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Abstract

In this work, we studied the motion of the solidification front of 3 disordered binary
alloy. Here we assume that the atoms are frozen not only in the solid state but also in
the liquid state. This assumption is justified if the system is guenched fom its melt so
fast that the aiams in both phases de not have time 1o jump as the solidification froat
passes. Both analytical results and results obtained from MC-simulations are
presented. The quenched diserder in the sysiemn, which is caused by coucentration
fluctuations, leads 1o spatial and temporal correlations through the propagation of the
sofidification front. By investigating a two-dimensional latties model, we found the

non-trivial effects of the quenched disorder on the behavior of the solidification front.

In the one-phase region of an equilibrium phase diagram, the interface moves with
a constant velocity. However, in the two-phase vegion it demonstrates a complicated
behavior, which sivongly depends on the system parameters. The average
displacement & of the interface as a function of time ¢ obeys a power law, Af)~ ¢,
with the exponent v « /. For very large bond energy, the exponent v decreases to the
value of 2 one-dimensional systemy; for moderate bond energy, the cxponent increases
to about 7, and for small bond energy, it revests to the vaive of 2 one-dimensional
system. Therefore, the propagation of the sokdification front js blocked by the
quenched disorder at very small as well as very large bond energles. '

The enerpy range where v = 1 increases with incregasing system size. For 8 very
large system with finite bond energy the intexface moves with a constant velogity.
This movement cortesponds to the thermal cresp motion of the front. A finite
ternperature sears out the sharp pinuing-depinning transition at zers temperatuae.
The dynamic behavior of the front has besn studied by means of a scaling theory. It
has been found that under small driving fores, at low temperature or relatively high
bond energy, the velocity v of the front as a function of bond energy sand
concentration ¢ can be factorized: vz, ¢) ~&” Tz 4/ -9 Here A characterizes the
relative strenpth of the disorder in the system and Co represenis the concentration that
separates the solid fom liguid state in the equilibrivm phese diagram.

In addition to the diffusionless solidification we also studied the effects of the
roaterial diffusion on the motion of the front through MC-simulation of a one-
dimensional system. Without diffusion the exponent v has a value between § and 1.
Typically, the exponent of a diffusion process is 0.5, The MC-simulation shows that
the exponent v increases to 0.5 for the concentration range whers without diffusion v
would be smaller than ¢.5. Here the diffusion process dominates. For other
concentrations the exponent remains wmchanged and the interface dynamics
domimates, oo







Contents

i Iniroduction
1.1 General Introduction of the Thesis . . . . .. . .. .. .. ..
1.2 Outline . . . . . . o e e e e e e e e e e e e e e

2 Pinning-Depinning Transition

21 OmneParticle . . . . . . . . e e
22 Random Force. . . . . . . . o i i i i it e
2.3 Interface in a Disordered Medium . . . . . . ... ... .. ..
24 Thermal Noise. . . . . . . . . o i i v i it it i i e e e

3 Diffusionless Solidification of a2 One-Dimensional System

3.1 One-Dimensional Hopping Model . .. ... ... ... ....
3.2 One-Dimensional Lagtice Model . . . . . . . . . ... .. ...
3.3 Simulation Results . . . . . . . . . . . i i e

4 Two-Dimensional Model of Binary Alloy
4.1 Thermodynamics and Kinetics of the Alloy Model . . . . . ..
42 Random Field Ising Model . . . . ... .. .. ... .. ....

5 Diffusionless Solidification at Large Bond Energy

6 Monte Carlo Simulation

6.1 Implementation of the Algorithm . .. .. ... ..... ...
6.2 Tests of the Program . .. ... ... ... ... ........
6.21 Two-column system . . . . . .. .. ... L.

W e R

ii
12
13
i4
16

19
27
32

36
36
40




CONTENTS

6.2.2 Two-dimensional Pure System at Equilibrium State . . 59

6.2.3 Voronkov’s Model . . . . .. . ... 0L 61

6.2.4 Two-Dimensional Periodic Structure . ... ... ... 62

¥ Numerical Results and Discussions 87
7.1 Large Bond Energy Limit . .. .. ... .. ... ... .... 67
7.2 The Finite Size Effect . . . . . . . . .. ... . ... ... 70
7.3 The Bond Energy Bffect . ... .. ... ... .. ... ..., 74
7.3.1 Bond Energy Dependence of the Exponent 1 . . . . . 74

7.3.2 Very Small Bond Energy Regime . ... ........ 76

7.4 Depinning of Large Systems . . .. ... ............ 7
7.5 The Velocity for Very Large Bond Energy . .. ... .. ... 84
7.6 Correlation Length . . .. ... ... ... ... .. ..... 88

8 One-Dimensional Solidification with Diffusion 95
8.1 One-Dimensional Lattice Model with Diffusion . . . .. .. .. 96
8.2 Monte Carle Simulation . ... .. ... ... ... ... ... 97
8.3 Diffusion Equations . . . . . . . o o it it i e e 103
8.3.1 Distribution Function . . . . . . .. .. ... ... ... 103

8.3.2 Infinite System of Equations . . . . .. .. ... .. .. 103

8.3.3 Closed Equations for the Distribution Functions . . . . 104

8.3.4 From Difference Equations to Differential Equations . . 108

8.4 Numerical Results and Discussions . . ... ... ... .. .. 111

9 Conclusion ' o 117
References S 121




Chapter 1
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1.1 Ceneral Introduction of the Thesis

An ideal crystal, ie., a crystal with perfect lattice and periodic boundary con-
ditions, does not exist in nature. Indeed, most properties of real materials
depend crucially on the presence of imperfections - bulk vacancies, disloca-
tions, surface roughness and local variations in density and compositions -
which are remnants of the nonequilibrium conditions under which the mate-
rial has formed. Over the centuries, the art and science of crystal growth has
progressed to ever more closely approximate the ideal of a perfect, crystalline
solid, as evidenced impressively by modern techniques such as molecular beam
epitaxy (MBE), which allows for the engineering of solid state devices at the
level of individual atomic planes. Nevertheless, the success of this and other
techniques depends crucially on the ability to contrel the disordering effects
of the nonequilibrium growth conditions, and to assess, at least empirically,
the relationship between the growth conditions and the resulting structures.
In 3 more general sense one may consider crystal growth also as a moving
interface in a random media. The quenched noise, which does not change with
time, generated by the randomness of the medium, has a nontrivial effect on
the motion and morphology of an interface. In general, it is agreed that
quenched noise produces anomalous roughening of the advancing interface
“[1}-]17]. The understanding of roughening dominated by quenched noise is
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1.1. GENERAL INTRODUCTION OF THE THESIS

especially important for interpreting the results of various experiments, for
which it is generally believed that the disorder of the substrate determines the
morphology of the interface. There are many examples in various disciplines
of physics: the interface[18, 19] between two phases in random media, such
as between two fluids in a porous medium [20], or domain walls in a random
ferromagnetic alloy; lattices of vortices in dirty type II superconductors|21,
22, 23]; Charge Density Waves(CDWs){23]-[28], which are spatially periodic
modulations of the electron density that occur in certain solids; the contact
line of fluid drop [29, 31]; the motion of geological faults[23]; and ultimately

even dry friction between two solids.

In all of these systems, a driving force, call it ', can be applied which acts
to try to make the object move, but this will be resisted by the random pinning
forces exerted by the medium or substrate. The primary questions of interest
will involve the response of the system to such an applied driving force. If F
is small, then one might guess that it will not be sufficient to overcome the
resistance of the pinning iorces; sections of the object would just move a bit
and it would deform in response to F, but would afterwards be at rest. If .
the force is increased, some segment might go unstable and move only to be
stopped by the remaining parts. But for large enough F, it should be possible
to overcome the pinning forces, unless they are so strong that the object is
broken up, and then object will move, perhaps attaining some steady-state

velocity v.

Some basic questions one might ask are: is there a unique F, separating
the static from the moving regime? How does v depend on F?7 Are there
some kinds of norn-equilibrium critical phenomena when v is small? In CDWs,
the role of ¥ is played by the external eleciric field; a finite CDW current
appears only beyond a threshold applied eleciric field. Interfaces in porous
media, domain walls in random magnets, are stationary unless the applied
magnetic field is sufficiently strong. A key feature of these examples is that
they involve the collective depinning of many degrees of freedom that are
"elastically” coupled. The elastic manyfold is pinned by disorder if the driving
force is small, but for forces just above the critical threshold F,, the interface

4




CHAPTER 1. INTRODUCTION

advances by jumping from one pinning path to another. Af the absolute
zero temperature a sharp pinning-depinning transition takes place at a finite
strength of an external driving force, but at a finite temperature, the pinning

transition is smeared out by the creep motion of the interface.

In this thesis we shall study the motion of the solidification front or the
interface between the liquid and solid part of a binary alloy system with
quenched disorder. We consider a disordered two-component alloy system
which consists of A and B atoms. Each species of atoms can change its state
from lquid to solid during the solidification as the interface between the two
phases is advancing towards the liquid. Without allowing for diffusion, the
positions of the atoms are assumed to be fixed, so that no rearrangement
can occur. This corresponds $0 a very rapid solidification, as, for example,
achievable during the formation of metallic glasses. The growth of such a
binary alloy is controlled not only by the temperature buf also the relative
concentration of the alloy in the mother phase. In Fig.1.1, the two-component
equilibrium phase diagram with three regions : the solid (S}, the liquid (L)
and the two-phase coexistence in between, is shown. If an initially liquid
melt is suddenly cooled down to a temperature corresponding to the solid
one-phase region for the corresponding relative AB-concentration, the stable
solid grows steadily with a constant speed. The situation changes if the melt
is cooled down into the two-phase coexistence region of the corresponding
equilibrium phase diagram. The process then becomes unstable with time-
dependent growth rate, since there will now be spatial regions with local alloy
concentrations, which want to solidify, and other regions which preferably
remain liguid. The spatial regions of the alloy with concentration close to
the solidus line can solidify, but the other parts with concenfrations close
to the liquidus line act as an obstacle to the solidification front and stop the
solidification front to advance. Thus the propagation of the solidification front
becomes pinned by the fuctuations in the concentrations. In consequence,
whether the solidification front advances with a constant speed or is pinned
by quenched disorders and eventually stops to move depends on the relative

...AB-concentration or the driving force. There exists a critical concentration
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1.1. GENERAL INTRODUCTION OF THE THESIS
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Figure 1.1: The equilibrium phase diagram for an ideal AB solution with temper-
ature T versus concentration ¢ of the B-atom species. S and 1. denote the solid and
liquid phase, respectively. The area between the lower solidus line Cg(7') and upper
liquidus line Cy(T') is the two-phase coexistence region. Cp(T'} is the concentration
at which the thermodynamic potential per atom in the liquid and solid phase are

aqual.

which separates a static and a moving interface, but the transition between
them is smeared out by the creep motion.

The problem in a one-dimensional (1D) system with a zero-dimensional
The equilibrium phase dia-

gram in the concentration and temperature phase space is found to determine

interface has been studied extensively[32}-[54].
regions, where depinning-pinning transitions of the interface occur. In a one-
phase region, the interface moves steadily, and in the two-phase region the
steady velocity vanishes. The atomic species which prefers to remain in the
Liquid state acts as a quenched obstacle to hinder the propagation of the solid-
ification front. The system is found to be equivalent to the random hopping
“‘model with a power-law distribution of jump waiting time[40]-[48]. In the
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CHAPTER 1. INTRODUCTION

two-phase region the interface position A(i) shows an anomalous time depen-
dence as a power law behavior A{f) ~ #* with an exponent 14 < 1, which is
not & universal number but depends on both concentration of the alloy and

the temperature.

For a two-dimensional(2D) system with a 1D interface extending in the
direction normal to its propagating direction, a new degree of freedom comes
into play: the interface tension tries to keep the interface straight, and couanter-
acts the roughening effect by the quenched randomness. The elastic restoring
effect caused by the interface tension leads to correlations along the interface,
and the correlation length increases slowly with time. Therefore one can ex-
pect a finite size effect. All these make a 2D system much more complicated
than a 1D one. One can ask the same questions here as those for a 1D system.
For example, under which condition can the interface realize a steady-state
velocity »7 Is it possible only in the one-phase region of the equilibrium phase
diagram like in the 1D system; or it is also possible in the two-phase region?
How does v depend on the driving force and the bond energy? There are
many interesting but difficult questions about a 2D system. The behavior of
the interface depends on many parameters: concentration ¢, bond energy e,
gystem size N and the temperature T. It is almost impossible to have a theory
taking the effects of all these parameters into account. Fortunately, things
sometimes become & little bit simper when one handles the problem in the
limit of some parameters and the corresponding asymptotics usually act as a
very useful guide to investigate the behavior of the system. For a finite size
system with large restoring force, we develop a theory which shows the same
asymptotic dynamics in many respects as the 1D system.

Tt means that the interface achieves steady-state velocity in the one-
phase region of the equilibrium phase disgram, but it vanishes in the two-
phase region. However, for a large system with & moderate restoring force,
the interface propagates steadily even in the two-phase region. This is quite a
surprise because it is totally impossible in & 1D system. Absence of & critical
pinning force in a large 2D system was already shown by the Monte Carlo
study by Jackson et al.[59]. It has been found that for low temperatures and
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1.1. GENERAL INTRODUCTION OF THE THESIS

driving forces well below the T = 0 depinning threshold, F,, the dynamics
of the driven manyfold is controlled by thermally activated jumps of corre-
lated regions over the pinning energy barriers separating different metastable
states. In this region the mean velocity of the driving manyfold is highly non-
linear and has been evaluated via a scaling approach [62, 63] with the result,
v ~ exp[—U(F)/T], where U(F) is the optimal energy barrier for creep be-
tween favorable metastable states. Under the action of the external driving
force, sections of the manyfold that are initially pinned move to a more fa-
vorable metastable state, determined by the condition that the energy gain
due to the driving force equals the "elastic” deformation and the pinning en-
ergy of the medium. For F & F,, large sections of the manyfold hop long
distances to find the next optimal-energy state. This yields a large energy
barrier that diverges algebraically with vanishing force, U(F) ~ (F./F)*,
where p is a characteristic exponent. This problem was attacked in numerous
works[64]-[80]. We shall study the front propagation in the two-phase region
systematically and find that the steady-state velocity v depends on the driv-
ing force F' as v o« exp(—F~1). The results can be also analyzed in terms of
random field Ising (RFI) model [81].

In reality, atoms are not completely quenched as we assumed but are mov-
ing, and concentrations follow the diffusion law. The natural question one
may ask is then how the diffusion affects the motion of the interface. We
address the guestion by the Monte Carlo simulation of the one-dimensional
system and compare the results with an approximate analysis which neglects
the correlations in the concentration distribution. We found that there exists
competition between the kinetics and diffusion mechanics. If the growth is
controlled by the diffusion of the alloy atoms, the anomalous propagation of
the interface, the variance o(t) ~ #*2, cross over to the {/? law in the two-
phase region, at least for the situation, where the quenched system would
grow with a small exponent than the diffusion exponent 1, < 1/2. In the
one phase region on the other hand steady-growth is obtained and controlled

always by the kinetics of the advancing interface.




CHAPTER 1. INTRODUCTION

1.2 QCutline

The structure of the thesis is as follows. The basic concepts about pinning-
depinning transition are introduced in Chapter 2 through a simple example.
Chapter 8 is devoted to diffusionless solidification of a 1D alloy system.
Special attention will be paid to the interface behavior in the two-phase region.
The problem will be modeled by a random walk in a 1D disordered lattice in
Section 3.1. The results we get in this section become the theoretical basis
for the work in the following chapters. Section 3.2 introduce the 1D lattice

model and section 3.3 mainly sumimarize simulation results.

LE

In chapter 4 - 7 the model is extended into two dimensions where the
energy cost for the interface deformation is taken into account. Practically
we restrict our investigations to models of sclid-on-solid (SOS) type, where
overhangs on the interface are not allowed. The 2D lattice model is introduced
in Chapter 4. In particular, we also show that the model can be mapped to
a random-field Ising (RFI) model with temperature-dependent random fields.
Emphasis will be put on the different system behavior both inside and outside

the two-phase coexistence region.

Since there are so many factors interplaying in a 2D system, the problem
- becomes extremely complicated. We start with a relatively simple system: a
finite size system with very large bond energy, in Chapter 5. In this limit
it is found theoretically that & 2D system has the same asymptotics in many
respects as that for a 1D system. However, we can not analytically handle
the problem for arbitrary value of the bond energy since mathematically too
demanding. The alternative is the Monte Carlo Simulation. Chapter & deals

with the Algorithm and tests of the program for a 2D system.

-

Chapter 7 is one of the main parts of the thesis where numerical resulis
of a 2D system obtained from computer simulations are summarized. The
behavior of the interface is found to depend on bond energy, concentration of
alloy, temperature, the system size and the simulation time in a complicated
manner. The correlation along the interface plays an important role. In
section 7.1 the theoretical expectations for a 2D system with large bond energy

9




1.2. OUTLINE

studied in chapter 5 is verified by compute simulations. Section 7.2 and 7.3
show that the 2D system has & finite size effect and the interface motion varies
with the bond energy in a complicated way. For a large system the simulations
in section 7.4 show that the interface always settles to a motion with a constant
velocity. Even inside the two-phase region such a large system is not pinned
but moves at a slow creeping velocity. This creep motion is analyzed in terms
of RFI model, and our numerical results confirm guantitatively the analytical
estimates of the dependence of the creep velocity upon the driving force and
the bond energy. The development of the correlation along the interface in
section 7.6 explains the finite size and the finite time effects observed in the
asymptotic behavior of small systems.

Before chapter 8 we deal with a quenched system where atoms are frozen.
In other words, there is no diffusion of particles in the system. In Chapter 8
we will treat a more realistic system by taking the diffusion into account. In
section 8.1 and 8.2 we introduce the diffusion into the diffusionless 1D model
and write a corresponding Algorithm. Section 8.3 attempts to provide an
approximate analysis of transient random fluctuations of the interface which
neglects the correlations in the concentration distribution. A set of diffusion
equations is obtained, and therefore we can numerically integrate them to
obtain the motion of the interface. The comparison between Monte Carlo
simulation and numerical integration of the diffusion equations is presented
in section 8.4.

Finally, a conclusion about the whole work is given in Chaptier 8.

10




Chapter 2

Pin: Depinning Transition

For a class of interface phenomena we have an interface that moves in a dis-
ordered medium. The fluid flow in porous media, propagation of flam fronts,
flux lines in & superconductor and the solidification front in & disordered al-
loy lattice are some examples. This apparently different phenomena actually
can be discussed using a common framework. It is coming to be appreciated
that all the systems display essentially the same physics: an elastic interface
(Pelastic’ in the sense that it does not break, but tries to remain smooth)
propagates in a disordered material. The randomness of the substrate acts to
pin the interface, thereby making the interface rough. In the fluid case, local
inhomogeneities may block the fluid flow. Some parts of the paper do not
burn as rapidly as others, so the flam is halted. Impurities attract the flux
line and pin it down in random positions. The atoms in favor of being in the
liquid state pin some sections of the solidification front. Thus the velocity of
the interface is affected by the inhomogeneities of the medivm: the resistance
of the medium against the motion of the interface is different from point to
point ; we call this quenched noise, because it does not change with time. In
the case of fluid flow, fluid pressure and capillary force drive the fluid and
disorder in the medium slows its propagation. If the disorder wins the compe-
tition, the interface becomes pinned. Conversely, if the driving force wins, the
interface stays depinned. This transition from a pinned to a moving interface

~ - obtained by changing the driving force - is called the depinning transition.

11




2.1. ONE PARTICLE

In this chapter, we discuss how quenched disorder leads to interface pin-
ning and depinning. The problem of a moving interface in the presence of
quenched noise is a new type of critical phenomena, arising from “quenched
randomness”. Although the investigation of this problem by numerical simu-
lation and renormalization group approach results in many important results,
the diversity and richness of the underlying phenomena continue to present

us with a large number of unanswered questions.

2.1 One Particle

Depinning is a non-equilibrium critical phenomenon involving an external
force and a pinning force. A simple example is provided by a point mass
on a plane. In Fig.2.1(a), a particle of mass m on a plane, driven by an ex-
ternal force F is shown. There are two friction forces acting: static friction,
Fr, and dynamic friction pdr/dt, proportional to the velocity. There exists a
critical force ¥,. For F < F,, v = 0. For F > F,, the equation of motion is

m—g =F~F~p—, (2.1)

here p is a dissipative coeflicient. Solving Eq.(2.1), one can easily find the

velocity of the particle

1
v = ;(F — F.— e, (2.2)

So after a transit period, the particle will reach a constant velocity v. There
are two regimes as a function of the external force F, as shown in Fig.2.1(b).
Pinned phase - I F < F,, the driving force can not overcome the static
friction, thus the velocity of the particle is zero.

Moving phase - If F > F, the velocity is v = £=I%, 4 linear function of F.
The transition from a pinned to a moving phase is called a depinning transi-
tion, and takes place at a critical threshold F.. In the vicinity of the depinning

12
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<

o

o— r(f) —_— FC F

(a) (b)

Figure 2.1: Depinning transition of a single particle on a plane. (a) The particle
of mass m is driven by the external force, F, to the right, and the friction force, Fr,
acts against its motion. (b) The velocity of the particle as a function of the external

,,,,,,,,,,, 0
driving force. F, is the critical driving force,
c fa]

transition, the average velocity has the form
v~ (F - Fc)ga (2'3)

where § is the velocity exponent. In the example, v & (F — F.), 80 § = 1.

2.2 Random Force

In Fig.2.2(a}, a particle of mass m on a rough plane is driven by the force F.

The plane is randomly distributed some obstacles and the average distance

between two obstacles is a. Then the velocity of the particle is given by[31]
dr
Fa

with f(r(t)) representing the random pinning forces of the static heteroge-

= F + f(r(%)), (2.4)

neous medium on the place. The resistance of the medium against the motion
is different from point to point and does not change with time. Three regimes
are predicted by the motion equation (2.4) as shown in Fig.2.2{(b}. (a) Pinned
phase - If we add a small driving force, the particle tends to move in.the di-
rection of F, but will eventually become pinned by obstacies. '

(b) Critical moving phase - If we increase the driving force, the particle over-

-come the pinning force of impurities at a criticle force ¥, and begins to move

13




2.3. INTERFACE IN A DISORDERED MEDIUM

=

(2) (b)

Figure 2.2: Depinning transition of a single particle on & rough plane. (a) The
particle of mass m is driven by the external force, ¥, to the right, and the randomly
distributed obstacles act against its motion. ¢ is the average spacing between two

{ the external driving force.

4 iy ias ; - 4342l AL 2 AL e 1ot

with a finite velocity. In the immediate vicinity of F,, the velocity follows
(2.3). The motion of the particle just above the threshold is not uniform and
sometime siow and sometime fast.

(¢) Large velocity regime - If F' *»> F,, the particle feels a rapidly fluctuating

noise, so the velocity increase linearly with .

2.3 Interface in a Disordered Medium

Consider the general situation of an interface in a porous medium, as shown
in Fig.2.3(a) with a driving force F acting on the interface in a vertical di-
rection. This is in fact a generalization of a single particle motion shown in
Fig.2.2. Instead of a single particle, we have a spatially extended string that
has a surface tension and so tries to remain straight. The disorder acts as an
inhomogeneous friction force, pinning parts of the interface. However, other
parts are free to advance, and they try to drive the neighboring parts of the
interface as well. The configuration of the interface at fime t is described
by the function A(z,¢). The function h is assumed to be single valued, thus
excluding éonﬁgurations with overhangs. In many cases[18, 19}, where viscous

“forces dominate over inertia, the local velocity of a point on the interface is

14
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given by
dh(z,t)

dt
The first term on the right hand side is the driving force on the interface

which is also the external control parameter. Fluctuations in the force due

= F + f(z,h(z,1)) + s[R(2", t)]. (2.5)

to randomness and impurities are represented by the second term. With the
assumption that the medium is on average t{ranslationally invariant, the av-
erage of f(z,h) can be set to zero. The final term in eq.(2.5) describes the
?elastic” forces between different parts of the interface. Short range interac-
tions can be described by a gradient expansion; for example, a line tension
leads to x[R(z)] = A%R(z) or x[h(g)] = —¢°h{g) for the Fourier modes. The
surface of a drop of non-wetting liquid terminates at a contact line on a solid
substrate[29]. Deformations of the contact line are accompanied by distor-
tions of the liquid/gas surface. As shown by Joanny and de Gennes[30], the
resulting energy and forces are non-local, described by x[h(g)] = —|g|* (q).
When F'is small, the interface is trapped in one of many metastable states
in which 8h/8t = 0 at all points. The interface is therefore in pinned phase.
For F larger than a threshold F., the interface is depinned from the last
metastable state, and moves with an average velocity v. On approaching
the threshold from above, the velocity vanishes as v ~ (F — F.)®. A mean-
field estimate for # was obtained by Fisher in the context of CDWSs[27]. It
corresponds to the limit @ = @, where every point is coupled to all others,
and hence experiences a restoring force proportional to < h(z) > —h(z). The

resulting equation of motion,

dh{z,t)
—z =< h{z) > —h(

has to be supplemented with the condition < &{z)} >= v{. The self-consistent
p )

(2.6)

&2
Ssmr”
+
"1
4
Sty
—
B
;u
——
5%
i
et
S

solution for the velocity indeed vanishes as {F — F)°, with an exponent that
dependents on the details of the random force.

The motion just above the threshold is not uniform, composed of rapid
jumps as large segments of the interface depin from strong pinning centers,
superposed on the slower steady advance. Theses jumps have a power law

“distribution in size, cutoff at a correlation length ¢ which diverges at the
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2.4. THERMAL NOISE

A(x,1) S

(a) (b)

Figure 2.3: (a) Schematic representation of an interface h(x,t) in a random envi-
ronment. The shaded circles represent randomly distributed pinning centers, whose

position and pinning strength is independent of time (quenched). F is the external

A2t S [Ty Mn wealnniée Af dha indarf i i

driving force. {b) The velocity of the interface a3 a function of the external driving
: .

force. F, is the critical driving force.

transition as
£~ (F — F) (2.7

This phase we call critical moving phase. If F is much larger than F,, the
interface attains some steady-state velocity v which increases linearly with F.
Then the interface is in the large velocity regime. The above three regimes
are shown in Fig.2.3(b).

Although, the underlying issues of collective depinning for CDWs have
been around for some time, only recently a systematic perturbative approach
to the problem was developed. This functional renormalization group ap-
proach to the dynamic equations of motion was originally developed in the
context CDWs by Narayan and Fisher[27, 28], and extended to interfaces by
Nattermann et al{686].

2.4 Thermal Noise

The results discussed in the previous sections were obtained in the zero-
“temperature limit, where the thermal noise is negligible. However, thermal

:noise is always present in experiments, so its effect on the motion of interfaces
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~
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with disorder

¢ ol
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ture (middle curve), compared with idealized behavior at T = 0 (bottom curve).

Thermal fluctuations help the interface advance even at forces smaller than 7.

in & medium with guenched randomuness must be discussed. The thermal noise
affects the motion of the interface close to and below the depinning fransition.
At finite temperature the transition from an unpinned to a pinned interface is
somewhat rounded; the interface moves with a nonzero average velocity even
for F' < F,, which can be understood by looking more closely at the nature
of the thermal fluctuations. Let us consider that the interface is trapped in
a local potential minimum, generated by the quenched discrder. In order to
advance further, it must pass a potential barrier AV. At zero temperature
the interface remains in the local minimum forever, its velocity being zero.
However, at finite temperature, the interface can pass the barrier with a prob-
ability P ~ [ dEexp(—E/kgT). A schematic illustration of the resulting
velocity-driving force diagram at finite temperature is shown in Fig.2.4.
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Chapter 3

D

In this chapter we shall study the propagation of the solidification front of
a 1D binary system. This problem can be modeled by a random walk in a
1D disordered lattice. From a theoretical point of view, it seems to be one
of the simplest models of disordered system. However, it gives a satisfactory
understanding of conductivity experiments on some anisotropic organic con-
ductors [85] and serves as the theoretical basis of the following work. In a
discrete-time version, one can formulate the problem as follows. Consider a
particle on a one-dimensional lattice. If the particle is on site n at time ¢, it
will be at time ¢ 4 1 either on site » + 1 with probability p, or on siten — 1
with probability ¢, = 1 — p,. The problem is obvious if all the p, are equal.
However, if the p, are randomly chosen with some probability distribution
p(p), one can observe very unexpected behaviors. One of the most striking
results was obtained by Sinai [48] who has shown that, for random hopping

rates p, and the distribution p(p,) which satisfy

<3ﬁ1 fnp) = j[ p(pn) dpa In

the particle is at a distance of order log?t from its starting point after time t.
When the hopping rates do not satisfy the condition (3.1), one finds {45, 49,
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42, 40] that the mean position < A(f) > of the particle increases linearly with

time, i.e., with a finite velocity only if

It was found that

w2 (- (2)

whereas

w8 (3 v (e e

On the contrary, if the conditions (3.2) is not satisfied, the mean position

h(t) increases like a power law #* with »; < 1. Then, if #; is the nonzero
Ly}
(5= o9
Pn

h(t) > & 7‘f vy > 05

solution of

one finds

< h(t) >~ -t if wn<0 {3.6)

Bernasconi and Schneider{40] found that these power laws (3.6) are mod-

ulated by a periodic function of logt for some particular distributicns of p,.

3.1 One-Dimensional Hopping Model

In the following, we shall give the explicit derivation of the dependence of the
exponent vy on the system parameters. The basic results are identical to ¢
ones given in [41]. For this problem, the first equation that one can write is

the Master equaftion
Pn(f + 1) = qn+1Pn+1(t) -+ pn—lp _1(t). (37)
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Here P,{¢) is the probability of finding the particle on site n at time t,
and we use the periodic boundary conditions for a lattice with N sites, which
means the site N -+ n is identified with the site n.

After a very long time, the probability P.(¢) converges to an equilibrium
probability distribution ¢,, which satisfies

@n = rs1@nt1 + Po-1En-1. (3.8)

OCur aim is to determine the long-time agymptotic behavior of the particle’s

velocity which is given by

2
S
—~

CAD
=]

L

If the transition rates have fixed values p, independent of n, one immediately
derives the result: v = p — ¢. This is the case of pure atoms. In the case
of random transition rates, ¢, can be solved by using the recurrence (3.8).
Taking equation (3.8) into account, subtracting a term p,Q), in both sides and

reordering terms, we obtain

Gn+1@nr1 — Paldn = Gulln — Pn-1@n-1. (3.10)

The above equation has the same structure on two sides, therefore each of

them can be nothing but a constant C

Gne1@nt1 — Dnln = C1 (3.11)

We define three new functions f,, ¢, and s, which satisfy

1 n
Gn = fo/Pn, Gn = = Pnt1 (3.12)
3n+1 Qn-l-l

Inserting f, and g, in equation (3.11}, we get the following recursion relation
fn-}-l = gn(fn + CI)- (3.13)
Using the recurrence (3.13), fx+1 can be derived as following

T feo = afitalCh
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fs = gegifi + {201 + 92)Cs
fo = @gofi 1 (939291 + gag2 + 93)Ch
fot1 = Gnbn-1---G1f1 + {GnGn-1 - 91 F GnGn-1..- 92+ .. F GnGn_1 T Gn)C1

=3 i=n—1

= f (Hgi)-l- (Hgﬁ—ﬂ&-@-ﬁgﬁ--}- E gé+gn) Ch
i=1 =1 =2

Y

N N N N N \
vy = fl(HQi)+(HQ£+HQi+HQ€++ H g£+gN} Cy
=1

=1 1=2 =3 i=N-1

/hT /

/ N—1i1\‘

= fi{llg +GII_L 91\\ l-i—zﬂi (3.1
k ) kz: }{ i=1 j=1 9:'}

Here [TY, g; is a constant for given lattice, replacing it by a constant C, and

using the periodic boundary condition f; = fny1 and (3.12) for s,,, we obtain

N-1 §
fi = f1C2 + C1C;y (1 + > 11 sj_H) , (3.15)
=1 j=1
then
N-1 i
(1 > Hsm) : (3.16)
=1 j=1
Generally,

fh=C (1 + Z_ ﬂ syu,n} (3.17)

i=1 j=1
here C = C1C,/(1—C5) is & constant. It turns out that @, can be determined

explicitly as a function of all the p; from equation (3.12) and (3.17)

Qn :}?_ i Z {;1 33+n>] : (3.18)

=1 \j=1

From expressions {3.9) and (3.18), we can now calculate the velocity v for
‘any choice of the p,. In order to have a quantity which is simple to average

21
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and to study, we give the expression of the inverse velocity:

L ER(E ()

N(-TE )

(3.19)

Now let us try to average v~ over the possible choice of p,. Consider first
the case where < Ins > < 0 [i.e., < Inp > >< In{l—p) >]. Then the product
in the denominator of (3.19) can be neglected with probability 1 in the limit
N — oo and it becomes easy to average the right side of equation (3.19):

<vl> = <2“ﬁ“2m FS ({Esﬁn}b

£ ()

= (I+<s>)+(1+<s>) Y <s>

=1

N

- }%<2(1+sn)>+<§(1+sn

fz=1 i=1

= (1+ <s>) (l + Iil <3 >i> (3.20)

=1

The series is convergent in the limit N — oo only if < s > < 1. We
conclude that there is a finite velocity for this problem only if < 5 > < 1 and

in this case, the velocity is given by
_1 I+ <s>
>=—"
1-<s>
If the distribution p was chosen such that < Ins > < 0 but < s > > 1,
the inverse velocity would be infinite. We shall see later that in this case, the

< (3.21)

distance h covered by the particle during the time t is no longer promotional
to t but to ] with 0 <2y < 1.

The calculation of < v™! > can be done in the case < Ins > > 0 in the
same way as for < Ins > < 0. One starts by neglecting 1 in the denominator of
Equation (3.19) and then one finds that < v~ > is finite only if < s7* > < 1.
The result for < v~ > is, in this case,

» 1+ <s1>

< T 3.22
v l- < g1 > ( )
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It may look arbitrary to average the inverse velocity v~'. However , if
< s><lor< s> <1,one can show that the fluctuations of v~! are small
in the large-N limit. This indicates that the velocity has small fluctuations,
and therefore <%> ~ o

At this stage, the main question is what happens if < s> >lor< s ' >
> 1. In order to simplify the calculations, we shall restrict ourself to a simple
distribution p which depends on two parameters o and p (for convenience we

choose p > 1)
p(pn) = ad(pn — p) + (1 — @) 8(p. — (1 — p)) (3.23)

For the distribution (3.23),

1-p p
<grcz=aq— + {1l —a)— 3.24
Lo (3:24)

and

-1 D 1-
<s ' >=a——+(1l—0)— (3.25)

1—; r
<lIns >=aln (1 —p) +(1-a)in (_p_) (3.26)

P 1-p

From equation (3.24) and (3.25) we can see that a finite velocity exists if
<s><lLie,a>por <5t ><1, e, a<1—p Sothe region we want
to study is 1 — p < & < p. Let us come back to formula (3.19). If < Ins > < §
(here it means that & > § from formula (3.26)), we can neglect the product in
the denominator. Then by regrouping terms in (3.19), one can write < v™! >
as
N-1
v =142 5, + 5w (3.27)

n=1

where S,, (capital S,not s,} is defined by

lN'n

Sn =% > 1 sis (3.28)

=1 j=1
In the limit N — oo, if n remains finite, 5, —< s >™ and so 5, in-

-creases with n. On the other hand, Sy = H?;l s; vanishes with probability
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3.1. ONE-DIMENSIONAL HOPPING MODEL

1. Therefore, there are certainly in the sum (8.27) terms between n = 1 and
n = N which are maximum and give the dominant contribution to v~! in the
limit N — oo. S, is a sum of N terms and one could be tempted to use the
central-limit theorem. This would be wrong because for most values of n, the
number of terms in the sum (3.28) is too small to give the average < s >".
Therefore, with probability 1, S, is not equal to < S, >. The main idea used
in the following is that the most probable value of the quantity S, can be very
different from its average < 5, >. We denote the ferm in the summation in
(3.28) as L, = 5[5 Siy;. Among the n terms in I, there are m times
s = 7% with probability a and (n—m) times § = 1—;2 with probability (1—a}.
Therefore we have
1 1-p, ... 0 w 1,1—-pD, o,

o = F T = (3.29)

We define &(m) as the number of terms in the sum 5, which are equal to Inp,

. The average {}(m) is
< Q(m) >= NCma" ™)1 — a)™. (3.30)

For large n, we see that, depending on m, Q}(m) can be either much bigger
than 1 or much smaller than 1. The critical values M, and M., can be
estimated by requiring that Q(m) & 1. If Mpin < M < Mpnee, then Ym) > 1;
therefore with probability 1, Q(m) =< Q{m) >. This is due to the fact that
the fluctuations of Q(m) are of order < Q(m) >7 only. On the other hand,
i M < Mmin OT M > Mimagr, < Q(m) is small (« 1) and then ${m) = 0 with
probability 1. For large n, the values m,in and Mmq, are the two sclutions of

(1=<) ne_ (3.31)

IaN + min(n—ﬂ:——) + (n — m)in{

4

Since p > 3, 1—;2 must be less than 1. Therefore (%}3)”‘2"“' increases with
increasing m and give the dominant contribution when m &~ Mpq.. It follows
that S, is given with probability 1 by

. M="maz

So = S G,?an—"’a(l—a)m(l—;ﬁ)n-?m (3.32)

M=Mmin

(3.33)
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1 —
ry (e gnmes (1 _ g)mmes ( _pg)n*2mmaz (3.34)
(3.35)
_ 1 p 2Mmez—n
_ _N( — p) (3.36)

'U:(n) = meaz — 7 (337)
then

Mimaz = (U + 1) /2 (3.38)
The maximum of u{n) gives the dominant S,. Replacing m in (3.31) by

(u + n)/2, performing derivative with regard to n and letting du/0n = 0, we
have found » = n(2a — 1), and therefore Mpyq. = na. With this evaluation
of S,., we can come back to the calculation of v™! by looking for the value 7
which is dominant in sum (3.27). One finds by replacing m by Mm.. = na in

equation {3.31)

niN
"= 20 - Din(%) (3.39)
and
7~ Sy~ NPTE (3.40)
with
lni“—f—
o 2 (3.41)

To obtain the most probable value of S,, we have completely ignored the
correlations between the terms in the sums (3.27) and (3.28). A calculation
taking these correlations into account would be more complicated, but the
result would be the same apart from some factors [n/V in equation (3.48). We
have chosen < Q{m) >~ 1 to determine Mmuin and Mumae. If we had replaced
1 by any other finite constant, the result would have been the same. The fact
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that sum (3.27) was replaced by S5 can be justified by looking at the behavior
of S, around 7. One can estimate that there are ~ [nN terms in (3.27) which
are comparable to S, around 7. Therefore (3.40) is again valid apart from
factors of order InN

We have shown that the inverse velocity v—! ~ N*~! for a chain of N sites
with periodic boundary conditions when % < a < p. This means that to cover
a distance A ~ N the particle needs a time ¢ = v™ !N ~ N2, It is equivalent
to say that the distance h covered by the particle during the t{ime § behaves
like b ~ 1 with »; = 1/2. It is interesting to notice that in (3.27), all the
terms are positive and therefore the sign of v="' is positive. This means that
when & > 3, there is a systematic displacement to the right. If o < 3, 07"
becomes negative because the dominant term in the denominator of (3.19) is
the product(see Fig.3. 1)

In the limit a — = , vy vanishes and we find that h increases less rapidly
than any power Jaw. This is in good agreement with & ~ In?t found by Sinai.
In the limit where < g >— 1 {here o ~ p) v tends to 1. We recover that in
this limit, the distance starts to be promotional to the time.

In conclusion, it is found that a 1D lattice with random hopping rates
behaves differently from the one with regular hopping rates. The particle
of the former system does not always have a steady-state velocity. When
the hopping rates satisfy the condition (p > < 1lor < > < 1, one finds the

) ¢ e
v:(q)( (ﬂ if <§—:><1 (3.42)

Vin/ /
from equations (3.12), (3.21) and (3.22). However when <§§) > 1 and <;L:> >
1, the displacement of the particle follows a power law of time as: < A(f) >~
i1, Theni40, 42, 45, 49] the exponent »; is the nonezero solution of

(0527
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h~-t h~t' n~t'* | n-t

kg

0 1-p 0.5 p 1

Figure 3.1: Phase diagram for the distribution p{p,) = ad(p, —p) + (1 — &)d(p. —
(1 - p)). If & > 3, there is a systematic displacement to the right. The velocity is
finite only if @ > p. For < @ < p, the displacement h covered during the time t is

. - - i3 - —_7 ~  J7 » ML o ~fdendin Lom a, A 3a e
given by h ~ t¥1% with 1L = inj=g/ing=;, 1ne situation 10f & <{ 3 is symmetsl

3.2 QOne-Dimensional Lattice Model

The formation of interfaces and surfaces is influenced by a large number of
factors, and it is almost impossible to distinguish all of them. Nevertheless, a
scientist always hopes that there is a small number of basic laws determining
the morphology and the dynamics of growth. The action of these basic laws
can be described in microscopic detail through discrete growth model which
mimics the essential physics but bypass some of the less essential details. The
following one-dimensional model of a binary alloy generates a nonequilibrium
interface that exemplifies many of the essential properties of a growth process.

The microscopic model was criginally proposed by Temkin {32, 33, 35] as
follows: On a one-dimensional lattice chain two species of atoms, A and B,
are distributed uniformly with the concentration ¢ of B species. This atomic

parts: the liquid in

@]

chain is separated by a solid-liquid interface into tw
the right and the solid in the left, for example. The atomic configuration is
frozen and atoms cannot move, but can only change their state between the
solid and the liguid. The solidification and melting frequency for an A atom
(or probability of phase-change per time-unit) are denoted by wis and w_g4,
respectively. w,p and w.p denote the corresponding frequencies for a B atom.
" The interface position A is defined then as the lattice site of the rightmost solid

27




3.2. ONE-DIMENSIONAL LATTICE MODEL

atom which can be either a species of A or B. Here we assume that only the
two atoms adjoining the interface are allowed to chang their states. If the
solid atom on the left side of the interface melts the interface-height decreases
by one: A — h — 1. If the liquid atom solidifies, the interface advances by
one: h — h+ 1. The interface motion is assumed to take place stochastically

following the master equation

% = Wh+1o PR+,
—[W(h—=h+1)+ Wk = k- 1)]P(h,t)
+W(h—1—= R)P(h-1,1), (3.44)
where P{h,t) is the probability that the interface is at a site 4 at time £. The

transition probabilities W depend on the atomic configurations around the
interface. We consider a model where the transition probability W depends
only locally on the type of particle which changes its state during melting or
solidification. If the solid site £ is occupied by an X (= A or B) atom and the
liquid site A+ 1 by a Y (= A or B) atom, the transition probability of the

interface advancement is given as

Wh—h+1)=w;y, (3.45)
and that of the interface retardation as

Wih—-h-1)=w_x. (3.46)

The detailed balance condition requires that the kinetic ratio w_y /w, x should
be equal to exp{—Apx /T) determined by the thermodynamics:

X _ Bux/T (3.47)

Wix
where Apyx is the chemical potential difference of atom X(=A or B) between
Liguid émd solid state. At a temperature T near the equilibrium melting tem-
perature Tx of a X atom the chemical potential difference is approximately
written as T

Apx = f;—X(TX 1) (3.48)
X
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with the specific latent heat Lx. For the mixture of A and B atoms an ideal
solution without mixing energy but with & mixing entropy is assumed. Then
the equilibrium phase diagram is obtained with the solidus line C,(T), the
liquidus line C,(T) and the concentration Cy(T) at which the free energy per
liquid atom is equal to the free energy per sclid atom as

] — e~ 2ra/T

C(T) = e—bus/T _ o—Apa/T?
. (1 — e"‘AHA/T)e_AF"B/T
Gl(l ) - e—Af-‘B/T — e—AF‘A/T !
A‘;"!A S et
CQ(T) — m. (6.43)

The phase diagram with solidus line C,(T') and the liquidus line Ci(T') as well
as the concentration Co(T) is depicted in Fig.1.1 with the following set of
parameters: T4 = 0.9, T = 0.1, L4 /T4 = Lp/Te = 1.

In the diffusionless crystal growth considered here, the solidification pro-
ceeds via the propagation of a single solid-liquid interface over a frozen con-
figuration of A and B atoms. Although each atom has fixed prebability to
solidify or melt, the solidification and melting take place only at the inter-
face position. In other words, we exclude the possibility of nucleation of the
energetically favorable phase in positions away from the solid-liquid-interface.

The above 1D growth model can be mapped onto the 1D hopping model.
The interface located between the solid atom X, (=A or B) and the liguid
atom Yay1 (=A or B) in the growth model can be considered as a "particle”
in the hopping model which sits at the site h at a time ¢ (see Fig. 3.2). At
the time ¢ + 1, the interface jumps either one lattice unit forward to the site

h + 1 by solidifying the liquid atom Y4y with a probability

Wiy,
= 3.50
Pr Wi¥, 1 T Wox, ( )

or one lattice unit backward to the site A — 1 by melting the solid atom X,
with a probability

Wox,
g = . 3.51
WYy TWox, ( )
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g h-1 b hel

-

Y A B A

+1 { t+1

Figure 3.2: Mapping of the 1D model of a binary alloy onto the 1D hopping model.
The hopping probabilities of a particle, p, and g¢,, are related to the transition

frequencies, w.y,,, and w_x,, of the liquid atom Y and the solid atom X at the
interface by (3.50) and (3.51).

From the results of the previous section, it is possible that the interface
has a steady-state velocity for some distribution of A and B atoms, but it
vanishes for other distributions.

The theoretical analysis by Temkin[32, 33, 35] has revealed that for our
lattice model the interface has a steady-state motion in one-phase regions,
but in the two-phase region the average velocity of the interface advancement .
vanishes with time. In a one phase region the mean displacement (A(t)) of the

interface is linear in time £ as

(h(t)) = w4t (c< Cs),
(h(t)) = —v_t (e > (), (3.52)
with the velocities
w_ 1
vy = (1- <E))/(Z>
W4 W-B 1—¢ c |
- {1 - [(1 *C)C%A * ‘-‘-’-i—B] } [W+A w—&B} ’
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Here wy (= w.o 4 or w.p) refers to the solidification frequency and w_(= w_4
or w_p)} to the melting frequency. The angular bracket means the ensemble
average of the quantity within the brackets.

The fact that at C, and C; the average (w_/w,) and {w;/w_} are equal to
unity and therefore the velocities v, and v_ vanish, respectively reveals that
the phase boundaries C, and C; serve as the critical concentrations where the
system undergoes a phase transition between the pinning and depinning states.
In the two phase coexistence region C, < ¢ < Ci, the mean displacement is
no longer linear in time. For example, the position (h(t)) of the solidification
front instead advances as a power law {h(£)) ~ ¢*** in the concentration range
C, < e < Cp and {(h(t)} ~ -t"*~ in the co < (; with
phase boundary C, (C;). So the stea,dy—sta.te velocity vanishes in the two-
phase region. According to Derrida’s general treatment of the 1D hopping

model, the exponent are determined from the relation

(Cmy=1, () =1 (3.54)

In the present case, this equation can be written explicitly as

e e
WA “ip
(1= A +el 2y = (3.55)
AtCT—'C{),
<m<—)>=< n(=5)) = (3.56)

and Vig = V. = 0.
In addition, Derrida/42] also obtained the expression of the diffusion con-

stant
;1< [A(t)— < A(?) >} >}
2(15)

D = Zlim
. .

hm

t—roo

MIHMIH
Na-&i&
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1-{%= 2 s
- BRI )
o)
(3.57)
for the region < {w_/w,)? >< 1. When c is larger than
- _(S;_j)z 3.58
CT -y 0

D is expected to diverge even in the one-phase region.

3.3 Simulation Resulis

In order to understand the fact that the mean displacement and the variance
becomes anomalous at different concentrations, Monte Carlo simulations have
been performed. The parameters are chosen as : T4 = 0.9, T = 0.1, T =
0.5, L4/T4 = Lp/Te = 1 From the phase diagram we can see that the
equilibrium concentrations are €, = 0.310 and C; = 0.690. Parameters for
the interface dynamics are set &5 wig4 = wyp = 1, w_4 = 1/w_p = 0.4493.
The results presented here was obtained by Saito{34] and we repeated all of
them. The random walk of the inferface position has been simulated up to the
time 10%. Physical quantities have been averaged over 10° chains. The mean
displacement of the interface (h{¢)) at various concentrations of B atoms are
plotted in Fig.3.3(a). The time dependence is fitted to a single power law of the
time as (h{¢)} = a;8** +b,, and the obtained dynamic exponent v is plotted in
Fig.3.5. Up to the equilibrium concentration C, = 0.31, the exponent remains
about unity, and afterwards it starts to decrease on increasing c to the point
Cy = 0.5. By forcing a linear fit of (h{£)) to the time t, the velocity v of
- the interface is obtained. It varies as is shown in Fig.3.4, and agrees quite
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Figure 3.3: Time variation of (a) the mean displacement {7{¢)} and (b} the variance

o(t) for various concentrations ¢ of B atoms in the double logarithmic way at T =

0.5. Two straight lines represent the asymptotic behavior with exponent 1 and 1/2.
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well with the theoretical expectation £q.{3.53) in the one phase region, which
is shown by a solid line. In the two-phase region, Cs < ¢ < (}, v; depends
on the concentration and varies between unity and zero. The variation of 14
agrees well with the theoretical expectation (3.55), whick can be simplified in

the present case as

v = 1.250n (1 - c) : (3.59)

and is shown by & solid line in Fig.3.5.
The time evolution of the variance o(t} = \/ < [A(t)~ < A{t) >]* > is plot-
ted in Fig.3.3(b). It is also fitted to a single power law, o(¢) = a2t*2 - bs,

and the exponent v, is shown in Fig.3.5. 1, starts from 1/2 of the normal

Brownian motion for a pure system, ¢ = 0, up to about ¢y = 0.168 given by
Eq.(3.58), and increases to 1 near C,. From C, on, v, decreases similarly with

the velocity exponent .
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Figure 3.4: The stead-state velocity v versus concentration c. The solid line repre-
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sents the theoretical expectations from Eq.(3.53) and dots represent the MC results.
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Figure 3.5: Exponent »; of the mean displacement, < A(f) >~ ¢, and exponent
v, of the variance, o (&) ~ £*2, at various concentrations of B atoms. The solid-lquid
-phase boundary is at C, = 0.31, and the anomaly in ¢ is at ¢ = 0.168. The solid
line represents the theoretical expectations from Eq.(3.55) and dots repregent MC

sirnulation results.
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Chapter 4

In this chapter the 1D diffusionless binary alloy model will be extended into
2D system and the model will be also mapped onto the Random Field Ising

model.

4.1 Thermodynamics and Kinetics of the Al-

oy Model

We consider a simple square lattice which is randomly occupied by A and B
atoms and decomposed into two parts by a 1D solid-liguid interface, liquid
above solid, for example. The solidification or melting takes place only at
the interface: Only those atoms which have both solid and liquid nearest
neighbors have the possibility to transform to the other phase. Atoms are not

allowed to change their positions, and therefore the atomic configuration is

guenched. For simplicity we assume that the cohesive forces act only between

nearest neighboring atoms of the same p_h_ase but they do not depend on the

type of atoms:

(41)
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Here the superscripts s and [ refer to solid and liquid state, respectively. Since

the mixing energy

&y — €ia + €2p
2

is zero both phases are ideal solutions. The interface thus corresponds 0

the place where the atomic cohesion is broken and each broken bond costs

(4.2)

interface energy. We study the effect of the interface energy on the dynamics
of the alloy solidification.

The phase transformation is assumed to take place stochastically at the
interface. The phase change of an atom is associated with the breaking of
cohesion of nearest neighboring atoms in the same phase which costs energy.
Fig.4.1 highlights the possible configures of the interface and transitions of
atoms at successive time intervals, so that the growth process can be followed
qualitatively. Depending on the process (freezing or melting) and the number
j(= 1 ~ 3) of nearest neighboring atoms in the same phase, there are 12
transition frequencies: six solidification frequencies denoted as wy x () and six
melting frequencies denoted by w_x (7} with X referring to A or B atom. In
Fig.4.1(a), the liguid atom X has one nearest liquid neighbor, so it transforms
into solid state with the frequency w.x(1). In Fig.4.1(c), the liguid atom X
has two nearest liquid neighbors, one is above and the other is at the right, so
it transforms into solid state with the frequency w.x(2) (or wyx). Fig.4.1(e)
shows a liquid atom surrounded by three nearest liquid neighbors which can
transform into solid state with the frequency w;x(3). Fig.4.1(b),(d) and (f)
represent the cases where a solid atom surrounded by one, two and three solid
neighbors transforms into iquid state with the frequencies w._x(1), w_x(2)
{or w_x) and w_x(3), respectively. All these frequencies should satisfy the

detailed balance condition to ensure the equilibrium phase diagram as

wix(j) = wixexp[—(j —2)a/T],
w-x(J) = w-_xexp{—(j - 2)e,/T]. (4.3)
The transition frequencies wix of component X at the kink position (j = 2)

are related to the chemical potential difference Apx between liquid and solid

phases as
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(a)

(b)

W, 2

+X e

Q_ @ (d)

®, 3

% (e)

v

Figure 4.1: The two-dimensional solidification model illustrates three solidification
and melting possibilities. The letter X represents A or B atoms. Doted sites are
the solid phase denoted by S and empty is the liquid phase denoted by S. The
interface is represented by the bold solid lines. Shown is the case N=4, where N is

the number of columis or the system size.
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“iX Apx
—= =exp{—— 4.4
L exp(—EE) (14
with
. : s w . Ix-T
Apx = px —px = Lx XTX : (4.5)

Here T'x and Ly are the melting temperature and the latent heat for pure
X(= A, B) atoms. The solidus C,(T') and the lquidus lines C;{7T") obey the
detailed balance principle in the form

(1-Cuw-g = (1—Cuss,
ng_B = ng_;_B, (4.6)

and they are obtained as

G(T) = e—Bup/T _ g—Apg/T?

(1 — e—AF‘A/T)e"A#B/T

) = “por s mag— (4.7)

At the equal-free energy line Cp, the free energy ¢, per solid atom is equal to
the free energy ¢; per liquid atom;

¢s = (1 — Co)pa(T) + Copp(T)
= ¢ = (1~ Co)py(T) + Copa(T), (4.8)

or
(1 - C@)A‘UA + Coﬁ\p.g = {. (49)

From equations (4.4) and (4.9}, we obtain Cj as

A,I_LA

G(T) = Apg—Apg’

(4.10)

Equation (4.9) is equivalent to Eq.(3.56) and we shall see later that the
interface velocity of a large 2D system vanishes at this concentration Cop.

The phase diagram with coexistence lines C,(T) and G){T") as well as
- Co(T) is depicted in Fig.1.1 with the following set of parameters: T4 = 0.9,
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Tg = 0.1, La/Ts = Lp/Tg = 1. It is seen that the solidification or melting
of the system depends not only upon the cooling condition but also on the
alloy composition. At a fixed temperature T between T4 and T'g, the system
remains in the solid state as long as the concentration ¢ is smaller than C,(T).
When ¢ comes to lie between C;(T) and Ci(7), the solid and liquid phase
coexist, but when ¢ becomes larger than C;(T') the system melts completely.

4.2 Random Field Ising Model

The above 2D growth model can be mapped onto the random field Ising (RFT)
model with external field which depends explicitly on the temperature. The

RFI model is defined by spins with two possible values s; = 1 that are placed

on site i of a lattice. Its Hamiltonian is given by,

~—
1=
3
[t
Jreed.

p —

H=-J > s8;—> (fi+F)s.

<ig> B
Here s; = +1 represents the solid state, s; = —1 represents the liquid state,
Yo«ij> denotes the summation over all nearest-neighbor pairs < 4,7 >, 3, is
the sum over all spins in the system. J is the exchange energy between the

ferromagnetically-coupled nearest-neighbor spins and determined by the bond

energies as

J = if(es + ). (4.12)

F is the external uniform driving force which is proportional to the concen-
tration difference (Cp — ¢). fi is the quenched local field caused by the con-
centration fluctuation from the average concentration ¢ of the B-atoms. Since
each lattice site ¢ is occupied by either A atom with the probability (1 — ¢}
(the average concentration of A atomsj or B atom with the probability ¢ (the

average concentration of B atoms), the probability distribution of the quantity
(it F)is

Cp(fi+F)=(1-9fi + F— fa) + cd(fi + F — f5). (4.13)
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Here f4 and fp depend on the temperature and the latent heat and are defined

as,
1 1 T
faT) = =5Bpa=—3La(l = 77);
1 1 T
fB(T) = —5hps=—5Lp(l~ E;)- (4.14)

In addition, the driving force F(T), or the average free energy gain by
solidifying one atom is

F(T)=(1—¢} fal(T) +cfu(T), (4.15)

here ¢ is the average concentration of B atoms. Accordingly, the randomly

guenched field f; has a zero average value
< fi>=0. {4.16)

Here the angular bracket represents the average over the different realization

of randomness. f; then is assumed uncorrelated for different sites.
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Chapter 5

In the previous chapter, we have introduced a 2D model for difussionless solid-
ification of a disordered binary alloy. Comparing to the 1D model, two more
parameters are introduced, the system size and the bond energy. This makes
the system extremely complicated: effects of all parameters {concentration,
bond energy and system size) on the motion of the interface interplay. Due
to the mathematical difficulty, we were not able to solve the model exactly
for arbitrary parameters. However, in this chapter, we will present the exact
solution of the diffusionless solidification at large bond energy limit where the
interface is found to have the same asymptotics as its 1 counterpart in many
respects. It means that the interface moves steadily in the one-phase region

but the velocity vanishes in the two-phase region.

We consider the alloy solidification starting from a flat interface configura-
tion. The solidification is initiated by the formation of a single nucleus or an
island with two kinks on a flat one-dimensional interface. For infinitely large

bonding energies, ¢, and ¢, transition frequencies of atoms differ orders as

. Wij{(l) = wexeMNT > wix > w:!:X(3) = wyxe T, (51)
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Figure 5.1: The layer-by-layer growth mechanism for large hond energy limit.
{X"} = {XP, XP...XR} is the atom arrangement in the n-th Iayer respective

to the interface with » > 0 in the liquid phase and n < 0 in the solid phase,

respectively. X can be either A or B atom.

So the comparatively small wyx(3) makes this nucleation process very slow
compared to the lateral growth of the island with wex (2)(= wsx) afterwards.
The solidification proceeds layer-by-layer by the single-nucleation and growth
mechanism and the probability of multi-layers and multi-nuclei processes is
negligible small: Once & cluster appears, it soon spreads laterally until the
whole layer is filled. If the bond energy ¢, is large the melting also proceeds
by a layer-by-layer mechanism. In these cases the jump of a flat interface to
the neighboring layer positions may be considered as a single "elementary™
action. Then one may construct an effective 1D model where the "elementary”
transition frequencies Q.+ of a "layer” jumping forward (+) and backward (—)
play the same role a8 wy play in a real 1D system. In reality these "elementary”
jumps consist of many atomic sclidification-melting subprocesses. We can
calculate the elementary frequencies 0 in terms of atomic frequencies wy.
From the analysis, we shall find the remarkable result that the exponent 14
obeys the same equation (3.54) as in the 1D system. This result will be tested
by the Monte Carlo simulation in the section 7.1.

. Pirst consider the situation when the layer has just been completed and the
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flat interface is located between the solid layer with an atomic arrangement
(X1} ={X7% X ... X5} and the liquid layer above with an arrangement
{X9% = {X? XV...X%} as shown in Fig.5.1. Here X denotes A or B atom
with 7 > 0 in the liquid phase and n < 0 in the solid phase, respectively. The
index 7 (= 1,2..N) denotes the column-number in the square lattice. The
solidification, for imstance, starts from the nucleation at a site ¢ in the liquid
layer. The solid nucleus grows to the right or to the left, but can also melt
back. Finally the layer is completed by the solidification at the last site f.
We call here the sequence of events starting from the site ; and ending at the
site f as a "trajectory” . After an average waiting time T, the interface has
moved one layer forward with a probability P or one layer backward with a
probability @ where P - ¢ = 1 obviously. Then the transition frequencies of

layer-jump are given by
Q, = P/T and Q- = Q/T. (5.2}

The forward transition probability P obeys the following iterative equation

N N
P = EP&H—FPZ[Pi(l—R:)+Qi(1—“Qi)]- (5.3)

Here
P o= ©4i(3) = wy;(3)7 (5.4)

EfL wi(3) + E?ﬂ w_;(3)

is the probability that a solid island first nucleates at the site ¢ on the initial
flat interface {X°}. Similarly

G =w(3)T (5.5)

gives the probability of the first melting event at the ¢th sife in the solid layer
{X~1}. We introduced the abbreviated notation wy; for w x0T represents
the mean waiting time before the first solid or liquid nucleus is created on the
flat interface. In Eq.(5.3) P; represents the probability that the solid cluster
which started from the site i completely covers the interface without being

molten back before finishing the coverage, so that the interface never comes
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back to the initial flat configuration during the solidification process. Simi-
larly Q; defines the probability that the lquid cluster started from the site i
completely melts the interface layer without being completely resolidified to
the original interface configuration. Therefore the first term on the RHS of
Eq.(5.3) represents the contribution from all the possible trajectories which
never come back to the initial flat interface during solidification process. The
second term gives the contribution from those trajectories which lead to the
initial interface configuration during solidification. Those started by solidi-
fication but remelted have a probability p;{1 — P;) to return to the original
interface configuration, and those started by melting and resolidified has a

probability ¢;(1 — &;). Afterwards the interface has the same probability P
to be solidified. Eq.(5.3) has a solution
P = L P (5.6)

TE P+ qzczz—}'

Obviously @ = 1 — P. In the same spirit we can derive the equation for the
average waiting time T:
N
Y = 7> P+ aQi] +

i=1

(r+1) Z[P(l Py +a(1- ). (5.7)

Bquation (5.7) is approximate because we take into account only a single
nucleation and growth during the interface evolution. It has the solution
T = "” . (5.8)
YL 0P+ Q]

Now we obtain the transition frequencies:

1 N N
2y = - SooiP = Y wiu(3)P,
=1 i=1
N
. = Zw_,-(S)Q,;. (59)
=1
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The important feature of the obtained result, Eq.(5.9), is that in the used
approximation the frequency of solidification, £}, depends only on the atomic
configuration of the solidifying liquid-layer above the interface. Similarly the
melting frequency 2_ depends only on the atomic configuration of the melting
sclid-layer at the interface.

In terms of the introduced frequencies 4 we can write down some impor-
tant characteristics using the known 1D results. The solidification velocity vy

and the melting velocity v_ are given as

vy = 411 <Q’> /< ! >
{ Q. 1
= —li- , (5.10)
v_ IL1 <q >J [<q > (5.10)

The frequencies {2, and {}_ depend on the sequence {X; Xz... Xy }(X: =A or
B) of A and B atoms in the solidification or melting layer and < ... > means

the average over all possible configurations in the layer, for example,

0. Q_(X:... Xn) ¥

X1=4A,B Xn=4,B

where [IY, ¢ (with ¢; = cfor X; = Band ¢; = 1 — ¢ for X; = A) is the
probability of finding the configuration {X;X,...Xx}. These steady-state
velocities, v; and v_, vanish under the following conditions
<8 /G > = 1,
<Q.;_/Q._ > = 1. (512)
In the region where steady-state motion of the interface is impossible, the
mean displacement < A{¢) > shows & power law behavior < A (f) >~ £+
and < h_{t) >~ —#"- with the exponents v, and »;. determined from the
relations
<R/ > = 1,
< (/)1 > = 1 (5.13)

At the point where
<In(Q_/Q.)>= 0, (5.14)
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the mean displacement vanishes, < hy(f) >=< A_{t) >=0and v1; = v;_ =
0. Note that in accord with the 1D-results[32, 33, 35] the frequencies {_ and
Q. in equations (5.10) to {5.14) should be taken for the same layer.

In order to proceed further we need to calculate the probabilities F; and
Q; in Eq.(5.9). Por P, with ¢ = 1,2,.--, N, one can write the following set of

equations:

1
P = T {w+{i—1)P'««1,z' + w-é-(z'-t—l)-Ri,i-i-i} ,

i

1

Pi,...,z‘+n = {w—i-pi+l,...,i+n + W_(i+n) -pi,...,i-l—n—-l

1,5+
+ Wy(i-i) Pi—-l,...,é-;—n + w-l—(i-i—n-i—l)Pi,...,i-E—ﬂ-i-lj 3

for n=1,...,N—3

1
P isn—2 = {w_iPiy, N2
Wiitv—s
+w_en-) P irwos + wigen—n{L)) {5.15)

Here P, ;i is the probability that the solid cluster with (n + 1) particles
which occupies the sites from ¢ to (¢ + ») finally fills the layer of N atoms
without being completely remelted. The denominators are the fotal rate of

possible events for the nucleus occupying the sites ¢ to ¢ + n;

Wii = w_il) + wyp-1) + @it
Wiitn = Wi T W_(i4n) T Wa(i-1) T @y(itnt1)s

Wiiin_s =w_; + W_(i+N-2) + W-{-(i-;—N-—l)(l)- (5.16)

fe 10N

We consider Eqgs. {5.15} and {5.18) with periodic boundary conditions. Namely,
WiktN) = Wik, and a cluster which reaches a boundary of the layer can con-
tinue to grow from the other side of the layer.

For & given cenfiguration of the layer one can solve linear equations (5.15)
numerically. The closed analytical form of the solution is obtained only for
N =2,3,4 and 1, is given by:
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For V = 2,

For N =3,
£, = & Ltff;_jiz/ 7] X [wyrw_1{wiaw 3 + w_owys3)
+wiaw-s(Wirw.3 + wo1wia) + wiaw_z(wiiw_s + w_1wis)5.18)
For N = 4,
S = exp[igferE.l)/T]iw+z'w+(f+1)w—(i+z)W-(i+3}
il Wt i=1
« {(Wyfire) + Wirs))(woi + w_(ity)) (5.19) .

Wi(it2) T Wp(a+3) T Wi T W_(it1) '
Equations (5.17)-(5.19) are obtained by using the fact that
wﬂ(l) = Wi, eXp(Eg(s)/T) 2w > wﬂ(3) =Wy exp(-—ez(s}/T). (520)

The expressions for .. can be obtained from the corresponding expressions
for {1, by replacing w.; with w..; and vice versa. The solidification velocity

v, can also be calculated explicitly as follows:

For N =1,
vy = e VT(1 - § el (l — 4 —c—) : (5.21)
. ' wWid WiB :
For N = 2,
R o /(=0 r T
o= - S+)/ { 27, (46T + 0 1e%/7)
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2¢(1 — ¢) (wq.AeE‘/T + deeE‘/T) (w+gef’/T + w_Aee’/T)

WiAW+E (wra +wirplet/T + (w_y +w_p)e=/T
62
+ = (w+BeE‘/T + w_Bee’/T) } . {5.22)
“Yip J
For N =3,

vy = e“(55+ﬁz)/T(1 _ Sf_)/

{ (1—¢)® 3(1 — ¢)®ew_sw_p
L 6@+A 2w+A(w+Aw_B + wiBWw-_4 + WiBW-B)
af 2 2 3
3(1 —elctw_aw_p Cw_g
+ — ' ‘ (5.23)

+— .
2wyp(wiaw_B +wipw s +wigw_y)  Swip f

For N =4,
vy = e_(€’+5‘)/T(1 - Sf_)/

(- c)4UJ—A(W+A + w_4) (1 = ¢)icnAeE

3 2
8w+ A Wid

“ (wia +wiB)w_B (w_s +w_plw:p -
2wy twigtwyp  ZwigFw_stwop

12631 — )2 LAY ( Grd-5

WiAWiB \W_4 T WiB
-1
(w+A + W+B)(W—A + w_ B) W_gipg
Wis Tw_4 twip+w_p wia+w_p

62(1 — 6)2 w_Aw_B(w.g_A +w_s +wis + w_B)
2 wpsawip(wia twip)(w-g+w-p)

+(1 . C)CSUJ—ACU—B X ( (LO+,4 + w.;_B)(.:),_A (w—A + W—B)W+A .)—1

2
wip wWiq twi +2w_p w_s+ 2wy tw_p

+c

w-s{wiB +w—3)} . (5.24)

3
8wip
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Here S, is defined as

Yhs o (1) A p EEE (5.25)
Wiy Wi @B

5, =<

We should note that result for N = 1 in Eq.(5.21) differs from the usual
result, Eq.(3.53), for the pure one-dimensional-system by the presence of the
exponential factors. This difference is due to the periodic boundary condifion.
The analytical result of the velocity v, is compared with numerical simu-
lation results explicitly for the case with system size N = 4 in section 7.1. We

within 2 %.
The remarkable result found in the analysis is the relation

i=1 \Wi

for N = 2,3,4. So far this result has been explicitly shown only for systems
with finite sizes NV = 2, 3,4, but it can be extended to an arbitrary large N by
a plausible argument. It is clear that each trajectory which gives contribution
to ., has the common factor [T, w.;, because all atoms in the liquid layer
have to be solidified at least once. An exponential factor contained at the
initiation of a solid nucleus, w.;;(3) = ws; exp(—¢&/T), is compensated by the
factor at the end: wyx (1} = win exple/T). Index “1” here simply is the place
from where the nucleation of the new layer has started. Additional melting
and resolidification at the site 7 in the intermediate stage introduces a factor

w_jwy;. Thus we can formally write £, as a sum over all possible trajectories

N
Oy = (JTwws) 2 Frel{w—jwish Wam), (5.27)
' k

=1
where function f,; describes the contribution from the +kth trajectory. W m
is given in Eq.(5.16). The similar formal expression can be written for 1_ for
the same layer:

N
Q- = ([Ju-) 3] Fel{wpsws}, Wam).- (5.28)

=1 L
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We cannot calculate the trajectory sum in the general case, but we can show
that 3", fer = g f-—r- For each +-kth trajectory there exists a —kth trajectory
with precisely the opposite sequence of elementary events, like a movie film
forward for the +kth trajectory and backward for the —kth one. Through
this one-to-one correspondence between trajectories, one gets fir = f.r and
the relation (5.26).

From the property, Eq. (5.26), that the ratio &_/§, is just the product
of the ratios of the frequencies w_;/w,;, We can derive that the 2D system
with large ¢, in many respects behaves similarly as the pure 1D system. The

average of the ratio reduces to

1
< ﬁ: > = Sf, (5'29)

From Eq.(5.10) the growth rate v, then vanishes at S, = 1. This is
precisely the same condition for the absence of steady growth in the 1D sys-
tem Eq.(3.53), and it corresponds to the solidus line on the phase diagram.
Moreover, Eq.(5.13} for the exponent vy, has the form

(1—¢) (fﬂ)m te (E)VH]N = 1, (5.30)

and gives the same exponent z;, as for the 1D system (see Eq.(3.55)). All
these results obtained for the solidification front can be easily converted into
the melting front just by exchanging the indices + and —. For example the

melting velocity v_ vanishes at the concentration which satisfies
W4 wWen

S.=(1l-¢—+c¢— = 1.
W_4 Ww_B

—
o
L2
'—-l

S’

In above, we have verified that the 2D system with a large bond energy is
effectively one-dimensional with the transition rates {1, and {I_. Then we can
use some additional results for a real one-dimensional system. For example,
following the procedure of Ref.[33] we can derive the expression W({X"}) for
the probability of finding a configuration {X"} = {X7... X%} in the nth
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layer from the steadily growing interface:

ML cxr  for n < —1,in the solid,

g3 n Q—HX"H 1-5¥
W({H{X"}) = Ty exp {1 +S¥ s ey — L+ g+({xn})z1/n+>]}

for n > 0, in the liquid.

Here [T cx» is the probability of finding the configuration {X"} = {X7, X7 ... X}}
in the n-th layer respective to the interface. From Eq.(5.32) one can cal-
culate the average concentration of B-atoms, c¢(n), in the n-th layer from
the interface, by fixing the configuration of one lattice site, say ¢ = 1, to

a B atom (X?* = B ), and summing W({{X™}) over all possible configura-
i =1 Y B B (o] L i/ i <o

as

C fi < -1
c(n) _ { g or = N

Oy, for 7> 0.

Both phases have the equilibrium compositions, as one finds in the case of the

real one-dimensional system[33].
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Chapter 6

i I S H a1 i3 i
thematical difficulties, numerical methods are used to

- atinal

Due to intractable ms

investigate the problem of interface motion from this chapter on. This chapter
deals with the algorithm and tests of the program. Meanwhile we obtain a

closed solution for a two-column ordered system.

6.1 Implementation of the Algorithm

For the analysis of a 2D alloy solidification with general values of bond energies
we perform Monte Carlo (MC) simulations of the lattice model introduced
" before. On a square lattice with N columns and A4 rows, A and B atoms
are distributed randomly with a mean concentration ¢ of the B component.
We introduce the state variable m;; which takes the value 0 or 1 according to

whether the lattice site (i,j) is occupied by an A or B atom,
0 for A atom
mi; = ' (61)
{1 for B atom
The average of m;; over the whole lattice sites IV x M should be the given
concentration c: - _
o1 KX
i=1 j=
Each atom can be in either solid or liquid state. We use the solid-on-solid
(SO8) model, and therefore overhangs are forbidden and the interface is single-




6.1. IMPLEMENTATION OF THE ALGORITHM

valued. We put the lattice sample in such a way that the liguid phase stays
above the solid phase. Then, the interface is defined to be the set of column
heights {h;} for columns ¢ = 1 to N in the solid phase. The growth starts
from a horizontal line at a height A;{(¢ = 0) = h(0) for all the columns. Each
row is assumed periodic and both ends of each column are assumed free.

For the motion of the interface, only 2N atoms adjacent to the interface
are involved. Let us denote the interface configuration as {h:}, the solid-atom
arrangement below the interface as {X*(h;)} and the liquid-atom arrangement
above the interface as {X*(h; + 1)}. The melting rate of a solid atom on the
ith column depends on the number j; of neighboring solid atoms as w_; =
w_x+(r)(j:) and the solidification rate of a liquid atom above the interface
depends on the number j! of neighboring liquid atoms as wy: = wy.xi(n.+1)(J))-

Then, during the time interval

N N

At =1/ wi + > wos), (6.3}
i=1 =1

an atom in the ith column in the liguid or solid layer changes its state with

the transition probability
P:;: (?,) = wi.;At, (6.4)

where ¢ = 1,---,N. Here +(-) refers to the solidification (melting) of the
atom at the height h; +1 (h;). Since the probability (6.4) is normalized, some
event must take place within the time interval Af. Therefore, our simulation
algorithm runs as follows; Pick up a random number between 0 and 1. If it
falls in the interval between Y.'_% P, (n) and 3¢ _, P.(n} then the liquid atom
at the site (7, h; + 1) solidifies and the interface height at column i increases
by one umit: A; — A; + 1. If the random number falls in the interval between
¥ Pn)+ X Po(n) and YN, Py (n)+ 300, P_(n), then the solid atom
at the site (¢, h;) melts and the interface height at column i decreases by one
unit: h; — h; — 1. After each attempt the configuration of the interface
bhanges and the time increases by Af: £ = ¢ + A¢. To describe the growth

“quantitatively, we introduce two functions.
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(i) The displacement of the interface ,h, is defined by
1 X
B(E) = 3 2 halt) — B(0), (6.5)
=1

where h;(t) is the height of column i at time t and A(0) is the initial position
of the interface.
(ii) The interface width, which characterizes the roughness of the interface, is

defined by the root-mean-square fluctuation in the height,

2

1 2T, 1 X ]
olt) = \FZ [hi(t)— = 2 hal®)
=1 =1 J

_ {l%hz{ﬂ B (6.6)

- VN;;’ RN LN‘; EaY .«Q i . J

8.2 TTests of the Program

Several tests of the program are performed in this chapter. First of all, using
this 2D growth program with zero bond energy (e, = ¢ = 0), we have repeated
all main results in the section 3.3 for a 1D chain. Secondly, we have tried to
find out some analytic results for simple 2D systems, for example, a two-
column system consisting of one column A atoms and one column B atoms
and a 2D pure system at equilibrium state. The simulation results agree very
well with the theoretical expectations. In order to make a further checking of
the program, we have used our program to perform Voronkov’s model which
has the analytic expression of the interface velocity. Again, the simulation

results and the analytic expectation are in good agreement!

6.2.1 Two-column system

We consider a two-column lattice system which consists of one column A atoms

- and one column B atoms. The structure of the interface can be classified into
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A B A B A B
n=2 n=-2 n=0

Figure 6.1: The interface configuration of two-column system. n is the height
difference between the interface positions of the two columns. » > 0 refers to a plus

interface; n < 0 refers to a minus interface; and n = 0 refers to a flat interface.

three types: plus, minus and flat interfaces as shown in Fig.6.1 from left to
right. Plus interface refers to the interface configuration in which the interface
position in the right column is higher than that in the left; The minus interface
is just opposite of the plus; And the flat one has equal interface height. At a
given time, the interface can have one of these three structures. We introduce
the probability p(n){n = 0,£1,%2,.--} of finding an interface configuration
with a height difference n between left and right column. So p(0) denotes
the probability of finding a flat interface. Each row is assumed periodic and
both ends of each column are assumed free. Since the interface position in
each column can hop at one elementary act only one unit, the process must

be controlled by the following set of Master equations. For n > 0

P o plm)lorall) + 0a(3) + w25(3) + 0 (1)]
tp(n — Vwa(3) + ws5(3)] + pln+ Diwsa(l) + ws(1)]-
| (6.7)
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Forn <0
B pm)ra(3) + ooa(1) + wys(1) + 0 5(3)
ol -+ Dleo-a(1) + wr5(1)] + plr — e 4(3) + -5(3)]
(6.8)
Forn=190
PO pO)ora(d) +0-4(3) + 042(3) + 0-2(3)]

+o(—1)lw-a(1) + win(1)] + p(+1){ws (1) + w-p(1)]. (6.9)

in the long time limit, one expects that the interface reaches a steady-state
P A IR, IR " dp{n} _
and the probability p(n} does not change with time. Set *5* = 0 and rewrite

the equation (6.7) as

o(m)ws4(1) + w_p()] ~ pln — Dw-4(3) + 045(3)]
= pn+ Dlosa(l) +0-n(L)] - plr)w-a(3) + wen(3)]
= ((constant). (6.10)

Dividing the above equation from the two sides by [wi4(1) +w_p(1)], we have

got
p(n) = p(n - 1)ny + C1, (6.11)

_ w-a(3) +win(3)

= oralD) T os(1) < L (6.12)

Due to p(co) being zero the constant C1 must be zero too. Using the recursion
relation {6.11), one can get a relation for the probability p(n) of the plus

interface

p(n) = p(0)n7 (n>0). (6.13)
Similarly, we can obtain the probability of the minus interface from equation
{6.8)
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p(n) = p(0)n” (n <0), (6.14)

here
_ w-4{1) + wyp{1)

{1
= L 1. 6.15
w24(3) +0-503) (6-15)

The probabilities must satisfy the normalization requirement

§ p(n) =1, (6.16)

n=—0o

p(0)(ns + 103 + 1)+ p(0) + p(())(ni_ + nii 4o =1 (6.17)

Solving the above equation, we get

ny _ - | 7 -1 [+
p(0) = fn_ —+7 —+7?+] : (6.18)

The velocity of the interface v is the average velocity over three interface

configurations

-1

+oo
2v = p(ﬂ)ngat+ ZP(O)ﬂivplus + Z p([})ﬂfvminus
n=1

n=—aoe

Foo ~1
= ,0(0) ('Uﬂat + Vplus Z sz + Urminus Z ??ﬁ)

n=1 n=—co

{ . 1
= P(U) k'vﬂat + Uplus]j—-rm + Uminus 7]_——1) . (619)

For pure atom at steady-staie, the velocity of the interface is determined

purely by the dynamics: v = wy — w_, 50 we have

v= ?lip(a) {lwea(3) = w_s(3) + win(3) — w_p(3)]
) - 0-a(8) + 0ra(3) - 0-5(0)
T 1_ 1 Wea(3) —woa(t) + (1) —w-p(3)]}.  (6:20)
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Because 7. is smaller than 1 and - is bigger than 1, we conclude that the
interface of the AB structure has always a steady-state velocity. This is differ-
ent from the system with quenched randomness where the interface does not
always move with a steady-state velocity. For AA structure or pure A atoms,
Ny = ni_ from equation (6.12) and (6.15), so we have p(0) = i—j}f. In this
case, the expression of the velocity can be simplified as

v i - ;’: o4 (3) = w-a(3)] + 7 j_*m wra(1) + ws4(3) —w-a(l) — w-a(3)]
= 2w_4(2) x e2ra/T 1

eslT 4 e=a/T’
In the following table we have shown that the simulafion results and the
analytic predictions from equation (6.20) for AB structure and (6.21) for AA
structure. The parameters are chosen as : Ty = 0.9, T = 0.1, L4/Ty =
Lg/Te = 1, €,/Ts = /T4 = 1 and w_4 = w_p = 1. From the table we
can see that under various temperature for both pure and AB structure, the

analytic and simulation results agree quite well.

(6.21)

Temperature | analytic v, | numeric v, time structure
0.2 0.1381 0.1381 2.3 x 10° AB
0.4 0.0609 0.06607 1.5 x 10° AB
0.5 0.0000 0.0004 1.5 x 10° AB
04 0.0609 6.06G7 1.3 x 165 AB
0.7 -0.1264 -0.1268 7.5 x 1¢* AB
0.7 0.1698 0.1590 7.5 x 104 AA
0.9 0.0600 -0.0006 7.4 % 10° AA
1.1 0.1228 0.1228 6.6 x 104 AA

6.2.2 Two-dimensional Pure System at Equilibrium State

For a two-dimensional pure system, the interface may contain many struc-
tures like those shown in Fig.6.1. Structures can distinguish from each other
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by the interface height difference n between the two neighboring columns. At
nonequilibrium state, we do not know the probability p'(n) of finding a struc-
ture with a given height n, but at equilibrium state it should obey Boltzman’s

distribution
Inle
Pdny=e Ta =pl n=0,%£1,%2--- (6.22)
and
£
no=e 14, (6.23)
The partition function is
L I 1+
d= Y p)=142Amrnite) =, (624)
n=—¢o — T
and then the normalized probability can be expressed as
on) 1—10
(n) = &4 = 0), (0) = ——. 6.25
pln) = == =5 p(0) p(0) T (6.25)

If the bond energy is set to be Ta: € = Ty, then no = 1 and p(0) == 0.462.
In the following table we have shown the analytic predictions (6.25) and the
simulation results for the probabilities p(n) and we can see that they are in a
good agreement (within 0.2%). Other parameters are chosen as: Ls/Ts =1

and the system size V = 100.

height n | analytic p(n) | numeric p(n)

G 0.462 0.461
1 0.170 0.172
2 0.063 0.063
3

0.023 0.023
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6.2.3 Voronkov’s Model

For a pure material, Voronkov introduced a special model which defines the
transition frequencies w4 (7) in such a way that no correlation along the inter-

face exists. The transition frequencies are so defined

wr(2) = (14 Pu-(2),

(6.26)
here

5 = exp(—elzﬁ}es). (6.27)

So w_(2) is the only dynamic parameter. Under this model he found that the

velocity of the interface can be expressed as

2sFw_{2) N

v = ———1‘+5‘2 - (6.28)

By replacing the transition frequencies (4.3) of our model by Voronkov’s ones
(6.26) in our program, we have simulated Voronkov’s model using our program.
The parameters are chosen as : T4 = 0.9, Tp = 0.1, L4/Ty = Lp/T = 1,
€:/Ta = /T4 = 1 and w_g = w_p = 1. We have performed simulations

for pure A and pure B atoms and the simulation results as well as analytic
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prediction are summarized in the following table. From the table we can see

that the numeric and analytic velocities are in a good agreement!

temperature | analytic velocity | numeric velocity | atom
0.5 0.3944 0.3948 A
1.2 -0.1709 -0.1703 A
0.5 -0.1772 -0.1752 B
6.2.4 Two-Dimensional Periodic Structure

We consider a 2D periodic lattice consisting of alternate columns of either
A or B atoms. This ordered lattice can be considered as repetitions of the
two-column AB system studied in the section 6.2.1 o arbitrary size. Even for
this ordered system we are not able to give an exact theory. However, for the
specialization to Voronkov’s model we do obtain an expression for the velocity
of the interface.

First we introduce two distribution functions p4(n) and pg(n) of the
height n of a break, the vertical part of the interface between two neigh-
boring columns. p4(n) is defined as the probability of finding a break located
between A-column on the left side of the break and B-column on the right side
of the break and pg(n) is the probability of finding a break located between
B-column on the left side of the break and A-column on the right side of the
break. When the highest solid atom on the right side column of the break
is higher than the one on the left column, n is positive : n > 0. Otherwise
n is :n < 0. F

should hold due to the symmetry. Then under the assumption of the absence

reaks pa(n) = pg(-n) and pr(n) = pa(—n)

of correlation among the breaks, one can write down the Master equations.

For pg(n) when » > 0, the Master equation is
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de(n)
polrn+ 1) {o-a2) + w20(2] 3 ) + fo-s(0) + ()] 3 patol}
+o5(n— 1) § [wra(2 +w_B(2)]ipA(n)+[w+A(3 +w-5(3)] 3 paln }

n=—qo

~oo(n) { [o44(2) +0-5(2)] 3 paln) + oxa(8) +0-n(®)] X pate
—|—[w 4(2) + wiB( 2)]ZPA n)—%—[w 4(1) + win( 1) Z pal n)}

=0 na=—oo

a0
LU

At the steady-state this equation can be simplified and hence the following

relation is obtained
pe(n) = p(0) 5%,
pal—n) = pr{n), when n > 1, (6.30)

The similar equation for ps(n) when n > 0 as (6.29) can be written and the

similar relation as (6.30) is obtained

pe{(—n) = pa(n), when n > 1. (6.31)
Here
o(0) = & Ziﬁgjés"g), (6.32)

provided that 54 < 1 and Sp < 1. p(0) is the probability of the absence of
any break and 5S4 and Sp satisfy the conditions

(1 - Sp){Sslw:4(2) + w«—‘B(2)] ~ Splwss(2) + w-4(2)]}
+(1= S) {[04a(3) + w-5(8)] — Shlwrs(1) +w_a(V)]} =

(1 - 54){SBlw:p(2) + w-a(2)] — S4lwi4(2) +w_n(2)]}
+(1— 85) {[ws(3) + w-_a(3)] - Silwsa(l) +w_p(1)]} = 0.
(6.33)
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These are highly nonlinear equations and generally we can not solve them. We
guess that (6.33) has the following specific solution under Voronkov’s model

5, — S\F w+3£3\)
L)

wi5(2) + w_a(2)
\weal®) T wp(2)

g - g |wxaB)tw-s() o |wa(?)+w-5(2)
s wip(D) +w-a(1) "N wip(2) +w-a(2)
(6.34)
where S is defined as
o wra3) T win(3) +w-a(3) + wp(3)
S = (6.35)

N wsa(D) + win(D) +wa(D) + wos(l)’
Note for an alloy consisting of A and B atoms, the transition frequencies of A
atoms defined in (6.26) differ from those of B atoms. It turns out that (6.34)
is a solution of (6.33) since it satisfies the equations (6.33). The velocity is
found to satisfy

2v 52

PO e

. %{ww(n —w_4(1)]

; ﬁf—wm(m — w_4(3)]

. (1_1—53)2[&;“(3) —w_p(3)]

T — s (2]
25p

(2) — w-_4(2}], when 84,55 <1,

I
TS 8) TR
(6.36)

This general expression of the velocity has a finite value when S4 = 1 or

Sg = 1 and we found
1

v = é[w+3(3) —w_4(3) +wss(1) —w_p{lj] when S42>1,

o= -;—[erB(l) cwa() +wa(3) —w 5(3)]  when Sp>1. (6.37)
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For pure material under Voronkov’s model (6.26) we have

w:+(3) +w_{3)
w+(1) +w_(1)

€] —E_ E.S)
2T 7

Spa=5=58= J = s =exp(— (6.38)
Using the relations among transition frequencies in {6.26) and (6.38) we can
recover the velocity expression (6.28) for a pure material under Voronkov’s
model.

Diffusionless growth of a 2D periodic structure is simulated. In order fo
overcome the finite size effect, we keep e, /T being 1, so that 100 columus

always can be seen as "infinite” size no matter how low the temperature is.

N R,
Parameters are chosen as LA/’TA = LB/T— = 1, fsf" =g = T and wﬂ_,i(z) =
fony I —— ) n orxrob e I=] — i
w_pg(2} = 1.. The width of the system is 100 and the numbers of sample is

one. Under these parameters we found S = 1 at the temperature T, = 0.27.
Fig.6.2 shows the velocity of the interface as a function of temperature. The
curve is drawn from (6.36) for T > 0.27 and from (6.37) for T < 0.27 and the
empty diamond symbols represent the Monte Carlo simulation results. It is
clear that the theoretical expectations are in a good agreement with Monte
Carlo simulation results. ‘
One remark worth mentioning is that a disordered 1D chain differs from
an ordered chain [35]. The former does not always have a steady-state solidi-
~ fication front, but the latter does. For a 2D ordered system, for example AB
structure, like the 1D ordered chain, the interface moves steadily when ¢,

not very large.
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O "

_5 1 ] ] H J 1 ! !
01 02 03 04 05 06 07 08 09 1
T

Figure 6.2: The stead-state velocity of the interface of a 2D periodic system versus

temperature under Voronkov’s model. ¢,y /7 is kept 1.
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Chapter 7

The goal of understanding the effect of quenched noise on interface motion
and morphology has motivated a large number of numerical studies. In this
chapter, we study the diffusionless sclidification front more systematically.
Special effort is put on the two-phase region.

In the two-phase region, bond energy effects are examined in the whole
range. For both very small and very large value the solidification front is
found to become pinned in the sense that the velocity of the interface decays
due to the pinning force. For moderate energy, however, the interface of a finite
size system obtains a steady-state velocity. A very large system is always in
a depinning state, which is related to the creep motion. The height-height
correlation on the interface is studied, by that the finite size effect found in

the system can be well explained .

7.1 Large Bond Energy Limit

In the chapter 5, we proved that when the bond energies ¢, are infinitely large
and the system width is finite the 2D system has asymptotics equivalent fo
the 1D system. In order to check this, we simulate the interface motion of
a four-column lattice: N = 4, for which we have obtained a closed solution.
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The parameters governing the phase diagram are : 74 = (.9, T = 0.1 and
L4s/T4y = Lg/Tp = 1. The correspondent phase diagram is shown in Fig.1.1.
Other parameters are chosen as: €,/Ts = /Tsy = 3.0, w_4 =w_p =1 and
T = 0.5. The equilibrium concentrations at this temperature are ¢, = 0.310
and C; = 0.690. By solving equations (4.4}, (4.5) and (3.55), the exponent for
the displacement of the interface is obtained as

% (0.31 < ¢ < 0.50). (7.1)

v =

Since the bond energies e,/T = ¢ /T = 5.4 are so large that the thermally
excited kink density is very small; Then the solid-liquid interface is expected
to advance by the single nucleation and growth mechanism as is discussed in
chapter 5. The exponent 14 and the velocity v obtained by the simulation are
presented as functions of the concentration ¢ in Fig.7.1 and Fig.7.2, respec-
tively. The exponents 14 in Fig.7.1 are determined from the asymptotic slope
of the logarithm of displacement versus time. The solid line in Fig.7.1 repre-
sents the theoretical expectations £q.(7.1). In the one phase region far from
the equilibrium concentration C,, simulation results have a very good agree-
ment with the theoretical expectations: 141 = 1. However, there is a deviation
of simulated 4 from the theoretical value near the phase boundary C,. The
deviation is also observed in a 1D case {34] and is probably due to the finite
simulation time effect. The velocity in Fig.7.2 is determined from the asymp-
totic slope of the displacement versus time and it has a non-zero value even
in the two-phase region due to the creep motion. The solid line in Fig.7.2 is
the velocity obtained theoretically from Eq.(5.24) for N = 4. Comparing the
analytic prediction (solid line} with the simulation results (symbols), we can

ude that the 2D diffusionless crystal growth in the infinite bond energy

U

+

counterpart. It means that the inter-

~
~
4]
[y
)

Limit obeys the same law as th
face advances steadily in the one phase region, but the steady-state velocity

vanishes in the two phase region. -
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Figure 7.1: Exponent 1 of the mean displacement at various concentrations
of B atoms for four-column system: ¥ = 4. The solid line represents the

theoretical expectation Eq.(7.1) and dots represent MO results.
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Figure 7.2: Steady-state velocity v versus concentration ¢ for the four-column
system: N = 4. The solid line represents the theoretical expectation Eq.(5.24}, and
dots represent MC results.
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7.2 The Finite Size Effect

Simulation results have shown that the interface of a 2D alloy system has a
steady-state solidification velocity in the solid phase region (¢ < C,) and a
steady-state melting velocity in the liquid phase region (¢ > C). Naturally,
the basic question we want to ask is how the interface in the two-phase coexis-
tence region behaves. There are many parameters which affect the properties
of the system but the ones which are new compared to the 1D system are the
bond energy ¢ and the system size N. In the following, we shall systematically
study the effect of these two parameters on the dynamics of the interface. The
values of other parameters are kept fixed to reproduce the
= 0.9, Tp = 0.1,
choose the concentration ¢ = 0.4 and the temperature T = 0.5 so that the
corresponding phase point is located in the two-phase coexistence region with
a solid phase favored (see Fig.1.1). Then the choice of w_4 = w_p = 1 leads
to solidification frequencies wy4 = 1/w,p = 2.226 at T = 0.5. For simpHcity,
the bond energies ¢, and ¢ take always the same value: ¢, = ¢ = e. We shall
keep the values of the above parameters through chapter 7, otherwise they
will be specified.

We first study the time dependence of the interface displacement (h(t))
for various system sizes IV at a given bond energy e. Figure 7.3 depicts the
raw data in the log-log plot for six different sizes N ranging from 20 to 89
at the fixed bond energy ¢/T% = 2.0. The simulation is performed up to the
time 10° and (R(t)) have been averaged over 50 ~ 150 samples. Two different
behaviors of interface separated by a cross-over time ¢ are observed:

(i) Initially, the displacement, < h{f, N} >, increases linearly with time ¢,

< h(t,N) >~ 1 [t << tx] (7.2

which is reflected by the unity slope of the initial part of curves and is inde-

‘pendent of the system size N.
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Figure 7.3: Log-log plot of the mean displacement < h(f) > as a function of time
t for various system sizes: N =20,30,40,50,60 and 80 from the bottom to the top.

The bond energy is € = 2.074.
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Figure 7.4: Log-log plot of the mean displacement < h(f) > as a function of time
t for three system sizes: N =10, 25 and 40. The bond energy is ¢ = 1.5T 4.
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(ii) The liner increase in displacement does not continue indefinitely, but

followed by a power-law increase
< h{t,N) >~ t>ty]. (7.3)

Up to a simulation time T = 10° we obtain a dynamic exponent »y which
varies from around 0.51 to 0.97 as the system size NV increases from 25 to 8G.
The same tendency is also observable for 2 system with a smaller bond energy,
¢/Ts = 1.5 as that depicted in Fig.7.4. Here the simulation is performed longer
up to the time ¢ = 10% and (h(t)) verse ¢ have been averaged over 900,300 and
80 samples for N = 10,25 and 40, respectively. The asymptotics slopes of the
three curves of (h(Z)) verse £ in double-logarithm are around 0.51. This result
suggests us strongly that the interface of a finite size system in the long time
limit (see tails of the curves in Fig.7.4) behaves similarly and it is independent
of size like the initial growth phase. The tails of the curves in Fig.7.3 are just
the intermediate behaviors between depinned and pinned states.

In the simulation, the solidification starts from a straight interface. As
atoms on the interface change their states between the liquid and the solid
states, the interface gradually roughens and bumps appear. At the beginning,
bumps are so small and isolated from each other that the interfaces of systems
can not tell one system size from the other and therefore display a common
linear law behaviors. However at a time near the cross-over time when the
typical bump size reaches the system size, the system is affected strongly by its
size. Obviously it takes longer time for a larger system when a typical bump
develops and finally reaches the system size. This leads to what we can see in
Fig.7.3 and 7.4: the larger the system is, the later the cross-over takes place.
In the long time limit (see Fig.7.4) all systems lose the memory of the size
and present a common behavior: a quasi-1D behavior which is characterized

by the power law behavior of the displacement with v = 0.51.
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Figure 7.5: Log-log plot of the cross-over time {x as a function of the system size
N. The fitting line is £, ~ N°.

Fitting the initial behavior and the asymptotic behavior of each curve in
Fig.7.4 to two straight lines, we estimate the cross-over time for the three
systems. Fig.7.5 shows the size-dependence of the cross-over time on the log-
log plot and it can be fitted by a straight line with a slope around 3. So the
cross-over time ¢ at which the interface cross over from the behavior of (7.2)

to that of (7.3) dependents on the system size,
'tx ~ Nz, . (7.4)

where z is the dynamic exponent.

So for a finite-size system with moderate bond energy at the very beginning
of growth (¢ < tx) the interface advances steadily in a undepinned state and
at the long time limit (¢ >> t«) it becomes pinned; In between it is strongly
affected by its size. This scenario will be further elucidated later in the section
7.3.2.
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7.3 The Bond Energy Bifect

7.3.1 Bond Energy Dependence of the Exponent 1,

Now we examine the effect of the bond energy e on the dynamic exponent 4
for a given system size N. The exponents v; are obtained from the simulations
up to the time { = 10° ~ 16° and ((t)) have been averaged over 100 ~ 1000
realizations of randomness. We studied seven systems with sizes ranging from
25 to 2000 and the results of the bond energy ¢ dependence of the exponent v,
are summarized in Fig.7.6. It clearly shows that there is an evident size- and
bond energy-dependence of the interface dynamics. We can divide the bond
energy dependence of 1 into four characteristic regimes; (a), {b), (¢} and (d},
as is exemplified in Fig.7.6 for the system with a size N = 40.

(a) Jump Regime — For € = 0, 4 has theoretically the value 0.51 since the
2D lattice becomes 1D one due to lacking correlations among atomic columns.
The exponent v; increases sharply from the 1D value, (.51, to unity in a very
short range of energy from 0 to 0.174.

(b) Steady-state velocity regime — For moderate bond energies (> 0.17%),
the interface obtains a steady-state velocity and its displacement grows lin-
early with time; The exponent has the value 1 in this regime: »; = 1. This
is quite a surprise since the interface of a 1D chain gets completely pinned at
the concentration ¢ = 0.4 and temperature T' = 0.5. The energy range where
v, remains unity varies with the system size. The larger the system size N is,
the wider the range becomes. For example, this range falls in 0.17¢ ~ 174
and 0.174 ~ 1.574 for N = 40 and 70, respectively. However, the interface of
a system with size 2000 moves always steadily in our time-limited simulations.

(¢) Transit Regime —If the bond strength ¢ exceeds the critical value e.(V)
then vy starts to decrease. For the reason of easy operation we define ¢, as the
value of the bond erergy when v} drops from 1 to 0.9. The so defined critical
value e is found to increase linearly with the system size IV, as is shown in
'Fig.fi’;'?. Note that the results in Fig.7.3 belong to this regime.

" (d) Pinned Regime- For a strong enough bond energy ¢, the exponent 14
eventually approaches to the 1D value 0.51. This regime has been studied
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Figure 7.6: Dependence of the dynamical exponent v on the bond energy e. Curves

from bottom to top correspond to system sizes N =25,30,40,50,70,80 and 2000. data

are obtained from the simulations performed up to the time 105.
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in detail in the previous section 5 theoretically and in the section 7.1 by the
simulations.

It is worth mentioning that the results presented in Fig.7.6 are obtained
from time-limited (10° ~ 10°) simulations. If we could perform simulations
for infinite time (¢ 3> #yx or £ — co), then the picture in Fig.7.6 should look
totally different; all v; have the 1D value 0.51!

7.3.2 Very Small Bond Energy Hegime

For very small but non-zero bond energy {(¢/Ts < 1), namely the jump regime
of the two-phase region in Fig.7.6, the interface is pinned and therefore does
not have & steady-state velocity. The fact that the exponent 1, increases from
the value 0.51 of a 1D system, or namely the case ¢ = 0 in a 2D system,
to 1.0 when ¢ is around 0.174 reveals that the 2D effect on the system gets
stronger as ¢ increases. Pinning for small bond energy ¢ can be understood
by the following picture: treat the very small energy ¢ as a perturbation for
the zero-¢ case. In the absence of the bond energy, there exists no correlation
between neighboring atomic columns in the 2D system and it becomes simply
a pile of 1D chains. Once an atom is pinned, it will stay in the pinued state
until be excited into unpinned state by the external driving force H and
gets no help from its neighbors. Therefore, the interface is rather corrugated
and interspersed with many ditches with a B atom sitting at the bottom.

Therefore, the dynamic exponent 14 can be approximately expressed as

) H_ CQ—C _
vy = Hc = CO—CS. (TD)

Here H. is the critical driving force which separates the moving interface (when
H > H.) from the pinned interface (when H < H.) for a one-dimensional
diffusionless disordered alloy system. The above formula (7.5) shows a linear
dependence of v; on ¢. The suitability of this approximation (7.5) can be
verified by Fig.3.5 where the solid line shows a approximately linear decrease
of v from 1 at ¢ = C, to 0 at ¢ = Cp in the solid side of the two-phase region.

As the small bond energy is introduced, the atoms in different columns
start to affect each other. The bond energy plays a role of an extra driving
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force which always tries to make the pinned atomic column catch up with its
two neighboring advancing columns. In consequence, when the pinned atom
solidifies the system gets energy gain not only from the driving force 5(Co — ¢)
but also from the bond energy 2e with its two neighboring atoms. According

to {7.5), v1 can be now approximately written as

_H  b(Co—c)+2¢/Ty
NEH T T WG -C) (7.6)

This formula shows a linear dependence of v; on €. Roughly speaking, this
is what we have seen in the jump regime of Fig.6. Because of the extra
driving force 2¢, the real external driving force b(Cy — ¢) required to keep
the interface steadily moving becomes smaller than that (6(Cp — C.)) in the
zero ¢ case. In other words, even for 8(Co — ¢) < H,, or ¢ > C,, it is still
possible that the interface moves steadily provided that e is bigger than a
critical value €* which satisfies the condition: v;(e*) = 1. In the case studied
here (¢ = 0.4,b = 0.8,C, = 0.31 and Cp = 0.5), €* is about 0.04T4 from
the formula (7.8) by letting vy = 1. The value of ¢ measures from the
simulation as around 0.174 (see Fig.7.6). This means that the interface gets
pinned when ¢ < €%, but unpinned when ¢ > ¢* in the two-phase region of
the equilibrium phase diagram for very small e. In addition, ¢* varies with
the concentration and the temperature. Note that this argument applies only
to the very small ¢* case where such an interface structure of a single pinned
atomic column surrounded by two much advanced columns could exist and ¢*
can be considered as a perturbation. Thus both for very large and very small
bond energy in 2 finite system the interface is pinned. However that the latter
result applies only to models of SOS-type and probably not to systems with

overhangs.

7.4 Depinning of Large Systems

In the previous sections, we have seen that the properties of a 2D system
depends strongly on the two parameters: the size N and the bond energy €. In
‘the limit of large energy (¢ — o0) the system loses its 2D features and behaves
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effectively like its 1D counterpart. Oxn the contrary, in the limit of large system
size (N — o), the crystal grows steadily for the concentrations ¢ < Co(T') if
€ > 0.174 (sec Fig.7.6 for N = 2000). Here the critical concentration Cj is
defined in Eq.(3.49), and takes the value 0.5 at T = 0.5.

Our concern hereafter in this section is the growth law in the two-phase
region; how does the growth depend on the driving force H « Cy — ¢ for
a very large system in the two-phase region? Fig.7.8 shows the simulation
results of the velocity of a solidification front as a function of the driving force
H x 8.5 — ¢ for a large system with size N = 2000. Three different bond
energies are considered: ¢/74 = 1.0, 1.5 and 2.0. The simulation has been
performed only once for each parameter set, but statistics are sufficiently good
due to the large system size.

Figure 7.8 clearly shows that the velocity of the front increases system-
atically with the driving force H. Generally, we can not formulate the H-
dependence of v, but for a very small driving force we shall make it in the
spirit of a driven elastic manifold[60, 81, 62, 63]. Our picture of the interface
motion is as follows. In the absence of an external driving force H = 0 or
¢ = Cp = 0.5, the interface moves until it finds a configuration with a local
minimum of the energy, whereupon it is pinned. If we drive a system with a
non-zero force

H =5{05—¢), (7.7)

the interface tends to move in the direction of H, but the pinning force f
tends to block the motion. Here above b is a constant. As soon as the
pinning force f is overcome by the external driving force i and the restoring
force F, generated by the local curvature of the interface (or surface), the
interface beging to move with & finite velocity. For a very small field H the
motion may not be uniform. At a given instani the interface may consist of
pinned and unpinned regions. The height difference between the pinned and
unpinned region increases in time, and thus the interface should be randomly
corrugated with large amplitudes. But once the combined effect of the driving
and restoring forces overcome the pinning forces in some pinned region, the

interface jumps over the pinning sites and begins to move until it is stopped
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Figure 7.8: Dependence of the velocity v on the concentration difference {0.5 — c).
The system size is N = 2000 and the bond energies are :e=1.0T4(+), 1.5T4{x) and
2.074(x), respectively.
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Figure 7.9: Time evolution of an interface profile of a 2D system under a small
driving force : 8.5 — ¢ = 0.08. The system size is NV = 2000 and the bond energy is
€ = 2.074. Time increases from the bottom to the top. Note that the vertical and

horizontal scales are different.
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again by another region of strong pinning sites. Thus the interface exhibits
a slow, smooth motion interspersed with jumps. After waiting times which
are typically long in comparison with the time to move from one pinned state
to the next the interface jumps over the pinning center and then moves on
continuously until the next stop at a pinning site. The interface velocity v
thus is expected to be inversely proportional to the waiting time ¢,, for a jump.
Typical interface profiles of the system are shown in Fig.7.9. From the bottom
to the top one can observe the time evolution of an interface profile and the
eye can readily recognize that the roughness increases in time.

We now estimate this waiting time £,,. The randomly quenched B atom on
the site ¢ corresponds t0 a pinning center against the solidificaiion front with
a pinning force f;. Let us consider the case that the interface has to jump
over a pinning region with an extension [ and a height A. This region pins the
solidification front because it has more B atoms than the expected average
value and the liquid phase is favored with an energy gain ~ A(hI)/%. Here
A is a prefactor characterizing the effective strength of the random pinning
force and is proportional to the quantity < f; f; >. For the interface to pass
over this region, it has to pay the energy penalty

u ~ A(RDE. (7.8)
in order to pass over this region. However the interface deformation costs

surface energy and therefore the jump makes the interface to gain the surface

energy
h
us ™~ 7(7)255 (79)

where + is the surface tension. The solidification of the volume Al by the
uniformly applied driving force F leads to the energy gain

ug ~ HIlh. (7.10)

By assuming that the jump takes place when all the competing energies are
of the same order as u, ~ u, ~ g, the pinning region to be jumped over has

fh_e following characteristic length scales

I~~AT/H, A~ AIJHyS, (7.11)
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Figure 7.10: Schematic illustration of the pinning of an interface portion of length !/
and height . The local impurities (small arrows) oppose the motion of the interface,
acting against the external driving force F and the elastic force generated by the
local curvature of the interface.
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Figure 7.11: Dependence of the normalized velocity {0.5 — c)In(v) on the con-
centration difference (0.5 — ¢). The parameters are: N = 2000 and e=1.0T4(x),
1.5T4(=) and 2.0T4(+), respectively.
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and the characteristic energy
u=dA’/H, (7.12)

where d is some constant of order unity. Assigning u to be the height of the
energy barrier over which the interface has to jump, we estimate the waiting
time for the interface as

f ~ Y7, (7.13)

The velocity of the interface is simply the inverse of the waiting time, and can
be expressed as

(7.14)

where g is a prefactor. Thus for small driving force H the velocity v is expected
to decrease exponentially with H~*.

In order to check the above ideal, we obfain the following relation by
inserting H in Eq.(7.7) into {7.14) and then taking the logarithm of its both
sides

(0.5 — ¢)In(v) = ——=+ + (0.5 — ) In(g). (7.15)

As the driving force (0.5—c¢} approaches zero the value of {0.5—¢) In(v) changes
linearly and reaches the value —dA?/bT at H = 0. The linear law is verified
by the numerical simulaticns. Fig.7.11 shows the value of (0.5 — ¢)In(v) as &
function of (0.5 — ¢) for three various bond energies: ¢/74 = 1,1.54 and 2. In
the vicinity of zero driving force all data points can be fitted by three different
straight lines which cut the vertical axis at the same point 0.192 independent
of ¢ at H = 0. Since the temperature is 7' = 0.5, so dA?/b is estimated about
0.096.

Next we shall now estimate the constant b and the strength of the pinning
force A. One starts from the analysis of the free energy of a binary lattice
system without concentration fluctuation. By solidifying A4 = Al atoms, the

system gain free energy which can be written as
Ug = —M[A[J,A(l - C) + A[JBC]. (7.15)
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The two terms on the RHS of the above equation represent the free energy
gained by solidification of an A and a B atoms, respectively. Now introducing

the local concentration fluctuations, we can write the total free energy gain as

u = =3 [Aua(l - )+ Apsc]

=1

~ —M[Apsll — (¢ Ac)] + App(c = Ac)]
= —M[Apa(l —c) + Appc) + TMAc(Aps — Apa)

= —MH + MAc(App — Apg). (7.17)
Here Acis the concentration fluctuation, Ac = /< {Ac)? >, and is estimated
as follows. Since the probability p{#,m) of finding m B atoms at M given
sites obeys the binomial distribution
M
M,m) = ————=c™(1 — )M 7.18
Py m) = e (1) (1.18)

For a sufficiently large number of lattice sites (M — c0), the above distribu-
tion becomes Gaussian distribution
(m — Mc)?

1
v 2mMe(l — ¢ emp(szC(l —¢)

The mean value and the mean square fluctuation of the number m of B atoms

p(M,m) =~ )- (7.19)

can be read off directly from the above Gaussian distribution as
<m >= Me (7.20)
< (m — Mec)? >= Mc(1 —¢). {7.21)

Then_

—_— [ rm \2, /c —
Re= (3¢ )=y T

~—
:-3
[
| ]

p S

Substituting the expressions (7.22) into formula (7.17) and using the param-
eters Ls/Ty = Lp/Tsg = 1,74 = 0.9,75 = 0.1 and T = 0.5, the free energy

_gain is found to be

uw=—0.8M(0.5 — ¢) = 0.8V My/c(1 — ¢). (7.23)
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Notifying that A/ = hl, the first term on the RHS corresponds to the bulk
driving energy ugq, (7.10) and the second term corresponds to the random field
contribution u,, (7.8). Then the driving field is identified from (7.10} and
(7.23) as

H = 0.8(0.5 — ¢), (7.24)

and the strength of the random field (7.8) and (7.23) as

A = 0.84/¢(1 —¢). (7.25)

At the mean concentration, ¢ =0.5 the driving force H becomes zero and
the strength of the random force A becomes 0.4, From the expression (7.24)
and (7.7), we obtain the prefactor b being 0.8. From A = 0.4, b = 0.8 and

the estimate dA?/b = 0.096 obtained by the simulation, d is determined to be
0.5, of order unity as expected.

It is worth mentioning that the driving force H used here is two times of
F used in the RFI model {4.11): H = 2F. The factor 2 results from the fact
that the energy gain is 2uy when atoms change states from liquid to solid,

or in terms of RFI model, spins flip from downwards (s; = —1) to upwards

(Si = +1)

7.5 The Velocity for Very Large Bond Energy

The interface velocity of a large system should be a function of bond energy
and the driving force at fixed temperature : v{e, H) or v(e, ¢} which generally
can not decoupled. Although we do not have a theory to write v(e,c) down
explicitly, by computer simulation we do can investigate some properties of
v(e€,¢) in some extreme conditions. In the previous section we have found that
¢ and c affect v separately in the vicinity of zero driving force, namely v{e, )
can be written as

- v(e ¢) = pa(e)ea(o), (7.26)

with ¢1(e) = g in (7.14), where p;(e) is a function of € and w»(c) is a function
of ¢. Now we ask how v depends on ¢ when ¢ is large. Obviously, the larger
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Figure 7.12: Dependence of the interface velocity v on the bond energy ¢. The
parameters are: N =2000, 7" =0.5, ¢ =0.4. Simulation is performed up to the time
105,
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Figure 7.13: Logarithm of the velocity in{v) versus the bond energy ¢/T. The
parameters are: N =2000, T =0.5, ¢ =0.4. Simulation is performed up to the time
10°, The fitting line has the slope around 1.06.
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the bond energy is, the more difficult it is for the interface to move. Fig.7.8
clearly shows this tendency where the velocity curve for larger ¢ is Jower than
that for smaller e¢. For a systematic study of the e-dependence of the velocity,
we fix the concentration ¢ = 0.4 and vary e. Fig.7.12 shows the result for
the system size N = 2000 and T = 0.5. From the figure we can see that the
velocity decays with increasing the energy ¢. Generally we cannot formulate
the velocity as a function of e, but for large energy things become simple. For
large energy the interface is almost flat, but still a few kinks are always excited
thermally since the system size is large enough. The density of those thermally
excited kinks is proportional to exp(—e/T) and they act as a solidification
center. With increasing energy the difficuity of creating a kink increases as
well and therefore fewer kinks exist. Because the propagation of a kink along
the interface is much faster than creating it, we can safely predict that the
velocity decays in the same manner as the number of kinks: v ~ exp(—~¢/T).
Fig.7.13 shows the data of Fig.7.12 in a semilogarithmic way. The data in
the large /T range can be fitted by a straight line with slope around unity,
which agrees quite well with the prediction! This argument is not applicable
for small ¢ because multi-kinks exist on the interface.

Combining the above argument with the result (7.14), we get the velocity
of the solidification front for an infinite system with large bond energy under

very small driving force (c being in the vicinity of 0.5) as

N -
v =15 T O ET  when {H o 0 (7.27)
L€ — oo

Here the prefactor 1.5 is estimated from Fig.7.11.

Some comments may be necessary concerning a small system. Asis shown
in chapter 5 explicitly the velocities of small systems are proportional to
exp(—2¢/T} for e, = ¢ = e. This is due to the fact that the creation of an
initial nucleus is required in these small systems, because there exisis usually

__ﬁo__ kinks at all at sufficiently large bond energy and low enough temperature.
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(e, C}u{e=1T,,0)

Figure 7.14: The ratio of the velocity v(c,¢) to the velocity v(e = 174,¢)
versus the concentration ¢ for four various e. The bond energies are : e = 0
(symbol %), 0.5T4 (symbol 0},1.5T (symbol +) uud 2.0 T4 (symbol x). The
solid line represents the exact 1D results from (3.53). Other parameters are:
N =2000, T =0.5 and ¢ =0.4. Simulation is performed up to the time 105.

The Eq.(7.27) tells us that in the two phase region( ¢=0.4) for very large
€, the bond energy-dependence and concentration-dependence of the steady-
state velocity of the interface can be decoupled. Actually this is not a unique
property for the two phase region, but for one-phase region too. So if formally
we can write the velocity as

v(e, c) = pi(e)pa(c), (7.28)
then we can get the following ratio of two velocities for same concentration

v(e, c) _ 2160,
vien, ¢} pifes)

" The means that the ratio of velocities of two systems with bond energies

= 90(61,62). (729)

€1 and ¢ is independent of the concentration, if €; and ¢ are large enough.
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This prediction has an excellent agreement with the compute simulations(see
Fig.7.14)! Fig.7.14 shows the ratio v(e,c¢)/v{e = 1T4,¢) versus the concen-
tration ¢ for four various €;. For the large energies: ¢ = 1.5T4 (symbol +)
and 2.074 (symbol x ), the ratio is almost a constant in the whole range of
concentration; For the moderate energy: € = 0.5T4 ( symbol o ), the ratio
decreases with c increases; For zero energy: ¢ = 0 (symbol =}, the ratio should
follow the solid line which is the exact 1D results from (3.53), but actually it
does not vanish in the two-phase region due to the limited simulation time.
So we conclude that for very large bond energy the influences of the bond
energy and concentration on the velocity of a large system can be always
decoupled as the product of a function of € : ¢1(¢) and another function of ¢ :
wafc). Although we do not know the expressions of p;(e) and @;(c) generally,
we have found : p;(e) = e~*/7 in the two phase region and s{c) = g9 /AT

in the vicinity of Cj.

7.6 Correlation Length

In the section 7.2 we have observed that the interface displacement crosses
over from an initially depinuned to a finally pinned state as time proceeds. This
question may appear elementary, but it has no simply answer. The fact that
the cross-over time, £, increases with the system size IV suggests that cross-
over phenomena constitute a finite size effect. But What is the mechanism
that leads to the traosition? How does the system know when o undergo
a depinning-pinning transition? To answer these questions, we must discuss
a very important property of most surfaces, the existence of correlations in
the system which imply that different sites of the interface are not completely
independent, but upon the heights of the neighboring sites. Through a close
examination of the growth process, we can gather some clues about it. Figure
7.15 illustrates our growth model. Shown is the case N = 11, where N is
the number of columns. There are four most possible sites where atoms can
‘change their states from liquid to solid state. After the transition, the height
~of the column will be equal to or larger than that of its neighbors. From the
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12 3 4 5 6 7 8 § 10 11

¢l Shown iz the rase NV = 11, where IV is the number

model, the interface of a column has less chance to move if it is higher than its
neighbors in both sides after moving (case 4). However, those columns with
interfaces lower than at least one of the {wo neighbors are easy to move. In
this way the neighboring columns are strongly influenced by each other. The
height fluctuation will spread laterally, because the newly growing interface
of a column must have height equal to or larger than its neighbors, but the
height difference can not be very large. Although the growth process is local,
through this lateral growth the information about the height of the neighbors
spreads globally.

The correlation length £/, is just the typical distance over which the heights
know about each other. At the beginning of the growth, the sites are uncor-
related. During the growth £, grows as well. For a finite system £;; can not
grow indefinitely, because it is limited by the size of the system N. When ¢,
reaches the system size, the entire system becomes correlated, resulting in the
cross-over of the interface behavior from (7.2) to (7.3). Thus after cross-over

the correlation length £, is about the system size N,
§y~ N [E> ] (7.30)
S Depinning-pinning transition occurs at a time ¢, given by (7.4). Replacing
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N with £/, we obtain &;; ~ tl;}, which in fact holds for ¢ < £« as well
£y ~te [E <t (7.31)
We define the following height-height correlation function
G(z,1) = (h(z',£)?) — (h(z',t) A’ + 2,1)) . (7.32)

Here 2’ and z + 2’ are two different lattice sites separated by a distance z and
h{z',t) denotes the height of the interface at site ' at time {. < ... > means
the average over all sites 2’ keeping the separation z fixed. The simulation
resuits of G(z,t) versus the z at various times on the log-log plot are shown
in Fig.7.16. It is apparent in Fig.7.16 that there are two regions separated by
the correlation length ¢;, at a given time:
(1) For small separation distance z, the correlation function increases as a
power of x,

Ga)~2® <t (7.33)

Here 3 is an exponent.

(ii) The power-law increase in correlation function does not continue indefi-
nitely, but is followed by a saturation regime ( the horizontal region of each
curve in Fig.7.16), during which the correlation function reaches a saturation
value, G,e:(t). In Fig.7.16, twelve different curves correspond to the correla-
tion functions at twelve different times t. As time increases, the saturation
value, Gyque(t), increases as well.

(iii) The correlation length §;;, at which the correlation function, G(z,1),
crosses over from the behavior of (7.33) to saturation has been found by the
simulation o increase with the time. Fig.7.17 shows the simulation results
(symbols) of the correlation length ¢;; as a function of time for a system with
size N =2000, concentration ¢ =0.4 and bond energy ¢ = 1.57 at temper-
ature T =0.5. The fitting curve &;; ~ £ is drawn just as a guide to the
eyes. At a given time the correlation function increases with the separation
z but saturates for z larger than the correlation length {;,: The correlation
extends up to £;; but two points on the interface separated by more than ¢,
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Figure 7.16: The height-height correlation function G(z, ) versus the separation
distance 2 at various times on the log-log plot. From the bottom to the top time
N =2000, ¢ =0.4, T =0.5,

increases up to 10°. The chosen parameters are
¢ = 1.5 T4. Data is obtained for 50 independent runs.
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Figure 7.17: Correlation length £/, versus the time {. The simulation is performed
with the system size N =2000, ¢ = 1.5T4, T =0.5 and ¢ =0.4. The curve 5//_~ 13

-is just for the guide to the eyes.
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Figure 7.18: Time evolution of the width of the interface o(t}. The curve o(¢) ~ £3

is just for the guide to the eyes.

are uncorrelated. As time proceeds the correlation-length ¢, increases with

time, as is shown in Fig.7.17.
For z > ¢;; when t < ty the correlation of the interface at two sites is

lost, and therefore the < h{z’) > is independent of < A(z+2') >. In this case
the correlation function (7.32) has the following property

I G0)
= <h(z,8) > - lim <Az, t)h(z’ +2,) >
= <h(z,t)? > — < h(z',t) >< h(z' + 2,%) >
= < h(#)® > — < hA(t) >?
= o’(t) (7.34)
This means that the saturation value G..(t) of the correlation function in
the limit of large separation z is equal to the variance o(t) of the interface

position A(t). Note, however, that the width of the interface at long times
scales with the systems size as o ~ N®% as can be read off the Fig.7.16.

92




CHAPTER 7. NUMERICAL RESULTS AND DISCUSSIONS

Fig.7.18 shows the interface width o(¢) as a function of time t. At time 10°,
o(t) is about 20, which is at least less than one-fiftieth of the width of the
interface in a 1D system with the same concentration (¢=0.4)(see Fig.3.3(b}).
The thin interface width in the 2D system is due to the surface tension which
tends to keep the interface as flat as possible.

The pinning-depinning crossover phenomena can be understood in terms of
the correlation length and the finite size of the system. From the simulation of
a rather large system IV = 2800, we know how the correlation develops as time
proceeds, as shown in Fig.7.17. For systems with small sizes the correlation
should develop similarly. Therefore the time-dependence of the velocity can be
related to the £;/-dependence of the velocity, as shown in Fig.7.19. It
the information of four systems with different sizes. At the very beginning ¢
interface is not affected by the system size and all systems behave in the same
way. This corresponds to the common slope (~ 0.0263) of the initial part of
curves in Fig.7.4. As time passes and when the correlation length approaches
the system size the interface starts to slow down and eventually the velocity
becomes zero. This crossover from depinning to pinning takes place later if the
system size becomes larger. For very large system (N = 2000), {;; remains
much smaller than N and the interface stays in the depinned state with a

steady-state velocity.
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Figure 7.19: The velocity v of the interface versus the correlation length £;,. The
system sizes are V =10,25,40 and 2600 from the bottom to the top, respectively.
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Chapter 8

In the previous chapters we study the propagation of the solidification front
of an alloy system with quenched atomic configuration, i.e. no rearrangement
of atoms allowed. We found that for a one-dimensional system with a zero-
dimensional interface the interface does not advance steadily but shows an
anomalous time dependence in the two-phase region. For a two-dimensional
finite sized system with a one-dimensional interface, similar agymptotics is

found in the limit of the large energy of kink formation.

In reality , however, atoms are not completely guenched but are mo_ving
and the conceniration follows the diffusion law. The natural question then
is how the djﬂ'usion_ affects the motion of the interface. In this chapter, we
shall address this question by Monte Carlo simulation of a one-dimensional
system and compare the results with an approximate énalysis which ﬁeglects

- the correlations in the conecentration distribution.
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8.1. ONE-DIMENSIONAL LATTICE MODEL WITH DIFFUSION

8.1 OCne-Dimensional Lattice Model with Dif-
fusion

We use the same one-dimensional lattice model as the one describe
section 3.2 but with diffusion of atoms in stead of no diffusion. We consider
a binary alloy system composed of atomic species of A and B, and denote
the concentration of B atoms by ¢. Fach atom can be either in solid or
liquid state. We introduce the state variable n; which assumes the value zero
or unity according to whether the site ¢ is occupied by an A or B atom,
respectively. The average of n; over the whole lattice sites L should be the

given concentration c:

Cc =

in . (8.1)

On this chain we assume a single interface which separates the solid and liquid

e

phases, for example, liquid above solid. The interface position £ is defined then
as the lattice site of the highest solid atom. It can be either a species of A or
B. If it melts the interface-height decreases by one lattice unit: A — b — 1.
If the liquid atom above the interface solidifies, the interface advances by one
unit: A~ — A+ 1. The interface motion is assumed to take place stochastically

following the master equation

BPth,t) = S W(h+6— k) P(h+4,1)
d=+41
— S W(h — h+8) P(h,t) (8:2)
§==+1

where P(h,t) is the probability that the interface is at the site & at time £. The
transition probabilities W depend on the atomic configurations around the
interface. We consider a model where the transition probability W depends
only locally on the type of particle which changes its state during melting or
solidification. If the solid site & is occupied by an X (= A or B) atom and the
liquid site 2 +1 by 2 Y (= A or B) atom, then transition probability of the

__in_te_rface advancement is given by
Wh—h+1)=wy (8.3)
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and that of the interface retardation as
Wh—oh-1)=w_x (8.4)

The detailed balance condition requires that the kinetic ratio w. x /w.x should
be equal to the one exp(—px/T) determined by the thermodynamics:

YX _ gex/T (8.5)
Wix

where X=A or B.

If the interface motion is so fast that there is no time for the atomic
configurations to change while the interface traverses the whole system, the
configuration can be regarded as being quenched. In reality the atoms are

moving and the configuration changes according to the diffusion law;

B 5 Wonlyntys = mimies)Q{n')0)
¢ d==1
- Z WD(niani—i-E — n;,n;+5)Q({n},i) (8‘6)
d==+1

where Q({n},t) is the probability of finding the atomic configuration {n} at
the time £. The configurations {n'} are different from the configurations {n}
by the exchange of states at the site 7 and its neighbor ¢ + 4. Here we assume
a simple diffusion such that the transition probabilities Wp are constant and
equal to the diffusion coefficient. In principle the diffusion coefficient in the
solid, Dy, is different from that of liquid Dy. In this paper two typical cases
are considered: the symmetric diffusion where Dg = Dy, and the one-sided
diffusion where Dg = (. S

8.2 Monte Carle Simulation

The motion of the interface is simulated by the Monte Carlo method. In the
simulation, in principle, all the atoms in the chain have the possibility to move
_'fstochastica}ly but the influence upon the interface motion is localized within
the diffusion length Dgr)/v near the interface, when the interface is moving
with the instantaneous velocity v. In the two-phase region the asymptotic
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velocity is expected to vanish but within our simulation time less than 10°
one obtains a finite velocity. In order to save computing time we allow the
diffusion of atoms within ranges of [s and Iz from the interface in the solid
and liquid phases, respectively, which are chosen sufliciently larger than the
diffusion lengths.

The simulation proceeds as follows. Let the interface be located at 2 site
h between a solid X and a liquid Y atom, where both X and Y can be either

of type A or B. After the time increment of

1
At = (w_x +wyy + Dgls + Drlg)’ (8.7)
the interface advances forward with a probability
P, = w,y At (8.8}
recedes backward with a probability
P =w_x Af, (8.9)

or one of the solid or liguid atoms in the range Ig or Iz from the interface
exchanges its position with its neighboring solid atom above or liquid atom

below with a probability
Fy=Dg At or Py = Dy Al (8.10}

Parameters are chosen to be the same as those in the work [34] for comparison;
Ta=108, Ts = 0.1, La/Tu = Lg/Tg =1, T = 6.5 and wyu = wyp = 1.
Thus the equilibrium concentrations are Cs = 0.310 and Cr = 0.690, and
the melting probabilities are w. 4 = ¢ %8 = 0.4493, and w..5 = €*® = 2.226.
The new parameters in the present study are the diffusion constants Dg and
Dy. They are chosen as Dg = Dy = 1 for the symmetric diffusion and
Dg = 0,Dp = 1 for the one-sided diffusion. The length of the chain is
_i_:hosen such as to be sufficienily larger.fhan the displacement of the interface
‘during the simulation. The range of diffusion is chosen in the largest case as
ls= i = 1500.
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From the simulation we calculate the interface mean displacement (h{))
and its variation o(t) = \mh(t) — (h(t)))?). Here (A} means the sample
average of the guantity A over at least 100 samples simulated. Their time

variations are shown in Fig.8.1 for the case with the symmetric diffusion and
in Fig.8.2 for the case with the one-sided diffusion. They depend on time
asymptotically in power laws ; (h{t}) ~ ¢* and o(t) ~ £*?. The estimated
exponents v, and v, are shown in Fig.8.3. In the diffusionless case (Dg =
Dy = 0) our model can be mapped to the directed random walk with a
waiting time distribution for forward interface jumps F(r) ~ 7~ 0+ with

v = 1.25In(¢™! — 1), where the exact behavior of v; and v, are known

vy =29 =1 for 8 <e< e =0.168,
m=12v=3—7v for ce < ¢ < (g,
vy =My =Y for Cs < e<0.5. (8.11)

These exact results for the diffusionless growth are also shown in Fig.8.3 as
solid and dashed lines. In the diffusionless growth the exponent v, increases
anomalously above 1/2 in the concentration range ¢z < ¢ < ¢z = 1/(1 +
e%%) ~ 0.401 due to the strong pinning effect of B atoms. With diffusion the
anomalous increment of the interface width seems to be healed such that 1,
becomes closer to 1/2. The reason might be that the large cluster of B atoms
which pins the solidification front will be resolved by the diffusion of B atoms.
Close to ¢ = 0.5 the exponent v- seems to remain smaller than 1/2 even with
diffusion as in the case without diffusion. Conceruning the exponent v, for the
mean displacement one can observe that it takes the value close to 1/2 in the
region ¢z < ¢ < 0.5 and remains ié,rger than 1/2 in the region Uy < ¢ < ¢3
at least in our time limited simulations. This result can be understood by
the approximate analysis in the next section if the growth is controlled by the
diffusion.
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Figure 8.1: Time evolution of (a) the interface position (h(¢)) and (b} its width o(f)
for the symmetric diffusion model. Two straight solid lines represent the asymptotic

behavior with exponent 1 and 1/2.
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Figure 8.2: Time evolution of (a) the interface position {&(¢)) and (b} its width o(Z)
for the one-sided diffusion model.Two straight solid lines represent the asymptotic

behavior with exponent 1 and 1/2.
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Figure 8.3: Exponent »; for the interface position and v, for its width versus the B-
atom concentration ¢ for (a) symmetric diffusion model and (b) one-sided diffusion
model. Solid and dashed lines are the exact diffusionless behaviors of v, and v,
respectively. The symbol dots and stars represent the estimated 3 and v from the

Monte Carlo simulation with diffusion, respectively.
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8.3 Diffusion Eguations

8.3.1 Distribution Function

The results described in the preceding section have shown that in an infinite
disordered chain there is no steady-state motion of the interface with a nonva-
nishing velocity under conditions corresponding to the two-phase region of the
equilibrium diagram. Accordingly, if we are interested in the interface motion
in the two-phase region or in the transient period in a single phase regions, we
should take into account the dependence of the state of the system on the time
. This analysis can be based on the kinetic equations for the distribution of
components with respect to the moving interface. Therefore we introduce the
probability W({n;t) of finding B atom on the site n respective to the interface
at the time t, W(n,k;t) of finding B atoms on the sites n and k respective
to the interface simultaneously at the time ¢, etc. Here n > 0 represents the
liguid state and n < —1 represents the solid state. The drift velocity is equal
to the average difference between the frequencies of rightwards and leftwards
jumps of the interface and is given in terms of W(0;¢) and W{—-1;¢) by

v(t) = waeall — W(0;¢)] + wipW(0;1)
- w_A{l - W(—l;t)] — w_BW(-—l;t). (8.12)

8.3.2 Infinite System of Bquations

The kinetic equations for W{n;t) and W(n, &;£) have been given in {32] and
following are the equations only for W{n;t):

dW(n;i)

ST = e W(n+ Lt) - W(nit)]

+w_s [W(n— 1;1) — W(n;t)]
+(wip —wia) [W(0,n + 1;¢€) — W(0,n;1)]
+{w-p —wg) [W(-1,n - 1;t) - W(-1,n;1)]
for n>1 and n<-2 (8.13)
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8.3. DIFFUSION EQUATIONS

IWOD s W(0) ~wus W(030)
b W(—1it) — w_g W(038)
+ (wip —wis)W(0, 1)
— f{w_p —w_a)W(-1,05t}, (8.14)
i"%—;t—) — s W(08) — wis W(—138)

+ w_ g W(-2;%) —w_s W(-15¢)
~ (s — ) W(-L0;
4 (w_p —w_a)W(-2,-1;1). (8.15)
These are a set of “coupled” equations, in which the equations for the
single-component function W(n;t) contain the binary functions W(n,k;%);
the binary functions W{n, k;¢) contain the ternary functions Win,k,1;t), etc.
So they are nonlinear equations. However, if we have ¢ < 1, these equations
uncouple in the first approximation in ¢. For example, in the equations for
W (n;t) we can discard the terms containing W(n, k; t), since they are propor-
tional to ¢f. This approximation results in linear equations for W{n;¢).

8.3.3 C(losed Equations for the Distribution Functions

A situation in which the type of solution changes qualitatively as a function
of the parameters of the problem, is characteristic of nonlinear problems and
should be described by nonlinear equations. We will therefore use a “coupling”
of the equations which is related, not to the small magnitude of ¢, but to the
suxiliary assumption that there is no correlation of components in different

spatial positions :
Win, k;t) = W(n; t)W(k;t). (8.16)

In the following, we will write equations for W{n;¢} in this approximation
+{8.16). Despite the absence of correlation far from the interface, we note
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that there is such a correlation in the liquid phase near the interface, ie., we
have W(n, k;t) # W(n;t)W(k;t) for n and k > 0. However, the correlation
of concentrations in different spatial points needs time to develop. At the
beginning of crystal growth, the correlation is so small that we can neglect
it and in this case the approximation (8.16) is applicable. We consider a
situation in which A and B atoms in the solid and liquid phase can exchange
positions with their nearest neighbors by means of diffusion with frequencies
Dg and Dy, respectively, but we do not permit exchange across the interface.
Then the kinetic equations for W{n;t) are [35]

TVED st @rn — 0 WO W+ 12) — W (i)
tlw-s +(w-p —w. )W(-LH [W(r — 1;t) - W(n;¢)]
N Dy W(n+1t)—2W(nt)+ Win—1;¢)] for n>1,
Ds (W(n+ 1;8) —2W(n;8) + W(n — 1;1)] for n < -2,
(8.17)
aWii;i
_-d(t—l = wia W{(Lt)[1 - W(0;¢)] — wes W(0;2) [1 — W(1;8)]
+w_pg W{—=1;8) {1 — W(0;£}] — w.s W(0;8)}[1 — W(-1;%)]
+ DL W (18) - W(0:)], (8.18)
dW(-1;¢
-—Efém_) = (iR W(ﬁ;i) 1—-W(-1;%)] —wra W(-1;8) 1 — W(O;t)}

‘w_g W(=2;8) 11 — W(~1;8)] — w_p W(-1;¢)[1 — W(-2;1)]
+ Dg [W(=2;¢) — W(-1;1)]. (8.19)

The meaning of these equations is easily understood from (8.17). We
assume that there are M chains and M is a large number. By definition of the
quantity W(n,t), there there is a B atom in M W (n,¢) chains on the site n
respective to the interface at the time t. This number changes as a result of
two types of processes: motion of the interface to the right (the terms with

wy4 and wip in (8.17)) or to the left (the terms with w_4 and w_p in (8.17))
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and diffusive interchange of atoms in the n-th position with nearest neighbors
(the terms with Dg and D). As an example, we consider the contribution
to d[MW(n;t)]/dt due to motion of the interface to the right for the case in
which there a B atom on the right side of the interface. This contribution is

positive and equal to
wop MW (0,n + 1;t) — W(0,n,n + 1;1)] (8.20)

if there is an A atom on the n-th position of the chain and a B atom on the
(n + 1)-th position of the chain. Here (8.20) is the number of chains in which

there are a B atom on the 0-th position, an A atom on the n-th position, and

a B atom on the (n + 1)-th position at the time t. If there is & B atom on the
n-th position and an A atom on the (n + 1)-th positior, the contribution due
to the interface motion to the right is negative and equal to
—w g MW (0,n;8) — W(0,n,n + 1;£)]. (8.21)
The sum of this contributions is
(8.20) + (8.21) = w g M[W(0,n + 1;¢) — W(0,n; %)} (8.22)

and it does not contain a ternary distribution function. According to the
assumption of no correlation {8.16), the binary functions can be replaced by

a product of corresponding single-component functions and therefore we have
(8.22) = wya g W(O)M[Win + 1;¢) — W(n; )] (8.23)

Equations (8.17)-(8.19) should be supplemented with initial conditions.
Let us consider the case in which the initial distribution of components with

respective to the interface is uniform :
Win;0)=¢c, W(n,k;0)=¢" for —co<n < oo, (8.24)

which correspondents to the comnection at time { = 0 of semiinfinite solid
and liquid phase chains, in each of which the distribution is random and the
concentration is equal to ¢. Far from the interface the concentration is kept

to ¢ of the mother-phase :
W(—o00;t) = W(oost) =c. (8.25)
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It is not difficult to show that the solution of steady-state equations (8.17)-
(8.19) [dW (n;¢)/dt = 0] in the case of a L—S transition is

< -1
W{n) :! c for m< 1, (8.26)
[ e+ [W(0)—c]s® for n2>0,
where
wopg+elw.p—wia)+Dg
= 8.27
5 wieg + W0 {wys ~wia) +Dp (8:27)
and
W(0) = e+l —¢}jwys —w_g4 —wiB —i—w_B]. (8.25)

wip +¢(wrs —wip)

The concentration distribution does not depend on the frequency Dg. The
W(—1) and W(0) values given by this equations are the same as those given
by diffusionless growth equations [32], so regardless of the Dy and Dy values,
the velocity of the interface should be given by the same formula [32]

Wy g g — g — [l — ¢lw_aw
vpys = Lra0HB — corptp — (L cjoopep (8.29)

cwys +(1—cjusp

The values of the front velocity is determined only by the kinetics (wi4,8). A
correlation, neglected in Eqgs.(8.17)- (8.19), arises because of the fluctuation of
the boundary during its directed motion. There are no such fluctuations and
thus no correlation in the case of w_4 = w_p. In the case of rapid solidification,
the fluctuation of the boundary is so small that man can neglect it. Fig.(8.4)
shows the concentration distribution W{n) versus the lattice layer respective
to the interface for a chain with ¢ = 0.2 at time 10°. W{n) has been averaged
over 200 different realizations of randomness. The results of the Monte Carlo
simulations {zigzag lines) are in a very good agreement with results from
equation (8.26) (symbols X on the right side of the figure}. The concentration
in the whole solid region (n < 0) as well as in the liquid region (= > 0) but
far from the interface remains the average value ¢ (= 0.2}, however near the
interface in the liguid side the concentration varies from ¢ = 0.2 to ¢ = W(0)
'(z 0.484) when the lattice layer gets closer to the interface. In addition, the
- steady-state velocity of the chain is measured by MC simulation as 0.203,
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Figure 8.4: The concentration distribution W(n) versus the lattice layer n

respective to the interface for a chain with ¢ = 0.2 at time 105,

which has only 2.4% deviation from the expected value 0.1953 from (8.29).
The front velocity (8.29) remains finite only in the one-phase solid region, but
it vanishes at the solidus line Cg. In the two-phase region the steady growth
with a finite velocity is impossible and it follows from the sets of equations
(817)-(8.19).

In order to study the transient behavior of equations (8.17)-{8.19) numerically,
we write the difference equations into differential equation; this is permissible
change provided that the characteristic distances for the changes in the func-
“tions W{(n;t) are much larger than unity. Instead of the discrete variable n
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we introduce a continuous variable z, and then we have:

W(z,t) = W(n;t) whenz=mn >0,
W(z,t) = W(n—1;t) whenz=n <O0. (8.30)

So that the concentrations W(0;¢) and W (—1;¢) at the interface are W(40;¢)
and W(-0;t), respectively. Replacing the differences in (8.17) by derivatives,

we have
OW(z,t) ., 0W(z,1) OW (z,t)
5~ = Dl e,
for « <0 in the solid phase,
oW(z,t) . O*W (z,t) oW (z,t)
o - Dl ),
for # >0 . in the liquid phase, (8.31)
where

Dy(t) = Ds + 5154 (6) + -(0)

Di(t) = Du + 5134 (9) +5-(0)

o(t) = i+ (t) — 5-(2),

J+(t) = wis + (Wi — wi )W (H0,8),

(&) = w_s + (w_p — w_4)W(-0,1)]. (8.32)

Here D% and D5 are the effective diffusion coefficients in the solid and liguid
phase, which differ from the actual or bare diffusion coefficients Ds and Dy,
due to taking into account both diffusion of atoms and fluctuations of the
interface; j.(¢) is the fiux of atoms from the liquid side to the solid side at
the interface; j_(£) is that from the solid side to the liquid side ; v(¢) is the
interface velocity : v(¢) = d(h(t))/dt. The ratioc Dg/v and Dy /v are charac-
teristic distances for changes in function W(z,¢). We can thus transform the
discrete equations (8.17)-(8.19) to continnous eauqgtions (8.31)-(8.32) under

- the conditions Dg/v 3> 1 and Dr/v > 1. These conditions hold either with
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Ds and Dy, > £(j+ +j-), i.e., when the atomic diffusion coefficients are much
grater than the interface diffusion coefficient D; = 7(j4 + j- (this is an ap-
proximate expression for the interface expression coefficient, with correlation
effect neglected.) or with 3—*7"“:;1 < 1 when Dg and Dy are of the same order
of magnitude as D; or smaller (the index 7 refers to the interfaces).
Equations (8.18) and (8.19) are local equations of motion for the interface,
which can serve as a boundary condition for the differential equation (8.31).
Transforming (8.18) and (8.19) to the continucus relations, we find the two

boundary conditions:

{4+
v(E)W(+0) + Di(1) % = wep W(H0) —w_p W(-0), (8.33)
| AW (—0 o OW (40
v(D)[W(+0) — W(-0)] = D%(%) oW(=0) _ D3(t) 8—(:3) (8.34)

Oz
Equation (8.23) corresponds to Eq.(8.18), and Eq.(8.34) corresponds to both
Eqs.(8.18) and (8.19). The quantities (Dg-j; ) and (Dr+j4 ), rather than Dy
and Dy, which they replace, should appear in Eqgs.(8.33) and (8.34). However,
this replacement is justified when we can transform from the discrete descrip- -
tion to the continuous description. In the transformation from Eqs.(8.18) and
(8.19), the time derivatives are discards since they are quantities of a higher
order of smallness.

Relations (8.35) are replaced by

Wiz,0) =¢, —0 < 2 < 00,
W(—00,t) = W{co,t) =c. (8.35)

Problem (8.31)-(8.35) differs from the ordinary problem of the growth of a
new phase due to a redistribution of alloy components because the boundary
or interface fluctuations are taken into account. As a result, effective diffusion
coefficients Dg and Dj replace the actual diffusion coefficients.

* Tor the growth of a new phase, the behavior of the solution of Eqs.(8.31)-
(8.35) at large t depends strongly on the parameters of the problem. For
-parameters corresponding to the single-phase regions of the equilibrium dia-

- ‘gram, the system tends toward a steady-state as ¢ — oo which is characterized
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by a constant interface velocity and by time-independent distributions of the
components with respective to this interface. Under conditions correspond-
ing to the two-phase region, the system tends to separate into two phases of
equilibrium concentrations C, and (7, and the interface velocity tends toward

Z€T0.

8.4 Numerical Results and Discussions

In the two-phase region of the equilibrium phase diagram it was found from
equations (8.31)-(8.34){32] that the velocity of the interface asymptotically
falls off as £~%/?. For an arbitrary time we can numerically integrate the
set of equations (8.31) -(8.34) under the initial condition (8.35) in order to
get an instantaneous velocity of the interface and thus obtain the position
of the interface (h{t)). Time dependence of the interface position obtained
by numerical integration is compared with that obtained by Monte Carlo
simulation in Fig.8.5. For example for the symmetric diffusion model {(Dg =
Dy, = 1) at the concentration ¢ = 0.35 in Fig.8.5(a} the numerical integration
gives a position (h(¢)) in excellent quantitative agreement with the Monte
Carlo result. A similar quantitative agreement is found for both the one-sided
diffusion model and the symmetrical model at the concentration ¢ = 0.40 as
shown in Fig.8.5(b) and (d). At the concentration ¢ = 0.50 for the symmetrical
model the interface does not move in average (h(f)) = 0. For the one-sided
model the Monte Carlo data for the initial interface motion still agree with
numerical integration with the effective diffusion coefficients. However, for
larger time the data agree with the numerical integration with bare diffusion
constants, Dg = 0 and Dy = 1, rather than that with the effective ones, D5
and D5, as shown in Fig.8.5(e).

For the one-sided diffusion model at ¢ = 0.35 in Fig.8.5(c), the Monte
Carlo data still agree with numerical integration during some initial time but
we observe g deviation increasing with time, and even bigger deviations from
the results obtained with bare diffusion constants. So far from these data for
¢ = 0.35 and our long but limited simulation times we cannot make a clear
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statement if the exponent v, approaches to the diffusionless value vy =~ 0.77 or
the diffusional value 14 = 1/2, or even other nontrivial value | We will come
back to this point in the conclusion.

The given effective description does not take into account the correlation of
concentration between different spatial points. Indeed those correlations are
absent in the initial distribution of atoms in our chains and their formation
requires some time.

We think that this explains the fact that all our Monte Carlo data agree
well with the results based on the effective equations for the small time where
nontrivial correlations have not yet built up.

It is clear that correlations become smalier with an increase of the diffusion
coefficients and thus the time when the deviation from the correlationless
description starts should increase. Qualitatively we can see this effect from
the different data for ¢ = 0.35. Agreement for the symmetrical model ( Dg =
Dy =1, Fig.8.5(a)) holds for all our simulation time while for the one-sided
model (Dg = 0,D; = 1, Fig.8.5(c)) the increasing deviation can be observed
already at ¢ = 103

The other parameters which affect the correlations are (w.p — wy4) and
(w_p — w_4). The correlations (together with two-phase region) disappear
when both parameters are zero. We have performed the Monte Carlo sim-
ulations without diffusion for two sets of the parameters w,p = wyq = 1,
wg=1fw_4 = 2226 ,¢c=0.35 (Fig8.6(a)) and wyp =wya =1 ,w_p =
1/w_yg = 1.4, ¢ = 0.435 (Fig.8.6(b)). The parameters are so chosen that the
exponents vy of the interface position in the above two diffusionless cases are
the same and are around 0.77 from the formula 11 = In(*=%)/In(w_5)[8]. In
the second case the parameter {(w_p — w_4) is smaller and one can see that
the deviation of the Monte Carlo data from the effective description starts
later. It is interesting to note that even without diffusion the initial behavior
can be described by the system of effective diffusion equations with diffusion

coefficients which come only from the interface fluctuations.
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Figure 8.5: The interface position h{¢) calculated by the analytical approximation
with effective diffusion coefficients D% and D5 (solid lines) and bare diffusion coefii-
cients Dg and Dy, (dashed lines) compared with the Monte Carlo results (symbols}
for {a-b) symmetric diffusion and {c-¢) one-sided models. Concentrations are (a)
¢ = 0.35, (b)c=0.40, (¢)c=0.35, {d)c=0.40, and (e) ¢ = 0.50.

For the two-phase region in the long-time asymptotics the system goes
to equilibrium {even without diffusion) and correlations decay. However, the
asymptotic behavior of the interface velocity which also goes to zero still
depends on these small correlations. For example for ¢ = 0.5 the dependence
{h(t)) on t deviates substantially from the dependence calculated without
correlations. It seems that the asymptotic behavior can be described by bare
diffusion constants rather than by effectives ones (fig.8.5(e)). We think that
the correlations renormalize the effective diffusion coefficients back to the bare
ones. The description with bare diffusion constants should exactly correspond
to the system without interface fluctuations. As can be seen from the Fig.8.1
and fig.8.2 the variation o(¢) for ¢ = 0.5 grows slower than #/2 which means

that the interface fluctuations are indeed small.
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Chapter 9

&
Conclusion
We have studied the diffusionless solid-liquid phase transformation in a disor-

dered binary alloy by observing the motion of the solid-liquid interface. For a
1D system the equilibrium phase diagram is found to determine regions, where
pinning-depinning transitions of the interface occur. The solidus line C, and
the liguidus line () separate the static and moving state of the interface. In
the one-phase region the interface moves steadily but the velocity vanishes in
the two-phase region and the displacement of the interface follows a power

law of time t as A ~ £ with

vy =1 when c< Cg or c>Cp,

mle,T) <1 when Cs<e<Cr.
(9.1}

Here v1{¢, T') is not a universal exponent but depends strongly on the concen-
tration ¢ and the temperature T.

For a 2D system Monte Carlo simulations show that in the ome-phase
region the interface moves with a steady-state velocity, and its bond energy-
dependence and concentration-dependence can be decoupled as v(e, ¢) = fi(e) f2(c)
when the bond energy e is not very small (see Fig.7.14). There is no explicit
theory on this e and é—dependence of v so far. ' '

In the two-phase region, the interface shows a complicated behavior de-
pending upon the system size N, the bond energy e and the simulation time {.
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For a finite sized system under finite simulation time { up to ¢ = 165 ~ 10°),

the effective growth exponent v, depends strongly on ¢ (see Fig.7.6) :

vy <1 for € < 0.1y
=1 for 0.174 < € < e.(N)
n <1 for e > e.(N)

v = 1n(1D) for € ~¥ 0O

The critical bond energy e.{/V) increases with system size V. Unlike the one-
dimensional system, the two-dimensional system can realize a steady growth
in the two-phase region provided that the bond energy satisfies the condi-
tion: 0.174 < € < €(N). However when ¢ > (&), the interface becomes
pinned such that the spatial disorder of the alloy leads to a decay of the in-
terface velocity. In the large energy limit (¢ — co) theoretical analysis and
computer simulations show that the exponent v; has the same value as its
one-dimensional counterpart v;(1D).

A peculiar result occurs for small but nonzero bond energies, less than
about 0.174 as discussed in section 7.3.2. Here pinning occurs as would be
the case for vanishing bond energy but the exponent u, is increased above the
value of the one-dimensional case. In this region e acts as an extra driving
force and v; increases with increasing e. Therefore both for very large and
very small bond erergy in a finite system the interface will be pinned. Note,
however that the latter result applies only to models of SCS-type and probably
not to systems with overhangs.

For a very large system (N — oo) with a finite bond energy, the simulation
reveals that the interface always moves steadily within a finite simulation
time, that means the critical bond energy e, — oo when N — co. This
corresponds to the thermal creep motion. A finite temperature washes out
the sharp pinning-depinning transition and the mean velocity is then finite
for all driving forces when the bond energy is neither very small nor infinite.
We found that the influences of the bond energy ¢ and the driving force H on
the velocity v of the interface growth are decoupled as indicated in Eq.(7.27).
The velocity v decays exponentially with e and H ~! in the vicinity of zero H
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and for sufficiently large e.

In addition, we have also studied the development of correlations along
the interface and their relevance to finite size effects on the interface dynam-
ics. The correlation length £, along the interface increases very slowly with
the time. Once it reaches the system size N the whole interface becomes
correlated and the interface-motion asymptotically behaves like the one in &
one-dimensional system. So principally the system will lose its 2D character
in the infinite time limit. However, as long as the system size is much larger
than ¢;; and the thermal creep wins over the pinning force, the interface can
obtain a steady velocity. Thus for the system studied here the limits N - c0

and # — oo do not commute.

Besides the diffusionless sclidification we have also studied the propaga-
tion of the solidification front of a binary alloy growing from is melt including
diffusion of material in a one-dimensional model, which should remain rele-
vant also in more realistic two- and three-dimensional systems within certain
parameter-ranges. The Monte Carlo simulation shows that in the one-phase
region the alloy grows steadily with a velocity controlled solely by kineties.
In the two-phase region the observed anomaly for the diffusionless growth is
cured by the diffusion of atoms and the t1/2 growth law is confirmed at least in
the range of concentration 0.401 = ¢3 < ¢ < 0.5 (at T=0.5in Fig.1.1). We can
quantitatively explain this behavior by an approximate analytical treatment
leading to two types of bare and effective diffusion coeflicients.

Because of the limited simulation time we can only suggest two possible
scenarios for the general long time asymptotic bebavior (h(¢)) of the interface
movement with diffusion included. The first scenario is that in the two-phase
region the behavior is governed by a set of effective diffusion equations (8.31)-
(8.35). For arbitrary but non-zero bare diffusion constants Dg and Dy, the
interface position (h(f}) obeys the following time-dependence. For a point
exactly on the solidus or liquidus line (see [30]) one obtains: '

(h(2)) ~ £ for e= Cgy.
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Inside the two-phase region we have the usual diffusion law:
(R(t)) ~ ¥ for Cs <c< Oy,

within this scemaric. The concentration point ¢ where sclidification is re-

placed by melting is [35]

¢ = (Csy/Ds + Cy/D3)/(y/D5 + /D3).

We note that this point ¢* in general differs from the corresponding point Cy

for the diffusionless process,

For our choice of parameters w, g = 1/2 and this coincides with ¢* for the
symmetrical diffusional model. This scenario is based on the solution of the
effective equations (8.31}-(8.35) but with the effective diffusion coefficients
renormalized by the correlation effects. This is in agreement with Figs. 8.5(a),
(b}, (d) and (e}, but in some disagreement with long time behavior seen in Fig.
8.5(c) We should remark that this scenario does not reproduce the limiting
case of the diffusionless process where (h{f)) ~ t*1.

The second scenario is that the asymptotics with diffusion would not be

slower than that without diffusion, meaning

(h(2)) ~ 4 for m >1/2,

and
(R(2)) ~ 1 for w1 < 1/2,

with 14 being the anomalous exponent of diffusionless growth. Unfortunately,
however, we have no explicit analytical explanation at hand for this second
scenario other than the argument, that the faster of two processes running in
parallel wins (in contrast to two processes in series, where the slower one is

rate-controlling). This second scenario has some support from the long time
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behavior of Fig. 8.5(c) and the corresponding Fig. 8.3{b) for the concentration
¢ = 0.35, indicating that the otherwise nice agreement of the simulation results
with scenario one may be lost for very long simulation time in this parameter
ranges. In order fo understand which of these scenarios is correct for the
diffusional process or if still some other nontrivial exponents can appear in
the range where the diffusionless exponent is »; > 1/2, further numerical and

analytical efforts will be necessary.
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