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Equilibrium Polymerization in Sulphur: Monte Carlo
Simulations with a Density Functional Based Force Field
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1 Institut fur Festkdrperforschung, Forschungszentritich, 52425 Jillich, Germany
E-mail: {p.ballone, r.jones}@fz-juelich.de

2 Dipartimento di Fisica, Universita di Messina, 98166 Measl|taly

The equilibrium polymerization of sulphur is investigatey a combination of density func-
tional (DF) computations for gas-phase molecules and MGaté simulations for the reacting
liquid phase. The DF calculations provide a detailed dpton of the elementary processes
leading to polymerization, and the results for the cohesiergy, structural and vibrational
properties of sulphur chains and rings provide input patarador a semi-empirical atomistic
model. Monte Carlo simulations account for many-atom éffemnd for thermal averaging.
The results allow us to estimate the zero-pressure polyatérn temperature of sulphur at
Ty = 450 + 20 K, in good agreement with experimerif'{** = 432 K). The simulation
results reproduce qualitative changes in the experimeats&l distribution function, and the
estimates for thermodynamic properties agree well wittegrpental data.

1 Introduction

Polymeric molecules are basic constituents of biologigateans, and organic polymers
represent an important class of technological materitis nlot surprising that much effort
has been devoted to identify, control and optimize the chahaind thermodynamic condi-
tions needed to produce long chain molecules from simpkssisp (monomers, oligomers,
etc.). Much progress has been achieved in theory and expetjifut our understanding
of polymerization is far from complete.

Computational methods, particularly simulations, argiplgan increasing role in the
investigation of polymerization. The improvement of cortipg facilities and methods
allow us to analyze the elementary processes leading toqlyation with unprecedented
resolution, while simulation methods provide an effectivay to account for many-body
and statistical mechanics effects. An example of the rafgethods required to describe
these phenomena, as well as the quality of the results, i8dad by our recent study of
sulphur polymerization. We outline this work here.

Elemental sulphur is known for the large number of solidtadipes it forms at rela-
tively low temperature and presstirét the melting pointZ},,, = 386 K, these forms give
way to a liquid phase comprisingy molecules with small concentrations.8f rings with
6 < mn <232 At T\ = 432 K, sulphur undergoes a liquid-liquid transition {ransition),
usually interpreted as the ring opening polymerization PROf &. Polymerization is re-
versible, takes place under equilibrium conditions, anei®aled by a change of color,
anomalies in the specific heat and volume expansion coeffi@ad a dramatic increase
of viscosity?.

This transformation is investigated here by a combinatiodemsity functional (DF)
computations and Monte Carlo simulations. The agreementdam theory and available
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experimental data provides support for both the computatimderlying the potential en-
ergy determination, as well as the atomistic model and that®i@arlo simulation of the
reacting system.

2 Density Functional Studies of Structure and Reactivity of Sulphur
Molecules

Sulphur rings with up to 18 atoms and chains with up to 10 atbave been investigated
by DF computations using both an atomic-like (Gaussianjsheet and a plane wave -
molecular dynamics implementation. Both approaches leddrge scale computations
requiring a supercomputer. We have focused on trends ingébengtry and energy dif-
ferences among different isomers and between rings andsh@&he number of isomers
increases rapidly with increasing molecular size for batlys and chains, and the addi-
tional covalent bond makes rings more stable than the qmureing chains. The cohesive
energy of the most stable ring isomer shows peaks-at8 andn = 12. Strain destabilizes
rings with less than 8 atoms, while far> 12 the size dependence of the cohesive energy
is reduced to a slight even/odd alternation.

The primary aim of the DF study was to provide the input patansfor a model of
liquid sulphur and its polymerization. For this reason, tepulsive interaction between
two S singlet rings has been compared with the energy changesrogwhen an $
triplet diradical approaches an, 8ing. As shown in Fig. 2, the ring opens in the latter
case, leading to a diradical chain of 16 atoms. The calalletergy barrier is at most
5.4 kcal/mol. Moreover, structural and energy parameterseadily transferable between
molecules, thus greatly simplifying the task of building @omistic model. There is a
relatively narrow range of bond angles and a clear relateiwéen the length of a bond in
a chain or ring and the corresponding dihedral angles. &inithe vibrational frequencies
are also quite consistent: The ring structures have maxifmeguencies that are typically
below500 cm~1!, while terminal group of chains have frequencies alipecm~—!. These
results provide a basis for building an energy model of irgatondensed sulphur phases.

3 Monte Carlo Simulations of Polymerization

3.1 TheModd

The potential energy of the system as a function of the ateouedinates is modeled by a
potential comprising bonded’() and non-bondedj,;) interactions. The bonded interac-
tions include stretching, bending and torsion contritngiavhile non-bonding interactions
are described by a Lennard-Jones (LJ) potential. The frespaters in the potential are
varied in order to fit the DF results for the energy and stmectf small rings, as well as
the experimental volume and compressibility of the crygtedse. Most atoms in our sim-
ulations have covalent bonds to two neighbors, with a sraalll temperature dependent)
fraction adopting an unsaturated configuration with a girglvalent bond.

The polymerization of sulphur takes place in two steps:

(2) Initiation:

cyclo — Sy — chain — Sg
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Figure 1. Structures of S Sy, and § iso- Figure 2. (a-b) Reaction of two
mers. Isomers are ordered alphabetically ac- Sg rings, (c-f) reaction of an
cording to energy, beginning with the most Sg chain (triplet) with an §
stable. ring. The shortest distances be-

tween the units are (a) 2.58,
(b) 2.32A, () 2.58A, (d) 2.38A,
(e) 2.28A, (f) 2.13A.

(2) Propagation:

chain — Sg +nSs — S,

The enthalpies of the initiation”\H ) and propagationX Hp) step have been esti-
mated by Tobolsky and Eisenbértp be32.8 and3.17 kcal/mol, respectively. A more
recent estimate of the propagation enthalpy yield$, = 4.5 kcal/moP. To reproduce
these effects we introduce bond breaking and formationchvhre assumed to be dis-
continuous processes; each pair of atoms is either bondedtdronded at a given time,
and their bonding state (represented by an independenthbiagable) is not determined
uniquely by the interatomic distance. The enefyl, is required to break a bond and is
released on bond formation.

Broken bonds open the way to propagation, which takes pleca vond switching
mechanism involving one unsaturated atom (see Fig. 3). dlmesponding energy bar-
rier depends on the interaction of the radical atom with #ikeos and has been tuned to
reproduce the DF results for the reactivity of rings withiclsa

3.2 Method

The Monte Carlo (MC) method is used for simulating the polyigation reaction in the
NPT ensemble aP = 0. The MC procedure includes different types of moves: Single

335



1
3

1 3
2 2
(a) (b)

Figure 3. Schematic view of bond interchange mechanism cifbles with a cross indicate unsaturated atoms.

atom moves are attempted using standard Metropolis MC, d&dewnolecule moves are
also attempted. Bond breaking and formation are attempitdtihhe same frequency as
single atom moves, but their acceptance probability is rerdé magnitude smaller. In
principle, bond breaking and formation are sufficient tabklsh equilibrium with respect
to the bonding configuration, but the kinetics are excedgisigw for realistic choices of
the bond energyA ;. Bond switching processes lead to equilibrium with a sigaifitly
lower energy barrier.

Values ofA E, lower thanl5 kcal/mollead to an unrealistically large number of broken
bonds forT" > 450 K and a significant increase in the system volume. If, howetbher
number of broken bonds in the simulation cell decreasesab#ie critical number of
one forAE, > 21 kcal/mol andT' ~ 500 K, the system does not reach equilibrium.
For accessible valuedq§ < AFE, < 21 kcal/mol) the results of the simulation depend
significantly onAFE,, and we have performed a sequence of simulations spannéng th
interval450 < T' < 800 K for AE;, = 15, 18, 20 and21 kcal/mol. This provides a basis
for the extrapolation of the results to the physical valug;, ~ 35 kcal/mol.

Convergence with respect to the bond configuration has beitoned by computing
the probability distribution as a function of cluster siZeull equilibration requires from
106 single particle moves per atom at the highest temperatargst 10° moves per atom
at the lowest. The averages reported below have been cothgete runs of length equal
to that of the equilibration stage under the same conditidfeshave noted that the number
of attempts of bond interchange and bond breaking/formatitempts is equal to the total
number of single atom moves, i.e., for either equilibration production runs it ranges
from 2048 x 109 at the highest temperatures, 2048 x 107 at the lowest temperatures.
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Figure 4. Snapshot of an activated complexjfole) leading to bond interchanges. The complex consists of an
Ss ring (dark gray) and an open chain (light gray). Unsaturatedns are black.

3.3 Reaults

Every simulation began from a liquid sample comprisiRgiBigs, equilibrated by a con-
stant pressure simulation at fixed bonding topology. A loaguence of MC steps is re-
quired before the first broken bond appears within the sys#ith one or two exceptions
(in more than 20 cases) the first pair of unsaturated atonssrzieecombine before taking
part in bond interchanges, thus beginning the propagatémeof polymerization.

Bond interchanges occur preferentially at atomic configona in which one unsatu-
rated chain head approaches two saturated atoms beloogining (see Fig. 4) or another
chain. The role of the threefold-coordinated unsaturatechs at the center of these active
sites was noted in earlier wdtkwhere configurations similar to those of Fig. 4 were re-
ferred to agadpoles. The MC kinetics of the polymer growth can be monitored byttpig
the numberV,, of atoms belonging to molecules (chains or rings) with mbeat., atoms.
An example isNa4, shown in Fig. 5(a) fol" = 750 K and A E, = 21 kcal/mol.

The growth of the polymer phase is accompanied by an incrieates average po-
tential energy of the system (see Fig. 5 (b)). This is not asiemt effect due to the
reaction, but an equilibrium property of the polymer, whiststable despite its energy
disadvantage with respect to the molecular phase. A ddtaihalysis of the thermo-
dynamic data, and of their dependence on temperatureAdigdallows us to estimate
AHp(T = 450 K) = 242 K/atom, equal ta3.85 kcal/mol &, in fair agreement with the
estimate A Hp = 4.5 kcal/mol) based on experimental data

A polymeric molecule is defined here as a chain or ring with more tl2dratoms, so
that the equilibrium value ofVo, is a measure of the polymerized fraction. There is a
maximum in the polymer fraction at a temperatiitg,.. that grows with increasing\ F
(see Fig. 6). Further temperature increase leads to a sigmifdecrease iV,,, because
the exponential increase in the number of unsaturated ghoousices many shorter seg-
ments. The decrease of the polymerization degré@ at 7,,., is apparently due to the
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Figure 5. Evolution of properties as a function of the nuntiféviC steps during polymerization & = 750 K,
AFE, = 21 kcal/mol. (a) Percentage of atoms belonging to moleculés mibre thar24 atoms. (b) Average
potential energy per atom. The zero of the energy is the gegratential energy of the moleculag fhase at the
same temperature.

progressive stabilization ofsSings, whose potential energy advantage with respect to the
polymer phase becomes more important at TowDther small rings contribute little to the
total system mass at all.

The variation of the average length of polymeric molecutea function ofl’ andA E,
reflects the number of broken bonds and the polymer fractipn(see Fig. 7). Molecules
with more than24 atoms are almost all chains, whose number at any time is aqual
the number of broken bonds (or half of the number of unsatdratoms). Moreover,
the number of chains with less than atoms is very small in well polymerized samples
(i.e., whereNsy, is higher tharb0%). The average value a¥,, is then approximately
equal to the average length of polymeric molecules timesatleegage number of broken
bonds. The average lengtll) will then decrease faster than the polymer fraction for
T > Tz, reflecting the decrease ok, and the increase of the average number of chains
with increasingT". (L) will peak at a temperatur’E,%La)I somewhat lower thaff,,,,. On
cooling belowT {5, (L) will decrease more slowly thailV,4, since the decrease in the
polymer fraction with decreasiffj is partly compensated by the decrease in the number
of unsaturated atoms (and chains).

The equilibrium size distribution of the sulphur moleculelsains or rings) is charac-
terized by the functiop(L), defined as:

p(L) =n(L)/Y n(L) (1)

wheren(L) is the average number of molecules whose sizE.isA typical result for a
polymerized sample is shown in Fig. 8. A sharp peak is appatdn= 8 for all 7" in both
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Figure 6. Average value d¥24 as a function ofl". Empty squaresA E, = 15 kcal/mol; solid dotsAFE, = 18
kcal/mol; empty circlesAE}, = 20 kcal/mol; full squaresAE, = 21 kcal/mol. Representative error bars are
shown. Lines are a guide to the eye.

p(L) andP(L). For larger sizegy(L) is reproduced well by a Zimm-Schulz distribution:
p(L) o< L' exp[—yL/{L)] (@)

with an exponenty = 1.1 that is almost independent @f and AFE,. The simpler
functionp(L) x exp [—L/(L)] provides a fit whose chi-square is almost as good. The peak
of p(L) atL = 8 is not an artifact of incomplete equilibration of the origipopulation of
Ss molecules, as we have shown by cycling samples betweenatiffeemperatures and
observing an evolution in the height of the peak.

The S population is significant at all temperatures. Howeverntiass fraction of rings
is very low in all polymerized samples, and molecular loojthwnore tharR4 atoms are
exceptional and statistically irrelevant. With decregsin the relative fraction of rings
other than gincreases from3.0% atT = 750 K to 4.6% atT = 550 K.

Both molecular and polymeric samples display an almosalidependence of density
on temperature, but the polymer phase is characterized twex thermal expansion co-
efficients. The crossing of the twgT') lines atT; = 433 £+ 10 K provides an estimate of
the polymerization temperature for the model.

The mean square distance between the two opposite chais tpemk linearly with the
chain length over the entire polymer range, as expected @awssian conformation. The

radial distribution function is little affected by polymeation, but the third peak changes
substantially, as found experimentdlfy

3.4 Estimate of the Polymerization Temperature

Although the present simulations cannot reach equilib@titemperatures close to the ex-
pected polymerization point(0 < 7' < 450), simulations at high€el" provide sufficient
data for an extrapolation to this range. The simulation deta/L)(T") are reproduced
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Figure 7. Average length of polymeric molecules as a functbl’. Empty squaresAE;, = 15 kcal/mol;
solid dots: AF, = 18 kcal/mol; empty circles:AE, = 20 kcal/mol; filled squaresAE;, = 21 kcal/mol.
Representative error bars are shown. Lines are a guide &ythe
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Figure 8. Mass fraction distribution functioR(L) for T = 800 K and AE;, = 21 kcal/mol. Full curve:
simulation results; dashed curve: interpolation by a Zigaulz distribution excluding the peak/at= 8.

fairly well by the simple analytic function:
(L)(T) = [A(T = Tp) + B(T — T,)*] exp (—aT) ©)

and7), can be considered an estimate of the polymerization terhpefs,. The results of
the fit (I, = 430 K, 452 K, 455 Kand457 K for AE, = 15, 18, 20 and21 kcal/mol) show
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a weak dependence @f, on AE;, for AE, > 18 kcal/mol, thus allowing us to identify
T, = 460 K as the polymerization temperatufe of the model in the limit of large\ £,

For each value oA Ey, the linear term in the pre-exponential factor of Eq. (3) dom
inates, implying that the fit is continuous &f, but with a discontinuous first derivative.
This is based on an extrapolation and cannot be a firm assignoh¢he nature of the
transition. However, the results for the densit{’) of the molecular and polymer phases
cross att35 K, and atT" = 460 K they differ by less thab.3%. Any discontinuity ofp(7")
at the transition is very small, and the first derivatiy€1") /dT is discontinuous &f’;.

The saturation ofVo4(T') at ~ 85 % of the total mass over a wide temperature range
makes it difficult to fit itsAFE, andT dependence with a simple analytic form. How-
ever, using the form of Eq. (3) and accepting a somewhat highewe obtained results
equivalent to those provided Ry.)(7T'), with an estimate of the transition temperature of
450 K. The complexity of the fit and the extrapolation make it diffit to assign an error
bar to these estimates. If the scatter of the three indep¢edémates of ,, obtained by:

(a) fitting (L)(T") (I, = 460 K), (b) fitting N24(T) (T, = 450 K), and (c) plotting the
densities of the molecular and of the polymer phaBe £ 433 K) is a measure of the
uncertainty in the determination @f,, the polymerization temperature is estimated to be
Ty =450 £20 K.

4 Discussion

The equilibrium polymerization of liquid sulphur has beerdstigated by Monte Carlo
simulations. The interatomic potential consists of a flexibtramolecular contribution
and a Lennard-Jones intermolecular part, and the parasrtedee been determined by fit-
ting the results of density functional (DF) computationssimall sulphur rings and chaihs
The potential energy scheme goes beyond earlier work omgulpy allowing the break-
ing and formation of covalent bonds, and the paramatey, represents the energy cost
of breaking a bond, or energy gain upon forming a new one. Bmedking and for-
mation allow the system to approach equilibrium with respedhe bond configuration.
The kinetics of bond equilibration is strongly enhancedriyaducing a further relaxation
mechanism, corresponding to bond interchanges aroundwated chain terminations,
following the pattern illustrated in Fig. 3.

The equilibrium concentration of unsaturated atoms in tgeid phase is propor-
tional to the exponential df-AE; /2kgT], which prevents the present simulations from
reaching equilibrium for values oAFE; near the DF %5 kcal/mol) or experimental
(32 — 36 kcal/mol) estimates. Nevertheless, equilibrium is redaher a domain of\ £
andT sufficiently wide to allow the investigation of the polymédrgse and the dependence
of the results oM\E, (T' > 450 K for AE, = 15 kcal/mol,T > 500 K for AE, = 18
kcal/mol, T" > 550 K for AE, = 20 andT > 600 K for AE, = 21 kcal/mol). Above
these temperatures (the highest simulation temperatus&dwa 850 K), liquid samples
comprising § molecules polymerize when the system is allowed to relaldtsd config-
uration.

Polymerization is accompanied by an enthalpy incréeBe thus confirming that poly-
merization is entropy driven. Simple considerations shioat translational entropy op-
poses polymerization, while vibrational entropy is neamyghanged across the transition.
By analogy to earlier model calculatiofis'?, this suggests that polymerization is due to
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the entropy associated to the distribution of bonds amohmhsuatoms. The polymer co-
exists in all samples with a significant population gfrf8olecules, whose relative weight
increases rapidly with decreasifig The molecular size distribution function for all other
species follows a Zimm-Schulz distribution, whose paramssdepend in a predictable way
on AFE, andT. Molecules with more thaf4 atoms are almost always open chains, and
the concentration of rings other thag iS low at allT".

The thermal expansion coefficient of the polymer phase igtdhan that of the liquid
comprising § molecules alone. The temperature dependence of the demsigch is
approximately linear over a wide temperature range, andiriear interpolations for the
two data sets cross at= 433+ 10 K. This point depends only slightly o £;,. Assuming
that the temperature dependence of the density is continamoss the transition, and that
only its slopedp(T)/dT (directly related to the thermal expansion coefficient)rgjes
discontinuously, this pointl{ = 433 + 10 K) is our first estimate for the polymerization
temperature of the model. Independent estimates are ebtaiynfitting the temperature
dependence of the average chain lendth & 460 K), and of the polymerized fraction
Noy (Ty = 450 K). From these three values, which are based on the assumiptio
the variable is continuous across the transition, with aatiinuous first derivative with
respect tdl’, we predict a polymerization temperatfe = 450 + 20 K.
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