the

pinning force f is overcome by the external driving force H and the restoring

force P's generated by the local curvature of the interface (or surface), the

interface begins to move with a finite velocity. For a very sma.i i Held H the

motion may not be uniform. At a given instant the interface may consist of

pinned and unpinned regions . The height differente between the pinned and

unpinned region increases in time, and thus the interface should be randomly

corrugated with lange amplitudes . But once the combined effect of the driving

and restoring forces overcome the pinning forces in some pinned region, the

interface ju-m.ps over the pinning sites and begins to move until it is stopped
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Figure 7 .8: Dependence of the velocity v an the concentration difference (0 .5 - c).

The system size is N = 2000 and the bond energies are :e=1.OTA (+),1 .52'4(x) and

2.02'x,(*), respectively.

Figure 7.9: Time evolution of an Interface profile of a 2D system under a small

driving Force : 0.5 - c 0 .08 . The system size is N = 2000 and the bond energy is

E 2.0T4. Time increases from the bottom to the top. Note that the vertical and

horizontal scales are different.
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7.4. DEPINNING OF LARGE SYSTEMS

again by another region of strong pinning sites . Thus the interface exhibits

a slow, smooth motion interspersed with jumps . After waiting times which

are typically Jong in comparison with the time to move from one pinned state

to the next the interface jumps over the pinning center and then moves on

continuously until the next stop at a pinning site . The interface velocity v

thus is expected to be inversely proportional to the waiting time tu, for a jump.

Typical interface profiles of the system are shown in Fig .7.9. From the bottom

to the top one can observe the time evolution of an interface profile and the

eye can readily recognize that the roughness increases in time.

We now estimate this waiting time t,,, . The randomly quenched B atom on

the site i corresponds to a pinning center against the solidification front with

a pinning force fi . Let us consider the case that the interface has to jump

over a pinning region with an extension 1 and a height h . This region pins the

solidification front because it has more B atoms than the expected average

value and the liquid phase is favored with an energy gain ti A(hl) 112 . Here

A is a prefactor characterizing the effective strength of the random pinning

force and is proportional to the guanntity < f2 f1 > . For the interface to pass

over this region, it has to pay the energy penalty

u~ N L(h1)2 .

	

(7 .8)

in order to pass over this region . However the interface deformation costs

surface energy and therefore the jump makes the interface to gain the surface

energy

us

	

7(- ) 2 1,

	

(7 .9)

where ry is the surface tension. The solidification of the volume hl by the

uni ont-n.1y applied uiiving force P leads to he energy gain

ud ' Hlh.

	

(7 .10)

By assuming that the jump takes place rohen all the competing energies are

of the saure order as ug u, . ud, the pinning region to be jumped over has

the following characteristic length scales

l ys J/H,	h A /H7 ,

	

(7.11)
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Figure 7 .10: Schernatic Illustration of the pinning of an interface portion of length l

and height h. The local impurities (small arrows) oppose the motion of the Interface,

acting against the external driving force F and the elastic force generated by the

local curvature of the interface.

Figure 7 .11 : Dependence of the normalized velocity (0 .5 - c) ln(v) an the con-

centration difference (0 .5 - c) . The parameters are : N = 2000 and c=LOTA(x),

1.5TA (*) and 2.OTA(+), respectively.

-0 .8

-1 .2 L	 1	 E	 i•'	

0

	

0 .1

	

0 .2

	

0.3

	

0.4
(0 .5-c)

81
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and the characteristic energy

u = da 2/,

	

(7.12)

where d is some constant of order unity. Assigning u to be the height of the

energy barrier over which the interface has to jump, we estimate the waiting

time for the interface as

it ,

	

e'/T .

	

(7.13)

The velocity of the interface is simply the inverse of the waiting time, and can

be expressed as

( -dis-
v=gexp ;

112 j

where g is a prefactor. Thus for small driving force 11 the velocity v is expected

to decrease exponentially with H-1 .

In order to check the above ideal, we obtain the following relation by

inserting H in Eq.(7.7) into' (7 .14) and then taking the logarithm of its both

sides
z

(0 .5 - c) ln(v) - bT + (0 .5 - c) In(g).

As the driving force (0.5-c) approaches zero the value of (0 .5-e) ln(v) changes

linearly and reaches the value -d0 2/bT at H = 0. The linear law is verified

by the numerical simulations . Fig.7 .11 shows the value of (0 .5 - c) In(v) as a

funetion of (0 .5 - c) for three various bond energies : e/TA = 1,1 .54 and 2 . In

the vicinity of zero driving force all data points can be fitted by three different

straight lins which cut the vertical axis at the saure point 0 .192 independent

of € at 11 = 0 . Since the temperature is T = 0 .5, so dß 2 /b is estimated about

0 .096.

Next we shall now estimate the constant b and the strength of the pinning

forte A . One starts from the analysis of the free energy of a binary lattice

system without concentration fluctuation . By solidifying 11/1 = hl atoms, the

system gain free energy which can be written as

ud = -M[I p A (1 - c) + 4134

	

(7 .16)

7 1 Al

(7.15)
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The two terms an the RHS of the above equation represent the free euergy

gained by solidification of an A and a B atoms, respectively . Now introducing

the local concentration fluctuations, we can write the total free energy gain as

M

u = - >[®pA (1 - ei) + ApBei]

-M[AßA [1 - (c ± ®c)] + ®PB (c ± ®c)]

- ![APA (1 - c) + .AJ BC] + + M®e(®PB - ApA)

= -11/111 ± MAc( JiB - ®[L A ) .

	

(7.17)

Here L~c is the concentration fluctuation, = /< (Lc) 2 >, and is estimated

as follows . Since the probabiiity p(M, m) of flnding m B a f!°mC 2+ M C VPT1

sites obeys the binomial distribution

11/1!
d~( ' m) =	 ~(	 )gcm (1 - c) x-''1' .

	

(7.18)
m.M-m.

For a suflicientiy large number of lattice sites (M -4 oo), the above distribu-

tion becomes Gaussian distribution
_

	

2

p(I~/1, m)

	

1	
exp(- 2Mc( - ))

	

(7.19)
\i21rMc(1 - c)

The mean value and the mean square fluctuation of the number m of B atoms

can be read off directly from the above Gaussian distribution as

<m>=Mc (7.20)

«m - Mlc) 2 >= Mc(1- c) . (7.21)

1 .7 m

	

l 2 ,

	

t
~/c(1 - c)

lt~ -

	

j -
V

	

1 I

Substituting the expressions (7 .22) into formula (7 .17) and using the param-

eters LA/TA = LB /TB = 1, TA .= 0 .9, TB = 0 .1 and T = 0 .5, the free energy

ga.in is found to be

= -0.8M(0.5 c) ± 0 .8V/c(1 c) .

	

(7.23)

Thera

83



7.5 . THE VELOCITY FOR VERY LARGE BOND ENERGY

Notifying that M = hi, the hrst term on the RHS corresponds to the bulk

driving energy ud, (7.10) and the second term corresponds to the random field

contribution u r , (7 .8) . Then the driving field is identified from (7 .10) and

(7.23) as

11 = 0 .8(0.5 - c),

	

(7.24)

and the strength of the random field (7.8) and (7.23) as

L, = 0 .8Jc(1 - c) .

	

(7.25)

At the mean concentration, c =0 .5 the driving force 11 becomes zero and

4-k cfrrenrrflh n4 f3- . rc.rInm -Fnrrn P A 1'1PnnmPC fi ä Prrrrn +hP P,rnrPez;nn (7 9 .1)

O1' 1A (l 7) m l-J-+ l +Inn r1-A4%/'A-AA il 1%A;nrr 11

	

H4`rrn- /\

	

[f A 1 - fl A a-nACHiSÜ 1 1 .1

	

YYV VIJ VW3iS VdAI, ~I .l VAGbV VVA V L1.A11 F. V•V• L4Vi~-i b-a - V•s-, V

	

V .V Vriiaa

the estimate dA2/b 0.096 obtained by the simulation, d is determined to be

0.5, of order unity as expected.

lt is worth mentioning that the driving force H used here is two times of

F used in the RFI model (4 .11) : H = 2F. The factor 2 results from the fact

that the energy gain is 2 ud when atoms change states from liquid to solid,

or in terms of RFI model, spins flip from downwards (s ti = -1) to upwards

(s i = +1).

7.5 The Vetocity for Very Large Bond Energy

The interface velocity of a large system should be a function of bond energy

and the driving force at fixed temperature : v(c, H) or v(e, c) which generallly

can not decoupled . Although we do not have a theory to write v(c, c) down

explicitly, by computer simulation we do can investigate some properties of

v (e, c) in some extreme conditions . In the previous section we have found that

e and c affect v separately in the vicinity of zero driving force, namely v(E, H)

can be written as

v(€, c) = v1( e)92(c),

	

( 7 .26 )

with cp l(€) = g in (7.14), where A . (e) is a function of e and cp 2(c) is a function

of c. Now we ask how v depends on e when c is large . Obviously, the larger
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Figure 7 .12 : Dependence of the interface velocity v an the bond energy E. The

parameters are : N =2000, T =0.5, c =0 .4 . Simulation is performed up to the time

10 5 .
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Figure 7 .13 : Logarithrn of the velocity In(v) versus the bond energy 6/T. The

parameters are : N =2000, T =0.5, c =0.4 . Simulation is performed up to the time

10 5 . The fitting line has the slope around 1 .06 .
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7.5. THE VELOCITY FOR VERY LARGE BOND ENERGY

the bond energy is, the more diffieult it is for the Interface to move . Fig .7.8

clearly shows this tendency where the velocity curve for larger is lower than

that for sma.ller e . For a systematic study of the e-dependence of the velocity,

we fix the concentration c = 0 .4 and vary e. Fig.7.12 shows the result for

the system size N = 2000 and T = 0 .5 . From the figure we can see that the

velocity decays with increasing the energy e . Generally we cannot formulate

the velocity as a function of e, but for large energy things become simple . For

large energy the interface is almost fixt, but still a few kinks are always excited

thermally since the system size is large enough . The density of those thermally

excited kinks is proportional to exp(-e/T) and they act as a solidification

center . With increasing energy the difculty of creating a kink increases as

well and therefore fewer kinks exist . Because the propagation of a kink along

the interface is much faster than creating it, we can safely predict that the

velocity decays in the saure manner as the number of kinks : v exp(-e/T).

Fig.7.13 shows the data of Fig .7.12 in a semilogarithmic way. The data in

the large e/T range can be fitted by a straight line with slope around unity,

which agrees quite well with the prediction! This argument is not applicable

for small e because multi-kinks exist an the interface.

Combining the above argument with the result (7 .14), we get the velocity

of the solidification front for an infinite system with large bond energy under

very small driving forte (c being in the vicinity of 0 .5) as

v = 1 .5 e-EiTe-0.s°2/HT

	

where (7 .27)

Here the prefactor 1 .5 is estimated from Fig .7.11.

Some comments may be necessary concerning a small system . As is shown

in chapter 5 explicitly the velocities of small systems are proportional to

exp(-2e/T) for es = e l = e . This is due to the fact that the creation of an

initial nucleus is required in these small systems, because there exists usually

no Links at all at sufficiently large bond energy and low enough temperature.
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2.5

1 .5

c

Figure 7 .14 : The ratio of the velocity v (E, c) to the velocity v(E = 1 TA , c)

versus the concentration c for four various E . The bond energies are : E = 0

(symbol *), 0 .5 TA (symbol 0),1 .5 T4 (symbol +) a,üd 2 .0 TA (symbol x) . The

solid live represents the exact 1D results from (3 .53) . Other parameters are:

N =2000, T =0.5 and c =0.4 . Simulation is performed up to the time 10 5 .

The Eq.(7.27) teils us that in the two Phase region( c=0 .4) for very large

E, the bond energy-dependence and concentration-dependence of the steady-

state velocity of the interface can be decoupied . Actualy this is not a unique

property for the two phase region, but for one-phase region too . So if formaily

we can write the velocity as

v(e , e) = t)1(E)~2(c),

	

(7.28)

then we can get the following ratio of two velocities for same concentration

v(El, c) = Cp l (el )

v ( E2 , c )

	

v1(62)

	

(P( E1, €2)-

	

(7.29)

The means that the ratio of velocities of two systems with bond energies

Ea and E 2 is independent of the concentration, if e i and E2 are large enough.
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7.6 . CORRELATION LENGTH

This prediction has an excellent agreement with the compute simulations(see

Fig.7.14) ! Fig.7.14 shows the ratio v (e, c) /v (e = 1 TA , e) versus the concen-

tration c for Tour various e i . For the lange energies: e = 1.5 TA (symbol +)

and 2 .0 TA (symbol x ), the ratio is almost a constant in the whole range of

concentration ; For the moderate energy : e = 0 .5 TA ( symbol o ), the ratio

decreases with c increases ; For zero energy: e = 0 (symbol *), the ratio should

follow the solid live which is the exact 1D results from (3 .53), but actually it

does not vanish in the two-phase region due to the limited simulation time.

So we conclude that for very lange bond energy the influences of the bond

energy and concentration an the velocity of a large system can be always

decoupled as the product of a function of e : p i (e) and another function of c :

(P 2 (c) . Although we do not know the expressions of p f (e) and 9 2 (c) generaily,

we have found : v;, 1 (e) = e-'IT in the two phase region and cp2(c) .^ e-a®21HT

in the vicinity of Co.

7

	

Correlation Length

In the section 7.2 we have observed that the interface displacement crosses

over frona an initially depinned to a finally pinned state as time proceeds . This

question may appear elementary, but it has no simply answer . The fact that

the cross-over time, ix, increases with the system size N suggests that cross-

over phenomena constitute a finite size effect . But What is the mechanism

that leads to the transition? How does the system know when to undergo

a depinning-pinning transition? To answer these questions, we raust discuss

a very important property of most surfaces, the existence of correlations in

the system which impiy that different sites of the interface are not compieteiy

independent, but upon the heights of the neighboring sites. Through a dose

examination of the growth process, we can gather some Blues about it . Figure

7.15 illustrates our growth model . Shown is the case N = 11, where N is

the number of columns . There are Tour most possible sites where atoms can

change their states from liquid to solid state . After the transition, the height

of the column will be equal to or larger than that of its neighbors . From the
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Figure 1
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the case N = i7 where N is the nu.Inber7.1 :J : tle lattice model.d ctt. S.~haao;ri is

	

~
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model, the interface of a column has less chance to move if it is higher than its

neighbors in both sides after moving (case 4) . However, those columns with

interfaces lower than at least one of the two neighbors are easy to move . In

this way the neighboring columns are strongly influenced by each other . The

height fluctuation will spread laterally, because the newly growing interface

of a column must have height equal to or larger than its neighbors, but the

height difference can not be very large . Although the growth process is local,

through this lateral growth the information about the height of the neighbors

spreads globall.y.

The correlation length &ll is just the typical distance over which the heights

know about each other . At the beginning of the growth, the sides are uncor-

related. During the growth all grows as well . For a finite system ell can not

grow indefinitely, because it is limited by the size of the system N. When ei/
reaches the system size, the entire system becomes correlated, resulting in the

cross-over of the interface behavior from (7 .2) to (7.3) . Thus after cross-over

the correlation length ei/ is about the system size N,

ell N

	

[t » tx] .

	

(7.30)

Depinning-pinning transition occurs at a time tx given by (7 .4). Replacing
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7.6 . CORRELATION LENGTH

N with

	

we obtain ei/ - t ;-, which in fact holds for t < lx as well

	

e//

	

[t < t ] .

	

(7 .31)

We define the following height-height correlation function

G(x, t) = (h(x' , t)2) - (h(x ' , t) h(x' + x, t)) .

	

(7.32)

Here x ' and x+x ' are two different lattice sites separated by a distance x and

h(x', t) denotes the height of the interface at site x' at time t . < . . . > m.eans

the average over all sites x' keeping the separation x fixed . The simulation

results of G(x, t) versus the x at various times on the log-Iog plot are shown

in Fig .7 .16. It is apparent in Fig .7.16 that there are two regions separated by

the correlation length
ei/

at a given time:

(i) For small separation distance x, the correlation function increases as a

power of x,

	

G(x)

	

xß	[x « e//]-	(7 .33)

fiere ß is an exponent.

(ii) The power-law increase in correlation function does not continue indefi-

nitely, but is followed by a saturation reginze ( the horizontal region of each

curve in Fig.7 .16), during which the correlation function reaches a saturation

value, Gsat (t) . In Fig .7.16, twelve different curves correspond to the correla-

tion functions at twelve different times t . As time increases, the saturation

value, Gsat(t), increases as well.

(iii) The correlation length ‚i at which the correlation function, G(x,t),

crosses over frorn the behavior of (7.33) to saturation has been found by the

siraulation to increase with the time . Fig.7.17 shows the simulation results

(symbols) of the correlation Iength ei/ as a function of time for a system with

size N =2000, concentration c =0.4 and bond energy = 1 .5 TA at temper-

ature T =0 .5. The fitting curve e// ti t3 is drawn just as a guide to the

eyes. At a given time the correlation function increases with the separation

x but saturates for x langer than the correlation lengthThe correlation

extends up to en but two points on the interface separated by more than
el'
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x

Figure 7 .16: The height-height correlation function G(z, t) versus the separation

distance z at various timen an the log-log plot . From the bottom to the top time

increases up to 10 5. The chosen parameters are : N =2000, c =0 .4, T =0.5,

= 1.5 TA . Data is obtained for 50 independent Tuns.
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Figure 7 .17: Correlation length ei/ versus the time t . The simulation is performed

wich the system size N =2000, e = 1 .5TA , T =0 .5 and c =0 .4. The curve II .N tg

is just for the guide to the eyes.

10 0 T -

	

,

91



7 .6 . CORRELATION LENGTH

	

5 -

	

-

Q

A
Lü

	

61	 	 EI

0

	

5x104	10 5
t

Figure 7 .18 : Time evolution of the width of the interface o-(t) . The curve u(t) ti t3

is just for the guide to the eyes.

are uncorrelated. As time proceeds the correlation-length e// increases with

time, as is shown in Fig .7.17.

For x » S// when t « tX the correlation of the interface at two sites is

lost, and therefore the < h(x ' ) > is independent of < h(x + x ') > . In this case

the correlation function (7 .32) has the following property

lim G(x,t)

<

	

h(x ' , t) 2 > - lira < h(x', t)h(x' + x, t) >X-)-C)

< h(x',t)2 > - < h(x',t) >< h(x'+ x,t) >

< h(t)2>-<h(t)>2

o-2 (t )

This means that the saturation value Gsat (t) of the correlation function in

the limit of large separation x is equal to the variance o- 2(t) of the interface

position h(t) . Note, however, that the width of the interface at long times

scales . .with the systems size as o-

	

N0-69 as can be read off the Fig .7.16.

25

20

15

10

(7.34)
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Fig.7 .18 shows the interface width o-(t) as a function of time t . At time 10 5 ,

o-(t) is about 20, which is at least less than one-fiftieth of the width of the

interface in a 1D system with the same concentration (c=0 .4)(see Fig .3 .3(b)).

The thin interface width in the 2D system is due to the surface tension which

tends to keep the interface as fiat as possible.

The pinning-depinning crossover phenomena can be understood in terms of

the correlation length and the finite size of the system. From the simulation of

a rather large system N = 2000, we know how the correlation develops as time

proceeds, as shown in Fig .7 .17. For systems with small sizes the correlation

should develop similarly. Therefore the time-dependence of the velocity can be

related to the e11-dependence of the velocity, as shown in Fig .7.19. lt contains

the information of Tour systems with different sizes . At the very beginring the

Interface is not affected by the system size and 	 systems behave in the same

way. This corresponds to the common slope (- 0 .0263) of the initial part of

curves in. Fig.7.4. As time passes and when the correlation length approaches

the system size the interface starts to slow down and eventually the velocity

becomes zero . This crossover from depinning to pinning takes place later if the

system size becomes langer. For very large system (N = 2000), ell remains

much smaller than N and the interface stays in the depinned state with a

steady-state velocity.

93



7.6. CORRELATION LENGTH

0.03

0.02

P 0.0154'?
•1

0 .01

0.005

0

	

100

	

200

Figure 7 .19 : The velocity v of the Interface versus the correlation length ell . The

system sizes are N =10,25,40 and 2000 from the bottom to the top, respectively.
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One-Dimensional System with

Diffusion

In the previous chapters we study the propagation of the solidification front

of an alloy system with quenched atomic configuration, i .e. no rearrangement

of atoms a .llowed . We found that for a one-dimensional system with a zero-

dimensional interface the interface does not advance steadily but Shows an

anomalous time dependence in the two-phase region . For a two-dimensional

finite sized system with a one-dimensional interface, similar asymptotics is

found in the limit of the Zarge energy of kink formation.

In reality , however, atoms are not completely quenched but are moving

and the concentration follows the clilfusion law . The natural question then

is how the diffusion affects the motion of the interface . In Ulis ch.apter, we

shall address this question by Monte Carlo simulation of a one-dimensional

system and compare the results with an approximate analysis which neglects

the correlations in the concentration distribution.
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8 .1 . ONE-DIMENSIONAL LATTICE MODEL WITH DIFFUSION

8 .1

	

e

	

en s o a Lattice Model with Dif-

fusion

We use the saure one-dimensional lattice model as the one described iü the

section 3 .2 but with diffusion of atoms in stead of no diffusion. We consider

a binary alloy system composed of atomic species of A and B, and denote

the concentration of B atoms by c . Bach atom can be either in solid or

liquid state . We introduce the state variable na which assumes the value zero

or unity according to whether the site i is occupied by an A or B atom,

respectively. The average of nj over the erhole lattice sites L should be the

given concentration c :
r.

c= -
L i=i

On this chain we assume a single interface which separates the solid and liquid

phases, for example, liquid above solid. The interface Position h is defined then

as the lattice site of the highest solid atom . lt can be either a species of A or

B . If it melts the interface-height decreases by one lattice unit : h .-> h - 1.

If the liquid atom above the interface solidifies, the interface advances by one

unit : h h + 1 . The interface motion is assumed to take place stochastica .liy

following the master equation

8P(h,t)

E W(h --> h + b) P(h, t)

	

(8 .2)
s=±1

where P(h, t) is the probability that the interface is at the site h at time t. The

transition probabilities W depend on the atomic configurations around the

interface. We consider a model where the transition probability W depends

only locally on the type of particle which changes its state during melting or

solidification . i_f the solid site h is occupied by an X (= A or B) atom and the

liquid site h + 1 by a Y (= A or B) atom, then transition probability of the

interface advancement is given by

W(h>h+1)=w+y

	

(8.3)

n2 .

	

(8 .1)

at

	

_

	

W(h+b h)P(h+ö,t)
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and that of the interface retardation as

VV (h -> h - 1) = w_x

	

(8 .4)

The detalied Balance condition requires that the kinetic ratio w . x/w+x should

be equal to the one exp(-px/T) determined by the thermodynamies:

w-x
w+x

where X=A or B.

If the interface motion is so fast that there is no time for the atomic

configurations to change while the interface traverses the whole system, the

configuration can be regarded as being quenched . In reality the atoms are

moving and the configuration changes according to the diffusion law;

8Q( t}'t) _

	

T~n(nZ,nz~s -+ nz, ni+s)Q({ nv }, t)
s=±Y

E Wj(n=, rt -+ nz, n2 -s)Q({n},t)

	

(8 .6)
s=±I

where Q({n}, t) is the probability of finding the atomic configuration {n} at

the time t . The configurations {n'} are different from the configurations {n}

by the exchange of states at the site i and its neighbor i + 5 . Here Eve assume

a simple diffusion such that the transition probabilities WD are constant and

equal to the diffusion coefficient . In principle the diffusion coefficient in the

solid, Ds, is different from that of liquid DL . In this paper two typical cases

are considered: the symmetric diffusion where Ds = DL, and the one-sided

diffusion where Ds - J.

&2 Monte Carlo Simulation

The motion of the interface is siznulated by the Monte Carlo method . In the

simulation, in principle, all the atoms in the chain have the possibility to move

stochastically but the influence upon the interface motion is localized within

the diffusion length Ds(L) /v near the interface, where the interface is moving

with the instantaneous velocity v . In the twa-phase region the asymptotic
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velocity is expected to vanish but within our simulation time less than 10 5

one obtains a finite velocity . In order to saue computing time we allow the

diffusion of atoms within ranges of ls and 1L from the interface in the solid

and liquid phases, respectively, which are chosen sufficiently larger than the

diffusion 1ength.s.

The simulation proceeds as follows . Let the interface be located at a site

h between a solid X and a liquid Y atom, where both X and Y can be either

of type A or E . After the time increment of

1

	

)

(W-x +Wy + Dsls + DL1L)'

	

S .7

the interface advances fobward with a probability

P+ = W+y At,

recedes backward with a probability

= rv_X Let,

or one of the solid or liquid atoms in the range ls or 1L from the interface

exchanges its Position with its neighboring solid atom above or liquid atom

below with a probability

Pa=Ds®t

	

or

	

Po=DL

	

(8 .10)

Parameters are chosen to be the saure as those in the work 134] for comparison;

T = 0 .9, TB=0.1, L4/TÄ =LB/TB =1, T = 0 .5 andw+A _w+B=1.

Thus the equilibrium concentrations are Cs = 0.310 and CL = 0.690, and

the melting probabili.ties are w_A = e -o-$ = 0.4493, and W_ B = 0.8 = 2.226.

The new parameters in the present study are the diffusion constants Ds and

DL . They are chosen as Ds = DL = 1 for the symmetric diffusion and

Ds = 0, DL 1 for the one-sided d iff'usion. The length of the chain is

chosen such as to be sufficiently larger :than the displacement of the interface

during the simulation . The range of diffusion is chosen in the largest case as

ls = lL = 1500 .
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From the simulation we calculate the interface mean displacement (h(t))

and its variation cr(t)

	

((h(t) - (h(t))) 2 ) . Here (A) means the sample

average of the quantity A over at least 100 samples simulated . Their time

variations are shown in Fig .8.1 for the Gase with the symraetric diffusion and

in Fig.8.2 for the case with the one--sided diffusion . They depend an time

asymptotically in power laws ; (h(t)) t' and u(t) tim . The estimated

exponents vl and v2 are shown in Fig .8.3. In the diffusionless case (Ds =

DL = 0) our raodel can be mapped to the directed random walk with a

waiting time distribution for forward interface jumps F(r)

	

r- t1+-r3 with

= 1 .25ln(c-i - 1), where the exact behavior of v i and v2 are known

	

vi =2v2 =1

	

for

	

0<c<c 2 =0.168,

	

vi =1,2v2 =3-'y

	

for

	

c2 <c<Cs,

	

vl =v2 =-y

	

for

	

Cs<c<0.5.

	

(8 .11)

These exact results for the diffusionless growth are also shown in Fig .8 .3 as

solid and dashed lines . In the diffusionless growth the exponent v 2 increases

auomalously above 1/2 in the concentration Tange c 2 < c < c3 = 1/(1 +

0•4) 0 .401 due to the strong pinning effect of B atoms . With diffusion the

anomalous increment of the interface width seems to be healed such that v2

becomes closer to 1/2 . The reason might be that the large duster of B atoms

which pins the solidification front will be resolved by the diffusion of B atoms.

Close to c = 0 .5 the exponent v2 seems to remain smaller than 1/2 even with

diffusion as in the case without diffusion. Concerning the exponent vi for the

mean displacement one can observe that it takes the value close to 1/2 in the

region c3 < c < 0 .5 and remains larger than 1/2 in the region C 5 < c < c3

at least in our time iimited simulations . This result can be understood by

the approximate analysis in the next section if the growth is eontrolled by the

diffusion .
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A

v

Figure 8.1 : Time evolution of (a) the interface Position (h(t)) and (b) its width o -(t)

for the symmetric diffusion model . Two straight solid lines represent the asymptotic

behavior wich exponent 1 and 1/2 .
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Figure 8 .2: Time evolution of (a) the interface position (h(t)) and (b) its width u(t)

for the one-sided diffusion model.Two straight solid lines represent the asyrnptotic

behavior wich exponent 1 and 1/2.
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(a) -

c

0.2

	

0 .4
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c

Figure 8.3 : Exponent vr for the interface Position and v2 for its width versus the B-

atom concentration c for (a) symmetric diffusion model and (b) one-sided diffusion

model. Solid and dashed lines are the exact diffu.sionless behaviors of vr and 112s

respectively. The symbol dots and Stars represent the estimated vr and v2 from the

Monte Carlo simulation with diffusion, respectively.
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~m Diffusion E t ® s

8 .301 Distribution Function

The results described in the preceding section have shown that in an infinite

disordered chain there is no steady-state motion of the interface with a nonva-

nishing velocity under conditions corresponding to the two-phase region of the

egt~il brium diagram . Accordingly, if we are interested in the interface motion

in the two-phase region or in the transient period in a single Phase regions, we

should Lake into account the dependence of the state of the system on the time

t . This analysis can be based an the kinetic equations for the distribution of

components with respect to the moving interface . Therefore we introduce the

probability W(n; t) of finding B atom on the site n respective to the interface

at the time t, W(n, k ; t) of finding B atoms on the sites n and k respective

to the interface simultaneously at the time t, etc. Here n > 0 represents the

liquid state and n < -1 represents the solid state . The drift velocity is equal

to the average differente between the frequencies of rightwards and leftwards

jumps of the interface and is given in terms of W(0; t) and W(-1; t) by

v(t) = w+A [1 - W(0 ; t)] + w+$ W(0; t)

w_A [1 W(-1;t)] - w_BW(-1;t) .

	

(8 .12)

8 .3.2 Infinite System of

	

atio s

The kinetic equations for W(n; t) and W(n, k ; t) have been given in . [32] and

following are the equations only for V;T(n ; t):

dW(n ;t)
w+A [W(n + 1; t) - W(n ; t)]

+ w_ 4 [W(n - 1 ; t) - W(n; t)]

+(w+.B - w+A) [W(O,n+ l; t) - W( 0 , n; t )]

dt

	

=

+ (w_B - (>0_4) [w(-1,n - 1 ; t) - W (-1, n; t)]

for n > 1 and n, < -2

	

(8 .13)
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8.3. DIFFUSION EQUATIONS

d W(0; t)
dt

dW(-1 ;t)
dt

W 4W(1 ; t) _"w+BW(0 ;t)

+ W B W(- 1;t) - w_Ä W( 0 ; t )

+ (w+B - w+4) W (0,1 ; t)

(w_ 13 -co_Ä)W(-1,0 ;t),

	

(8 .14)

w+B W(0; t) - w+A W(-1 ; t)

+ W_4 W (-2 ; t) - w_B W(-I; t)

! . .

	

\T T! 1 n. dl
1,‘6‚+ß w+Aj-V -iv,

+ (w_B W_A)W(-2, -1; t) .

	

(8 .15)

These are a set of "coupled" equations, in which the equations for the

single-component function W(n; t) contain the binary functions W(n,k ;t);

the binary functions W(n, k; t) contain the ternary functions W(n, k, 1 ; t), etc.

So they are nonlinear equations . Iiowever, if we have c « 1, these equations

uncouple in the ferst approxiraation in c . For example, in the equations for

W(n; t) we can discard the terms containing W(n, k ; t), since they are propor-

tional to c2 . This approximation results in linear equations for W(n; t).

8.3.3 Closed Equations for the Distribution. Functions

A situation in which the type of solution changes qualitatively as a function

of the parameters of the problem, is characteristic of nonlinear problems and

should be described by nonlinear equations . We will therefore use a "coupling"

of the equations which is related, not to the small- magnitude of c, but to the

auxiliary assumption that there is no correlation of components in different

spatial positions :

W(n,k;t) = W(n;t)W(k;t) .

	

(8 .16)

In the following, we will write equations for W(n; t) in this approximation

(8.16) . Despite the absente of correlation fax fron' the interface, we note
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CHAPTER B. 1D SOLIDIFICATION WITH DIFFUSION

that there is such a correlation in the liquid phase near the interface, i .e ., we

have W(n, k; t) 4 W (n; t) W(k ; t) for n and k > 0 . HIowever, the correlation

of concentrations in different spatial points needs time to develop . At the

beginning of crystal growth, the correlation is so small that we can neglect

it and in this case the approximation (8 .16) is applicable . We consider a

situation in which A and B atoms in the solid and liquid phase can exchange

positions with their nearest neighbors by means of diffusion with frequencies

Ds and DL, respectively, but we do not perrnit exchange across the Interface.

Then the kinetic equations for W (n ; t) are [35]

dW(t
G ., .n ~+ (-,-res

wT ~ W(0 :t)1 [W(n+1;t)-W(n;t)]
dt

	

~R~~~

+ [w_A + ~irl_g - - ~
XT( 1. tJ!li ['W( n - 1 . t) W(n , ; t)]l

	

1

	

l -	~ 1

	

'"~ "l

DL [W(n + 1; t) - 2 W (n; t) + W(n - 1; t)] for n> 1,

Ds [W(n+1 ;t)-2W(n;t)+W(n-1;i)] für n<-2,

(8 .17)

w+A W (1 ; t) [1 - W(0; t )] - w+B W(0; t) [1 - W(1 ; t)]

+ w_B W(-1; t) - W(0; t)] - wn,q W(0 ; t)[1 - W(-1;t)]

+ DL [W(1; t) - W(0; t)],

	

(8 .18)

w+B W(0; t) [1 - W(-1 ;t)] - w+A W (-1 ; t) [1 - W(0 ; t)]

+ W_A W(-2 ; t) [1 - W(-1 ;t)] - w_B W(-1; t)[1 - W(-2 ;t)]

+ Ds [W(-2 ; t) - W(-1 ;t)] .

	

(8 .19)

The meaning of there equations is easily understood fron. (8.17) . We

assume that there are M chains and M is a large number . By definition of the

quantity W(n, t), there there is a B atom in M W (n, t) chains an the site n

respective to the interface at the time t . This number changes as a result of

two types of processes : motion of the interface to the right (the terms with

w+A and w+B in (8.17)) or to the left (the terms with w_ and w_B in (8 .17))

+

dW(0 ; t)
dt

d W(-1 ; t) _
dt
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8.3. DIFFUSION EQUATIONS

and diffusive interchange of atoms in the n-th position with nearest neighbors

(the terms with D 3 and DL) . As an example, we consider the contribution

to d[MW(n; t)]/dt due to motion of the interface to the right for the case in

which there a B atom on the right side of the interface . This contribution is

positive and equal to

w+B M [W(0, n + 1 ; t) - W(0, n , n + 1 ; t)]

	

(8 .20)

if there is an A atom on the n-th position of the chain and a B atom on the

(n + 1)-th position of the chain . Here (8 .20) is the number of chains in which

there are a B atom on the 0-th position, an A atom on the n-th position, and

a D
T) _

a.L
L_~ _
Um an tiieL_ (__n + l)

[\-Lh position

	

1,1111C__~. :_ .-1LLU11 at .L.e L_~__ t . 11TL LSieleLL___ is CL
_ D _,LL_ ~Ulli Im theL,.

I_)

n-th position and____!L	 i '__
an

AA '~_'___
auoui ___011

Ll__
GLLC

(__n e
-- 11)--bli

\ LL position, Lii
LL-

e contribution dueu__ ..

to the interface motion to the right is negative and equal to

-w+B M[W(0, n ; t) - W (0, n, n + 1 ; t)] .

	

(8.21)

The sum of this contributions is

(8 .20) + (8 .21) = w+B M[W(0, n + 1 ; t) - W(0, n ; t))

	

(8 .22)

and it does not contain a ternary distribution function . According to the

assumption of no correlation (8.16), the binary functions can be replaced by

a product of corresponding single-component functions and therefore we have

(8.22) = w+B W(0)M[W (n + 1; t) - W(n ; t)]

	

(8 .23)

Equations (8 .17)-(8.19) should be supplemented with initial conditions.

Let us consider the case in which the initial distribution of components with

respective to the interface is uniform :

W (n; 0) = c, W(n, k ; 0) = c2 f cri' - oo < n < oo,

	

(8 .24)

which correspondents to the connection at time t = 0 of semiinfinite solid

and liquid phase chains, in each of which the distribution is random and the

concentration is equal to c. Far from the interface the concentration is kept

to c of the mother-phase :

W(--ao ; t) = W(oo ; t) = c .

	

(8 .25)
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CHAPTER B. 1D SOLIDIFICATION WITH DIFFUSION

lt is not dificult to show that the solution of steady-state equations (8 .17)-

(8.19) [dW(n; t)/dt = 0] in the case of a L-+S transition is

W(n) =

	

c

	

for n -1,

	

(8.26)
c+[W(0)-c]s" for

where

W_A 4- C(W_ .B - W+A)+ DL
S

w+A + (0) ( W+B - w+A) + DL

and

W(0)	 + c(1 - c) [w+A	 W-A - W+B + W._B]

w+B + C(W+A - w+B)

	

(8 .28)

The concentration distribution does not depend on the frequency Ds . The

W(-1) and W(0) values given by this equations are the same as those given

by diffusionless growth equations [32], so regardless of the DL and Ds values,

the velocity of the interface should be given by the same formula [32]

vL~S -
W+AW+B - cw+Aw_B - (1 - C)w_AW+B

	

(8 .29)
eW+A+(1 -c)W+B

The values of the front velocity is determined only by the kinetics (W±A,B ) . A

correlation, neglected in Eqs .(8.17)- (8.19), arises because of the fluctuation of

the boirndary during its directed motion . There are no such fluctuations and

thus no correlation in the case of w_A = w_B . In the case of rapid solidification,

the fluctuation of the boundary is so small that man can neglect it . Fig.(8.4)

shows the concentration distribution W(n) versus the lattice Iayer respeetive

to the interface for a ehain with c = 0 .2 at time 10 5 . W (n) has been averaged

over 200 different realizations of randomness . The results of the Monte Carlo

simulations (zigzag Iines) are in a very good agreement with results from

equation (8 .26) (symbols x on the right side of the figure) . The concentration

in the whole solid region (n < 0) as well as in the liquid region (n > 0) but

fas from the interface remains the average value c (= 0 .2), however near the

interface in the liquid side the concentration varies from e = 0 .2 to c = W(0)

(= 0 .484) when the lattice layer gets closer to the interface . In addition, the

steady-state velocity of the chain is measured by MC simulation as 0 .203,

n > 0,

(8 .27)
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Figure 8 .4: The concentration distribution W (n) versus the lattice layer n

respective to the interface for a cha_in with c = 0 .2 at time 1_0 5_

which has only 2 .4% deviation from the expected value 0.1953 from (8.29).

The front velocity (8 .29) remains finite only in the one-phase solid region, but

it vanishes at the solidus line C5. In the two-phase region the steady growth

with a finite velocity is impossible and it follows from the sets of equations

(8.17)-(8.19).

8 .3 .4

Boris

In order to study the transient behavior of equations (8 .17)-(8.19) numerica,lly,

we write the difference equations into differential equation ; this is permissible

change provided that the characteristic distances for the changes in the fune-

tions W(n;t) are mach larger than unity. Instead of the discrete variable n
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CHAPTER B. 1D SOLIDIFICATION WITH DIFFUSION

we introduce a continuous variable x, and then we have:

W(x,t) = W(n;) when x = n > 0,

W(x,t) = W(n - 1 ; t) when x = n < 0 . (8 .30)

So that the concentrations W(0 ; t) and W(-1 ; t) at the interface are W(+0 ; t)

and W(-0 ; t), respectively. Replacing the differentes in (8 .17) by derivatives,

we have

aW(x,t) - DS(t)a2W(Z,t) +v(t)aW(x,t)
at

	

8x

	

ax
for x < 0 in the solid phase,

aW (x, t) = De (t) a2 W (
2

, t) + v(t) 8W(x, t)
at

	

ax

	

ax
for x > 0 in the liquid phase,

	

(8.31)

where

D es(t) = DS + 2 [.j+(t) + j-(t)],

Di( t ) = DL + j+(t) + j- (t)],

v(t) = j+( t) - j-(t),

j+( t) = w+A + (W+B - W+A)W(+ 0 , t),

	

j.-(t) = W_A + (W_B - w_A)W(-O,t)] .

	

(8 .32)

Here Des and DL are the effective diffusion coefficients in the solid and liquid

phase, which differ from the actual or bare diffusion coefficients Ds and DL

due to taking into account both diffusion of atoms and fiuctuations of the

interface ; j+(t) is the flux of atoms from the liquid side to the solid side at

the interface ; j_ (t) is that from the solid side to the liquid side ; v(t) is the

interface velocity : v(t) = d(h(t))/dt . The ratio Ds/v and DL/v are charac-

teristic distances for changes in function W(x,t) . We can thus transform the

discrete equations (8 .17)-(8 .19) to continuous eauqtions (8 .31)-(8 .32) under

the conditions D 3/v » 1 and DLIv » 1 . These conditions hold Bither with
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8.3. DIFFUSION EQUATIONS

Ds and DL

	

- (j+ + j_ ), i .e., when the atomic diffusion coefficients are rauch

grater than the interface diffusion coefficient Dz + j_ (this is an ap-

proximate expression for the interface expression coefficient, with correlation

effect neglected.) or with .i « 1 when. Ds and DL are of the Same order

of magnitude as D Z or smaller (the Index i refers to the interfaces).

Equations (8 .18) and (8 .19) are local equations of motion for the interface,

which can serve as a boundary condition for the differential equation (8 .31).

Transforming (8 .18) and (8 .19) to the continuous relations, we find the two

boundary conditions :

8W(+0)
v(t)W (+0) + DI(t)

	

= w+R W(+0) - W_B W(-0), (8.33)

v(t)[W(+0) - W(-o)] = Des(t) 8
	
W(	 0) - DI(t)

a	W(+o) . (8.34)

Equation (8 .33) corresponds to Eq.(8.18), and Eq.(8.34) corresponds to both

Eqs .(8 .18) and (8 .19) . The quantities (Ds+j+ ) and (DL+ j+), rather than Ds

and DL which they replace, should appear in Eqs .(8 .33) and (8 .34) . However,

this replacement is justified when we can transform from the discrete descrip-

tion to the continuous description . In the transformation from Egs .(8.18) and

(8.19), the time derivatives are discards since they are quantities of a higher

order of smallness.

Relations (8 .35) are replaced by

W(x, 0) = e,

	

-co < x < oo,

Tim(-oo, t) = W(oo,t) = c.

	

(8.35)

Problem (8 .31)-(8.35) differs from the ordinary problem of the growth of a

new phase due to a redistribution of alioy components because the boundary

or interface fiuctuations are talgen into account . As a result, effective diffusion

coefficients D es and D replace the actual diffusion coefficients.

For the growth of a new phase, the behavior of the solution of Egs .(8 .31)-

(8 .35) at large t depends strongly an the parameters of the problem . For

parameters corresponding to the single-phase regions of the equilibrium dia-

gram, the system tends toward a steady-state as t -* oo which is characterized
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by a constant interface velocity and by time-independent distributions of the

components with respective to this interface. Under conditions correspond-

ing to the two-phase region, the system tends to separate into two phases of

equilibrium ccncentratio?is CS and Cl , and the interface velocity tends toward

zero.

&4 Numerical Results arid Discussions

In the two-phase region of the equilibrium phase diagram it was found from

equations (8 .31)-(8 .34)[32] that the velocity of the Interface asymptotically

falls off as t-1/2 . For an arbitrary time we can numerically integfate the

set of equations (8.31) -(8 .34) under the initial condition (8 .35) in order to

get an instantaneous velocity of the interface and thus obtain the position

of the Interface (h(t)) . Time dependence of the interface position obtained

by numerical integration is compared with that obtained by Monte Carlo

simulation in Fig.8.5. For example for the syrametric diffusion model (D 5 =-
DL = 1) at the concentration c 0 .35 in Fig .8 .5(a) the numerical integration

gives a position (h(t)) in exeellent quantitative agreement with the Monte

Carlo result . A sirnilar quantitative agreement is found for both the one-sided

diffusion model and the symmetrical model at the concentration c = 0 .40 as

shown in Fig .8.5(b) and (d) . At the concentration c = 0.50 for the symmetrical

model the interface does not move in average (h(t)) = 0 . For the one-sided

model the Monte Carlo data for the initial interface motion still agree with

numerical integration with the effective diffusion coefficients. However, for

larger time the data agree with the numerical integration with bare diffusion

constants, D5 = 0 and D L = 1, rather than that wich the effective ones, D es

and D, as shown in Fig .8 .5(e).

For the one-sided diffusion model at c = 0 .35 in Fig.8 .5(c), the Monte

Carlo data still agree with numerical integration during some initial time but

we observe a deviation increasing with time, and even bigger deviations from

the results obtained with bare diffusion constants . So far from these data for

c = 0.35 and our lang but lirnited simulation times we cannot male a clear
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statement if the exponent v 1 approaches to the diffusionless value vl 0.77 or

the diffusional value vx = 1/2, or even other nontrivial value ! We will come

back to this point in the conclusion.

The given effective description does not talge into account the correlation of

concentration between different spatial points. Indeed those correlations are

absent in the initial distribution of atoms in our chains and their formation

requires some time.

We think that this explains the fact that all our Monte Carlo data agree

well with the results based an the effective equations for the small time where

nontrivial correlations have not yet built up.

lt is clear that correlations become smaller with an increase of the diffusion

coefficients and thus the time when the deviation from the correlationless

description starts should increase . Qua itatively we can see this effect from

the different data for c = 0 .35. Agreement for the symmetrical model ( Ds =

DL = 1, Fig .8 .5(a)) Nolds for all our simulation time while for the one-sided

model (D ,s = 0, DL = 1, Fig.8.5(c)) the increasing deviation can be cbserved

already at t 10 3 .

The other parameters which affect the correlations are (w+B - w+A ) and

(w_B - w_A). The correlations (together with two-phase region) disappear

when both parameters are zero . We have performed the Monte Carlo sim-

ulations without diffusion for two sets of the parameters w+B = w+A = 1 ,

w_B = 1/w_4 = 2 .226 , e = 0 .35 (Fig.8 .6(a)) and w+ B w+ A = 1 , w_B =
1/w_4 = 1 .4, c = 0.435 (Fig.8.6(b)) . The parameters are so chosen that the

exponents v1 of the interface position in the above two diffusionless cases are

the saure and are around 0 .77 from the formula vl = 1n()/ln(w_B)[8] . In

the second Gase the parameter (w_B - w_A) is smaller and one can see that

the deviation of the Monte Carlo data from the effective description starts

later . lt is interesting to note that even without diffusion the initial behavior

can be described by the System of effective diffusion equations with diffusion

coefficients which come only from the interface fluctuations.
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r
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t

Figure 8 .5: The interface position h(t) calculated by the analytical approxirnation

with effective diffusion coefficients DL and Di (solid lines) and bare diffusion coeffi-

cients DS and DL (dashed lines) compared with the Monte Carlo results (symbols)

for (a-b) syrnmetric diffusion and (c-e) one-sided models . Concentrations are (a)

c = 0.35, (b)c=0 .40, (c)c=0 .35, (d)c=0 .40, and (e) c = 0 .50.

For the two-phase region in the Jong-time asymptotics the system goes

to equuilibrium (even without diffusion) and correlations decay . However, the

asymptotic behavior of the interface velocity which also goes to zero still

depends on these small correlations . For example for c = 0 .5 the dependence

(h(t)) on t deviates substantially fron the dependence calculated without

correlations . lt seeins that the asymptotic behavior can be described by bare

diffusion constants rather than by effectives ones (fig .8.5(e)) . We think that

the correlations renormalize the effective diffusion coefficients back to the bare

ones . The description with bare diffusion constants should exactly correspond

to the system without interface fluctuations . As can be seen fromm, the Fig .8 .1

and fig .8 .2 the variation o-(t) for c = 0 .5 grows slower than t'/2 ivhich means

that the interface fluctuations are indeed small.
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Figure 8 .6: T he interface Position < h(t) > calculated by the diffusionless Monte

Carlo simulations (symbols) and by the numerical integration with effective diffusion
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ConcIusion

We have studied the di usioniess solid-liquid phase trausformation in a disor-

dered binary alloy by observing the motion of the solid-liquid interface . For a

1D system the equilibrium phase diagram is found to determine regions, where

pinning-depinning transitions of the interface occur . The solidus live Cs and

the l quidus live C1 separate the static and moving state of the interface . In

the one-phase region the interface moves steadily but the velocity vanishes in

the two-phase region and the displacement of the interface follows a power

law of time t as h N
1vi with

	

vj. = 1

	

when

	

c < Cs

	

or

	

c > CL ,

	

vi (c, T) < 1

	

when

	

Cs < c < CL .

fiere vi (e, T) is not a universal exponent but depends strongly on the concen-

tration c and the temperature T.

For a 2D system Monte Carlo simulations show t hat in the one-phase

region the interface moves with a steady-state velocity, and its bond energy-

dependence and concentration-dependence can be decoupled as v(, c) = .f i (e) f2 (c)

when the bond energy .e is not very small (see Fig .7.14). There is no explicit

theory on this e- and e-depen.dence of v so far.

In the two-phase region, the interface Shows a complicated behavior de-

pending upon .the system size N, the bond energy..€ .and the sirulation timet.
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For a finite sized system under finite simulation time ( up to t = 10 5 - IO€),

the effective growth exponent v1 depends strongly an € (see Fig .7.6) :

for € < 0.1TA

for 0 .1TA <e<€c(N)

for > ec (N)

for c-4 oo

The critical band energy E d(N) increases with system size N. Unike the one-

dimensional system, the two-dimensional system can realize a steady growth

in the two-phase region provided that the bond energy satisfies the condi-

tion: 0.1TA < e < €c (N) . However rohen e > €c(1v ), the interface becomes

pinned such that the spatial disorder of the alloy leads to a decay of the in-

terface velocity . In the large energy limit (e oo) theoretical analysis and

computer simulations show that the exponent vz has the Same value as its

one-dimensional counterpart vi(ID).

A peculiar result occurs for small but nonzero band energies, less than

about 0.ITA as discussed in section 7 .3.2 . Here pinning occurs as would be

the case for vanishing bond energy but the exponent v l is increased above the

value of the one-dimensional case . In this region acts as an extra driving

force and vi increases with increasing € . Therefore both for very large and

very small bond energy in a finite system the interface will be pinned . Note,

however that the latter result applies only to models of SOS-type and probably

not to systems with overhangs.

For a very large system (N -+ oo) with a finite bond energy, the simulation

reveals that the interface always moves steaclily within a finite simulation

time, that means the critical bond energy E, -4 oo when N -4 cc . This

corresponds to the thermal creep motion . A finite temperature washes out

the sharp pinning-depinning transition and the mean velocity is then finite

for all driving forces when the band energy is neither very small nor infinite.

We found that the infiuences of the bond energy € and the driving force II an

the velocity v of the interface growth are decoupled as indicated in Eq .(7 .27).

The velocity v decays exponentia .lly with € and H -1 in the vicinity of zero H
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and for sufficiently large e.

In addition, we have also studied the development of correlations along

the interface and their relevance to finite size effects on the interface dynam-

ics . The correlation length eH along the interface increases very slowly with

the time. Once it reaches the system size N the whole interface becomes

correlated and the interface-motion asymptotically behaves Ilke the one in a

one-dimensional system . So principally the system will lose its 2D character

in the infinite time limit . However, as long as the system size is much larger

than ei/ and the thermal creep wins over the pinning forte, the interface can

obtain a steady velocity. Thus for the system studied hege the Limits N - co

and t - ca do not commute_

Besides the diffusionless solidification we have also studied the propaga-

tion of the solidification front of a binary alloy growing from its melt including

diffusion of material in a one-dimensional model, which should remain rele-

vant also in. more realistic two- and three-dimensional systems within certain

Parameter-Tanges . The Monte Carlo simulation shows that in the one-phase

region the alloy grows steadily with a velocity controlled solely by kinetics.

In the two-phase region the observed anomaly for the diffusionless growth is

cured by the diffusion of atoms and the 0- 12 growth Iaw is confirmed at least in

the range of concentration 0 .401 = c3 < c < 0 .5 (at T=0.5 in Fig .1 .1) . We can

quantitatively explain this behavior by an approximate analytical treatment

leading to two types of bare and effective diffusion coefäcients.

Because of the lirnited simulation time we can only suggest two possible

scenarios for the general long time asymptotic behavior ( h(t)) of the interface

movement with diffusion included . The ferst scenario is that in the two-phase

region the behavior is governed by a set of effective diffusion equations (8 .31)-

(8.35) . For arbitrary but non-zero bare diffusion constants Ds and DL, the

interface position (h(t)) obeys the following time-dependence . For a point

exactly on the solidus or liquidus line (see [90]) one obtains:

(h(t))

	

t2/3 for e = Cs(L) .
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Inside the two-phase region we have the usual diffusion law:

(h(t)) t'12 for Cs < c < CL ,

within this scenario. The concenträtion point c * where soliidi cation is

placed by melting is [35]

c* = (Cs\/Des + CL-VDL)/( Des + \/D i).

We note that this point c* in general differs from the corresponding point Co

for the diffusionless process,

1.n

	

/

	

r e

	

r,i

CO =
W._d,

	

W . .dw R .

For our choice of parameters w, co = 1/2 and this coincides with c* for the

symmetrical diffusional model . This scenario is based an the solution of the

effective equations (8.31)-(8 .35) but with the effective diffusion coefficients

renormaiized by the correlation effects . This is in agreement with Figs . 8 .5(a),

(b), (d) and (e), but in some disagreement with Jong time behavior seen in Fig.

8 .5(c) We should remark that this scenario does not reproduce the limiting

case of the diffusionless process where (h(t)) ti t"1 .

The second scenario is that the asymptotics with diffusion would not be

slower than that without diffusion, meaning

(h(t)) N t" for vz > 1/2,

(h(t))

	

t1 " 2 for v, < 1/2,

with vi being the anomalous exponent of diffusionless growth . Unfortunately,

however, we have no explicit analytical explanation at hand for this second

scenario other than the argument, that the faster of two processes running in

parallel wins (in contrast to two processes in series, where the slower one is

rate-controlling) . This second scenario has some support from the long time

and
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CHAPTER 9 . CONCLUSION

behavior of Fig . 8.5(c) and the corresponding Fig . 8.3(b) for the concentration

c = 0 .35, indicating that the otherwise nice agreement of the simulation results

wich scenario one may be lost for very Jong simulation time in this parameter

ranges . In order to understand which of these scenarios is correct for the

diffusional process or if still sonne other nontrivial exponents can appear in

the tauge where the diffusionless exponent is vl > 1/2, further numerical and

analytical efforts will be necessary.
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