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Strategies for Implementing Scientific Applications on
Parallel Computers

Bernd Korfgen and Inge Gutheil

Institute for Advanced Simulation (IAS)
Julich Supercomputing Centre (JSC)
Forschungszentrum Jillich
52425 Julich, Germany
E-mail: {B.Koerfgen, |.Gutheil } @fz-juelich.de

This contribution presents two examples for the numerreaitinent of partial differential equa-
tions using parallel algorithms / computers. The first exengplves the Poisson equation in
two dimensions; the second partial differential equatiesatibes the physical process of vibra-
tion of a membrane. Both problems are tackled with diffestrategies: The Poisson equation
is solved by means of the simple Jacobi algorithm and a deitzdrallelization scheme is dis-
cussed; in the second case the parallel calculation isnoeefdwith the help of the ScaLAPACK
library and the issue of data distribution is addressedallitbenchmarks of linear algebra li-
braries on the IBM Blue Gene/P architecture and for the P¥®eH processor are shown.

1 Motivation

The growth of processing power of computer systems obsdhredgh the last decades
allowed scientists and engineers to perform more and marplex and realistic simu-
lations. The driving force for this development was the enxgrdially increasing density
of integrated circuits, e.g. processors, which can be eoally described by Moore’s
law. The key point of Moore’s law is the observation that tireuit density of electronic
devices doubles approximately every two years. The growimgber of components to-
gether with the accompanying higher clock frequencies figrdto perform more intricate
computations in shorter times.

Today this growth of circuit density and clock frequenciestimes more and more
difficult to achieve. Furthermore the demand for compute grogrows even faster (im-
proved spatial / time resolution of models or the introduttdf additional interactions /
effects are required) and forces the developers of supgraetars to find new strategies to
increase the available compute power. One approach whihdwme quite popular over
the last two decades is the utilization of parallel compmitéany of nowadays parallel
architectures use multi-core processors as building Blotkrder to obtain the necessary
compute power. Adding up ever more of these components gsethe problem of ex-
cessive power consumption; not only to supply the eledtgower but likewise to handle
the produced heat are real challenges for the design of supeuters.

Possible strategies to overcome the so-called ‘power \aedi’'the reduction of clock
frequencies and thus power consumption and the usage aakpih performance pro-
cessors which do more computations per clock cycle. Theciinstept has been realized
with IBM’s highly scalableBlue Gené architecture. The latter strategy has been imple-
mented by means of th@ell processof which is together with Opteron processors the
workhorse of the IBM Roadrunngr the first supercomputer to reache Petaflop/g10'°
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floating point operations per second). The price one hasytdgrdhis developmentis the
growing complexity of these heterogeneous systems.

The development of scientific applications on parallel cataps, especially on highly
scalable heterogeneous platforms poses a challenge tp ssientist and engineer. The
difficulties arising are to some extent problem specific aamekho be resolved as the case
arises assisted where possiblegayallel performance toolslike Scalasch Other tasks
are generic and the application developer can resort toestblished algorithms or even
ready to use software solutions. Examples for these gematicods argraph partition-
ing algorithms for the decomposition of the problem (parakeld balancing) olinear
algebraalgorithms.

We will focus in the following on linear algebra because thakyorithms are the core
of many simulation codes and thus determine the efficiendysaalability of the whole
application.

2 Linear Algebra

Numerical linear algebra is an active field of research whpicvided over the years many
methods / algorithms for the treatment of standard problémshe solution of systems of
linear equations, the factorization of matrices, the datoon of eigenvalues / eigenvectors
etc>. The most suitable algorithm for a given linear algebra f@ob e.g. arising in a
scientific application, has to be determined depending emptioperties of the system /
matrix (see for instance Ref. 6) like:

symmetry

definitenesy(positive, negative,. . )

e non-zero structure (dense, sparse, banded)

real or complexcoefficients

and so on. Furthermore the scientist has to decide whethisetedirect solver, leading to
a transformation of the original matrix and thus (for largeljems) generating a need for
hugemain memory, or to use aiiterative solver which works with the original matrix.
The same rationale holds for the more specialized fielpahllel linear algebra
methods. There the additional aspects originating fromptirallelcomputer architec-
ture have to be taken into account in order to choose a suitabieitiigy. Several topics

influencing the choice and even more the consequent implati@m of these algorithms
are 8

e memory architectureshared-memoryvs. distributed memory)
e amount ofmemory per process/processor
e implementedtachestructures

It is far beyond the scope of this contribution to give an wiew of the available
algorithms. Instead we refer to review articles like RefslB.
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From a practical point of view another important decisiowlether the user imple-
ments the linear algebra algorithhimself or relies onavailable software / libraries.
A variety of well-known, robust packages providing high qortational performance are
on the market, which can be used as building blocks for aniegifmn software. Some
freely-availablelibraries are:

e Basic Linear Algebra Subprograr(BLAS)?*?

e Linear Algebra Packag@APACK) 13

e Scalable LAPACK(ScalLAPACK)

¢ (P)ARPACK - a (parallel) package for the solution of large eigenvakad@ms®
e Portable, Extensible Toolkit for Scientific computati®@ETSc)

Some of them like BLAS or LAPACK arserial software, which help to gain good sin-
gle processor performance, but leave the tasgastllelization of the high-level linear
algebra computations, e.g. solution of the coupled linggragons, to the user; others,
e.g. ScaLAPACK or PARPACK, contain implementationgpafallel solvers Thus these
packages relieve the user of the parallelization, but ttdly rely on special data distri-
bution schemé$ which require a specific organization of the applicationgpam. As a
consequence the user has to handle the corresponding sfaiiaudiion on his own, i.e. he
has to parallelize his program at least partly. Nevertisdleis might be a lot easier than to
implement the full parallel linear algebra algorithm.

Since both strategies are preferable under certain ciranmoss, we will present in the
following two simple physical problems where tparallel numerical solution will be
demonstrated paradigmatically along the two differenraaphes:

In Section 3 the Poisson equation will be treated usipgrallel Jacobi solverfor the
evolving system of linear equations.

In Section 4 the eigenvalue problem arising from the catmneof the vibration of a
membrane is solved usingStal APACK routine.

Of course, one would not use these solutions in real apitatNeither is the Jacobi
algorithm a state-of-the-art method for the solution of atesn of linear equations, nor
is the eigensolver from ScaL APACK the optimal choice for ¢jieen problem. Both ex-
amples result in a sparse matrix as will be shown in the fahlgwScalLAPACK contains
solvers for full and banded systems, whereas (P)ARACK ibraty based on the Arnoldi
method which is very suitable for the calculation ofeav eigenvalues for largsparse
systems; thus (P)ARPACK would be the natural choice forkiid of problem.

Nevertheless due to the importance of ScaLAPACK for manyieguon fields, e.qg.
multiscale simulations and the simplicity of the Jacobi algorithm we present them a
illustrative examples.

3 The Poisson Problem

In this section we discuss the numerical solution of the $awisequation as an example
for the approximate treatment of partial differential etipras. We give a short outline of
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the steps necessary to obtain a serial and later on parafigimentation of the numerical
solver. Similar but more elaborate material on this topitlca found in the Refs. 18-20.

In a first step we discuss the discretization of the Poissoiatémn and introduce one
simple solver for the evolving system of linear equationdteAvards we focus on the
parallelization of this algorithm.

3.1 Discretization of the Poisson Equation

ThePoisson equatiorin two dimensions is given by

O 0

Ay = ZU
b 8z2+8y2

= f(z,y) , (z,y) €QCR? (1)
where(2 is a domain inR?. For simplicityu(z,y) shall be given on the boundady? by a
Dirichlet boundary condition

u(z,y) =g(z,y) , (z,9) €0Q 2)

The functionsf (z, y) andg(z, y) are given and.(z, y) is to be calculated.

Since the analytic solution of such a partial differentgliation might not be feasible
depending on the shape of the domain, the functjfinsetc., one often has to resort to
the numerical solution of such a differential equation.Ha following we will develop a
simple scheme how to calculateapproximately. For this we assume that the domain has
a simple form:Q2 is a rectangle (Figure 1). In order to determine the appratémnsolution

Ya {--

Figure 1. Rectangular domain R?

of the Poisson equationy is calculated at certain points of the rectangle. We impose
Q= (za,zr) X (ya,yr) with an equidistant mesh (Figure 2), whére,, x ) is divided
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XX X X X Xy X X % X

Figure 2. Mesh foiNI = 7andNJ =5

into (N1 + 1) sub-intervals andy 4, yg) into (NJ + 1) sub-intervals(NI, NJ € N).
The mesh widthh is then given by

(zp —wa) _ (ye —ya)
ho— — 3
(NI +1) (NJ+1) ®)
With this choice for the mesh the approximate solution wélldalculated at th&/1 - N.J
inner points of the domain (The outer points don’t have toddewdated, because they are
given by the Dirichlet boundary condition!).

As a next step the second derivatives are replaced by fiffiegelices. For this purpose
we use the following Taylor expansions®oft a point(z, y):

h? h3

u(@ +hy) = ulz,y) + hug (2, y) + Sruee(e,y) + gum(:c, y+... @
h? h3

u(z — hyy) = u(z,y) — hug(z,y) + Eum(m, y) — yuzm(m, y) ... (5)

Addition of both equations and division iy gives
u(‘r —h, y) — QU(J},y) + u(‘r + h, y)

h2
The result of the analogous procedure for ghdirection is
u(z,y —h) — 2u(x,y) + u(z,y + h)

h2

= tyy(x,y) + O(h?) (7)

Using these finite differences the Poisson equation fontie N J inner mesh points
of the domair is given by

(8)
(i=0,....N[-1;j=0,...,NJ—1)
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By neglecting the discretization errox(h?) Egs. (8) can be written as:

Ui g1 4 tim1j — Wi+ i1 + uip1; = hP i )
forir=0,....NI—-1; 7=0,...,NJ — 1. The unknowns
wi g o= u(zi, yj) (10)

have to be calculated from thé7 - N'J coupled linear equations (9).
The approximation used here fag,, + u,, is called5-point stencil (Figure 3). The

’
(xy+h)

(x+h.y)

(x-hy) ()

(xy-h)

Figure 3. 5-point stencil

name describes the numerical dependency between the pbitits mesh. The lexico-
graphical numbering (Figure 4) of the mesh points

l=j5-NI+i+1 ;i=0,...,.NI—-1;3j=0,...,NJ—1 (12)
and
U = Ui (12)

allows a compact representation of the system of lineartemmsby means of a matrix.
The coefficient matrix4 is a block tridiagonal matrix:

A T
I Ay T
A= - . c RIVI-NJ)x(NI-NJ) (13)
I Anj 1
I AN.]
with A;, I € RNIXNI - herel is the unit matrix and
—4 1
1 41
A; = i=1,...,NJ (14)
1 41
1 —4

This means the task to solve the Poisson equation numgriealils us to the problem to
find the solution of a system of linear equations:

Ai = b (15)
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7 8 9
4 5 6
1 2 3

Figure 4. Lexicographical numbering obax 5 mesh (with3 x 3 inner points)

with
AE]R(NI‘NJ)X(NI‘NJ) and ﬁ,gER(NINJ) (16)

The right hand sidé contains thef; ; of the differential equations as well as the Dirichlet
boundary condition.

For the solution of these coupled linear equations many-kvedlvn numerical algo-
rithms are available. We will focus here on the classic buy gemple Jacobi algorithm.

3.2 The Jacobi Algorithm for Systems of Linear Equations
Suppose
A=D-L-U (17)

is a decomposition of the matri®, whereD is the diagonal sub-matrix; L is the strict
lower triangular part and-U the strict upper triangular part. Then for the system ofdine
equations holds

Ai=b & ([D-L-U)i=b & Di=(L+U)i+b < (18)

i@ =D Y L+U)d+D'b if D! exists. (19)
From Eq. (19) follows the iteration rule (fdp non-singular)
@™ =D N L+U)a*V+ Db withk=1,2,... (20)

This iterative procedure is known dacobi or total-step method The second name is
motivated by the fact that the next iteration is calculatey from the values of the un-
knowns of the last iteration. There are other schemes, eagRR&eidel algorithm, which
depend on olénd the current iteration of the unknowns!

The corresponding pseudo code for the serial Jacobi digoig given here:

557



Jacobi algorithm
Choose an initial vector 7(® € R
For k=1,2,...

For i=1,2,...,n

1 - -
ul? = — | b — Z aij Uj(k Y
=1

Qg
JFi

The Poisson equation (9) discretized with 8point stencil results in the following iter-
ation procedure

(k) (k=1)

uy u1 by
_ Al -1
-1 A, -1
. 1 . . 1
= 1 . /._ 1
-1 Ay, */I
with N = NI-NJ and
0-1
-1 0-1
A;: i=1,....,NJ (22)
-1 0-1
-1 0

This can be seen easily by application of the Jacobi matrdougosition on the coeffi-

cient matrix given by Egs. (13) and (14). The pseudo codehisrgpecial case is shown
here

Jacobi algorithm for the Poisson equation
Chooseinitial vector 7 (» € RY
Fork=1,2,...
Forj=0,1,...,.NJ—1
Fori=0,1,...,NI —1

g 1 k-1 k-1 k-1 k-1
“i(,j) 1 (“i(,j—l) + ui(fl.,j) + “i€j+1) + “z‘(+1,j) - hzfi,j)
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3.3 Parallelization of the Jacobi Algorithm

The numerical treatment of the Poisson equation led us tdagieto solve a system of
linear equations. We introduced the Jacobi algorithm asmglsi method to calculate
this solution and presented the corresponding serial pseoade. Now the next step is to
discuss strategidsow to implement the Jacobi algorithm on a parallel computer

The important point about the Jacobi (total-step) algaritme has to remember is that
the calculation of the new iteration only depends on theeslf the unknowns from the
last iteration as can be seen for instance from Eq. (21). As a consequenpecttessors
of a parallel computer can calculate the new iteration ofuhknowns simultaneously,
supposed each unknown is assigned to its own processonribiss the parallelization of
the Jacobi algorithm quite easy compared to other methatismére complicated depen-
dencies between different iterations.

Usually the number of unknowns is much larger than the numbewailable pro-
cessors. Thus some / many unknowns have to be assigned toanesgor, i.e. for our
example: the inner points 6t (Figure 1) are distributed to the available processorsh Wit
other words thelomain (2 is decomposedaccording to a suitable strategy.

The criteria for a “suitable” strategy are

¢ |oad balance i.e. same / similar number of unknowns for each processor

e minimization of thecommunication between the processors, i.e. the dependency on
unknowns stored on other processors (within one iteratiep sis reduced

For our example, the Poisson equation in two dimensionsasoreble domain decompo-
sition is shown in Figure 5: Each processor “owns” a domaithefsame size, i.e. each

%3 F]).4 F?I.S P16
| Ro| Ri| R
R R| R | R

V)
U
U
V)

Figure 5. Domain decomposition of a squé&revith 16 processors

P; “owns” the same number of points. Furthermore the ratio tvesiges of each square
and consequently the ratio between the number of inner p@nat dependency on points
“owned” by other processors) to the number of points neabthendary is rather good.
This point can been seen even better from Figure6.
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]

Figure 6. Dependency of the unknowns of proced3ofred) on values stored on the neighbobdug)

In Fig. 6 the points / corresponding unknowns of proceg3are represented byd
circles, whereas thielue squares depict thghost points i.e. points stored on other pro-
cessors which are required for the calculation of the nexafton of the unknowns on
processofr’;.

The dependencies / ghost points shown in Fig. 6 are a restiied-point stencil (see
Fig. 3) originating from the Laplace operator in Eq. (1). $hihe domain decomposition
of choice might differ for other differential equations dher discretization schemes, e.g.
finite elements.

Due to the dependencies between the unknowns “owned” bgrdiff processors it
is clear that the parallelization of the Jacobi algorithre taintroduce statements which
will take care of the communication between the processong portable way to handle
the communication is the widely usétessage Passing Interface (MP® library.

The pseudo code of the parallel Jacobi algorithm is givea:her

Parallel Jacobi algorithm

Chooseinitial valuesfor the own mesh pointsand the ghost points
Chooseinitial Precison  (eg. Precision = 10%°)
While Precision > ¢ (eg.e =107°)
1. Calculate next iteration for the own domain
2. Send the new iteration on boundary of domain
to neighboring processors
3. Receivethe new iteration for the ghost points

4. CalculatePrecision = || A7 — 5|
End While
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The steps 2 and 3 show the extension of the serial Jacobithlgdry Send andReceive
statements. This is of course only one very simple way toémgint such a communication
with the four neighboring processors. In real applications will look for more efficient
communication patterns.

Step 4 requires implicitlglobal communication, because the vectai*) holding the
approximate solution of the system of linear equations s¢rithuted over all processors.
As soon as the required precision of the solution is achidvedteration stops.

4 Vibration of a Membrane

The vibration of a homogeneous membrane is governed byrtfeedependent partial dif-
ferential equatiof?

0%v
In order to solve this equation we make a separation ansathdédime and spatial vari-
ables:

v(z,y,t) = u(z,y)g(t) (24)
By insertion of Eq. (24) into Eq. (23) one immediately obain
gt) Au(z,y) = u(z,y)g"(t) <« (25)
Au(z,y) _ ¢"@)
oy g 29

The left side of Eq. (26) is independentifthe right side ofr,y. Therefore both sides
must be equal to a constanfs

Au(z,y) _ g"(@t)

u(z,y) g(t)

Au(z,y) = —du(z,y) and ¢"(t) = —Ag(t) (28)

The differential equation fog(¢) can be solved easily with the usual ansatz (a linear com-
bination of trigonometric functions).
In the following we want to solve the spatial partial diffatial equation

Au(z,y) = —Au(z,y) (29)

numerically. In section 3.1 we presented the discretinaticthe Poisson equation in two
dimensions. In order to allow a re-use of the results derthede, we will calculate the
solution of Eq. (29) for aectangular membrane / domain.

Furthermore we choose for simplicity the Dirichlet boundeondition

u(z,y) = 0 for (z,y) € 0N (30)

Using the same discretization for the Laplace operator exiddgraphical numbering
of the mesh points / unknowns as in section 3.1 one can sdg tadiEq. (29) leads to the
eigenvalue problem

= -2 & (27)

Ad = —\il (31)
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where the matrix¥d is given by Egs. (13) and (14).

In section 3 we presented a simple algorithm for the solutibthe system of lin-
ear equations and discussed the parallelization by handthEceigenvalue problem we
choose a different strategy: We make use of a widely usedl@alibrary, namely the
Scal APACK library.

4.1 Parallel Solution Using the ScaLAPACK Library

The largest and most flexible public domain library with Binelgebra routines for dis-
tributed memory parallel systems up to now is ScaL APAEKNithin the ScalLAPACK
project many LAPACK routines were ported to distributed nogyrcomputers using MPI.

The basic routines of ScaLAPACK are tiRBLAS (Parallel Basic Linear Algebra
Subroutines?. They contain parallel versions of the BLAS which are pataed us-
ing BLACS (Basic Linear Algebra Communication Subprograth$dr communication
and sequential BLAS for computation. Thus the PBLAS delixeny good performance
on most parallel computers.

ScaLAPACK contains direct parallel solvers for dense linegstems (LU and
Cholesky decomposition), linear systems with band matraewell as parallel routines
for the solution of linear least squares problems and faydar value decomposition.

Furthermore there are several different routines for thetism of the full symmetric
eigenproblem. We will focus in the following onsample driver routine using the QR-
algorithm, which computes all eigenvalues and optiondllgigenvectors of the matrix.

Besides this there are other eigensolvers available whehglementations of other
algorithms, e.g. a divide-and-conquer routine; an additiexpert driver allows to choose
a range of eigenvalues and optionally eigenvectors to bepated.

For performance and load balancing reasons ScaLAPACK uses-dimensional
block cyclic distribution for full matrices (see ScaLAPACK Users’ Guidé)

First the matrix is divided into blocks of size MB NB, where MB and NB are the number
of rows and columns per block, respectively. These block&gtan uniformly distributed
across the MPx NP rectangular processor gridin a cyclic manner. As a result, each
process owns a collection of blocks. Figure 7 shows theildigton of a(9 x 9) matrix
subdivided into blocks of siz€3 x 2) distributed across & x 2) processor grid.

0 1 0 1 0
a1 @12 | a3 a4 | a5 Aaie | a1r ai18 | A9
0| az1 a2 | @23 ao4 | @aos aze | azr  a2s | G29
a3z1  G32 | G33 (434 | G35 A36 | G37 A38 | A39
Gq1 Q42 | Q43 Q44 | Q45 Q46 | Q47 Q48 | Q49
1| as1 as2 | as3 ass | ass ase | asy  dass | Gs9
ae1 G2 | g3 G4 | Ge5 Qg6 | Ge7 468 | @69
ar1  Gr2 | ay3  Aar4 | Q75 A7 | Gy arg | 479
0| as1 as2 | ags ass | ags dase | gy ass | Agy
ag1 Qg2 | ag3 Ag94 | Q95 Age | G97  A98 | A99

Figure 7. Block cyclic 2D distribution of € x 9) matrix subdivided intq3 x 2) blocks on &2 x 2) processor
grid. The numbers outside the matrix indicate processoramsivcolumn indices, respectively.
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ScalLAPACK as a parallel successor of LAPACK attempts toddhe calling sequence
of the subroutines unchanged as much as possible in coropaoishe corresponding se-
guential subroutine from LAPACK. The user should have tangjfeeonly a few parameters
in the calling sequence to use ScaLAPACK routines instedd\&®ACK routines.

Therefore ScaLAPACK uses so-callédéscriptors, which are integer arrays containing
all necessary information about thestribution of the matrix . This descriptor appears in
the calling sequence of the parallel routine instead of¢éaeihg dimension of the matrix
in the sequential one.

For example the sequential simple dri@8YEV from LAPACK for the computation
of all eigenvaluesand (optionally) eigenvectors ofraal symmetric (N x N) matrix A has
the following calling sequenée

CALL DSYEV(JOBZ, UPLO, N, A LDA, W WORK, LWORK, |INFO

where JOBZ and UPLO are characters indicating whether topabeneigenvectors, and
whether the lower or the upper triangular part of the matriisArovided. LDA is the
leading dimension of A and W is the array of eigenvalues of Ae Bther variables are
used as workspace and for error report.

The corresponding ScaLAPACK routiRDSYEV is called as followy’:

CALL PDSYEV ( JOBZ, UPLO N, A |A JA DESCA
$ W z, 12z, Jz, DESCZ, WORK, LWORK, |INFO)

As one can see the leading dimension LDA of the LAPACK callubddituted by the
indices IA and JA and the descriptor DESCA. IA and JA indigatestart position of the
global matrix (usually 1A, JA = 1, but in cases where the global matrix isla-matrix of a
larger matrix IA, JA# 1 might occur) , whereas DESCA contains all information rdgay
the distribution of the global matrix. The parameters 1Z,d#&d DESCZ provide the same
information for Z, the matrix of the eigenvectors calcuthby PDSYEV.

In order to use the ScaLAPACK routine the user has to didtilis system matrix
in the way required by ScalL APACK. Thus the user has to setapthcessor grid by
initializing MP, the number of processor rows, and NP, thebar of processor columns.
Furthermore one has to choose a suitable blocking of thesmiagr. MB and NB. For many
routines, especially for the eigenvalue solvers and thdeSkg decomposition, MB=NB
is mandatory. (Since MB and NB are crucial for the perforneaotthe solver, one has
to use these parameters with c&teFurther details on the two-dimensional block cyclic
distribution of the matrix A given by Egs. (13) and (14) canftyend in the appendix.

Once the matrix has been distributed to the processors,aloalation of the eigen-
values and corresponding eigenvectors for the vibratiothefrectangular membrane
(Eq. (31)) can be calculated easily by one call of the rouBBSYEV. Please note that
the matrix of the eigenvectors Z, is distributed to the pssoes; thus if necessary, e.g. for
output, it is again the task of the user to collect the diffétecal data and to generate the
global matrix.
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5 Performance of Parallel Linear Algebra Libraries

The performance, i.e. scalability, of parallel librariesldhe availability of optimized im-
plementations for specific hardware platforms are majoeida for the selection of (linear
algebra) functions to be used within a scientific appligaticcspecially the availability
of optimized software differs largely for different arafitures: for distributed memory
systems using MPI many (non-)numerical libraries are jre@hilable or are provided by
the vendors. For new and non-standard hardware lik®tveerXCell 8i processof’ the
situation is not that comfortable. This can reduce the Uisakargely particularly for the
Cell processors which have to be programmeadsembler code style

At present BLAS library, which can be used just like its serial counterpad hides
the complexity of the parallel hardware from the applicatadevelopet, exists for the
PowerXCell architecture whereas other linear algebratibs are still under development.
Figure 8 shows the processing power of a PowerXCell 8i psméaa Gflops (=10° Float-
ing point operations per second) fordmuble precision matrix-matrix multiplication
(BLAS routineDGEMM ) as function of the matrix size. The results are shown for cal
culations where 2, 4 and 8 Synergistic Processing Elen(@REY’ are used; the Cell
processor contains 8 SPEs which have a theoretical computerpf 12.8 Gflops each
(3.2 GHz, 4 flops per cycle).

100 100
®m 2 SPEs
v 4SPEs
0 OMO 080
o] ¢ &sPEs . PPy o llanl o
- con® s
oo
[ ]
PCY
s - 60
s 1
G} A Al
v VYWYWE VYWY VWYY
40 VIV ' - 40
Y
V'vw
L [ 1 ] ]
20— 1 g 8 S N TR 5 S A S S o
0 T T T T 0
1000 2000 3000 4000 5000 6000

matrix size N

Figure 8. Processing power [Gflops] of a double precisiorrimatatrix multiplication as function of the matrix
size for aPowerXCell processor Results are shown for different numbers of SPEs: 2, 4 and&SP

From Figure 8 one learns that the sustained performance ofvefXCell processor
for the double precision matrix-matrix multiplication iproximately 90 Gflops and thus
more than 85% of the theoretical peak performance (102.46fld-urthermore one sees
that the number of computations per second scales well Wwghnumber of SPEs and
is quite independent of the problem size. The recent malt@rocessointel Core i7
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(quad-core) has a theoretical compute power of 51.2 GflbpsPowerXCell shows twice
the performance in a real computation but for a substaptialer price and electrical
power consumption.

A complementary strategy to build supercomputers is to adgemumbers of low-
cost, regarding price as well as power consumption, proceds gain high compute
power. This concept has been implemented for instance Bithid Blue Gene/P where
each processor core supplies ‘only’ 3.4 Gflops (850 MHz, 4sflper cycle) and has a
local memory of 512 MByte. But the complete Blue Gene/P systd GENE?® at JSC
with 65536 cores accomplishes more the 220.000 Gflops and hessn memory of 128
TByte (= 131.072 GBytes).

Figure 9 gives the performance of JUGENE for the parallelbd®precision matrix-
matrix multiplicationPDGEMM from the ScaLAPACK library using 256, 1024 and 4096
of its processors. Obviously the real compute power as wgétsascaling with increasing
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Figure 9. Processing power [Gflops] of a double precisiorrimatatrix multiplication as function of the matrix
size on JSC'8lue Gene/Psystem. Results are shown for different processor numli2s8; 1024 and 4096
processors.

processor number depends largely on the problem size. Fhkigeneral observation on
massively parallel computer architectures: Most algarghshow a much better parallel
performance if the problem sizes increase / scale togethiertiie number of processors
employed - a behaviour known a@ak scalingand foreseen by Gustafsrin 1988.

A computation rate of approximately 5.500 Gflops is showniguFe 9 for a matrix
size of 40.000 and 4096 processors. This result is only alfiygtof the theoretical peak
performance of the 4096 processors and the parallel spéedinpreasing processor num-
bers is far from optimal, nevertheless it illustrates theeptial of supercomputers like the
IBM Blue Gene/P with several ten thousand to hundreds ofghnds of processors for
scientific applications. With these results in mind it is miopsise that the combination of
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a massively parallel system and special high performarmmeegsors allowed to enter the
era ofPetaflop computingwith theIBM Roadrunner 2.

6 Conclusion

In this contribution we presented two examples for the nicaétreatment of partial dif-
ferential equations using parallel algorithms / computBath problems were tackled with
different strategies: The first example has been solved anmef the simple Jacobi algo-
rithm and a suitable parallelization scheme was discudsetthe second case the parallel
calculation has been performed with the help of the ScaL ARAkrary.

The pros and cons of the different strategies are obvious stfitable parallel library
is available and a reorganization of the application saféveeccording to the complex data
distribution schemes of the libraries is possible, the [fnautines from the library will
provide a robust numerical solution with fair or even goodfgnance. Otherwise the
user has to choose a parallelization scheme which bestditphicific application problem
and he has to implement the necessary algorithms himseifdier to improve the single
processor performance it is still recommendable to usalsésiary routines, e.g. from
BLAS or LAPACK, wherever possible!

Benchmarks of a parallel linear algebra routine were shawithfe IBM Blue Gene/P
architecture and for the PowerXCell processor. The redeitsonstrate the compute power
of special purpose processors as well as the potential iy parallel computers.

Appendix

In section 4.1 some information on theo-dimensional block cyclic distribution of the
data used bycalL APACK has been given. In this appendix we will discuss this issue in
greater detail.

In Fig. 10 a code fragment is shown which distributes thex NN matrix given by
Egs. (13) and (14) according to the ScaLAPACK data schenteblitck sizes NB=MB
to an MP x NP processor grid. Inclusion of this fragment into a pafategram allows
the calculation of the eigenvalues and eigenvectors ubmgautinePDSYEV:

CALL PDSYEV ( JOBZ, UPLO, N, A |A JA DESCA
$ W Z, 1Z, JZ, DESCZ, WORK, LWORK, |NFO)

Notice that in the sequential as well as in the parallel reethe matrix A is destroyed.
The difference is that in the sequential case if the eigenveare requested A is overwrit-
ten by the eigenvectors whereas in the parallel case thexagers are stored to a separate
matrix Z.

The matrix Z has to be allocated with the same local sizes asdADESCZ is filled
with the same values as DESCA. The size LWORK of the local sjpake WORK can be
found in the ScaLAPACK Users’ Guide.
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! Create the MP x NP processor grid

CALL BLACS_GRIDINIT (ICTXT, 'Row—major’ ,MP,NP)

! Find my processor coordinates MYROW and MYCOL

I NPROW returns the same value as MP,

I NPCOL returns the same value as NP

CALL BLACS_GRIDINFO (ICTXT ,NPROW, NPCOL, MYROW, MYCOL)

I Compute local dimensions with routine NUMROC from TOOLS
' N is dimension of the matrix

! NB is block size

MYNUMROWS = NUMROC(N, NB,MYROW, 0 ,NPROW)

MYNUMCOLS = NUMROC(N,NB,MYCOL, 0 ,NPCOL)

! Local leading dimension of A,

! Number of local rows of A

MXLLDA = MYNUMROWS

I Allocate only the local part of A

ALLOCATE (A (MXLLDA,MYNUMCOLS))

I Fill the descriptors, PO and Q0 are processor coordinates
I of the processor holding global element A(1,1)

CALL DESCINIT (DESCA,N,N,NB,NB, PO, QO, ICTXT,MXLLDA, INFO)

' Fill the local part of the matrix with data
do j = 1, MYNUMCOLS, NB ! Fill the local column blocks
do jj=1,min(NB,MYNUMCOLS-j+1) I all columns of one block

jloc = j—1 + jj
I local column index
jglob = (j—1)xNPCOL + MYCOL«NB +jj ! global column index
do i = 1, MYNUMROWS, NB ! local row blocks in column
do ii=1,min(NB,MYNUMROWS-i+1)
! rows in row block

iloc = i—-1 + ii
! local row index
iglob = (i—1)xNPROW + MYROWNB+ii ! global row index

A(iloc ,jloc) = 0

If (iglob==jglob) A(iloc,jloc)=—4

If (iglob==jglob+1.and.mod(jglob ,NI)/=0) &
A(iloc ,jloc)=1

If (jglob==iglob+1.and.mod(iglob ,NI)/=0) &
A(iloc ,jloc)=1

If (iglob==jglob+NI) A(iloc ,jloc)=1

If (jglob==iglob+NI) A(iloc ,jloc)=1

enddo
enddo
enddo
enddo

Figure 10. Code fragment which distributes the matrix gibgrEgs. (13) and (14) according to ScaLAPACK
(Itis assumed that MB=NB=NI and N=NJ).
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The four nested loops in Fig. 10 show how local and globaldeslican be computed
from block sizes, the number of rows and columns in the psxregrid and the processor
coordinates. The conversion of global to local indices &nd versa is supported by some
auxiliary routines in th& OOLS sub-library of ScaLAPACK. Here the routine NUMROC
is used to calculate the number of rows / columns stored oodtresponding processor.

There is also a sub-librafREDIST of ScaLAPACK which allows the redistribution
of any two-dimensional block cyclically distributed matto any other block cyclic two-
dimensional distribution. Thus if A was column cyclicalligttibuted or if the eigenvectors
have to be column cyclically distributed for further comgaiins they can be redistributed
by such a routine, as a column cyclic distribution is nothiétge but a block cyclic two-
dimensional distribution to a & NPR (with NPR = number of processors) grid with block
size 1.
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