
INSTITUTE OF PHYSICS PUBLISHING and INTERNATIONAL ATOMIC ENERGY AGENCY NUCLEAR FUSION

Nucl. Fusion 44 (2004) S93–S107 PII: S0029-5515(04)80342-9

Modelling of plasma rotation accounting
for neutral beam injection and
perturbation coils in JET and TEXTOR
A. Nicolai1, U. Daybelge2 and C. Yarim2

1 Institut für Plasmaphysik, Forschungszentrum Jülich GmbH, Euratom Association,
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Abstract
The impact of the helical perturbations, which can act as a momentum source or sink, on the rotation velocity is
calculated on the basis of the ambipolarity constraint and the parallel momentum equation of the revisited neoclassical
theory; this theory allows prediction of the parallel and poloidal flow speeds, v‖, and v�, respectively, and therefore
the radial electric field Er via the usual radial momentum balance equation.

Source terms account for the momentum deposition by neutral beam injection, pressure anisotropization and the
�j × �B force density, the latter two due to Fourier components of (rotating) helical fields.

However, the neoclassical theory cannot account for the effect of the electrostatic turbulence on rotation in,
e.g. TEXTOR L-modes. This is included by replacing the neoclassical viscosity η2 by an anomalous one due to
turbulence. The main results can be summarized as follows.

Using in the case of JET the data of shot #59316 the maximum rotation speed can be reproduced with an accuracy
of 10%. A similar result is obtained for the TEXTOR shot #91269.

If the angular velocity of the (m = 2, n = 1) Fourier component of the helical field is at low slip frequencies
ωp − ωf (ωp is the plasma rotation frequency and ωf the rotation frequency of the helical field) gradually reduced to
zero, a localized minimum appears and the gradient of the toroidal velocity becomes around 4 × 105 s−1 (JET).

However, if the slip frequency is larger than a critical value, the rotation profile of the rotation velocity is not
influenced as observed at JET.

Although it is possible to create a large velocity shear around the singular surface, this shear is nonetheless
limited by the reduction of the central velocity. Therefore, it might not be possible to trigger an ITB by plasma
braking at the singular surface.

PACS numbers: 52.55.Fa, 52.30.-q

1. Introduction

Anomalous plasma transport and the concomitant deterioration
of the confinement times of tokamaks much below the
neoclassical prediction, in particular if auxiliary heating is
applied, are key issues in fusion research.

Therefore, the surprising experimental discovery of the
transition to a high confinement mode above a certain
operating power has evoked considerable interest in improved
confinement regimes, which seem to be related to toroidal
and/or poloidal plasma spin-up and the rise of (sheared) radial
electric fields [1–8].

The revisited neoclassical theory [9–13], which is based
on Braginskii’s equations [14,15], allows within the framework
of a rigorous analytical approach calculation of the two
dimensional velocity field on the flux surfaces and the
perpendicular ambipolar electric field, i.e. the quantities which
are believed to be important for the L–H transition.

The theory is valid in collision dominated plasmas with
steep gradients and was able to reproduce the toroidal spin-up
in ALCATOR C-MOD [11, 12, 26].

The importance of the theory is underlined by the fact that
an interaction between the poloidal or toroidal spin-up and
the turbulence-driven anomalous transport is believed to be a
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likely reason for the aforementioned L–H mode transition in
tokamaks.

It is also worthwhile to mention that ignition of the
International Tokamak Experimental Reactor (ITER) requires
an improved confinement regime.

In this contribution, a consistent modelling of the
momentum transport is aimed at, which accounts for
anomalous viscosity, neutral beam injection (NBI), friction due
to recycled neutrals, braking due to pressure anisotropization
and the momentum source due to �j × �B force density in the
singular layer, the latter two evoked by the Fourier components
of external nonaxisymmetric fields.

Particle and energy transport in general and stochastic
transport due to these fields in particular are not considered;
it is assumed instead these effects are included in the
plasma background of the flat-top phase of the investigated
experiments.

To account for the turbulence prevailing, e.g. in
the L-mode of TEXTOR, the possibility is foreseen to
introduce an anomalous viscosity [16]. Since the ion
temperature gradient (ITG) threshold is exceeded in the
TEXTOR L-mode, this instability, together with the trapped
electron mode, are considered here as the main sources of
turbulence.

The friction with the recycled neutral gas due to charge
exchange is in limiter devices a strong source of momentum
loss, as pointed out in [11].

The dominating friction of the rotating plasma with
embedded islands generated by a radial magnetic field has
already been discussed in [17]. There the radial magnetic field
is assumed to be static. Here the case of a rotating radial field
is envisaged as well.

In particular, at TEXTOR and JET static or rotating helical
fields will be applied to influence the plasma rotation mainly
driven by NBI. Here, the attempt is made to describe these
experiments numerically.

This paper is organized as follows: in section 2 the main
results of the revisited neoclassical theory are summarized and
the characteristic quantities are given. Then the source terms
due to NBI [16] (section 3), due to pressure anisotropization
(section 4) and due to the �j × �B force density (section 5) are
included in the neoclassical theory. Anomalous viscosity is
introduced to achieve agreement with, e.g. TEXTOR results
(section 6). An important basis of the analysis is the
Fourier decomposition of the perturbing field (section 7).
The standard solution method of the momentum equation
and the necessary boundary conditions are summarized in
section 8. Finally, results are presented concerning JET and
TEXTOR in section 9.

2. Ambipolarity constraint and parallel momentum
balance

As mentioned earlier, the revisited neoclassical theory
accounts, in particular, for steep temperature and density
gradients at high collisionality. Since it is a collision dominated
theory, it is based on the conservation equations for particles,
momentum and energy [9–13]. For a two-component plasma
with the velocities �uj , the densities nj , the particle sources

Sj (�x, t), the friction forces �Rj(x, t) and the momentum input
�SM
j (�x, t) (j = e, i) we get

∂nj

∂t
+ ∇ · (nj �uj ) = Sj (1)

mjnj

d�uj

dt
= −∇Pj −∇ · ���j − eZjnj ( �E + �uj × �B)− �Rj + �SM

j

(2)

where Pj , �E and �B are the scalar pressure, the electric and
magnetic field, respectively. The viscous tensor is given by

��� = −η0
��W 0 − η1(

��W 1 + 4 ��W 2) + η3(
��W 3 + 2 ��W 4) (3)

The tensors ��W 0, ��W 1, ��W 2, ��W 3, ��W 4, accounting for the parallel,
perpendicular and gyro stress, and the viscosities η0–3 are given
in [14] (recently extended and completed by Mikhailovsky and
Tsypin [15]). With the analogous terms SE

j (sources) and RE
j

(frictional heating) we obtain for the power balance:

3

2
nj

dTj

dt
+ Pj∇ · �uj = −∇ · �qj − ���j :∇�uj + RE

j + SE
j (4)

In the revisited neoclassical theory [9], a plausible ordering
inside the separatrix is introduced by means of a small
expansion parameter µ ≈ 0.1:

cj

qRνj

≈ LT

r
≈ r

qR
≈ Bθ

Bφ

≈ µ

and
ejVL

Tj

≈
√

me

mi
≈ aj

LT

≈ µ2

where LT = (∂ ln T /∂r)−1 is the radial scalelength of the
temperature, Bθ and Bφ are the poloidal and toroidal fields, νj ,
cj and aj are the collision frequency, the thermal speed and
the gyro radius of the particle species j , respectively; VL is the
loop voltage, me the electron and mi the ion mass.

From the above ordering we conclude that the quantity

	 = νi


i

q2R2

LT r
≈ 1 (5)

and the quantity

	∗ =
√

me

mi

(
qRνj

cj

)2

≈ 1 (6)

are both of the order of unity. 
j = cj /aj is the cyclotron
frequency and 	 measures the ratio of the contribution of the
gyro-viscosity to the contribution of the parallel viscosity in
equation (2). 	∗ is the ratio of the ion heat diffusion time scale
to the ion–electron equilibration time scale.

This means that the modifications of the revisited
neoclassical theory with respect to the standard theory become
important in the case of steep gradients (increasing the
gyro-viscosity) and/or high collisionality.

For the toroidal and parallel momentum balances we use
the magnetic field aligned orthonormal unit vectors:

• �p in the radial direction (perpendicular to the flux surface),
• �b in the geodesic direction (i.e. parallel to the flux surface

and perpendicular to the field lines)1, and
• �n in the direction parallel to the field lines.

1 �b is in the direction of the binormal if the fieldlines are geodesics which is
normally not the case.
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These unit vectors can be expressed in terms of the unit vectors
in the radial, poloidal and toroidal directions, �eψ , �eχ and �eφ ,
respectively. Since we assume that these vectors are orthogonal
(which is appropriate for axisymmetric systems) the metric
tensor is diagonal and the line element is given by

dl2 = (hψ dψ)2 + (hχ dχ)2 + (hφ dφ)2

The Jacobian has the simple form J = hψhχhφ .
If the radial coordinate is identified with the flux function,

the determination of the ψ = const surfaces requires the
solution of the Grad–Shafranov equation.

With the help of the coefficients U
(k1)
ψ,j , U(k2)

β,j (ψ) and U
(k3)
‖,j

(k1 � 6, k2 � 2, k3 � 1) which are all of the order of the
thermal speed, the velocity components of species j can be
estimated as [9]

�p · �Uj = µ6U
(6)
ψ,j (ψ) + · · ·

�b · �Uj = µ2U
(2)
β,j (ψ) + µ3U

(3)
β,j (ψ, χ) + · · ·

�n · �Uj = µU
(1)
‖,j (ψ) + µ2U

(2)
‖,j (ψ, χ) + · · ·

This is mainly due to the diamagnetic velocity giving rise to a
poloidal movement and the poloidal gradients, which drive a
weak radial movement. The loop voltage evokes the movement
of the ions relative to electrons [9].

Assuming that the magnetic field, density, temperature,
potential, etc, are independent of the poloidal angle in
dominant order, these quantities can be expanded in
perturbation series as well. For example, the density n and
the magnetic field B can be written as,

n(ψ, χ) = n(0)(ψ)[1 + n(1)(ψ, χ) + · · ·]

and
B(ψ, χ) = B(0)(ψ)[1 + b(1)(ψ, χ) + · · ·]

respectively. This procedure restricts the theory to large aspect
ratio plasmas where the toroidal field is dominant.

We project equation (2) in the toroidal direction, evaluate
the various contributions originating from the inertia and the
viscous terms, integrate over a flux surface and get a
time-dependent equation for the poloidally averaged toroidal
speed uφ :∫

Jhφhψ dχIψ = −mi

ei

∂

∂ψ

{
− 2

P
(0)

i

B3
0

[
hφBφ

T
(0)

i

eiB0

×
(

3ei
1

T
(0)

i

∂V

∂ψ
+

∂ ln T
(0)

i

∂ψ
− ∂ ln n

(0)

i

∂ψ
+ 3u

(1)

‖,i

)]

×
∫

n(1) ∂b(1)

∂χ

dχ

2π
+ 12.48

P
(0)

i

B3
0

Bχ

B0

T
(0)

i

miν
(0)

i h
(0)
χ

×
∫

∂n(1)

∂χ

∂b(1)

∂χ

dχ

2π
+

12

10

P
(0)

i

B2
0

1



(0)

i τ
(0)

i

h(0)
χ

B
(0)
φ h

(0)
ψ

∂u‖,i
∂ψ

}

+
∫

Jhφ dχ mi
∂niuφ,i

∂t
= 0 (7)

Here Iψ is the radial charge flux density, the flux surface
integral of which is zero because of ambipolarity. The index i
refers to the ions, τi = 1/νi is the ion collision time.

n(1) is given by [9]

n(1) = α1 cos(χ) + α2 sin(χ)

where α1, α2 have been determined analytically in [9]. For b(1)

we assume the Fourier expansion

b(1) = ε(M1 cos(χ) + M2 cos(2χ) + · · ·)

where ε = r/R is the inverse aspect ratio. Here the radial
coordinate r is the effective radius defined by

r =
√

V (ψ)

2π2R0
(8)

where V (ψ) is the volume of the flux surface ψ .
In the case of circular cross-section we get M1 = 1

analytically [9]. For elongated cross-sections M1 can be
evaluated numerically (appendix C).

Since in the case of elongated cross-sections the poloidal
field is on top and bottom of the plasma weaker than in the
equatorial plane (due to the vicinity of an X-point) one could
expect a slight reduction of

M1 = 1

πε

∫ 2π

0
b(1) cos(χ) dχ

In the case of TEXTOR we get M1 = 1 and the case of
JET (shot #59316) M1 = 0.95. Both results are obtained
numerically. Similar results are obtained for other values of κ .
Therefore, we assume M1 = 1 in the following.

We note that using the minor half axis ( 1
2 of the extension

of a flux surface in the equatorial plane) as radial coordinate
(r = r ′ as defined in the next section) would decrease ε by the
factor ≈1/

√
κ and thus increase M1 by ≈√

κ .
The other Fourier components Mk , k > 1, do not

contribute in equation (7) and are therefore not considered in
the following.

The integrals∫
n(1)

∂b(1)

∂χ

dχ

2π
= M1εα1

2

and ∫
∂n(1)

∂χ

∂b(1)

∂χ

dχ

2π
= −M1εα2

2

depend via M1, in principle, on the flux surface geometry.
With the effective poloidal field

Bθ = 1

R0

dψ

dr

the radial derivative ∂/∂ψ can be written as

∂

∂ψ
= 1

R0Bθ

∂

∂r

Therefore, we get from equation (7) (T = T
(0)

i , n = n
(0)

i )

1

r

∂

∂r

[
rη2

(
∂uφ

∂r
− M1

0.107q2

1 + (Q2/S2)

∂ ln T

∂r

Bφ

Bθ

uθ

)]

= mini

(
∂

∂t
+ νcx

)
uφ + TNBI + TANI + Tj×B (9)
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uθ is the averaged poloidal speed. The perpendicular viscosity
coefficient [11] is

η2 = (6/5)nkT


2
i τi

(10)

The velocities Q and S are defined by

Q =
[

4uθ − 5vn

(
1 +

1

2η

)]
Bφ

B
(11)

and

S = 8vnη

	

Bφ

B
(12)

with the velocity vn = (T /eB)(∂ ln(n)/∂r) and the well-
known ratio

η = ∂ ln(T )/∂r

∂ ln(n)/∂r
(13)

The charge exchange reactions are characterized by the charge
exchange frequency

νcx = 〈σv〉cxn0 (14)

〈σv〉cx is the rate coefficient for charge exchange, and n0

the neutral gas density. The source terms TNBI, TANI, Tj×B

account for NBI, pressure anisotropization due to helical
perturbations and for the �j × �B-force at the singular surfaces.
They are discussed in the following sections. We define the
dimensionless quantities

g = uφ

vT

h = uθ

vT

and

x = r − rin

Lψ

Here we used the (constant, positive) velocity

vT = 1

eBφ

Tin

Lψ

Tin is the temperature at the point Pin with radius rin and
the length Lψ = LT (rin) is LT at Pin. In the case of
ALCATOR C-MOD [11], Pin is the ‘inflection’ point Pinf ,
which is defined in figure 1 as the locus of vanishing curvature
of the ion temperature profile. In the case of TEXTOR (without
temperature pedestal), Pin is assumed to coincide with the
plasma edge (i.e. rin = rs, rs is the minor plasma radius). The
length Lψ = LT (rin) is LT at Pin. We get the dimensionless
equation

1

x

1

η2

∂

∂x
[xη2G] = T̂cx + T̂NBI + T̂ANI + T̂j×B (15)

The quantity G is given by

G = ∂g

∂x
− 0.107q2

1 + (Q2/S2)

∂ ln T

∂x

Bφ

Bθ

h (16)

The second term in equation (16) acts as a source term which
is roughly proportional to (∂ ln T /∂x)h, i.e. to the temperature

[
k
e
V
]

Figure 1. The steep temperature profile in the edge ALCATOR
C-MOD has an inflection point Pinf where the curvature vanishes.
This point is taken as radial origin (x = 0) [12]. In the cases without
temperature pedestals (TEXTOR and JET), x = 0 is located at the
plasma edge r = rs.

gradient. q is the safety factor and R the major radius. The
dimensionless source term T̂cx is

T̂cx = tci
n̂

η̂2
νcxg (17)

It accounts for the aforementioned friction evoked by the
neutral gas. The characteristic time tc,in at the point Pin is
given by

t−1
c,in = 1

mjniL
2
ψ

η2,in (18)

and ‘relative’ viscosity η̂2 is defined by

η2 = η̂2η2,in (19)

where η2,in is the viscosity at the point Pin. Due to the scaling
of τi with density and temperature we get

η̂2 = n̂2T̂ −(1/2)+Z (20)

T̂ = T/Tin is the relative temperature and n̂ = n/nin the
relative density. Tin and nin are the temperature and density at
the point Pin. As temperature dependence of Zeff

Zeff = Zeffin T̂
Z (21)

is assumed, Z is a constant.
Equation (15) is a second order equation for the

normalized toroidal velocity g.
Using the rate coefficient for charge exchange with

cold neutrals (≈25 eV) 〈σv〉cx = 4.7 × 10−14 m3 s−1, the
charge exchange frequency of a neutral gas with the density
n0(1019 m−3) is given by

νcx = 4.7 × 10−14 (m3 s−1) · n0(1019 m−3) = 4.7 × 105 · n0

We assume that the neutral gas density decays as n0 =
N0 exp[(Lψ/Lneu)x]. N0 is the neutral density at the inflection
point. Lneu ≈ 1 cm is an estimate of the decay length indicated
by the SPUDNUT-code [28], assuming deuterium atoms only.
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Taking the parallel components of the terms in the
momentum equation (2) and accounting in particular for the
gyro-viscosity tensor [11] we get in the case of large aspect
ratio and circular cross-section a nonlinear relation between
the poloidal and toroidal plasma velocities [11].

h∗+ 1.833 = 0.45	

1+(Q2/S2)

{
0.107q2

1+(Q2/S2)
h∗+

1

2

1

[∂T̂ /∂x]2
(g∗)2

− 1

∂T̂ /∂x
g∗

[
h∗ −

(
1 +

2

η

)]

+1.9

[
h∗ − 0.8

(
1 +

1.6

η

)]2
}

(22)

Here, the definitions g∗ = (Bθ/Bφ)(uφ/ηvn), and h∗ =
uθ/ηvn are used, to cast equation (22) in a convenient form.
In the case of elongated cross-sections, a more general form
of equation (22) must be used in which similar integrals as in
equation (7) are to be evaluated. These integrals contain the
coefficient M1 as a flux surface dependent part. We introduce
the effective radius (8) and use M1 = 1 as in equation (9).

Finally, we note that the magnetic field structure is
prescribed and therefore island formation is neglected [11].

3. Neutral beam injection

Due to neutral injection [13] the particle number N0 increases
according to

Ṅ0 = Ib [A]

e0
= 0.624 × 1022 Pb [MW]

Eb [keV]
(23)

where Ib is the injected current, Pb the injected power and Eb

the beam energy. We concentrate on charge exchange reactions
because they leave the particle number unchanged. The rate
coefficient is given by

〈σv〉cx = 1.5 × 10−13 m3 s−1

In a radial volume element �V = 2πR2πr dr during the time
�t the momentum

�(mviNi)�V = mṄ0�t
dl

lmfp
v0 (24)

is deposited. dl is the line element along the beam path
(figure 2), v0 = √

Eb/2mb the speed of the neutrals and lmfp

the mean free path length due to charge exchange:

lmfp = v0

〈σv〉cxNi
(25)

Let α be the angle between the beam tangency radius Rt and
the straight line Rb connecting the centre point with the line
element dl. Then we have

cos α = Rt

Rb
(26)

and
dr ′

dl
= sin α ≈

√
2
Rb − Rt

Rb
=

√
2ε′

Figure 2. A pencil beam model is used to account for NBI. The
beam ‘tangency’ radius is Rt , the major radius of the line element dl
along the beam is Rb. Rt is assumed to be approximately equal to
the radius of R0 of the magnetic axis.

where r ′ ≈ r/
√

κ is the minor half axis of the flux surface
with effective radius r and the elongation κ . ε′ is defined as
ε′ = r ′/R0. Equation (24) entails

v̇iNi = Ṅ0(dl/llmp)v0

2πR2πr dr

Using the mean free path length (25) and assuming Rt ≈ R0,
we obtain

v̇i [m s−2] = Ṅ0〈σv〉cx

2πR02πr
√

2ε′√κ

= 1.68 × 107 PMW

EkeV

1

R0 [m]r [m]
√

ε
(27)

The (dimensionless) source term is then

T̂INJ = tc
n̂

η̂2

v̇i

vT

(28)

We introduce η̂2 (equation (20)) and get

T̂INJ = tc
1

n̂T̂ −(1/2)+Z

v̇i

vT

(29)

4. Plasma braking due to pressure anisotropization
at small slip frequencies ω

In this section, we deal with the case in which the plasma and
the perturbing magnetic field, rotating with the frequency ωp

and ωf , respectively, have a small (absolute) slip frequency.
This frequency is defined as

ω = ωp − ωf (30)

The plasma rotation frequency is

ωp = m
θ,p − n
φ,p (31)

and the helical field rotation frequency

ωf = m
θ,f − n
φ,f (32)

where m, n are the poloidal and toroidal mode numbers,
respectively. 
θ,p, 
θ,f , 
φ,p, 
φ,f are the poloidal rotation
frequency of the plasma, the poloidal rotation frequency of the
helical field, the toroidal rotation frequency of the plasma and
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the toroidal rotation frequency of the helical field, respectively.
The slip frequency is the frequency of the helical field seen
in the rotating plasma system. If ω < 0, the helical field
reduces the plasma rotation speed, for ω > 0 the opposite
holds if the condition

|ω| 
 ωcrit = −�′

τsi
(33)

is fulfilled. �′ and the time τs, both characteristics of the
singular layer, are defined in section 5. Only for |ω| 
 ωcrit

helical perturbation imposed, e.g. by saddle coils at JET or the
dynamic ergodic divertor (DED) at TEXTOR [17, 21, 22] are
assumed here to penetrate ideally because only feeble eddy
currents are built up in the singular layer. Therefore it is
assumed in the following that the perturbing field and the
plasma are almost synchronized, i.e. that the slip frequency
is small. Furthermore, without loss of generality, a stationary
field is assumed (ωf = 
θ,f = 
φ,f = 0).

Since the field of the perturbation coil has, in general,
three components (linked by ∇ �B = 0) the total field can be
written as

�B = B0,φ�eφ + B0,θ �eθ + �eθ

∑
m,n

Bθm,n
sin (mθ − nφ + φm,n)

+�eφ

∑
m,n

Bφm,n
sin (mθ − nφ + φm,n)

+�eψ

∑
m,n

Bψm,n
sin (mθ − nφ + φm,n) (34)

where Bθm,n
, Bφm,n

, Bψm,n
are the poloidal, toroidal and radial

Fourier components of perturbation field.
The helical perturbations modulate the absolute value of

the total field

B = B0(θ)

[
1 +

∑
m,n

bm,n(θ, φ)

]
(35)

where B0(θ) =
√

B2
0,φ + B2

0,θ is the axisymmetric tokamak

field and the bm,n(θ, φ) are given by

bm,n(θ, φ) = Bθm,n
+ Bφm,n√

B2
0,φ + B2

0,θ

sin(mθ − nφ + φm,n) (36)

where φm,n are the phases. (The perturbing radial field
generating the islands at the resonant surface in the case of
ideal penetration, does not contribute to the modulation of the
poloidal and toroidal field.)

Due to the pressure anisotropization we get as braking
term 〈�eφ · ∇�〉 = Kvφ [24, 27]

K = 2
√

πpi

vTi

∑
m,n

〈 �eφ · ∇B

B

∂bm,n

∂φ

〉
q

|m − nq| (37)

This expression is derived for the plateau regime and it is valid
in the vicinity of the rational surface with q = m/n. However,
at the rational surface itself the Pfirsch–Schlüter regime is
entered. In this regime the expression (37) must be modified,
thus a singularity does not appear. More details are given in
appendix A. We note that the penetration problem for |ω| � 0
and also the torque due the helical field and the eddy currents

will be addressed in section 5. The braking term due to helical
perturbations (36) is given by [17]

Kvφ =
√

πpi

vTiR0

∑
m,n

(B0,θBθm,n
+B0,φBφm,n

)2

B4
0

n2q

|m − nq|vφ (38)

In the case of helical conductors the dominant field components
are the poloidal and the radial ones, because they are both
perpendicular to the direction of the conductor. If we assume
bθm,n

/B0 ≈ 10−3 and the same parameters as the section before
we get as braking time (since B0,θ /B0 ≈ ε)

τ = R0 [m]√
π0.99 × 104

√
Ti [eV]/M

106 |m − nq|
n2qε2

[s]

≈ 21
|m − nq|

n2q
[s] (39)

Because of singular denominator in the source term
(proportional to 1/τ ) the braking time becomes small in
the vicinity of the singular surface (at the singular surface the
denominator must be modified according to appendix A). The
large τ outside the rational surface means that the braking is
only important at this surface.

In analogy to NBI, the dimensionless source term due to
the braking by helical perturbations is given by

Tbr = tci
n̂

η̂2τ
g (40)

The radially dependent braking time, generalized to more
Fourier components, is given by

1

τ
=

√
π × 104√Ti [eV]/M

R0 [m]

×
[∑

m,n

n2q

|m − nq|
(B0,θ bθm,n

+ B0,φbφm,n
)2

B4
0

]
(41)

5. Penetration of the helical field and plasma
braking due to the �j × �B force density in the
singular layer

In general, the plasma rotates at a speed different from the
perturbing field. Therefore the slip frequency ω (like in an
induction motor) must be calculated. If the slip frequency is
very large, no momentum transfer to the singular surface can
be expected because of the eddy currents which prevent the
penetration of the helical field. At low slip frequencies the
eddy currents are small enough to allow the field to penetrate.
The transferred momentum increases with increasing slip
frequency until a maximum is reached. The dependence of
the torque, transferred to the singular flux surface, on the slip
frequency is given by [19]

TEM = −8π2m3R0

µ0

ωτsi

(−�′)2 + (ωτsi)2
|�v|2 (42)

Here
τsi = µ0σ(rsi)rsiδsi

is the characteristic time of the singular layer with the
conductivity σ(rsi)

�′ =
[
r

dψplasma

dr

]rs+

rs−
(43)
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is called the ‘tearing mode stability index’ because �′ is
proportional to the growth rate of the tearing mode islands.
�′ can be inferred from the ideal tearing mode equation

1

r

d

dr

(
r

dψ

dr

)
− m2

r2
ψ − µ0m(dj/dr)

Bθ (m − nq)
ψ = 0 (44)

The solution procedure consists in setting up of the boundary
conditions and the integration of equation (44) from the inside
(r = 0) to the singular layer (r = rsi − ε) and from the
outside until the singular layer (r = rsi + ε). ε is a small
number. The boundary conditions are ψ = 0, dψ/dr = 0
at r = 0 and ψ ≈ 0 at r = krs (k is a number in the
range k > 2). (dψ/dr)(rs) is adjusted in such a way that
ψ(rsi − ε) = ψ(rsi + ε). j (r) is the plasma current density
which is parabolic in r . For k > 2, �′ becomes almost
independent of k.

We assume in this section �′ < 0 so that the plasma is
tearing mode stable.

�v in equation (42) is the vacuum flux function due
external coils, at the singular layer:

�v = ψ(rsi) exp[i(mθ − nφ + ωf t)] (45)

where ψ(r) is the radial part of the vacuum flux function. At
the singular surface we have the flux function [19]

�si = �v
2m

−�′ + iωτsi
(46)

�si differs from �v because of the eddy currents. Real and
imaginary parts of expression (46) allow, e.g. to compute the
phase shift between �si and �v. For static fields, the phase
shift vanishes and �si = �v(2m/(−�′)) is in general larger
than �v (‘amplification’). At high slip frequencies, beyond the
critical frequency

ωcrit = −�′

τsi

the flux function inside the plasma is considerably lower
than �v.

Since the torque is deposited in the volume 4π2rrsiδsiR0

with the radial extension δsi, the momentum density transferred
to the plasma is given by

T ∗
j×B = T ∗

EM = TEM

4π2rrsiδsiR0

= − 8π2m3R0

µ04π2rrsiδsiR0

ωτsi

(−�′)2 + (ωτsi)2
|�v|2 (47)

in rsi − δsi/2 < r < rsi + δsi/2 and

T ∗
j×B = 0 (48)

elsewhere.
The width of the layer can be written as [19]

δsi = 2.104rsi

[
τ 2

h

τRτV

]1/6

(49)

Here, the hydrodynamic time is

τh = R0

rsins
τa (50)

where τa is the Alfvén-time given by

τa = rsi

va
= rsi√

B2
0/nsimiµ0

= rsi

√
(nsimiµ0)

B2
0

(51)

where nsi is the ion density at the singular layer.
The shear parameter s is defined by

s = rq ′

q
(52)

The viscous diffusion time can be expressed as

τV = r2
siminsi

η2(rsi)
(53)

Finally, the resistive time is

τR = µ0r
2
siσ(rsi) (54)

The braking time, i.e. the time needed to brake down a plasma
moving with the speed vφ is then given by

τ = nsimivφ

T ∗
j×B

= [nsimivφ]

×
[

8π2m3R0

rµ04π2rsiR0δsi

ωτsi

(−�′)2 + (ωτsi)2
|�v|2

]−1

(55)

This expression is modified as follows: since the radial
component of the helical perturbation is Bhelr = (m/r)ψv,
we get

τ = nsimi

[(
v2

T

vT

) (
vφ

vT

)
m2

]

×
[

16π2m3R0

r2µ04π2rsiR0δsi

ωτsi

(−�′)2 + (ωτsi)2
|rBhelr |2

]−1

(56)

Analogously to the local poloidal βpol = 2µ0P/B2
θ (P is the

total local pressure) we define

βfi = nsimiv
2
T 2µ0

B2
helr

(57)

and obtain

τ = (δsi/vT )(vφ/vT )βfi

(4m3r/rsi)(ωτsi/((−�′)2 + (ωτsi)2))
(58)

The source term is given by

T ∗
EM = vφnsimi

τ
= nsimi4m3r

rsiβfi

ωτsi

(−�′)2 + (ωτsi)2

v2
T

δsi
(59)

To get the dimensionless source term T̂ ∗
EM in analogy to

equation (28), the source term must be multiplied with
tci/vT ninfmiη̂2:

T̂ ∗
EM = n̂si4m3r

rsiβfiη̂2

ωτsi

(−�′)2 + (ωτsi)2

vT

δsi
tci (60)

for the numerical treatment the discontinuous source term
defined by the equations (47) and (48) is replaced by the
expression

T c
j×B = T ∗

EMCn exp

[
−

(
r − rsi

δsi

)2
]

(61)

where Cn = 1/
√

πδsi is obtained from the requirement∫
T ∗

j×B dr =
∫

T c
j×B dr

S99



A. Nicolai et al

6. Anomalous viscosity

Attempts to reproduce the rotation velocity of the L-mode
TEXTOR plasma with the classical viscosity fail because the
obtained velocities are much too large. Therefore, like in
the case of the heat conduction, anomalous viscosity must
be envisaged [16]. The shape of the temperature and density
profiles in TEXTOR make the ITG instability likely to be the
primary candidate for anomalous viscosity. The growth rate
of the instability is [16]

γITG = 2cTeky

eBR

√
ζ

〈Z〉 (1 − 0.67p) − ζ 2p2

4
(62)

Here, the peaking factor p is defined by p = 1/η and
ζ = −(R/2)(d ln T /dr). The parameter η is defined by
equation (13). In the case of saturated turbulence the diffusivity
is given by [16]

D⊥ = 〈〈γ�〉〉
〈〈ky〉〉 αD(r)

Here, γ� is the sum of growth rates of the excited instabilities
and 〈〈· · ·〉〉 denotes the average value over the k-region with
positive growth rate. The empirical profile αD(r) is chosen to
be proportional q2(r) [16]. Analogously to the heat diffusivity
Dh which is defined by χ = nDh, where χ is the heat
conductivity, we define a viscosity diffusivity Dη by η2 = ρDη

where ρ = nmj is the mass density. (The dimension of both
diffusivities is m2 s−1.) To account for the anomalous viscosity
we replace in equation (9) η2 by the sum of ρD⊥ and the
neoclassical part (10) as it was proposed in [16]:

ηtotal = ρD⊥ + η2

Only L-mode discharges are envisaged. The ratio
ηtotal/η2 ≈ 100 shows the importance of the turbulence in the
momentum transport equation (2).

7. Fourier analysis of the perturbing magnetic field

The Fourier sine-coefficients of the radial field Br are given by

Bmns = 1

2π2

∫ 2π

0
dθ

∫ 2π

0
dφ Br(θ, φ) sin (mθ − nφ) (63)

An analogous formula holds for the cosine-coefficients Bmnc .
In the following, the geometrical sum

Bmn =
√

B2
mns

+ B2
mnc

of both is envisioned because this sum is decisive for the
island width and is almost independent from the phase φm,n =
arctg(Bmnc/Bmns), defined in equation (34). One hundred
gridpoints were chosen in the toroidal and in the poloidal
directions, respectively.

8. Solution method

Equation (15) is a second order equation for g, the normalized
toroidal velocity if the definition (16) of G is inserted. This
equation is replaced by two first order equations. The first

equation is obtained by resolving equation (16) with respect
to ∂g/∂x.

∂g

∂x
= G +

0.107q2

1 + (Q2/S2)

∂ ln T

∂x

Bφ

Bθ

h (64)

The second equation is that for ∂G/∂x which is (almost)
identical with (15).

In addition, we have equation (22) for the poloidal rotation.
For a given temperature, density and normalized toroidal
velocity g this equation is solved for h by means of a solver for
transcendental equations. We assume a symmetric streaming
of the scrape-off plasma into the divertor. This yields as
boundary value h(r = rs) = 0. By two reasons we assume
that g(r = rs) = 0:

1. In the case of ALCATOR C-MOD momentum sources are
missing.

2. The friction due to neutrals possibly reduces the boundary
value g(r = rs) to a low value, even if NBI is used as it is
done in many devices.

A shooting procedure, adjusting the boundary value
dg/dr|r=rs , is used to ensure that dg/dr = 0 at the plasma
centre.

9. Results

Since plasma rotation is here the main subject, results
concerning the rotation velocity will be presented first.

The source terms (40) and (61) depend quadratically on the
perturbing Fourier components. Therefore, results concerning
the Fourier analysis of the magnetic fields generated by the
coil configurations of TEXTOR and JET are presented in
section 9.2 as well.

9.1. Plasma rotation

The input data are those of TEXTOR and JET. The TEXTOR
(shot #91269) data are: rin = rs = 46 cm, R = 175 cm,
Timax = 1500 eV, Temax = 1200 eV, nmax = 5.4 × 1013 cm−3,
η = 1.6, Bφ = 2.23 T. NBI is characterized by PMW = 0.72,
EkeV = 40 (deuterons). The plasma current is Ip = 350 kA
and the maximum toroidal speed vtmax = 110 km s−1.

The choice of the JET data corresponds to shot #59316:
major radius R = 296 cm, minor half axis a = 84 cm,
effective radius rmax = 120 cm, Timax = 11 keV, nmax =
3 × 1013 cm−3, ηi = 1.6, Bφ = 5.4 T, PMW = 13 MW. The
plasma current is Ip = 2.0 MA and the maximum toroidal
speed vpmax = 210 km s−1. Here, the effective radius is defined
by equation (8).

Figures 3 and 4 show the temperature profiles of TEXTOR
and JET, respectively. The radii of the gridpoints of the
abscissa axis are given in centimetres. This applies also for
figures 4–8.

The maxima of the toroidal velocity (figure 5 for TEXTOR
and figure 6 for JET) are reproduced with an accuracy of
around 10%.

It is assumed that during the braking process the slip
frequency is below the critical value. This can be achieved
by adjusting the rotating frequency of the helical field.
This requires AC-operation, since an oscillating field can
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Figure 3. The maximum ion temperature in TEXTOR
(shot #91289) is 1.5 keV and the profile which is used as input to the
rotation calculation, is close to linear.

[
k
e
V
]

Figure 4. The maximum ion temperature in JET (shot #59316) is
11 keV and the shape of the profile which is used as input to the
rotation calculation as well is similar to that of TEXTOR (figure 3).

υ �

Figure 5. The calculated toroidal velocity profile in TEXTOR has
the maximum vφmax = 120 km s−1 (shot #91289), and the decay is
similar to that of the ion temperature in TEXTOR.

be decomposed in two rotating fields with opposite angular
velocities. However, AC-operation was not (yet) applied
at JET.

At TEXTOR the more efficient operation with four-phase
current is possible.

υ �

Figure 6. The calculated toroidal velocity profile in JET has the
maximum vφmax = 220 km s−1 (shot #59316), and the decay is like
that of the ion temperature in JET.

Figure 7. Braking by means of the (m = 2, n = 1) Fourier
component of the (static) DED leads at TEXTOR to a localized
minimum at r(q = 2) = 25 cm. In the range 41 cm < r < 45 cm
the velocity is negative.

At low slip frequencies the source term (61) enforces that
the minimum of the (angular) rotation velocity in figures 3–6
is in the vicinity of the rotation velocity of the rotating helical
field ωf . By means of the momentum balance it can be shown
that the source term (61) is locally (at rs) strongly dominating.
Accounting for viscosity and the term (61) the balance yields
as amplitude of the (oscillating) radial field

br = mR0

rsiτsi

√
(−�′)2µ0τsiµ′ 1 + [(ωτsi)

2/(−�′)2]ωf

ω

where µ′ is defined by 1/µ′ = ∫ a

rs
(dr/rη2,an). η2,an is

the anomalous viscosity. Using the aforementioned JET-
data, assuming ωf ≈ 10ω, using �′ = −6 obtained from
equation (44) and presupposing the condition (33) one gets the
estimate br ≈ 1.2×10−5 T. This is rather close to the ‘locking
error field’ [19]

br,l = R0ω0

2nrsi

√
0.5µ0τsiµ′ ≈ 2.7 × 10−5 T

by means of which the ‘fully reconnected’ plasma state at low
rotation speed may be obtained. Since the helical field is of the
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Figure 8. Braking by means of the (m = 2, n = 1) Fourier
component of the saddle coils at JET, the frequency of which is
gradually lowered to 0, leads to a localized minimum at
r(q = 2) = 70 cm. The stepwise reduction of the frequency is
achieved (numerically) by starting step n by the boundary condition
of step (n − 1). Around ten steps are needed. In
80 cm < r < 120 cm the velocity is negative. Because of the large
slip frequency the mode locking could not be seen experimentally.

order of 10−3 T, i.e. much larger than br,l, the source term (61)
is dominant if the slip frequency is small enough.

By gradually reducing the rotation speed of the helical
field 
f , i.e. by keeping the slip frequency below the limit (33)
mentioned in section 4. the minima can be pulled to the
abscissa (figure 7 for TEXTOR and figure 8 for JET) i.e. the
(final) rotation speeds of the helical field in figures 7 and 8 are
zero at the singular (q = 2) surfaces. In figure 8 for 80 cm <

r < 120 cm the velocity is negative because of the second term
on the RHS if equation (16). The analogous dependence in
figure 7 has rather small radial extension (37 cm < r < 46 cm)
and is therefore not shown.

We note that the plasma braking shown in figures 7 and 8
entails a strong reduction of the central velocity, to ≈ 1

3 in
the case of TEXTOR and ≈ 1

2 in the case of JET. Since the
minima are located at ≈ 1

2 of the effective plasma radius, the
mean velocity gradients are roughly the same as in figures 5
and 6, i.e. the plasma braking does not change the velocity
gradient much.

The stepwise reduction of the frequency is achieved
(numerically) by starting step n by the boundary condition
of step (n − 1). Around ten steps are needed.

Because of the large slip frequency the mode locking could
not be seen experimentally at JET.

We note that with the same input parameters smooth
solutions like in figures 3 and 4 can be obtained because at
large slip frequencies the source term is small and does not
influence the vφ profile. The slip frequency turns out to be large
if the ‘shooting’ is started with a boundary value (dg/dr)|r=rs

close to those of figures 3 or 4.
The gradient of the toroidal velocity which is

approximately equal to the ‘shearing rate’ defined in [29],
is around 4 × 105 s−1 (JET). For the suppression of the
ITG-instability approximately a shearing rate

ωE×B > γITG (65)

is needed. Using the expression for ωE×B in [29] one obtains

ωE×B = Bθ

B

d

dr

Er

Bθ

(66)

Here, it is assumed that the radial and poloidal correlation
lengths of the respective instability (both perpendicular to the
magnetic field) are equal.

Due to the large toroidal momentum sources, vφBθ is
assumed to be dominating in the pressure balance

Er = vθBφ + vφBθ ≈ vφBθ

and thus we obtain

ωE×B = Bθ

B

d

dr
vφ (67)

Therefore, the condition for suppressing the ITG-instability is

Bθ

B

dvφ

dr
> γITG (68)

Since according to [16]

γITG ≈ 105 s−1

the velocity gradient

dvφ

dr
≈ 106 s−1

is required. Therefore, the velocity gradient achieved is still
too small.

9.2. Magnetic field structure

The coil configurations of JET and TEXTOR are quite
different: at JET (figure 12) the saddle coils located in the lower
half of the vacuum vessel are used to produce a broad spectrum
of Fourier components. The TEXTOR coils (figure 13) consist
of helical conductors at the high field side of the torus [22]. The
winding is suited for four phase operation and has the dominant
mode at m = 12 and n = 4 since it can roughly be understood
as cut from complete (12/4)-winding, so that the extension at
the high field side is approximately 120˚.

9.2.1. JET. By means of the winding generator in FLOC [23]
four loops are generated (figures 9(a) and (b)) which represent
the saddle coils at JET. As compared with the real configuration
(figure 12) some simplifications were done: the curved poloidal
connections were approximated by three straight conductors.
The finite size of the coil sections in poloidal and toroidal
direction (each composed of three filaments) was neglected.
Since the lower Fourier components are rather insensitive with
respect to geometrical details, the simplifications should be
tolerable.

The Fourier components are computed at the q = 2
surface. For the adjacent q = 3 and q = 4 surfaces, the
components must, in principle, be recalculated.

The Fourier analysis of the magnetic field of the saddle
coils concerns two configurations:

• Antiparallel currents in each of the four modules
(figure 9(a)); this leads to dominant Fourier components
with n = 2 because the perturbing poloidal field
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(a) (b)

Figure 9. The saddle coils at JET (a complete drawing is shown in figure 12) are replaced by four toroidal and four poloidal conductors.
The finite coil thickness was neglected and the conductors are replaced by nine straight filaments in toroidal direction and by three in
poloidal direction. Two current configurations have been envisaged: in (a) the currents are antiparallel in adjacent windings, which favours
the n = 2 Fourier components. In (b) the currents in two adjacent coil pairs are parallel, but opposite in the two pairs. This favours n = 1
Fourier components. The currents in all conductors are 10 kA.

(a) (b)

Figure 10. (a) shows the spectrum of the configuration in figure 9(a). Here and in the analogous figures, the (m, n) Fourier component is
surrounded by the grid lines belonging to the gridpoints m, m − 1, n and n − 1. The dominant component is Bθm=2,n=2 ≈ 6.5 G. The
analogous component in (b) (belonging to the configuration in figure 9(b)) is bθm=2,n=1 ≈ 6.8 G. In both cases, the total coil current is 10 kA.

component changes four times the sign when going the
long way around the torus.

• Parallel currents in adjacent pairs of the four modules
(figure 9(b)); the currents in the pairs are opposite. The
dominant Fourier components are those with n = 1 by
analogous reasons as before.

The coil current in both configurations is 10 kA.
Figure 10(a) shows the spectrum of the first configuration.
The dominant component is Bθm=2,n=2 ≈ 6.5 G.

The spectrum of the second configuration is shown in
figure 10(b). The component which is resonant at the q = 2
surface is Bθm=2,n=1 ≈ 7.2 G. Bθm=1,n=1 ≈ 9 G is somewhat larger
but not resonant at q = 2. In both cases the total coil current is
10 kA. Since resonance at q = 2 is to be achieved, the second

configuration with a large n = 1, m = 2 component is used
for the experiments at JET.

According to [18] the braking term must be increased by
a factor 646/q2 to account for the ‘1/ν-regime’. Equivalent
to that is an increase of the Fourier components by roughly a
factor 25.4/q ≈ 10. We therefore have an effective relative
perturbation of Bm=2,n=1/Bt = 3 × 10−3. We note that the
spectra mentioned are rested upon a pure vacuum calculation,
i.e. the iron core and the vacuum vessel (possibly important in
the case of AC-operation) are neglected.

9.2.2. TEXTOR. The perturbation coils at TEXTOR
(figure 13) are foreseen to have the dominant Fourier
components in resonance with the q = 3 surface, i.e. the pitch
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(a) (b)

Figure 11. The spectra of the DED at the q = 2 surface for Id = 10 kA and p3 = 1 (a) and p2 = 1 (b) are displayed. For p3 = 1 we have an
(m = 3, n = 1) winding and for p2 = 1, an (m = 6, n = 2) winding. Due to the large distance between the winding and the q = 2 surface
the (m = 1, n = 1) component and the (m = 2, n = 1) components are larger than the (m = 3, n = 1) component. The (n = 2) components
in (b) show an analogous behaviour.

Figure 12. The drawing of the lower saddle coils which are considered here shows the technical details of the two coil pairs schematically
shown in figures 9(a) and (b). The toroidal and poloidal sections are composed by three conductors (blue, grey or dark green). The support
structures are drawn in red or light green.

of the conductors corresponds to the (mean) field line pitch
at the q = 3 surface. To control the penetration depth, the
winding can be switched as mixture of a (m = 12, n = 4),
(m = 6, n = 2) and a (m = 3, n = 1) winding. The coil
currents are then given by

Ij = Id

[
(1 − p2 − p3) sin

(
j

2π

4
+ ωt

)
+ p2 sin

(
j

2π

8

)

+ p3 sin

(
j

2π

16
+ ωt

) ]

j = 1, . . . , 16. The mixing factors are p2 = p3 = 0 for the
(m = 12, n = 4), p2 = 1, p3 = 0 for the (m = 6, n = 2)
and p2 = 0, p3 = 1 for the (m = 3, n = 1) winding.
Since we are interested in the braking at the q = 2 surface,
the choice p2 = 0, p3 = 1 is promising because in this
case the perturbation at the q = 2 surface can be expected
to be sufficiently large. Figure 11(a) shows the spectrum at
the q = 2 surface for Id = 10 kA. Due to the large distance
between the winding and the q = 2 surface the m = 1, n = 1

component and the m = 2, n = 1 components are larger than
the m = 3, n = 1 component. The relative strength of the
m = 2, n = 1 component is bm=2,n=1/2.23 T ≈ 0.7 × 10−2.
Because of the correction due to [18] the effective relative
perturbation is around 7 × 10−2. Figure 11(b) shows the
spectrum at the q = 2 surface for p2 = 1, p3 = 0 and
Id = 10 kA. Now n = 2 components are generated among
which, due to the large distance between the winding and
the q = 2 surface, the m = 1, n = 2 component and the
m = 2, n = 2 components are much larger than the m = 6,
n = 2 component.

10. Conclusions and discussion

The inclusion of the braking term due to pressure
anisotropization of [17] and the source term due to the �j × �B
force density at the singular surface of [19] into the (revisited)
neoclassical theory shows that at the singular surface the latter
term dominates if the slip frequency is below the critical value
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Figure 13. The drawing of the DED coils shows that the winding consisting of 16 conductors with independent feeders can generate the
modes (m = 12, n = 4), (m = 6, n = 2), (m = 3, n = 1). In the case of the (m = 3, n = 1) mode four neighbouring windings are switched
in parallel to approximate the current distribution for p3 = 1, p2 = 0. For the (6, 2) mode, two neighbouring conductors are switched in
parallel. In the case of the (12, 4) winding, each quadruplet (the conductors of which are drawn in black, red, blue and yellow) is fed by
four-phase current. The ‘compensation’ coils (in green) remove the influence of the winding on the radial plasma position.

whereas outside this surface NBI and viscosity losses are
important.

In the case of low slip frequency, pressure anisotropization
has its main contribution at the singular surface as well,
but in the vicinity of this surface the contribution can be
considerable corresponding to the 1/(m − nq(r)) dependence.
The calculations show that there can be a strong impact of
weak helical perturbations on the rotation velocity if the slip
frequency is below its critical value ωcrit = −�/τsi. If
this condition is not fulfilled, the rotating fields must be
considerably larger than the field required at ω = 0 to brake
the rotation.

The Fourier analysis shows that in the case of the saddle
coils at JET n = 1 modes appear. Thus, the (m = 2, n = 1)
mode could, in principle, be used to influence the rotation
velocity at theq = 2 surface. However, the large slip frequency
due to the DC-operation at JET prevented this. Besides
synchronization of the helical field larger currents in the coils
could lock the plasma. This, however, is not possible because
of the technical limits.

In spite of the locally very strong braking term, it seems
to be difficult to produce a strong gradient in the rotation field
leading to an ITB, mainly because besides steepening the radial
profile also a reduction of the maximum velocity at the plasma
centre occurs so that the gain in the velocity gradient is rather
small.

In TEXTOR, the perturbation coils allow for large Fourier
components with the mode numbers (m = 2, n = 1) and
(m = 3, n = 1). Therefore locking was achieved in the
DC case by increasing the DED current. Synchronization of
the helical fields with the plasma rotation was not needed.

Appendix A. Treatment of the singularity

The singular denominator in the source term (40) needs a
careful treatment in the numerical approach. First, we replace

the singularity in q by a singularity in the radius r .

1

m − nq
= 1

n(m/n − q)
≈ 1

n(dq/dr)(r − rsi)
(69)

Here, rsi is the radius of the surface q = m/n. By physical
reasons (discussed below) the singularity must be replaced by

fsing1(r) = 1

|r − rsi| (70)

for |rsi − r| > ε0 and

fsing1(r) = 1

ε0
(71)

for |rsi − r| < ε0. We approximate this radial dependence by
a function typical for resonances

fsing2(r) = A
1√

(r − rsi)2 + ε̃2
(72)

where ε̃ is a small length allowing a numerical treatment. The
amplitude A is obtained from the condition that the radial
integrals over both source functions should be the same:∫ rsi+ε2

rsi−ε1

fsing1(r) dr =
∫ rsi+ε2

rsi−ε1

fsing2(r) dr (73)

The distances ε1,2 from the singular surface are chosen such
that the function K × (r − rsi) can be assumed constant. We
get, assuming x = r − rsi

I1 =
∫ ε2

−ε1

fsing1 dr =
∫ −ε0

−ε1

1

|x| dx +
x

ε0

∣∣∣ε0

−ε0

+
∫ ε2

ε0

1

x
dx

= ln(ε1) − ln(ε0) + 2 + ln(ε2) − ln(ε0) = ln

(
ε1ε2

ε2
0

)
+ 2

(74)
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As integral over the ‘resonant’ function (72) we obtain

I2 =
∫ rsi+ε2

rsi−ε1

fsing2(r) dr = A

∫ ε2

−ε1

dx√
x2 + ε̃2

= A ln
ε2 +

√
ε2

2 + ε̃2

−ε1 +
√

ε2
1 + ε̃2

= A ln
ε2 + ε2

√
1 + (ε̃2/ε2

2)

−ε1 + ε1

√
1 + (ε̃2/ε2

1)

(75)

Expansion with respect to ε̃ yields

I2 = A ln
ε2 + ε2(1 + 0.5(ε̃2/ε2

2))

0.5(ε̃2/ε1)

= A ln
4ε2 + ε̃2/ε2

ε̃2/ε1
≈ A ln

4ε2ε1

ε̃2
(76)

Thus, we get∫ ε2

−ε1

fsing2 dr = A ln
4ε2ε1

ε̃2
=

∫ ε2

−ε1

fsing1 dr = ln
ε1ε2

ε2
0

+ 2

(77)

We assume ε1 = ε2 and obtain

A ln
2ε1

ε̃
= ln

ε1

ε0
+ 1 (78)

Thus, we have

A = ln(eε1/ε0)

ln(2ε1/ε̃)
(79)

where e is Euler’s number. Assuming in addition ε0 = ε̃ allows
to estimate A as

A = 1 +
ε0

ε1

[
1

e
− 1

2

]
≈ 1 (80)

An estimate of ε can be inferred from the condition that the
plasma has to be in the plateau regime.

1 � νi

ωT,i
�

[
δBt

B

]3/2

,

[
δBh

B

]3/2

(81)

νi is the collision frequency and

ωT,i = vTi

Lhel/2π

the transit frequency, δBh the field variation along the field
lines due to the helical perturbation, δBt the field variation
along the field lines due to the toroidal variation and Lhel the
field line length between two neighbouring magnetic wells due
to the helical field, which modulates the tokamak field [27].
The aforementioned condition can be rewritten as

λmfp � Lhel

where λmfp = vTi/νi is the mean free path length. Thus a
nonresonant surface is still in the plateau regime, if the path
length Lhel is smaller than the mean free path length. Since
Lhel becomes infinite at the resonant surface, the particles
at this surface are in the collision dominated regime. For
Ti = 5 keV and ni = 6 × 1013 cm−3 we get the collision
frequency νi = 100 s−1, the thermal velocity vTi = 106 m s−1

and the mean free path length = 104 m. This is the upper limit
of Lhel. The distance in ι-space from the singular surface in

which the plasma is in the Pfirsch–Schlüter regime, is given
by the angle �ι by which a field line in the singular layer must
be turned to obtain this length between the magnetic wells. It
is given by

�ιλmfp = 2πrsi

m
(82)

where 2πrsi/m is the distance between two adjacent magnetic
wells. Thus, we have

�ι = 2πrsi

mλmfp
(83)

and since

�q = −2π

ι2
�ι = dq

dr
(r − rsi) = 1.6 × 10−4 (84)

we get as the distance from the singular surface where the
plasma is in the Pfirsch–Schlüter regime

|r − rsi| < ε0 = 1.6 × 10−4

dq/dr
≈ 10−5 m

i.e. smaller than the Larmor radius. Therefore, the fraction of
the particles with the guiding centre moving on the singular
flux surface must be very small.

Appendix B. Braking time due to
(m = 0, n = 1)-perturbations driven by mode
coupling [17]

From the momentum balance (without source) we can estimate
the time needed to brake down the plasma from a given initial
speed. From

mini
∂vφ

∂t
+ 〈�eφ · ∇�〉 = 0 (85)

we get, using that 〈�eφ · ∇�〉 is proportional to vφ ,

∂vφ

∂t
+

[ 〈�eφ · ∇�〉
vφ

]
vφ

mini
= 0 (86)

The breaking time then reads

τ = vφ

〈�eφ · ∇�〉mini (87)

For the m = 0 contribution (which is assumed here to be
dominant) we get [17]

K = 4
√

πpi

vTi

vφ

(
ψ0,n

aBφ

)2 1

nε2
(88)

Now we assume (as a reasonable example)

ψ0,n

aBφ

= 10−3

and obtain

K = 4
√

πpi

R0vTi

vφ10−6 1

nε2
(89)

Therefore,

τ = mini

K∗ (90)

(K∗ = K/vφ) or

τ = R0vTi

4
√

πpi
106nε2mini (91)
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With the scalar pressure

pi = nikTi

and the thermal velocity

vTi =
√

kTi

mi
= 0.99 × 104

√
Ti

M
[m s−1]

(where M is the ion mass in amu) we can write

τ = R0vTi

4
√

πv2
Ti

106nε2 (92)

or

τ = R0 [m]

4
√

π0.99 × 104
√

Ti [eV]/M
106nε2 [s] (93)

where R0 [m] is the major radius in metres. With the
parameters (R0 [m] = 3, Ti = 5 keV, n = 1, ε = 0.3) we
have τ = 67 ms.

Appendix C. Evaluation of integrals over the
poloidal coordinate χ

The poloidal line element dlχ is connected to dχ by

dlχ = hχ dχ

Thus, hχ depends on the definition of χ .
Since the line element can be obtained easily by following

the poloidal circumference of a flux surface in the rectangular
grid of a box enclosing the plasma, we choose dχ proportional
to dlχ

dlχ ∼ dχ

where χ is running in 0 < χ < 2π . We get by integrating
along the flux contour line

hχ = U

2π
= const

Thus, we have

χ = 2π

U

∫ L

0
dlχ

where L is the length of the contour line. χ , however, is the
geometrical angle θ = arctg(y/x) only in the case of circular
flux surfaces with negligible Shafranov shift. (x and y are the
Cartesian coordinates of the integration point.)

We note that the choice dχ = dθ leads to

rsurf dθ

cos(α)
= dlχ

and thus to
hχ = rsurf

cos(α)

where rsurf =
√

x2 + y2 is the distance between the magnetic
axis and the integration point and α the angle between the
plasma circumference and the circle around the magnetic axis
with radius rsurf .
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