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The thermal diffusion coefficient of colloids consists of two additive contributions, one related to
specific interactions between the surfaces of colloidal particles with solvent molecules, and a
contribution due to interactions between the colloidal particles. In the present paper, the effect of
intercolloidal particle interactions on their thermodiffusive behavior is discussed within a statistical
thermodynamics framework. Transport coefficients are expressed in terms of the interaction
potential between the colloidal spheres. A special feature of macromolecular systems is that this
interaction potential is a potential of mean force, which is temperature dependent. It is shown that
under certain conditions this implicit temperature dependence gives rise to negative Soret
coefficients, that is, to diffusion of macromolecules to hot regions. ©2004 American Institute of
Physics. @DOI: 10.1063/1.1633546#

I. INTRODUCTION

Diffusive mass transport induced by temperature gradi-
ents, the so-called ‘‘Soret effect,’’1,2 has been described
within the framework of irreversible thermodynamics.3–5

Mass transport within such an approach is formulated in
terms of Onsager coefficients. So far, for dense systems lim-
ited work has been done to express such Onsager coefficients
for temperature-gradient induced diffusive mass transport in
terms of molecular interaction potentials. For molecular mix-
tures, where interaction potentials are inherently temperature
independent, Bearmanet al.6 derived microscopic expres-
sions for the Soret coefficient on the basis of the binary Liou-
ville equation. A similar microscopic approach, based on the
Smoluchowski equation for a single polymer chain, has been
used by Khazanovich7 to describe thermodiffusion of a
single polymer chain. As shown in the subsequent paper,
however, his Smoluchowski equation does not include cer-
tain explicit temperature-gradient contributions, but assumes
the applicability of the Smoluchowski equation for a homo-
geneous system to systems with temperature variations. In
any case, Khazanovich’s theory describes diffusion of single
polymer chains, not interacting with other polymers. The
same temperature-gradient contributions to the Smolu-
chowski equation are not accounted for in Streater’s type of
approach,8 nor is the temperature dependence of the potential
of mean force recognized.

More recently, Luettmer-Strathmann9 analyzed thermo-
diffusion of noninteracting polymers by means of a regular
solution grid model, partly by simulations. Uphill thermo-
diffusion, that is, diffusion to hot regions, is found for certain
combinations of the polymer–polymer, solvent–solvent, and
polymer–solvent interaction energies. The molecular mecha-
nism is probably similar to the sign change of the thermal
diffusion coefficient in binary fluids on changing
composition.10–14 Single colloidal particle thermodiffusion

has also been considered theoretically for magnetic/charged
colloidal spheres by Morozov.15,16Again, uphill diffusion is
predicted under certain conditions.

Uphill thermodiffusion of macromolecules was recently
found experimentally for polymer solutions and colloidal
dispersions of Boehmite rods17 and protein solutions,18 while
for magnetic particles the thermal diffusion coefficient
strongly decreases on applying an external magnetic field,
depending on the orientation of the magnetic field relative to
the temperature gradient.19 These experiments are done on
very dilute systems, where interactions between macromol-
ecules are not important. The only published data on macro-
molecular systems I am aware of, where interaction effects
are discussed, are on a micellar system20 and solutions of
polystyrene in ethyl acetate21 and in toluene.22 Strong inter-
action effects on the thermal diffusion coefficient have been
observed here, where the concentration dependence of the
Soret coefficient for the micellar system is reversed on add-
ing surfactant. This shows that interactions can have a pro-
nounced effect on thermodiffusive behavior.

No microscopic expressions have been derived for the
concentration dependence of the thermal diffusion coefficient
of colloids due to intercolloidal interactions. Furthermore,
the temperature dependence of the colloidal pair-interaction
potential, being a potential of mean force, in some cases
probably plays an important role in the diffusive behavior of
these systems.It is the aim of the present paper to derive a
microscopic expression for the thermal diffusion coefficient
for interacting, spherical macromolecules, where the tem-
perature dependence of the pair-interaction potential is ac-
counted for. The temperature dependence of the pair-
interaction potential is shown to give rise to unusual,
negative Soret coefficients under certain conditions.

Diffusion of spherical colloidal particles in a given,
time-independent temperature gradient will be considered.
The thermal diffusion coefficient as calculated for such aa!Electronic mail: j.k.g.dhont@fz-juelich.de
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time-independent temperature profile is identical to the dif-
fusion coefficient that one would employ to describe pro-
cesses where the temperature is allowed to vary with time. A
time-independent temperature profile is imposed in a thermal
diffusion forced Rayleigh scattering~TDFRS! experiment.
Here, a standing interference pattern is imposed on the
sample by crossing two laser beams. A trace amount of ab-
sorbing dye is added to the solvent, which then gives rise to
a stationary, sinusoidal temperature profile~for an overview
of experimental techniques used to detect the Soret effect,
see Ref. 23!. The diffusion of colloidal particles is very slow
in comparison to heat conduction by the solvent, so that a
change in the concentration of colloidal particles does not
affect the temperature profile. The temperatureT(r ) at posi-
tion r is written as

T~r !5T1DT~r !, ~1!

whereT is the mean temperature of the system under inves-
tigation, and the superimposed sinusoidal profile is given by

DT~r !5AT sin$k0z%, ~2!

whereAT is the amplitude of the temperature variation. The
z direction is defined as the direction in which the tempera-
ture variation extends. The wavelengthlT of the temperature
grating is set by the wave vectork0 aslT52p/k0 .

The aim here is to derive, from thermodynamic and sta-
tistical mechanical considerations, an equation of motion for
the number densityr(r ,t) of colloidal particles of the ‘‘irre-
versible thermodynamics form’’

]

]t
r~r ,t !5D¹2r~r ,t !1DT¹2T~r !, ~3!

whereD is the collective mass diffusion coefficient andDT

is the thermal diffusion coefficient. The definition of the ther-
mal diffusion coefficient used here differs from definitions
sometimes used by others, in the sense that sometimes in-
stead ofDT one usesrDT in Eq. ~3!, while other combina-
tions are also used. Within the present approach, bothD and
DT will be expressed in terms of integrals involving the in-
teraction potential between the colloidal particles.

Single particle thermodiffusion due to specific,
temperature-dependent interactions of the surface of the col-
loidal spheres with solvent molecules is briefly considered in
Sec. VI. This contribution toDT should be added to the
expressions forDT as derived in the present paper.

The equation of motion~3! is easily solved for an initial
state~at time t50, say! where the number density is a con-
stant, independent of position. For small temperature varia-
tions, that is, for small enough amplitudesAT in Eq. ~2!, the
response of the density will be linear, so that

r~z,t !5r1Dr~z,t !, ~4!

with r the mean colloidal number density, and

Dr~z,t !5F~ t !sin$k0z%, ~5!

whereF(t50)50. Substitution into Eq.~3! then leads to a
differential equation forF(t) which is easily solved, leading
to

Dr~z,t !/r5STDT~z!@exp$2Dk0
2t%21#, ~6!

where the Soret coefficientST is defined as

ST5
DT

rD
. ~7!

The dimension ofST is 1/K. In literature, various definitions
of the Soret coefficient can be found, according to the vari-
ous possible definitions forDT , as discussed above. In the
stationary state, according to Eq.~6! we have

Dr~z,t→`!/r52STDT~z!, ~8!

implying that there is net colloidal mass transport to cold
regions whenST.0, and to hot regions whenST,0. Both of
these cases have been observed experimentally for various
macromolecular systems, as discussed before.

In binary fluid mixtures of componentsA and B, say,
‘‘the Soret coefficient ofA’’ is usually defined to be positive
whenA diffuses to cold regions. This implies that ‘‘the Soret
coefficient ofB’’ is negative, sinceB migrates to hot regions.
In the present case of binary mixtures of solvent and colloi-
dal particles, the driving force for diffusion is due to the
colloidal particles. We shall therefore refer to ‘‘the Soret co-
efficient’’ as the coefficient for the colloids.

This paper is organized as follows: In Sec. II, thermody-
namic arguments in combination with force balance on the
Brownian time scale are shown to lead to expressions for the
collective and thermal diffusion coefficient in terms of the
osmotic pressure. The connection between the osmotic pres-
sure and the potential of mean force is made in Sec. III.
Since the temperature dependence of the potential of mean
force plays such an important role for the thermodiffusive
behavior of colloids, the notion of mean force will be dis-
cussed in some detail. The collective and thermal diffusion
coefficient are expressed in terms of the pair-interaction po-
tential between the colloids, up to first order in concentra-
tion, in Sec. IV. A model calculation for short-ranged poten-
tials to leading order in concentration is presented in Sec. V.
It is shown that the temperature dependence of the potential
of mean force can give rise to diffusion to hot regions, that
is, to ‘‘uphill thermodiffusion,’’ when the potential is
strongly attractive and short ranged, and the depth of the
attractive potential increases with increasing temperature. In
Sec. VI, some remarks are made on thermodiffusion induced
through specific interactions between the surface groups of
colloidal spheres and solvent molecules.

II. THERMODYNAMIC DERIVATION OF THE MASS
TRANSPORT EQUATION

When the temperature profile~1! and ~2! is applied at
time t50 say, the originally homogeneous suspension with
number densityr will become inhomogeneous. Assuming
small deviations of the temperatureDT(r ) and small gradi-
ents, we shall derive an equation of motion of the type~3! for
the spatially varying contributionDr(r ,t) of the colloidal
particle number density. Here, we allow for spatial variations
in all three dimensions.

The equation of motion for the number densityr(r ,t) of
colloidal spheres is a conservation equation
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]

]t
r~r ,t !52¹•@v~r ,t !r~r ,t !#, ~9!

where¹ is the gradient operator with respect to positionr ,
andv is the translational velocity of a sphere. On the Brown-
ian time scale, where inertial forces are very small, there is a
balance of all noninertial forces acting on a spherical colloi-
dal particle.24,25 There are two essentially different kinds of
such forces: the hydrodynamic forceFh that a colloidal
sphere experiences due to friction with the solvent once it
attains a nonzero translational velocity, and the remaining
force F due to direct interactions with other colloidal
spheres. Force balance implies that

05F~r ,t !1Fh~r ,t !. ~10!

With the neglect of hydrodynamic interactions between the
colloidal particles, the hydrodynamic force is equal to

Fh~r ,t !52gv~r ,t !, ~11!

where g56ph0a is the friction coefficient of the sphere
with radiusa in a solvent with shear viscosityh0 . Hence,
once an expression forF is found in terms of gradients in
density and temperature, the equation of motion~3! can be
found from Eqs.~9!–~11!, leading to explicit expressions for
D andDT .

In order to obtain an expression for the interaction force
F in a system subjected to a temperature gradient, it is es-
sential to be able to assume local equilibrium. The dispersion
is divided into small volume elements, here after referred to
as ‘‘boxes.’’ Each box can be treated as a homogeneous,
thermodynamic system in equilibrium if

~i! intensive variables vary on a length scale that is very
much larger than the linear dimension of each box;
and

~ii ! the linear dimension of the boxes is much larger than
the rangeRD of direct interactions between the colloi-
dal particles.

The first condition implies that mass transport is very
slow in comparison to relaxation times of fluctuations within
a box and that within each box intensive variables are con-
stant, independent of position. Hence,lT52p/k0 should be
very much larger thanRD . The second condition then im-
plies that each box may be regarded as a thermodynamic
system in internal equilibrium.

Note that in a colloidal system, heat transport occurs
primarily through the solvent, certainly at low volume frac-
tions of colloids. It is therefore feasible that relatively large
gradients in temperature still allow one to assume local equi-
librium ~of the subset of colloidal particles!, as compared to
molecular fluids.

It should be noted that in a TDFRS experiment, heat is
continuously added to the system~by absorption of light by
the dye molecules, as explained in the Introduction!. A sta-
tionary temperature profile is established because heat is con-
ducted out of the dispersion to the surroundings, primarily by
the solvent, at the same rate as heat is added. As for mass
transport, the rate of heat conduction is slow for long wave-
lengths as compared to equilibration times within the boxes,
so that local equilibrium remains assured.

Consider two neighboring boxes ‘‘1’’ and ‘‘2,’’ with pre-
scribed equal volumesV and with temperatureT and T
1dT, respectively. The number of colloidal spheres in box 1
and 2 isNc,1 andNc,2 , and the number of solvent molecules
Ns,1 and Ns,2 , respectively. We shall ask for the reversible
work dwrev necessary to movedNc colloidal spheres and
dNs solvent molecules from box 1 to box 2, at prescribed
temperatures of the two boxes@see Fig. 1~a!#. This process is
assumed reversible, complying with the local equilibrium as-
sumption during mass transport as discussed above. The re-
versible work dwrev necessary to achieve the above-
described mass transport from box 1 to box 2 is equal to
dF1S1dT11S2dT2 , wheredF is the accompanying change
in Helmholtz free energy of the sum of the two boxes,Sj is
the entropy, anddTj the change of temperature of boxj.26

Since the temperature of both boxes remains constant during
mass transport, the latter, entropic contributions are absent.
The work is thus equal to the changedF of the free energy.
The Helmholtz free energy of each of the two boxes is a
function of the number of solvent molecules and colloidal
particles in the box, its volume, and the temperature. The
reversible work necessary for the above described process is
equal to@see Fig. 1~a!#

dwrev5dF

5F~Nc,12dNc ,Ns,12dNs ,V,T!

1F~Nc,21dNc ,Ns,21dNs ,V,T1dT!

2F~Nc,1 ,Ns,1 ,V,T!2F~Nc,2 ,Ns,2 ,V,T1dT!. ~12!

FIG. 1. ~a! Two neighboring boxes,
between whichdNc colloidal particles
and dNs solvent molecules are ex-
changed under the influence of revers-
ible work that acts on the colloidal
particles.~b! Transportation of a col-
loidal sphere is accompanied by trans-
portation of an equal volume of sol-
vent in the opposite direction.
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Since the dispersion is space filling, we have in each of the
two boxes~with j 51 or 2!

vs
0Ns, j1vc

0Nc, j5V, ~13!

where vs
0 and vc

0 are the volumes occupied by a solvent
molecule and a colloidal sphere, respectively. Due to the
very large size of a colloidal sphere as compared to that of
the solvent molecules, virtually all solvent molecules are sur-
rounded by other solvent molecules as in the pure solvent.
For incompressible solvents, the specific molar volume of
solvent will therefore be assumed independent of colloid
concentration and pressure. The temperature dependence of
the molar volume of solvent is not essential to the physics of
thermodiffusion, and will therefore also be neglected. In or-
der to indicate the independence of the molar volumevs of
solvent on intensive variables, it is denoted with a super-
script ‘‘0.’’ The specific molecular volume of a colloidal
sphere is to very good approximation equal to its bare vol-
ume, and will be denoted asvc

0. It is also assumed to be
independent of concentration, pressure, and temperature.27

A prescribed volume V thus implies that
dNs52(vc

0/vs
0)dNc . Expanding the free energies with re-

spect to dNs and dNc , using that ]F(Nc ,Ns ,V,T)/]Nc

5mc(Nc ,Ns ,V,T), with mc the chemical potential of the
colloidal particles, and similarly for the solvent, it is thus
found that

dwrev/dNc5mc~Nc,2 ,Ns,2 ,V,T1dT!

2mc~Nc,1 ,Ns,1 ,V,T!

2
vc

0

vs
0 $ms~Nc,2 ,Ns,2 ,V,T1dT!

2ms~Nc,1 ,Ns,1 ,V,T!%. ~14!

The continuum form of Eq.~14! reads

dwrev/dNc5L•¹Fmc~r ,t !2
vc

0

vs
0

ms~r ,t !G , ~15!

with L the distance over which a colloidal sphere is moved
on average on transport from box 1 to 2, that is,L is equal to
R22R1 , with Rj the center position of boxj. Note that both
the temperature and concentration variations are accounted
for in the above spatial gradients. Sincedwrev/dNc

52F"L , with F the force with which surrounding material
acts on a colloidal sphere~which has to be counterbalanced
quasistatically by the force needed to transport a sphere from
box 1 to box 2!, it is found from Eq.~15! that

F~r ,t !52¹n~r ,t !, ~16!

where the ‘‘effective chemical potential’’n is defined as

n[mc~r ,t !2
vc

0

vs
0

ms~r ,t !. ~17!

When a colloidal particle is displaced, colloidal material is
actually interchanged with an equal volume of solvent@see
Fig. 1~b!#. This is the reason why in the effective chemical
potential in Eq.~17!, the difference between the chemical

potential of a colloidal particle and the chemical potential of
an equal volume of solvent appears. Consideration of forces
acting on a single colloidal particle can also be found in Ref.
24.

From the Gibbs–Duhem relation, it is easily shown that
~with p the mechanical pressure!

dn5
V

Nc
dH p2

1

vs
0

msJ . ~18!

This Gibbs–Duhem relation relates changes of intensive
variables, under the condition that the change is established
by means of exchanging only reversible work, but no heat,
since the temperatures are not changed during these changes.
The latter restriction renders the usual contribution2SdT on
the right-hand side of Eq.~18! absent~with S the entropy!.
Sincep andms are functions of$Nc ,Ns ,V,T%, Eq. ~18! can
be written as

dn5
V

Nc
H dNc

]

]Nc
1dNs

]

]Ns
1dV

]

]V
1dT

]

]TJ
3F p2

1

vs
0

msG . ~19!

In all partial differentiations,p andms are regarded as func-
tions of the independent variables$Nc ,Ns ,V,T%. Since the
addition ofdNc colloidal particles to a box is accompanied
by a decrease of the number of solvent molecules bydNs

52(vc
0/vs

0)dNc , it follows immediately that, at constant
volume

dn5
V

Nc
H dNcF ]

]Nc
2

vc
0

vs
0

]

]Ns
G1dT

]

]TJ F p2
1

vs
0

msG .

~20!

Due to the fast adaption of the degrees of freedom of the
solvent molecules to the instantaneous distribution of colloi-
dal material and local temperature, one can think of each box
as being in osmotic equilibrium with a reservoir of pure sol-
vent of the same temperature and chemical potential as the
solvent within the box containing the dispersion. The Gibbs–
Duhem relation for the pure solvent, under the restriction
that only reversible work is exchanged, reads~with ps the
mechanical pressure within the pure solvent!

dps5
1

vs
0

dms , ~21!

where it is used that for the pure solventVs
t/Ns

t5vs
0, where

Vs
t is the volume andNs

t the number of solvent molecules in
the reservoir of pure solvent~the superscript ‘‘r’’ stands for
‘‘reservoir’’ !. A change of the osmotic pressureP[p2ps

~the difference between the mechanical pressure of the sus-
pension and the pure solvent! is therefore equal to

dP5dF p2
1

vs
0

msG . ~22!
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Note that the changedms includes changes due to tempera-
ture variations. We shall therefore introduce the variabless
on whichms depends, besides the temperature

ms[ms~T,s!. ~23!

Furthermore, the operator within the square brackets in Eq.
~20! is nothing but](¯)/]Nc for the osmotic system, since
one colloidal sphere is always exchanged with2vc

0/vs
0 sol-

vent molecules. Hence, Eq.~20! can be written simply as

dn5
V

Nc
H dNc

]P

]Nc
1dT

]P

]T J
5dr

1

r

]P~r,T,ms!

]r
1dT

1

r

]P~r,T,ms~T,s!!

]T
. ~24!

In the last equation it is used thatP, being an intensive
variable, depends on the extensive variablesNc andV only
through the combinationr5Nc /V. Replacingd ’s by gradi-
ents asd~¯!5L•¹~¯!, as before, is thus found from Eqs.
~16! and ~24! that

F~r ,t !52
1

r

]P~r,T,ms!

]r
¹r~r ,t !

2
1

r

]P~r,T,ms~T,s!!

]T
¹T~r !, ~25!

where the temperature differentiation also acts onms . Note
that this is equivalent to

rF~r ,t !52¹P~r ,t !. ~26!

The body forcerF is thus the result of gradients in the os-
motic pressure, similar to molecular systems in the absence
of flow, where the body force is equal to the gradient of the
mechanical pressure. In osmotic systems, work is done
against gradients in the osmotic pressure. From Eq.~25! for
the force and Eqs.~9!–~11!, to leading order in gradients, the
equation of motion~3! is recovered with

D5D0b
]P~r,T,ms!

]r
, and

DT5D0b
]P~r,T,ms~T,s!!

]T
, ~27!

whereD05kBT/g is Einstein’s translational diffusion coef-
ficient for a noninteracting sphere~with kB Boltzmann’s con-
stant andT the temperature!, andb51/kBT. In deriving Eq.
~27!, terms like ;¹r•¹T and ;¹T•¹T have been ne-
glected. These terms are of second order in deviations of
density and temperature from their mean values. Hence, Eq.
~3! is valid only to leading order in gradientsand small de-
viations from mean values. The expression~27! for D is a
well-known result for the zero wave vector limit of the col-
lective diffusion coefficient, with the neglect of hydrody-
namic interactions~see for example, Refs. 24, 28, and 25!.
Hydrodynamic interactions can be included on the basis of
microscopic equations of motion, which will be discussed in
the subsequent paper.

Note that in the neighborhood of a gas–liquid critical
point, b]P/]r is very small. As a result, thermodiffusion

becomes particularly pronounced on approach of the critical
point, since]P/]T is well-behaved right up to the critical
point. This is also the case on approach of the gas–liquid
critical point of molecular mixtures~see Refs. 29, 30, and
references therein!.

The expressions~27! are valid within a reference frame
where there is no volume flux. For incompressible systems
this is the usual laboratory frame, where the container does
not move with respect to the observer. A factor 1/~12w!
should be added to the right-hand side of Eq.~27! for D,
whenP is expressed as a function ofr, T, and the mechani-
cal pressurep, instead of the chemical potentialms ~wherew
is the volume fraction of colloidal spheres!.

In a one-component fluid, the transport coefficient that
describes heat transport due to pressure differences at con-
stant temperature~the so-called mechanocaloric effect! can
be related to the thermodiffusion coefficient, using Onsager’s
symmetry relations.31 The mechanocaloric effect for colloi-
dal suspensions, however, is probably primarily determined
by the properties of the solvent in which the colloids are
embedded. There is therefore no analogous relation between
the two transport coefficients for colloids.

III. THE OSMOTIC PRESSURE AND POTENTIAL
OF MEAN FORCE

An important feature for the thermodiffusive behavior of
macromolecular systems is that the interaction potential of
an assembly of macromolecules is a potential of mean force,
which is implicitly temperature dependent. Although the re-
lation between the osmotic pressure and the potential of
mean force is well known, I could not find a comprehensive
derivation in literature. Furthermore, the community of re-
searchers dealing with thermodiffusion might not be so fa-
miliar with the notion of potential of mean force. I therefore
chose to deal with the definition of the potential of mean
force and its connection to the osmotic pressure in detail.
This connection allows for an explicit evaluation of the
transport coefficientsD and DT in terms of interaction po-
tentials.

For an osmotic system, where solvent molecules can be
exchanged but the number of colloidal spheres is fixed, the
appropriate partition function is the semigrand canonical par-
tition function

V~Nc ,V,T,ms!

5
Lc

23Nc

Nc!
(

Ns50

` Ls
23Ns

Ns!
exp$2bNsms%

3E dRE dv exp$2bE~R,v,Ns ,Nc ,V!%, ~28!

whereR denotes the set of position coordinates$r1 ,...,rN%
of the colloidal spheres, andv the spatial and orientational
phase space coordinates of the solvent molecules. Further-
more,E(R,v,Ns ,Nc ,V) is the potential energy of the mix-
ture of solvent molecules and colloidal spheres. This ‘‘bare
potential’’ is independent of temperature. The de Broglie
wavelengthsLs and Lc result from integration of exp
$2bEkin% ~whereEkin is the total kinetic energy! with respect

1636 J. Chem. Phys., Vol. 120, No. 3, 15 January 2004 Jan K. G. Dhont

Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



to the momentum coordinates, and from the fact that the
smallest possible volume in phase space is equal toh3, with
h Planck’s constant. The solvent- and colloid-de Broglie
wavelengths are, respectively, given by

Ls5h/A2pmkBT, Lc5h/A2pMkBT, ~29!

wherem and M are the mass of a solvent molecule and a
colloidal sphere, respectively. The grand canonical probabil-
ity density functionP0 for $v,Ns% of pure solvent is equal to

P0~v,Nsums ,V,T!

5
Ls

23Ns

Ns!

exp$2bNsms%exp$2bE0~v,Ns ,V!%

Q0~ms ,V,T!
,

~30!

where the grand canonical partition functionQ0 is given by

Q0~ms ,V,T!5 (
Ns50

` Ls
23Ns

Ns!
exp$2bNsms%

3E dv exp$2bE0~v,Ns ,V!%, ~31!

with E0 the potential energy of the pure solvent. The poten-
tial of mean forceF is now defined as

exp$2bF~R,Nc ,V,T,ms!%

[ (
Ns50

` E dvP0~v,Nsums ,V,T!

3exp$2b@E~R,v,Nc ,Ns ,V!2E0~v,Ns ,V!#%. ~32!

It is easily seen that2¹iF ~with ¹i the gradient operator
with respect to the position coordinate of theith colloidal
sphere! is the average of the force2¹iE on the sphere over
the solvent phase space coordinates with respect to the prob-
ability density function

P~v,Ns!5
Ls

23Ns

Ns!
exp$2bNsms%

3exp$2bE~R,v,Nc ,Ns ,V!%/N, ~33!

where the normalization constant is equal to

N5 (
Ns50

` Ls
23Ns

Ns!

3E dv exp$2bNsms%exp$2bE~R,v,Nc ,Ns ,V!%.

~34!

This is the probability density function for the solvent phase
space coordinates with a prescribed configuration of colloi-
dal particles. Hence,2¹iF is the force on theith colloidal
sphere, averaged with respect to the solvent degrees of free-
dom for a given configuration of colloidal particles. This is
the reason whyF is referred to as a ‘‘potential of mean
force.’’

It will turn out to be essential for thermodiffusion of a
certain class of systems that the potentialF is temperature
dependent, due to averaging with respect to the solvent de-
grees of freedom.

Defining the canonical colloid partition functionVc that
corresponds to the potential of mean force as

Vc~Nc ,V,T,ms![
Lc

23Nc

Nc!

3E dR exp$2bF~R,Nc ,V,T,ms!%,

~35!

allows the following, exact factorization of the semigrand
canonical partition function~28!:

V~Nc ,V,T,ms!5Q0~ms ,V,T!Vc~Nc ,V,T,ms!. ~36!

The probability density function~pdf! of the position coordi-
natesR of the colloidal spheres is now equal to

P~RuNc ,V,T,ms![
Lc

23Nc

Nc!

exp$2bF~R,Nc ,V,T,ms%

Vc~Nc ,V,T,ms!
.

~37!

The expressions~35! and ~37! show thatthe osmotic system
can be regarded as an effective canonical system where the
potential energy is now equal to the temperature-dependent
potential of mean force. In the microscopic approach to ther-
modiffusion discussed in the subsequent paper, an equation
of motion for the corresponding nonequilibrium pdf is ana-
lyzed.

From Eq.~36!, the pressure is found to be equal to

p5kBTF] ln$V%

]V G
Nc ,T,ms

5ps1P, ~38!

where the pressureps of the pure solvent is equal to

ps5kBTF] ln$Q0%

]V G
T,ms

, ~39!

and the osmotic pressureP5p2ps is equal to

P5kBTF] ln$Vc%

]V G
Nc ,T,ms

. ~40!

The osmotic pressure is thus related to the potential of mean
force in exactly the same way as the mechanical pressure of
a canonical molecular system is related to its potential en-
ergy.

Assuming a pairwise additive potential of mean force,
that is ~with r nm5urn2rmu, wherer j is the position coordi-
nate of thejth colloidal sphere!

F~r1 ,r2 ,...,rNuT!5 (
n,m

Nc

V~r nmuT!, ~41!

where V is the pair-interaction potential of mean force, a
standard procedure to evaluate Eq.~40! leads to~see, for
example Ref. 32!
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P~r,T,ms!5rkBT2
2p

3
r2

3E
0

`

dRR3geq~Rur,T!
dV~RuT!

dR
, ~42!

whereR is the distance between two colloidal spheres. Here
and in the following, we shall only denote the position and
temperature dependence of potentials for brevity. Note that
the temperature dependence of the pair-potential includes the
temperature dependence of the chemical potential of the sol-
vent. The equilibrium pair-correlation functiongeq is defined
as

geq~R5r 12ur,T![V2E dr3¯E drNP~RuNc ,V,T,ms!,

~43!

with P the pdf of the position coordinatesR5$r1 ,...,rN% as
given in Eq.~37!.

Together with Eq.~27!, Eqs. ~42! and ~43! express the
transport coefficientsD and DT in terms of the potential of
mean force.

The pairwise additivity approximation~41! is a very
good approximation for potentials, superimposed on a hard-
core repulsion, with a range that is small in comparison to
the hard-core radius. Even for longer-ranged potentials~like
for charged spheres with a large screening length!, however,
this assumption is quite accurate.

Within the thermodynamic approach used here, it is not
possible to include hydrodynamic interactions between the
colloidal spheres. The results obtained here are nevertheless
semiquantitatively correct when the pair-interaction potential
is very long-ranged repulsive as compared to the size of the
core, such as charged spheres at low salt concentration. Such
systems can be thermodynamically concentrated but hydro-
dynamically dilute. For such a system one could use, for
example, Ornstein–Zernike expressions for the pair-
correlation function in Eq.~42!, and use the resulting expres-
sion to calculateD and DT from Eq. ~27!. This will not be
pursued in the present paper. The inclusion of hydrodynamic
interactions requires a microscopic approach, which is devel-
oped in the subsequent paper.

In the following sections we shall evaluateD andDT to
leading order in concentration for spheres with a very short-
ranged attraction, superimposed onto a hard-core repulsion.
It will turn out that this type of particles can diffuse to hot
regions under certain conditions. The numerical values of the
virial coefficients are, however, only qualitatively correct.
For quantitative values, hydrodynamic interactions must be
accounted for.

IV. LEADING ORDER DENSITY EXPANSION
OF D AND DT

To leading order in colloid concentration,D andDT can
be expressed in terms of the pair-interaction potential of
mean force as defined in Eqs.~32! and ~41!. For such low
concentrations, the pair-correlation function, defined in Eq.
~43!, is equal to

geq~Rur,T!5exp$2bV~RuT!%. ~44!

The temperature dependence here is understood to include
the temperature dependence of the chemical potential of the
solvent. Substitution of this expression into Eq.~42!, and
separating off the hard-core contribution to the pair-potential,
yields33

P~r,T,ms!5rkBTF114wH exp$2bV1~T!%

2bE
R.2a

dRS R

2aD 3 dV~RuT!

dR

3exp$2bV~RuT!%J G . ~45!

Here,w5vc
0r5(4p/3)a3r is the volume fraction of colloi-

dal spheres~with a the radius of the core of the colloidal
spheres! and V1 is the contact value of the pair potential,
that is

V1~T!5 lim
e↓0

V~R52a1euT!. ~46!

For pure hard-core potentials,V1(T)50, and the integral in
Eq. ~45! vanishes.

From Eqs.~27! and ~45!, it is found by differentiation
with respect to the density, that up toO(w2)

D5D0F118wH exp$2bV1~T!%

2bE
R.2a

dRS R

2aD 3 dV~RuT!

dR
exp$2bV~RuT!%J G .

~47!

The thermal diffusion coefficient can be written as a sum of
two contributions

DT5DT
~0!1DT

~ i ! , ~48!

whereDT
(0) is the thermal diffusion coefficient without the

implicit temperature dependence of the osmotic pressure
through the potential of mean force, andDT

( i ) the contribution
due to this implicit temperature dependence. These two con-
tributions are found by differentiation of the osmotic pres-
sure with respect to its explicit and implicit temperature de-
pendence. From Eqs.~27! and ~45!, it is found that

DT
~0!5D0

r

T F114wH exp$2bV1~T!%@11bV1~T!#

2b2E
R.2a

dRS R

2aD 3

V~RuT!
dV~RuT!

dR

3exp$2bV~RuT!%J G , ~49!

and
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DT
~ i !52D0

r

T
4wFexp$2bV1~T!%bT

]V1~T!

]T

1bTE
R.2a

dRS R

2aD 3H ]

]T

dV~RuT!

dR

2b
]V~RuT!

]T

dV~RuT!

dR J exp$2bV~RuT!%G , ~50!

where ]V(RuT)/]T denotes differentiation with respect to
the implicit temperature dependence of the pair potential,
including its temperature dependence through the chemical
potential of the solvent.

The above leading-order virial expansions ofD andDT

can be tested experimentally once the pair-interaction poten-
tial, including its temperature dependence, has been charac-
terized, although for a quantitative test hydrodynamic inter-
actions should be included. Note thatD is the zero wave
vector limit of the collective diffusion coefficient, which can
be measured independently in a dynamic light scattering ex-
periment.

V. A MODEL CALCULATION OF D AND DT

Especially simple expressions forD andDT are obtained
when the potential that is superimposed onto the hard-core
repulsive potential is very short ranged in comparison to the
size 2a of the core~with a the radius of a colloidal sphere!.
There are many practical systems for which the potential for
R.2a is indeed short ranged. Examples are cores coated
with short polymer chains in bad solvents for the polymers,
leading to a short-ranged attraction, cores like silica with a
3–4 nm thick stabilizing hydration layer at high salt concen-
tration, and systems where van der Waals attractions are im-
portant, which are relatively short ranged for somewhat
larger colloidal particles. For suspensions with particles that
interact through such short-ranged potentials, the particular
functional form of the potential is probably irrelevant for
their macroscopic behavior. Here, we shall consider the ‘‘tri-
angular potential’’

V~RuT!5e~T!
R22a2D

D
, for 2a<R<2a1D,

~51!
50, for 2a1D,R,

wheree is the contact value of the additional potential, with
e.0 for attractive potentials, and whereD is its range. The
depth of the potential is temperature dependent, being a po-
tential of mean force. The widthD of the potential is as-
sumed independent of temperature, which is indeed the case,
to a good approximation, for the potentials mentioned above.
For example, when the core is coated with polymer chains,
the widthD is of the order of the thickness of the brush, and
e depends on the quality of the solvent for the polymer coat-
ing, which is indeed temperature dependent. We shall assume
short-ranged potentials, that is

D/2a!1. ~52!

The osmotic pressure is easily obtained from Eq.~45! to
leading order inD/2a

P~r,T,ms!5rkBTF114w

3H 11
3D

2a S 11be2exp$be%

be D J G , ~53!

wherew is the volume fraction of colloidal material. Substi-
tution into Eq.~27! leads to the following expression for the
collective diffusion coefficient:

D5D0F118wH 11
3D

2a
FD~be!J G ,

~54!
FD~a!5~11a2exp$a%!/a.

The two explicit and implicit temperature-dependent contri-
butions to the thermal diffusion coefficient in Eq.~48! are
equal to

DT
~0!5D0

r

T F114wH 11
3D

2a
FT

~0!~be!J G ,
~55!

FT
~0!~a!5~21a1@a22#exp$a%!/a,

and

DT
~ i !5D0

r

T
4wFT

e

de~T!

dT G 3D

2a
FT

~ i !~be!,

~56!
FT

~ i !~FT
~ i !~a!5FD~a!2FT

~0!~a!5~211@1

2a#exp$a%!/a.

The functionsFD , FT
(0) and FT

( i ) are plotted for negative
values of their argument~repulsive potentials! in Fig. 2~a!
and for positive values~attractive potentials! in Fig. 2~b!.
Note that for deeply attractive potentials, the thermodiffusion
functionsFT

(0) andFT
( i ) become much larger than the collec-

tive diffusion functionFD . In fact, in the ‘‘sticky sphere
limit,’’ where D/2a→0 and be→`, such that
(D/2a)exp$be%/be remains finite to assure a finite value of
D, both DT

(0) and DT
( i ) diverge. Thermodiffusion for short-

ranged potentials therefore cannot be described within the
formal sticky sphere limit. For very short-ranged and deeply
attractive potentials, there is thus a pronounced Soret effect.
For repulsive potentials, the Soret coefficient is positive, as
can be seen from Fig. 2~a!, while thermodiffusion is not so

FIG. 2. The functionsFD , FT
(0) , andFT

( i ) , as defined in Eqs.~54!, ~55!, and
~56!, respectively, for repulsive potentials~a! and attractive potentials~b!.
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pronounced: adding a repulsive potential to the hard-core
repulsive potential does not change diffusive properties sig-
nificantly.

The collective diffusion and thermal diffusion coefficient
are plotted in Figs. 3~a! and ~b!, in dimensionless form, as
functions of the volume fraction and temperature, respec-
tively. The parameters are specified in the captions of these
figures. For these parameters,DT is negative at large enough
concentrations and low enough temperatures. The contribu-
tion DT

(0) to the thermal diffusion coefficient is always posi-
tive. However, when the depthe.0 of an attractive potential
increases with temperature~that is, whende/dT.0), the
implicit thermal diffusion coefficientDT

( i ) in Eq. ~56! is nega-
tive. In that case colloidal particles tend to diffuse to hot
regions. The interpretation of this result is, that the potential
energy decreases on increasing the temperature, which low-
ers the free energy. Note that the potential of mean force is
not a potential energy in the strict sense: it contains also
entropic contributions as a result of averaging with respect to
the fast solvent degrees of freedom. The thermal diffusion
coefficientDT5DT

(0)1DT
( i ) in Fig. 3 is small in magnitude as

compared to bothDT
(0) andDT

( i ) , which are of opposite sign.
There is thus a delicate balance between the explicit and
implicit temperature dependence of the osmotic pressure that
determines the thermodiffusive behavior of the colloidal
spheres.

VI. A COMMENT ON THERMODIFFUSION
AT INFINITE DILUTION

Besides the effects of intercolloidal particle interactions,
single-particle properties are important for the overall ther-
modiffusive behavior of macromolecular systems. Thermod-
iffusive behavior at infinite dilution can be described on the
basis of Eqs.~16! and ~17!. Changes of chemical potentials
are now due to~i! changes of the osmotic pressure for non-
interacting particles and~ii ! changes due to specific interac-
tions of the surface of the colloidal spheres with solvent mol-
ecules. The first contribution follows from Eq.~27!, with P
equal to the ideal-gas pressurerkBT. For noninteracting
spheres where specific interactions with the solvent are not

important, it is thus found thatDT5D0r/T. This ‘‘ideal-gas
contribution’’ is already incorporated in the previous analy-
sis. The second contribution, denoted asDDT , which has
been neglected so far, is related to the temperature depen-
dence of the chemical potential of the ‘‘complexed colloidal
sphere,’’ that is, the surface groups on the colloidal sphere
and its solvation layer together with its ionic cloud~when
present!. Let mcs* (T) denote the chemical potential of the
complexed colloidal sphere~the subscript ‘‘cs’’ stands for
‘‘complexed sphere’’!, where colloid-mixing contributions
are not included~as indicated by the ‘‘* ’’ !. These mixing
contributions are already contained in the ideal-gas contribu-
tion to DT . Following the reasoning that leads to Eqs.~16!
and ~17! now gives rise to an additional force equal to

DF~r ,t !52¹mcs* ~T~r !!52
]mcs* ~T!

]T
¹T~r !, ~57!

and hence, from Eqs.~9!–~11!, again to leading order in
gradients and deviations of density and temperature from
their mean values

DDT5D0br
]mcs* ~T!

]T
. ~58!

The calculation of mcs* (T) requires detailed, molecular
knowledge about the interactions between colloidal surface
groups and solvent, and possibly its ionic cloud. Alterna-
tively, one might measuremcs* independently, from disper-
sions so dilute that interactions do not play a role, and sub-
tracting from these data mixing contributions. Assuming that
interactions between colloidal particles do not affectmcs* too
much, the contributionDDT in Eq. ~58! should always be
added to the ideal gas and interaction contributions toDT ,
the latter to which the present and the subsequent paper are
devoted. Hence, in an experimental verification of the effect
of interactions on thermodiffusion, experimental values at
infinite dilution should be subtracted from those at higher
concentrations.

Note that even for an ‘‘ideal colloidal gas,’’ inertial
forces are not important due to the large friction force with
the solvent. This is why the diffusion coefficientDT

5D0r/T is independent of the mass of the colloidal par-
ticles, just as for higher concentrations.

VII. SUMMARY AND CONCLUSIONS

On the basis of statistical thermodynamics and force bal-
ance on the Brownian time scale, expressions for the collec-
tive and thermal diffusion coefficient in terms of the osmotic
pressure have been derived. There are a number of assump-
tions made here, which are probably only valid for macro-
molecular solutions, but not for molecular mixtures. First of
all, the force on a macromolecule is obtained by assuming
force balance, that is, inertial forces on a colloidal particle
are assumed very small. Such a force balance can only be
justified when the macromolecule is very much larger than
the solvent molecules.24,25 Second, molar volumes are taken
independent of concentration, temperature, and pressure.
This relies on incompressibility and the fact that the molar

FIG. 3. ~a! The various diffusion coefficients in dimensionless form as func-
tions of the volume fraction of colloids, to leading order in concentration.
Note that vc

0DT /D05(w/T)@11(¯)w#. Here, D/2a51/100,
d ln$e%/d ln$T%510/be andbe55 at room temperatureT05293 K. ~b! The
various diffusion coefficients, again in dimensionless form, as a function of
the temperature forw50.1.
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volume of colloids is to a very good approximation equal to
the volume of a single colloidal sphere, and that the solvent
is predominantly present as bulk material. Third, osmotic
equilibrium can be assumed due to the very fast dynamics of
the solvent molecules as compared to the colloidal degrees of
freedom.

A further special feature of macromolecular systems is
that their interaction energy is a temperature-dependent po-
tential of mean force. This implicit temperature dependence
can have an important effect on the thermodiffusive behavior
of macromolecular systems. For short-ranged attractive po-
tentials for which the depth of attraction increases with in-
creasing temperature, this temperature dependence can lead
to ‘‘uphill thermodiffusion,’’ that is, diffusion to regions of
higher temperature.

The virial expansions ofD and DT to leading order in
concentration can be tested experimentally. For a quantitative
comparison, however, hydrodynamic interactions between
the colloidal spheres should be taken into account. For ex-
ample, for hard spheres~for which D/2a50), the 8w in Eq.
~54! for D is known to change to 1.45w due to hydrodynamic
interactions.24,25 The leading-order virial coefficient ofDT

(0)

andDT
( i ) will probably also be affected substantially by hy-

drodynamic interactions. The present approach does not al-
low inclusion of hydrodynamic interactions. In order to do
this, a microscopic approach to the derivation of the equation
of motion ~3! for the density must be developed. This is the
subject of the subsequent paper.

As discussed briefly in Sec. VI, specific interactions be-
tween the surface groups of colloidal spheres and solvent
molecules give rise to thermodiffusion due to the tempera-
ture dependence of the chemical potential of the complexed
colloidal spheres, that is, the colloidal spheres and their sol-
vation layer, and possibly their ionic cloud. This contribution
should be subtracted from experimental thermal diffusion co-
efficients in order to be able to compare the interaction con-
tributions to theoretical predictions.

The interesting colloidal systems of monodisperse,
spherical particles are those where the colloidal spheres in-
teract via very short-ranged attractive potentials, where the
depth of attraction increases with temperature. For such sys-
tems the Soret effect is most pronounced, and sign changes
of the Soret coefficient can be expected on variation of con-
centration, temperature, and solvent properties.
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