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We demonstrate the extraction of excited rovibrational state energies for quantum systems with up
to 15 dimensions, using the recently developed projection operator imaginary time spectral
evolution~POITSE! method. The technique is applied to a series of model van der Waals complexes
of the formAB-Xn , n5123, with heavyAB and a weakly bound, light atomX. The selectivity of
several types of molecule-fixed and space-fixed projectors and their relationship to the nature of the
accessible excited states are studied by making comparison with discrete variable-finite basis
representation~DVR-FBR! calculations forn51. These also allow identification of excitations
dominant in ground state infrared absorptions. The results suggest a propensity for space-fixed
projectors to access states where the angular momentum of the diatomicAB dominates the overall
angular momentum, while molecule-fixed projectors access primarily bending and stretching modes.
The relevance of this observation for the interpretation of the rovibrational spectra of molecules
embedded in large liquid helium clusters is discussed. ©1999 American Institute of Physics.
@S0021-9606~99!01912-1#

I. INTRODUCTION

The calculation of excited states for truly multidimen-
sional quantum systems is a problem of continuing interest
and importance in chemical physics. Quantum Monte Carlo
~MC! methods offer attractive scaling with dimensionality,
and thereby the possibility of circumventing the exponential
growth associated with basis set methods. Quantum Monte
Carlo calculations of excited states are generally performed
within the fixed node approximation, requiring prior knowl-
edge of, or, at least, good estimates of the nodal structure.1,2

Supplying this becomes more difficult as the number of di-
mensions increases. While some significant progress has
been made with some released node approaches in the field
of fermion problems in recent years,3 there is still no robust
and general algorithm for excited states which does not re-
quire a nodal approximation.

We have recently explored an alternative approach for
the direct calculation of excited states which focuses merely
on the calculation of the excited state energies, rather than
aiming for both energies and wave functions. By making use
of recent developments in image reconstruction analysis,4 we
showed that it is possible to extract excited state energies
from the inverse Laplace transform of an imaginary time
correlation function which is computed with a zero tempera-
ture diffusion Monte Carlo~DMC! algorithm.5–7 In its sim-

plest form, the algorithm starts with a projection from the
ground state to some excited state, and the imaginary time
evolution of this is then followed for some time. A subse-
quent inversion yields the desired spectral information. We
have termed the method POITSE, or projection operator
imaginary time spectral evolution, to reflect these primary
features. Although the method can be applied to any bound
system, initial studies of the algorithm were restricted to low
dimensional test systems emulating molecular excitations in-
volving nuclear motions. These showed the method to be
versatile, allowing both vibrational and rotational excita-
tions, and tunneling splittings to be calculated with accura-
cies of a few percent or less. Thus while the POITSE method
does not have the well-defined convergence properties of ba-
sis set methods, and does not always yield spectroscopic ac-
curacy, it was demonstrated to be a general method to obtain
excited state energies of all kinds exact to a few percent. The
polynomial growth of the computer time needed for the
Monte Carlo propagation makes this method attractive for
systems too large to be dealt with by conventional methods
which more typically show exponential growth. For ex-
ample, while basis set methods have recently been extended
to allow 6-dimensional calculations,8–10 it is shown below
that the POITSE method can readily extract excitations in up
to 15-dimensional systems. The algorithm can also be used
without further theoretical modification for much larger sys-
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tems, although computational considerations will then war-
rant investment in a high density parallelization. Further-
more, since the method deals with energy differences rather
than absolute energies, it lends itself naturally to the calcu-
lation of tunneling splittings or other small energy differ-
ences in complex spectra. These often prove impossible to
extract from basis set calculations because of their small size,
whereas POITSE allows calculation to within a few percent
no matter what the absolute value of the energy difference.
For these two reasons, while POITSE does not necessarily
yield spectroscopic accuracy, it can often deliver thespec-
troscopically relevantenergy differences in situations where
conventional methods fail completely. Thus it is a very
promising approach for further application in large clusters
and molecular systems.

In this paper we apply POITSE to a larger system, ad-
dressing the excitations of van der Waals complexes of the
form AB-Xn . In the largest instance studied here,n53, this
yields a 15-dimensional system of coupled atoms~nine inter-
nal degrees of freedom!, well beyond the capabilities of con-
ventional basis set methods. For the ‘‘dimer’’AB-X, dis-
crete variable-finite basis~DVR-FBR! calculations are
performed to benchmark the POITSE results. These also af-
ford useful insights into the nature of the excitations and
their spectral accessibility, because the availability of a wave
function allows a precise assignment of the accessed states.
By comparing the states accessed by various choices of pro-
jectors with exact variational results for a small system, we
can identify which types of projectors access which type of
state, thereby allowing a fine tuning of projectors for appli-
cations to larger systems, where basis set calculations are
impossible. A careful study of the influence of projectors on
the selection of excited states appearing in a given POITSE
spectrum is needed because POITSE provides us only with
the value of the excitation energy. In particular, we are in-
terested in identifying projectors which can selectively ad-
dress excitations which are associated with molecular motion
inside a larger system, in the context of recent spectroscopic
experiments involving molecules embedded in quantum liq-
uid clusters.11–13

Van der Waals complexes undergo a variety of vibra-
tions and rotations, including both intramolecular and inter-
molecular modes. For atom-diatom complexesAB-X, i.e.,
‘‘dimer’’ species, the nature of the bound states is well un-
derstood. Several different angular momentum coupling
schemes which provide good bases for perturbation expan-
sions in the different regimes of interaction strength may be
identified.14 More complicated systems such as atom-
spherical top van der Waals complexes have also been
addressed.15 Essentially both close coupling and basis set~or
basis set-DVR16! calculations of the bound states of virtually
any dimer system can now be performed with high accuracy.
Some calculations on trimeric systemsn52 have also been
made,17,18 but in general these methods are restricted to low
dimensionality, and cannot be used for the investigation of
larger complexes. This limitation of dimensionality for the-
oretical studies was until recently not regarded as unduly
restrictive, since high resolution spectroscopy of heteroge-
neous van der Waals clusters was restricted to very small

clusters, withn51 or 2.19–21 Therefore there was no com-
pelling impetus to develop methods for the determination of
energy levels for molecular chromophores in larger clusters.
This situation has changed in recent years, with increasing
numbers of spectroscopic experiments probing the energetics
of larger clusters.22–26 One specific motivation for this work
is provided by the recent high resolution spectra of mol-
ecules embedded in helium clusters,11,13 where the infrared
absorption spectra of a number of small molecules in4Hen

have been consistently found to display rotational structures
compatible with an interpretation in terms of free rotor en-
ergy level patterns associated with rotational constants which
are decreased relative to the gas phase values. Another mo-
tivation is provided by the observation of tunneling splittings
in spectra of water clusters, over a range of sizes.26,27Both of
these classes of experiments demand an analysis in terms of
energy levels for clusters containing molecular components,
for nontrivial cluster size. Because of this perceived need to
go to larger sizes, we have therefore pursued the Monte
Carlo approach. As will be shown below, the combination of
a MC calculation and maximum entropy analysis in the
POITSE method offers a potentially powerful approach to
deal with higher dimensional systems. The only size restric-
tion at present is computer time, which can in principle be
addressed by parallelization of the code to allow actual cal-
culations for largern values than those shown here.

The paper is organized as follows. In Sec. II we intro-
duce the interaction potential for theAB-Xn complex and
describe the reference calculations performed by the DVR-
FBR approach for theAB-X dimer system. In Sec. III we
review the POITSE method, introduce the trial wave func-
tion used in the Monte Carlo algorithm and discuss the
choice of projection operators. POITSE results forAB-Xn ,
n5123, are presented in Sec. III D. Section IV presents
transition intensities for the dimerAB-X and uses these to
relate the energy levels calculated by POITSE for larger
clusters to the empirical energy level patterns derived from
spectroscopic experiments. Section V summarizes, and dis-
cusses possible extensions and future applications.

II. INTERACTION POTENTIAL AND AB -X DIMER
REFERENCE CALCULATIONS

A. Potential surface

The systems addressed here are heteronuclear van der
Waals clusters of the formAB-Xn . We employ for these a
model potential surface which is constructed to satisfy sev-
eral criteria. First, we require that the main general features
of van der Waals complexes are taken into account, in par-
ticular the energy scale and range of anisotropy. Second, we
desire a fairly simple interpretation of the potential surface to
avoid unnecessarily expensive computations. Third, since
our specific interest lies in complexes of helium with mol-
ecules, we desire a model surface appropriate to one of the
experimentally studied chromophores in helium clusters. To
satisfy these requirements, we have constructed a simple,
reduced dimensionality model for the much-studied interac-
tion of He with SF6 .28–30This consists of a two-dimensional
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model potential which retains the relative energetics of the
full ~rigid body! three-dimensional potential,28 but which re-
fers to a diatomic molecule with the mass and vibrational
frequency of SF6, rather than to the actual octahedral SF6

molecule.
We will formulate the equations here using atomic units

since the calculations are performed in these. In Secs. II C
and III D, energies are given in cm21, the traditional units of
vibration-rotation spectroscopy. Consider a diatomic mol-
eculeAB with attached atomsX1 ...,Xn . The masses ofA
and B are fixed, while the mass of the atomsXi , i 51,...,n,
will be varied. We use Jacobi-like coordinatesr , Ri and u i

and the distancesr i j between atomsXi andXj located atr i

and r j , respectively,

r5rA2rB , ~1!

r cm5
mArA1mBrB

mA1mB
, ~2!

Ri5r i2r cm, ~3!

u i5arccosF r i•Ri

rRi
G . ~4!

For i .1 a polar coordinate description would characterize
eachXi atom byRi ,u i and an azimuthal anglef i relative to
the plane spanned byA, B, andX1 . For convenience, in the
formulation of the model potential we use interparticle dis-
tancesr i j instead off i .

The total potential is written as a sum of a harmonic
potentialVHO(r ) for the intramolecular degree of freedom,
an angle-modulated Morse oscillator potentialVMO(Ri ,u i)
for the van der Waals modes betweenAB and the atomsXi ,
and a pair potentialVXX(r i j ) describing theXi2Xj interac-
tion,

Vtotal5VHO~r !1(
i 51

n

VMO~Ri ,u i !1(
i , j

n

VXX~r i j !, ~5!

with

VHO~r !5
1

2
m rvHO

2 ~r 2r e!
2, ~6!

VMO~R,u!5Vu~u!•VR~R!, ~7!

VR~R!5exp@22a~R2Re!#22 exp@2a~R2Re!#, ~8!

and

Vu~u!5De
~0!1De

~4!P4~cosu!. ~9!

The potential for the diatomic part of the model system is
harmonic, but evidently not the ‘‘simple harmonic oscilla-
tor,’’ which has a coordinate range from2` to `. The
reduced mass of the diatomic moleculeAB is m r

5mAmB /(mA1mB). The parametersr e , m r , Re , a, De
(0) ,

andDe
(4) are chosen to model the SF6-He interaction poten-

tial of Packet al.28 Since the potential contains no coupling
of the intramolecular vibrational coordinate with the van der
Waals coordinates, and thus cannot lead to any vibrational
shift of AB, we choosevHO to match the actualn3 frequency

of the free SF6 molecule,n35947.98 cm21.31 The rotational
constantBe of the free diatomic moleculeAB is given by

Be5
1

2m r r e
2

. ~10!

Due to the symmetric nature of the diatomic potential and
the stiffness of the oscillator,Be approximates the ground
state rotational constantB0 to very high accuracy. Conse-
quently, we chooser e so thatBe'B0 is equal to the rota-
tional constant of SF6 in its ground vibrational state,B0

50.091 cm21,31 requiring that the size of the diatomic be
comparable to SF6 . This is achieved by selecting the masses
mA5mB52mF .

The angle-modulated Morse potential is constructed to
provide a reduced dimensionality model of the full aniso-
tropic rigid SF6-He potentialVSF6He(R,u,f) of Packet al.28

This is a function of the two spherical polar anglesu andf
describing the orientation of a He atom in a molecule-fixed
axis system. To arrive at a reduced dimensionality model, we
integrateVSF6He(R,u,f) over the azimuthal angle, yielding

ṼSF6He~R,u!5
1

2p E
0

2p

VSF6He~R,u,f!df. ~11!

The u-modulated Morse form of Eqs.~7!–~9! is then fit to a
two-dimensional grid of values ofṼSF6He(R,u), yielding the

parametersRe , a, De
(0) , andDe

(4) .
Parameter values forVHO(r ) andVMO(R,u) are summa-

rized in Table I. Figure 1 shows a comparison of the angle

TABLE I. Potential parameters for theAB-X interaction, VHO(r )
1VMO(R,u), Eqs. ~5!–~9!, fit to emulate the principal features of the
SF6-He interaction as described in the text. TheAB molecular parameters
yield the gas phase rotational constant of SF6 , B050.091 cm21.

r e

@a0#

vHO

@cm21#
m r

@me#

Re

@a0#
a

@a0
21#

De
(0)

@cm21#
De

(4)

@cm21#

5.900 947.98 34631.970 7.951 0.92479 41.349222.463

FIG. 1. Model potential for the systemAB-X, constructed to emulate the
features of the SF6-He potential of Ref. 28 in a reduced dimensionality
model. The dashed line shows a cut through the model potential, Eq.~5!, as
a function ofu for r 5r e and R5Re . The solid line shows the integrated
potential surface for SF6-He, Eq.~11!, with R5Re .

5791J. Chem. Phys., Vol. 110, No. 12, 22 March 1999 Blume et al.



dependence of the fitted modelVMO(R,u) with that of the
averaged potentialṼSF6He(R,u) at the equilibrium valueR
5Re . The 4He-4He potential of Aziz32 is used for the pair
potential VXX(r i j ). For calculations withn51 we use a
range of values for mX , i.e., mX

5(3/4)mHe, mHe, 2mHe, 3mHe, 4mHe, and 5mHe. For n
.1 we usemX5mHe54.0026 amu only.

The angular modulation of the Morse potential in Eq.~7!
results in an angle-dependent dissociation energy of the
Morse oscillator inR, with a maximum value of 50.98 cm21

at u549°. The one-dimensional potentialVMO(R,u549°)
supports two bound states, with energies228.1 and22.6
cm21, giving a one-dimensional stretching frequency of 25.5
cm-1. This is somewhat larger than the first excitation of the
van der Waals stretch which is obtained with the full poten-
tial ~Sec. II C!.

For n51, the ground state energy derived from the
model potentialVtotal can be estimated approximately as the
sum of harmonic and one-dimensional Morse ground state
energies,EHO,01EMO,0. For mX5mHe, EHO,05474.0 cm21

while EMO,0(u549°)5228.1 cm21. Thus the total energy
of the system is positive and very large, relative to the low
energy excitations connected with van der Waals coordi-
nates. The latter are of primary interest in understanding the
rotational excitations. The energy differences we are looking
for are therefore about three orders of magnitude smaller
than the total ground state energy, which is dominated by the
zero point motion of the intramolecular vibration ofAB.

B. DVR-FBR calculations for the AB -X dimer: Theory

We describe here the Hamiltonian for the dimer,AB-X,
and the combined discrete variable and finite basis represen-
tations used to solve for its eigenvalues. The Jacobi coordi-
natesr , R, and u were defined previously in Eqs.~1!–~4!.
Transforming to the center of mass coordinate frame and
working in polar coordinates,

cosq r5~zA2zB!/r ,

cosw r5~xA2xB!/r xy ,
~12!

cosqR52~mAzA2mBzB!/~mRR!,

coswR52~mAxA2mBxB!/~mRRxy!,

with

mR5
mX~mA1mB!

mX1mA1mB
, ~13!

andxA ,xB ,zA , andzB representing Cartesian components of
rA and rB, leads to the following form of the rovibrational
kinetic energy (\51 as indicated earlier!,

T5 (
q5r ,R

FTstr~q!1
1

2mqq2
l̂ q
2G , ~14!

Tstr~q!52
1

2mq
S ]2

]q2
1

2

q

]

]qD . ~15!

Here l̂ q stands for the angular momentum operator defined
by (qq ,wq) andqxy is the projection of the vectorq on the
(xy)-plane (q5r ,R). The reduced masses corresponding to
the stretching coordinates arem r ~defined above! and mR

@Eq. ~13!#. The associated volume elementdV is

dV5r 2drR2dRsinq rdq rdw r sinqRdqRdwR . ~16!

Molecular rotation is made explicit by introducing an
axis frame embedded by means of an orthogonal transforma-
tion parametrized by three Euler angles (w,q,c). For a tri-
atomic complex the Euler angles are specified by:~i! defin-
ing thez-axis of the molecular frame to be along one of the
two Jacobi vectors, and~ii ! requiring that the vectors (r ,R)
span the (zx) molecular plane. The preferred choice ofz-axis
depends on the relative masses of the species, and should be
made to approximate a principal moment of inertia axis of
the complex. Thus whenX is heavy relative toAB ~e.g.,X
5Ar, AB5HF), R is a good approximation for a principal
axis and so thez-axis is usually defined to lie alongR in this
case. This is the most prevalent embedded reference frame,
and is commonly referred to as the body-fixed~BF! frame in
both scattering and bound state calculations.14 In contrast, for
light atomsX, the principal axes of the complex will more
closely approximate the molecular axes. Therefore forAB-X
with X5He, we prefer to define the bond vectorr as the
z-axis of the moving reference frame. We shall refer to this
alternative choice of embedded frame as the molecule-fixed
~MF! reference frame, to avoid confusion with the more
common BF frame defined above. Such a molecule-fixed
frame has been used for close coupling calculations of small
molecules with He.33 A quantitative comparison of the rela-
tive merits of these two embedded frames for DVR-FBR
bound state calculations is made below.

In the MF frame, the Euler angles are defined by

w5w r ,

q5q r ,
~17!

cosc5
cosq r cosu2cosqR

sinq r sinu
,

sinc5
sinqR sin~wR2w r !

sinu
,

whereu denotes the angle between the Jacobi vectors,

cosu5cosq r cosqR1sinq r sinqR cos~w r2wR!. ~18!

In this MF reference frame the kinetic energy contribution is
given by

T~u,r ,R,w,q,c!

5Tstr~r !1Tstr~R!1 f ~R,r !l 2~u,c!

1
1

2m r r
2 F ~ L̂222L̂z

2!12i L̂ y

]

]u
12L̂xL̂z cotuG , ~19!

where L̂5(L̂x ,L̂y ,L̂z) is the total angular momentum, and
l[ l R . The kinetic energyTstr of the stretching vibrations is
the same as in Eq.~15!. The effective rotational constant
f (R,r ) attributed to the bending vibration is given by
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f ~R,r !5
1

2S 1

mRR2
1

1

m r r
2D . ~20!

We note that permuting the subscriptsr andR in Eqs.~17!–
~20! leads to the kinetic energy in the alternative, conven-
tional BF coordinate system having thez-axis along the Ja-
cobi vectorR.34

A complete rovibrational basis set is formulated by add-
ing basis functions for the radial degrees of freedomr andR
to an angular basis. For the strongly bound, intramolecularr
coordinate we use eigenfunctions of the diatomic potential
VHO(r ), expanded in a distributed Gaussian primitive basis.
The resulting eigenfunctions and diatomic energy levels are
indistinguishable from those computed for the corresponding
nontruncated simple harmonic oscillator on the interval
2` to `, as expected whenr e is sufficiently large. TheR
coordinate describes the van der Waals intermolecular
stretch, which is extremely weakly bound forAB-He sys-
tems, and hence the eigenfunctions are very diffuse in this
coordinate. Therefore we use a discrete variable representa-
tion in R, which does not need to be evenly spaced and
which can therefore very efficiently represent diffuse eigen-
functions. In the angular coordinate we use a standard basis
of associated Legendre functions, described below. The
DVR-FBR representation used here is thus distinct from rep-
resentations used in DVR calculations for triatomic systems,
where the angular coordinate is generally expanded in a
DVR and the radial coordinate in a distributed Gaussian ba-
sis ~DGB!.35

The angular basis can be specified either in the space-
fixed ~SF! reference frame or in the embedded reference
frame, where for the latter we shall assume the molecule-
fixed ~MF! reference frame from now on. The DVR-FBR
calculations are made in the MF frame, but it is useful to
show here the form of the angular basis functions in both MF
and SF frames, since both are utilized in making connection
with the POITSE calculations later~Sec. III!. In the SF frame
there are two orbiting vectors,r andR, which couple to give
a state with total angular momentumJ5 lr1 lR , wherelr is
the angular momentum of the diatom andlR is the end-over-
end angular momentum of the complex. We shall use the
conventional notation thatl r[ j and l R[ l in the SF frame.
The angular basis functions in the SF frame are therefore
given by

S j l
JM5uJM jl &5 (

mj ,ml

~ jmj lml uJM!u jmj&u lml&, ~21!

where the expansion coefficients(...u..) are the usual
Clebsch-Gordan coefficients.mj and ml are the magnetic
quantum numbers of the angular momentaj5 lr and l5 lR ,
respectively, defined as projections onto theZ-axis of the SF
frame. For the embedded reference frames we use the nota-
tion that j [ l r , l[ l R for the BF frame, and thatj [ l R , l
[ l r for the MF frame used here, i.e.,j andl are interchanged
in the MF frame. In the MF frame, the angular basis func-
tions are direct products of normalized associated Legendre
functionsP̄j

K and symmetric top eigenfunctionsuJKM&,

P̄j
K u J K M&5A2J11

8p2
P̄j

K~cosu! eiM w dMK
J ~cosq! eiKc.

~22!

M andK are the projections of the total angular momentumJ
on theZ-axis of the SF frame, and on thez-axis of the MF
frame, respectively. The SF and MF basis functions are re-
lated by the expressions

uJM jl &5~21! j (
K52J

J

~JK j2Ku l0!P̄j
Ku J K M&, ~23!

P̄j
Ku J K M&5~21! j(

l
~JK j2Ku l0!uJM jl &. ~24!

~Note that forJ50, the sums reduce to a single term and
MF, SF and BF basis functions are all identical.! Since the
molecular Hamiltonian is invariant under spatial inversion,
we can replace the spherical top functions in Eq.~22! by
parity-adapted basis functionsFM uKu

Jp defined by

FM uKu
Jp 5

1

A2~11dK0!
~ uJuKuM &

1~21!J1uKu1pu J 2uKu M &), ~25!

with J>uKu>0. For uKu.0, we have even (p50) parity
states and odd (p51) parity states, while foruKu50 only
p50 is allowed. The full, parity-adapted angular basis func-
tions in the MF representation are then given by the product
FM uKu

Jp P̄j
uKu . The Hamiltonian matrix then decouples into

blocks labeled by even (p50) and odd parity (p51). In the
absence of an external field, bothJ and M are conserved.
Strictly conserved quantum numbers for eigenstates of the
AB-X system in the MF representation are then the follow-
ing: total angular momentumJ, its SF projectionM , parity
p, and the ordinal numbernJ,p which specifies the eigenen-
ergy ordering. The magnetic quantum numberM does not
appear explicitly in the Hamiltonian matrix, i.e., allM-blocks
are equivalent. In addition, ifAB is homonuclear, i.e.,A2 ,
then there is additional exchange symmetry in the angular
degree of freedomu, which we denote bys51/2. The
quantum index of the harmonic oscillator,v, is also a good
quantum number, since there is no potential coupling be-
tween r and the van der Waals coordinatesR and u in the
present model, and the kinetic coupling via the 1/r 2 factor in
Eq. ~19! has only an extremely weak effect.~The diatom
rotational constants evaluated for various eigenfunctions inr
differ in the fifth decimal place only.!

Once the eigenvectorsua& are calculated, we can evalu-
ate various quantities yielding information on the extent of
angular decoupling in the different reference frames. Thus
the quantitiesP l j

Jp5u^JM jl ua&u2 ~SF representation! and
P uKu j

Jp 5u^FM uKu
Jp ua&u2 ~MF representation! provide a quantita-

tive measure of just how ‘‘good’’ the nonconserved angular
quantum numbers are, i.e.,l and j in the SF representation,
and K and j in the MF representation. The difference be-
tween the BF and MF embedded formulations can be seen in
the quantityP uKu

Jp 5( jP uKu j
Jp , which is the contribution of a
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particularuKu subspace to a given eigenfunction. The larger
this quantity, the greater the extent of decoupling in that
representation.

The Hamiltonian matrix was set up with 120 points in
the DVR basis forR, obtained by diagonalizing the operator

R̂ in a primitive basis of unevenly distributed Gaussians. The
resulting DVR pointsRz cover the range 6a0,R,240a0,
but the first 35 points spanning 6a0,R,50a0 are sufficient
to represent all states of interest. At each DVR pointRz , we
first solve the two-dimensional problem inr andu, retaining
only one diatomic eigenfunction for ther-coordinate and us-
ing a basis of Legendre functions foru. Both kinetic and
potential matrix elements inu can then be evaluated analyti-
cally. The resulting two-dimensional representation is trun-
cated at 51351 for all Rz . These eigenvectors are then com-
bined with the DVR points and the parity-adapted basis
functions to assemble a block matrix labeled by (J,p,K), to
which are added the kinetic couplings between DVR points
and the diagonal matrix elements deriving from overall rota-
tion in Eq. ~19!. These blocks are prediagonalized, and then
the remaining off-diagonal (K,K61) coupling is added. The
final diagonalization yields eigenvectors labeled only by
(J,p,nJ,p). At convergence, both the prediagonalization and
the final diagonalization involve matrices of order 1000
31000.

C. DVR-FBR calculations for the AB -X dimer: Results

The DVR-FBR calculations were all carried out for the
mass combinationmA5mB52mF and mX5mHe. Bound-
state DVR-FBR results for selected~low-energy! eigenstates
are presented in the left hand section of Table II. All
eigenenergies are shown as excitation energiesvJ ~column
five! relative to the van der Waals ground state reference
E05224.019 cm21, which is measured relative to the low-
est dissociation channel of the system. This channel corre-
sponds to the diatomic in its ground vibrational state and is
located 473.99 cm21 above the potential minimum. The ac-
tual calculations explicitly include this oscillator~see also
the discussion in Sec. II A!. The strictly conserved quantum
numbersJ andp can be extracted from the superscripts of the
angular basis function listed in the first column, whiles and
nJ,p are given explicitly in columns two and three, respec-
tively. Column four shows the probabilityP uKu j

Jp of the domi-
nant contributing decoupled stateFM uKu

Jp P̄j
uKu ~column one! to

the eigenstate associated withvJ . This gives an approximate
state assignment.

The exchange symmetry quantum numbers is calcu-
lated by evaluating the overlap integral

s5signF E ca* ~r ,R!ca~2r ,R!dV G ~26!

TABLE II. DVR-FBR and POITSE results obtained with MF projectors for selected eigenvalues forAB-X and
mX5mHe . Excitation energiesvJ calculated by DVR-FBR and POITSE are given in columns five and seven,
respectively. All excitation energies are measured relative to the ground state energyE05449.97 cm21. The

first column contains the DVR-FBR basis functionFM uKu
Jp P̄j

uKu @Eq. ~25!#, which corresponds to the POITSE
projection operator given in the sixth column.s andnJ,p are DVR quantum numbers.P uKu j

Jp is the square of the
coefficient of the basis function listed in column one, in the exact eigenfunction~see text for more details!.

DVR POITSE with MF projectors

FM uKu
Jp P̄j

uKu s nJ,p P uKu j
Jp vJ @cm21# Projector vJ @cm21#

F00
00P̄0

0 1 0 0.75 0.0 1 0.0

F00
00P̄1

0 – 1 0.76 0.091 cosu 0.091

F00
00P̄2

0 1 2 0.79 6.977 (3 cos2 u21) 7.056

F00
11P̄0

0 – 0 0.73 0.153 cosqr 0.150

F00
11P̄1

0 1 1 0.70 0.214 cosqr cosu ~0.228!

F00
11P̄2

0 – 4 0.78 7.181 cosqr(3 cos2 u21) 7.307

F01
10P̄1

1 – 0 0.68 0.612 sinqr sinu sinc 0.620

F01
11P̄1

1 1 2 0.61 0.620 sinqr sinu cosc 0.603

F01
10P̄2

1 1 1 0.94 0.716 sinqr cosu sinu sinc 0.715

F01
11P̄2

1 – 3 0.92 0.689 sinqr cosu sinu cosc 0.671

F00
20P̄0

0 1 0 0.68 0.456 (3 cos2 qr21) 0.483

F00
20P̄1

0 – 1 0.62 0.473 (3 cos2 qr21)cosu ~0.542!

F00
20P̄2

0 1 6 0.75 7.586 (3 cos2 qr21)(3 cos2 u21) 7.717

F01
20P̄2

1 1 2 0.81 0.921 sinqr cosqr cosu sinu cosc 0.937

F01
21P̄1

1 – 0 0.65 0.921 sinqr cosqr cosu sinu sinc 1.050

F01
20P̄1

1 – 3 0.48 0.929 sinqr cosqr sinu cosc ~0.809!

F01
21P̄2

1 1 1 0.88 0.994 sinqr cosqr sinu sinc 0.976

F02
20P̄2

2 1 4 0.56 2.182 sin2 qr sin2 u cos(2c) 2.169

F02
21P̄2

2 – 2 0.56 2.187 sin2 qr sin2 u sin(2c) ~2.140!
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for each eigenfunctiona[ca , wheredV is the volume el-
ement of Eq.~16!. This results in exchange symmetrys
51 and2 for eigenstates that are, respectively, symmetric
and antisymmetric under permutation of the identical atoms
A andB.

The full model potential of Eq.~5! supports ten bound
states for the rotationless complex (J50), and nine bound
states forJ51 with even parity (p50). No positive energy
bound states forJ51, p50 are found below thej 51 AB
state, which lies at10.182 cm21. All bound states are fully
delocalized inu.

Figure 2 shows theJ50 energy levels together with the
bare minimum energy pathVmin(u) ~lower curve! and with
the minimum energy pathVmor(u). The latter differs from
Vmin(u) by the additional zero-point energy of the Morse
oscillator in R, and can therefore be regarded as the first
potential adiabat. The eight angularly excited bound states
shown here clearly develop a free-rotor-like pattern at ener-
gies above215 cm21, suggesting that forJ50 theAB dia-
tom is behaving like a hindered rotor, with vibrational bend-
ing motion in the lowest levels being supplanted by free
rotation at energies above the angular barriers.

As outlined in Sec. II B, the probabilityP uKu j
Jp quantifies

the quality of the state assignments in column one of Table
II. For J50 and l 5 j 50, MF and SF basis functions are
equivalent, so the value ofP 00

00 can be used to assess the
extent of angular coupling in an SF frame. In the fully de-
coupled limit, i.e. no angular potential,P 00

00 is unity in the
ground state. We find instead thatP 00

0050.75. This reduc-
tion in P 00

00 indicates the presence of an appreciable amount
of potential coupling between the rotor eigenfunctions in the
SF frame. Consequently, the first four levels in Fig. 2 may
indeed be considered as pure vibrational states.

In contrast, the energy spacing between the higher levels

with n0,054,5, and 6 is readily interpreted in terms of free
internal rotation. These level spacingsD j can be remarkably
well described by

D j5Ej 112Ej52 f ~ j 11!. ~27!

The value forf of 0.309 cm21 computed fromj 54, 5, and 6
agrees perfectly with the value of the rotational constant for
the bending vibration predicted by Eq.~20! using Eq.~10!
and the values in Table I. The ground state expectation value
of R, ^R&58.50a0, gives an estimate of 0.218 cm21 for the
end-over-end ground state rotational constantB0

R . The value
of ^R& is only weakly dependent on the angular excitation,
varying from the ground state valuêR&58.50a0 for n0,0

50, to 8.79a0 for n0,056. This is not surprising given that
the minimum value ofR is angle-independent in this model
@Eq. ~7!#. Examination of the eigenfunctions shows that this
energetically derived picture of free internal rotation is more
complicated, however. The probabilitiesP 0 j

00 are now much
lower, ;0.6 for n0,054,5,6, which indicates the importance
of the angular coupling also above the adiabatic barrier. A
similar distinction between energetics which show nearly
free internal rotation and eigenstates which show strong mix-
ing has been observed in calculations of rovibrational exci-
tations of NH3-Ar.36

The full potential supports a singles51 van der Waals
stretch excited state (n0,057). This is weakly bound at
21.14 cm21, resulting in a van der Waals stretching fre-
quency of 22.88 cm21. This is somewhat lower than the
maximum one-dimensional frequency obtained for
VMO(R,u) ~Sect II A!. In the excited stretch state we find
P 00

0050.94. Such a high value implies near perfect decou-
pling and therefore suggests that excitation of the van der
Waals stretch leads now to an almost perfectly free rotation
of the diatomAB.

The rotational behavior of theAB-X dimer was studied
for J<6, in both parities. ForJ51 we compared the two
possible embeddings of thez-axis of the moving reference
frame. The superiority of the MF representation relative to
the BF representation can be seen from inspection of the
probability P uKu

Jp defined above. In the ground vibrational
state and withK50, this is equal to 0.98 in the MF repre-
sentation, but is only 0.55 in the BF. Therefore we conclude
that the MF representation provides a greater decoupling and
K is a better quantum number in this embedded representa-
tion.

Effective rotational constantsA, B, andC can be calcu-
lated for the ground vibrational state from theJ50 andJ
51 energies, using the standard equations for the threeJ
51 sublevels of an asymmetric top.37 These yield A
50.539,B50.081, andC50.073 cm21, and hence a value
of k520.97 for Ray’s asymmetry parameter.38 Therefore
the dimer behaves as a nearly prolate symmetric top. Values
for the effective symmetric top constants,B̄5(B1C)/2, and
the centrifugal distortion constantD in the ground vibra-
tional state were obtained by fitting the rotational levels for
J5026, K50 to the symmetric topK50 expression,

EJ5B̄J~J11!2DJ2~J11!2. ~28!

FIG. 2. Bound state energy levels forJ50, minimum energy paths, and
ground state wave functionc0 of the model systemAB-X. Vmin ~solid line!
is the minimum energy path along the Jacobi angleu, obtained by optimiz-
ing the Jacobi coordinatesr and R at each angle.Vmor ~dotted line! is the
adiabatic path alongu including the zero-point energy contribution of the
Morse oscillator alongR. c0 ~dashed line! is a cut through the ground state
wave function withr and R fixed at their ground state expectation values.
The complete set of ten bound states~224.019, 223.928, 217.042,
215.785,211.496,28.403,24.706,21.141,20.907, and20.796 cm21!
is shown as horizontal solid lines. The small tunneling splitting between the
first two states and the dense group of three states just below the dissociation
limit cannot be resolved on the energy scale of the graph.
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This yieldsB̄50.077 andD.2•1024 cm21. Asymmetry be-
comes more important at largerK values, as is evident from
Fig. 3, which shows the deviation from the symmetric top
energies,EJ2B̄J(J11) as a function ofJ, for severalK
values, in the ground vibrational state.~The centrifugal dis-
tortion term has a negligible effect on this energy scale.! We
see that the symmetric top is a very good description up to
J53 for all K values shown here, but that forJ.3 the
energy levels show significant deviations from this model.

III. POITSE CALCULATIONS

A. Methodology

The POITSE method allows the calculation of excited
state energies from a stochastic solution of the Schro¨dinger
equation. The approach is based on a combination of zero
temperature quantum Monte Carlo and maximum entropy
image reconstruction methods, and has the advantage of not
imposing any nodal approximations. The basic formulation
has been discussed in detail in previous papers.5–7 Therefore
we will restrict ourselves here to a short summary of the
main ideas, and of features specific to theAB-Xn systems
treated here.

POITSE is based on the calculation of an imaginary time
correlation function, whose Laplace inverse yields the spec-
trum of excitations~hence the name ‘‘imaginary time spec-
tral evolution’’!. A key feature of the method is the presence
of a projection operator,Â, which allows the sequential ex-
traction of excited states and which significantly facilitates
the numerical Laplace inversion. The starting point is the
spectral weight function,k(v),

k~v!5(
f

u^c i uÂuc f&u2d~Ei2Ef1v!, ~29!

wherec i andc f are initial and final eigenstates of the system
having energiesEi andEf , respectively. Performing a two-
sided Laplace transform results, after some simplifications,
in

k̃~ t !5E
2`

`

exp~2vt !k~v!dv ~30!

5^c i uÂ exp@2~H2Ei !t#Â
1uc i&, ~31!

wheret is now identified with the imaginary time of a DMC
propagation andH is the Hamiltonian of the system. These
matrix elements, which now involve only the initial state,
can be evaluated by making a multidimensional MC integra-
tion over the distributionuc i u2 and performing a DMC side-
walk at each MC point. As discussed in Ref. 5, the exact
initial statec i is approximated by a trial wave functioncT

and the initial energyEi by the reference energyEref .
The DMC propagation must be guided by a nodeless,

positive guiding wave functioncG .2,39 In general, this guid-
ing function can differ from the trial wave functioncT which
is used for the calculation of expectation values and which
may have some nodal structure. Guiding functions are gen-
erally used to increase the efficiency of a simulation by di-
recting the sampling to the important regions of configura-
tion space. In this work we use the simplest version of the
POITSE algorithm, in which the guiding and trial functions
are identical and both approximate the exact ground state
wave function. This yields energy differences from the
ground state reference. More generally, one can construct a
POITSE algorithm for energy differences from an arbitrary
known excited state, using a positive guiding function which
could be, for example, an approximation to the exact ground
state, together with a trial functioncT which approximates
the excited state reference.40 Sampled expectation values are
then those of the excited state reference, which contains
some nodal structure, and the energy differences extracted
from Eq. ~29! are referred to this state.

Normalization of Eq.~31! eliminates the dependence of
the spectrum on the arbitrary reference energyEref and re-
sults in a spectrum where the excited state energies are ex-
pressed relative to the exact ground state energy of the sys-
tem,

k̃~ t !5

^cTuÂ exp@2~H2Eref!t#Â
1ucT&

^cTucT&

^cTuexp@2~H2Eref!t#ucT&

^cTucT&

. ~32!

The MC evaluation of this equation is given by

k̃~ t !5

1

p(
k51

p

Â1~Rk
~0!!Â~Rk

~ t !!w~Rk
~ t ! ,Dt !

1

p(
k51

p

w~Rk
~ t ! ,Dt !

, ~33!

where the initial configurationsRk
(0) are sampled from

ucT(R)u2 using a standard MC walk andw(Rk
(t) ,Dt) are the

weights of the random walkers in the DMC sidewalk origi-
nated atRk

(0) .
The MC implementation is illustrated here for the ex-

ample of theAB-X dimer. In the present calculations we
move all atoms independently so that all samplings are nine
dimensional. This implicitly includes the center of mass and

FIG. 3. Asymmetry splitting of rotational levels of theAB-X model system
with mX5mHe . Rotational energies for severalK-sublevels are plotted vsJ,

relative to the symmetric top contributionEsym5B̄J(J11) @Eq. ~28!#.
Asymmetry splitting becomes relevant atJ>4. See also discussion in Sec.
IV and the computed band contours in Fig. 7.
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overall rotational motions. The corresponding DVR calcula-
tion for the AB-X system explicitly treats only the three
internal degrees and the three overall rotational degrees of
freedom, and so is only six dimensional. While removal of
the center of mass motion from the POITSE calculation
would reduce the dimensionality, it does, however, introduce
complications for the treatment of rotational motions.41 Such
complications are avoided when all particles are moved in-
dependently.~Completely independent Cartesian moves of
all atoms are possible only as long as the potential surface is
a function of all internal coordinates. Thus a flexible vibro-
tor, as in the current model forAB, is in fact technically
easier to deal with than a rigid rotor diatomic, for which
independent cartesian moves of all atoms have to be com-
bined with adiabatic constraints to ensure rigidity.42! Thus in
the present calculations, a configuration is defined by the
coordinates (xi ,yi ,zi) of all atoms. The outer MC walk cre-
ating the initial configurationsRk

(0) in the nine-dimensional
configuration space is performed with the Metropolis algo-
rithm, i.e., all three coordinatesxi ,yi , andzi of each atom
are sampled according to the square of the trial wave func-
tion ucTu2. However, the potential function and the sampling
function are both parametrized as functions of body-fixed
coordinates, as described in Secs. II A and III B. The trial
function is constructed to have zero center of mass transla-
tion energy and zero overall angular momentum, so that
while translation and rotational motions are implicitly incor-
porated, the true cluster ground state energy would neverthe-
less be obtained from a pure DMC walk.

For the DMC sidewalks we employ the algorithm often
referred to as the ‘‘pure’’ DMC algorithm, in which branch-
ing processes are not incorporated.2,39 In DMC, configura-
tions advance in imaginary timet according to three elemen-
tary processes, diffusion, drift, and population growth, to
create an evolving series of configurationsRk

(t) . Population
growth is often simulated by branching, i.e., creating replicas
of configurations. This branching process is not an essential
component per se, however, since population growth may
alternatively be taken into account by introducing variable
weights for each configuration. In that case the number of
walkers remains constant. In a DMC ground state calculation
this can cause stability problems since the cumulative weight
w(Rk

(t) ,Dt),

w~Rk
~ t ! ,Dt !5)

j 51

j max

expH 2F1

2
~EL~Rk

~ j Dt !!

1EL~Rk
~~ j 21!Dt !!!2ErefGDtJ ,

~34!
t5 j maxDt,

of a walker may become very large or very small, which
necessitates that walkers be split or annihilated in a some-
what artificial fashion. In the sidewalks, however, we are
interested in the evolution of this cumulative weight as a
continuous function of the imaginary time, and not only at
asymptotic times as is the case when one is interested in
projecting out the ground state wave function. In order to
avoid any possible complications or inconsistencies between

the inner DMC sidewalk and the outer MC sampling which
might arise from appearing or disappearing DMC walkers,
we do not, therefore, make any such manipulation of the
number of DMC walkers but rather use only the pure
weights.

The cumulative DMC weightw(Rk
(t) ,Dt) depends on

the initial configurationRk
(0) , on the imaginary time propa-

gated configurationsRk
(t) , and on the finite DMC stepDt.

However, this cumulative weight does not depend on the
projection operatorÂ. Therefore, Eq.~33! can be evaluated
for several projection operators simultaneously. The addi-
tional computational effort for using more than one projec-
tion operator at a time is negligibly small, and so usually we
run about eight different projection operators within one MC
sampling.

The excited energiesEf of Eq. ~29! are extracted by
performing a two-sided numerical inverse Laplace transform
of Eq. ~33!, using the Bayesian approach of the maximum
entropy method4 within the formulation of Bryan.43 This pro-
vides a stable inversion procedure as long as the spectra con-
sist of isolated features, as discussed in Ref. 7. In the maxi-
mum entropy method, the inverse transform of Eq.~33! is
constructed by maximizing the constrained entropyQ5aS
2L, whereL is a least-square measure of the numerical error
in k̃(t), a is a Lagrange parameter, andS is the Shannon-
Jaynes entropy.S depends on a model fork(v), usually
denoted as the default modelm(v). We use here the flat
default model, i.e.,m(v)5const. In Bryan’s approach, prob-
lems associated with oversampling are avoided by express-
ing the optimal solutionk(v) as the average over solutions
kopt,a(v) which maximizeQ for a given value of the param-
etera.4

B. Trial wave function for AB -Xn

The form of the model potential surface, Eq.~5!, sug-
gests a product ansatz for our trial wave functioncT . This is
written as a product of anr-dependent harmonic oscillator
function fHO(r ), an R-dependent Morse oscillator function
fMO(Ri), which is further modulated by au-dependent func-
tion fu(u i), and a product of Jastrow-like functions
fXX(r i j ),

cT5fHO~r !•F)
i 51

n

fu~u i !•fMO~Ri !G•F)
i , j

n

fXX~r i j !G , ~35!

where

fHO~r !5
1

r
expF2

1

2
m rvHO ~r 2r e!

2G , ~36!

fMO~R!5z~~ve /xe!21!/2expS 2
z

2D ,

z5
ve

xe
exp@2a~R2Re!#, ~37!

and

fXX~r !5expF2 ln 2S pHe

r D 5G . ~38!
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The form of the angle-dependent part of the wave function
fu(u) is determined by the modulations of the potential sur-
face along theu coordinate. The potential surface has its
absolute maxima atu50 andp and an additional smaller
maximum atu5p/2 ~Fig. 1!. We therefore use the param-
etrization,

fu~u!5exp@p1 sin2~2u!1p2 sin2~u!#, ~39!

which allows independent variation offu(u) near the
minima at u50 and p, from that near the minimum atu
5p/2. The parametersp1, p2, andpHe in cT are obtained by
standard variational optimization of the ground state energy.
The parameterve /xe in Eq. ~37! is fixed at the Morse value,
such thatfMO(R) solves the one-dimensional Schro¨dinger
equation for a particle of massmR in the potential
De

(0)VR(R),

ve

xe
5

2

a
A2De

~0!mR. ~40!

We tried to improve the trial wave functioncT further by
treatingvHO @Eq. ~36!# andRe @Eq. ~37!# as variational pa-
rameters. However, variational optimization of these two pa-
rameters did not result in any significant improvement of the
ground state energy for theAB-4He system. Therefore, in
the calculations reported below, these values are fixed at the
values suggested by the model potential surface and listed in
Table I. Table III summarizes the optimized parametersp1,
p2, andpHe used in the POITSE calculations for all cluster
sizes and values ofmX used here. For these small sizes, the
helium-helium correlation parameter,pHe, is relatively in-
sensitive to details of the AB-He potential, and essentially
the same value is used here as in DMC studies of HF-Hen

which made use of the same Jastrow function.44

The optimized product trial functioncT overestimates
the exact ground state energy~Sec. II C! by less than 0.5%.
Since the total energy is dominated by the vibrational energy
of the harmonic oscillator, while we are here mainly inter-
ested in the much lower energy van der Waals excitations to
which the ground state energy is not sensitive, the quality of
cT should ideally be monitored by additional criteria. There-
fore we constructed an alternative trial function by making a
numerical fit to the exact, DVR-FBR ground state wave
function for theAB-4He dimer. The fit employs similar func-
tional form to Eq.~35! but is more flexible, treating the pa-
rameterve /xe in fMO as a variational parameter, and ex-
pandingfu as a fifth order polynomial in cos(u). For the

AB-X system withmX5mHe, we performed POITSE calcu-
lations using the SF projection operators~see below! for both
cT and this improved trial wave function. POITSE results
from the two trial wave functions agree to within 2%, con-
firming that use of the trial functioncT given by Eqs.~35!–
~40! does not bias the excitation energies.

C. Projection operators

In this section we describe the projection operatorsÂ
used in the POITSE calculations. To motivate this, we first
review the projectors employed previously for two models of
excitations, namely the vibrational and rotational excited
states of a rotating oscillator.5–7 The vibrational excited
states of a one-dimensional harmonic oscillator can be writ-
ten as (a1)nuc0&, n51,2,..., with c0(x) being the ground
state wave function of the system. Since the creation opera-
tors (a1)n can be expressed as polynomials in the oscillator
coordinatex, xn is therefore an appropriate choice for the
projection operator accessing vibrational excitations for an
oscillator.5 The calculation of rotational excitations for a ro-
tating oscillator was based on the observation that the rota-
tionally excited state wave functions can be expressed as
Ylm(u,f)c0(r ), where the entire angle dependence is car-
ried by the spherical harmonics. The projection operators can
therefore be chosen as the spherical harmonics,Ylm(u,f), in
this case.6,7

The results of these prior calculations can be summa-
rized by the following statement. A good projection operator
Â is an operator which acts on the ground state wave func-
tion to produce an approximation to an excited state. For-
mally, it thus resembles the excitation operators often used in
many-body problems.45 Because of the maximum entropy
inversion contained in the current POITSE algorithm, the
greater the overlap with a single excited state, the better the
resolution afforded by POITSE. This is easily seen by con-
sideration of the extreme case in whichÂ acts on the ground
state to produce an exact excited state wave function. In this
case the POITSE signalk̃(t) consists of a single exponential
decay, and the correspondingk(v) spectrum is simply a
single d-peak. The inverse Laplace transform, which is in
general an ill-posed problem for noisy input data, is in this
case relatively easy to perform and guarantees a clear spec-
trum. However, if the product of the projection operator and
the trial wave function is a superposition of two or more
excited states, the inverse Laplace transform does not neces-
sarily result in ak(v) spectrum consisting of well separated
d-peaks, but may give, e.g., broadened and/or asymmetric
peaks. We shall refer to projection operators for which the
POITSE algorithm results in ak(v) spectrum with well
separatedd-peaks, as good projection operators.

We find such sets of good projection operators for the
AB-Xn system by analysis of the DVR-FBR calculations
performed for the dimer systemAB-X. For the dimer sys-
tem, the simplest projection operators are those yielding the
vibrationally excited states of the radial coordinatesr andR.
In analogy to the simple one-dimensional harmonic oscilla-
tor, we use (r 2r e)

n and (R2Re)
n as projection operators

for these excitations, noting that anharmonicity will modify

TABLE III. Trial wave function parameters and reference energy used in
POITSE calculations forAB-Xn @Eqs.~35!–~39!#.

mX n p1 p2 pHe @a0# Eref @cm21#

~3/4!mHe 1 2.0 1.0 ••• 452.12
mHe 1 2.0 1.0 ••• 452.12
2mHe 1 2.6 1.0 ••• 443.21
3mHe 1 2.8 1.0 ••• 440.26
4mHe 1 3.0 1.0 ••• 434.56
5mHe 1 3.2 1.0 ••• 432.36
mHe 2 2.0 0.8 5.5 425.93
mHe 3 2.0 0.8 5.5 401.64
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the optimal value of the indexn. The intramolecular vibra-
tional excitations are of higher frequency than the van der
Waals excitations, and POITSE calculations for these modes
are therefore performed using a smaller DMC time step than
those for the van der Waals modes.

Projection operators accessing excitations associated
with angular momentum are less straightforward. In DVR-
FBR calculations, the angle dependent part of the wave func-
tion for a complex can be equivalently expanded in either a
SF or MF representation~Sec. II B!. Since POITSE gives the
exact excitation energy as long as there is some reasonably
big non-zero projection onto the excited state, the choice of
representation used for the projectors should, in principle,
also be irrelevant. In practice, however, because of the nonu-
niqueness associated with the spectral reconstruction men-
tioned above, it is desirable to use projectors which provide
the greatest overlap with the excited state of interest. The
choice of representation for clustersAB-Xn will then be de-
termined by this criterion, as well as by the ease of construct-
ing the generalized projectors forn.1.

The MF projection operators employed here to access
excitations associated with angular coordinates are given by
the unnormalized modulus of the full parity-adapted angular
basis functionsFM uKu

Jp P̄j
uKu ~these are either pure real or pure

imaginary!. Due to theM-degeneracy~Sec. II B!, we can
restrict ourselves to basis functions withM50. For the other
quantum numbers we have the following restrictions:j >0;
K50,61,•••,6 j ; J>uKu. The first column in the right hand
section of Table II contains the MF operators for projectors
derived from the dominant DVR-FBR basis function for
each of the excited states listed in the left hand section.

Several additional calculations were carried out with an
alternative set of molecule-fixed projectors defined as func-
tions of the bond angle cosx5rBX•r /(r BXr ). These projec-
tors mix the van der Waals bending and stretching degrees of
freedom much more than MF projectors formulated through
the Jacobi angleu. Nevertheless they access essentially the
same van der Waals bending states and similar excitation
energies are obtained. However, the increased mixing leads
to somewhat less well resolved peaks.

The SF projectors are derived from the SF angular basis
functions, Eq.~21!, where

u jmj&5Yjmj
~q r ,w r !,

~41!u lml&5Ylml
~qR ,wR!.

The reader should bear in mind that in the SF frame,j refers
to the diatom angular momentuml r , and l to the end-over-
end angular momentuml R of the complex, i.e., the opposite
of the notation in the MF frame~Sec. II B!. SF projectors
result from making real linear combinations of these basis
functions for a givenJ, j and l. Examples of such projectors
for l 50 are given in the first column of Table IV, and the
explicit forms are given in the second column. We use the
M-degeneracy to obtain an additional measure of the statis-
tical spread in the POITSE results here, making calculations
with severalM values and averaging over the results. Thus
for j 51 andJ51, we employ three projectors, correspond-
ing to M50,61; for j 52 andJ52, we have five projec-

tors, corresponding toM50,61,62; for j 53 and J53,
seven projectors, etc. These SF projectors are isomorphic to
the real representations of the angular functions for the hy-
drogen atom, e.g., (j 51, J51) projectors are isomorphic to
p-orbitals, (j 52, J52) to d-orbitals, and (j 53, J53) to
f-orbitals ~Table IV!.

These SF projection operators access states in which the
total angular momentumJ is carried primarily by the mol-
ecule, i.e., there is no end-over-end angular momentuml .
Since these projection operators depend only on the coordi-
nates of theAB molecule in the SF frame, and not the coor-
dinates of theX atom, they can be generalized without fur-
ther modification to the analysis of angular excitations in
larger clusters,n.1, which are associated with states in
which the total cluster angular momentumJ is also associ-
ated with a ‘‘good’’ molecular angular momentumj .J.
Thus there is no angular momentum in the atomic compo-
nent, Xn , and also no relative angular momentum in these
states. It is also possible to extend the MF projection opera-
tors to clusters withn.1. However, for theAB-X dimer, we
shall see below that the exact eigenenergies for states domi-
nated byl 50 can be obtained with equal ease from either
representation. Analysis of the absorption spectrum for
AB-X will also show that the states accessed by the SF pro-
jectors give rise to the dominant transitions~Sec. IV!. There-
fore, we use the SF projectors for the larger clusters here.

D. POITSE excitation energies

We first present POITSE results for theAB-X dimer.
For mX5mHe, we make comparison with the DVR-FBR cal-
culations of Sec. II C. The effect of varying the massmX is
then briefly analyzed, followed by the behavior forn.1.

TABLE IV. POITSE results forAB-X with mX5mHe obtained using SF
projection operators. The first and second column contain the POITSE pro-
jection operator used:x5(xA2xB), y5(yA2yB), and z5(zA2zB). The
mean peak position derived from each spectrum,vJ5EJ2E0, is given in
the third column. The quantityvJ,ave in the fourth column lists the average
of these mean peak positions over all substates of a specificJ. The number
in parentheses gives the standard deviation over these substate values. The
fifth column gives the exact excitation energies obtained from DVR-FBR.

POITSE with SF projectors DVR
S j l

JM Projector vJ @cm21# vJ,ave @cm21# vJ @cm21#

S 10
10 z/r 0.158 0.153
S 10

111S 10
121 y/r 0.155 0.158~3!

S 10
112S 10

121 x/r 0.160

S 20
20 (3z22r 2)/r 2 0.490 0.475
S 20

211S 20
221 yz/r 0.481

S 20
212S 20

221 xz/r 0.479 0.479~3!
S 20

221S 20
222 xy/r 0.482

S 20
222S 20

222 (x22y2)/r 2 0.478

S 30
30 (5z323r 2z)/r 3 — 0.900
S 30

311S 30
321 y(5z22r 2)/r 3 0.942

S 30
312S 30

321 x(5z22r 2)/r 3 —
S 30

321S 30
322 xyz/r 3 0.969 0.963~15!

S 30
322S 30

322 z(x22y2)/r 3 0.974
S 30

331S 30
323 y(y223x2)/r 3 0.978

S 30
332S 30

323 x(x223y2)/r 3 0.954
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Optimized trial function parameters forcT are given for
mX5mHe in line 2 of Table III, together with the reference
energy Eref . All excitation energies are referred to the
ground state energy of the total system,E05449.97 cm21.
~The ground state energy obtained in a separate DMC calcu-
lation agrees to within 0.01% with this DVR-FBR value.!
The POITSE analysis is simplest for the intramolecular vi-
brational coordinater, where behavior characteristic of a har-
monic excitation is seen. Thus MC evaluation of the imagi-
nary time correlation function for the projector (r 2r e)
followed by maximum entropy inversion yields an excitation
spectrum consisting of a single sharp peak at energyv
5981 cm21, in good agreement~3%! with the harmonic fre-
quency value,vHO5947.98 cm21 ~Table I!. The projector
(r 2r e)

2 yields the first overtone,v51920 cm21 (.2vHO)
and a second peak atv.0 cm21, while (r 2r e)

3 yields the
second overtone,v52925 cm21 (.3vHO) and the har-
monic frequencyv.vHO as well.

Results from projection along the intermolecular stretch-
ing coordinateR are somewhat more complex, due to the
strong anharmonic character of the potential along this coor-
dinate. The DVR-FBR excitation energy corresponding to
one vibrational quantum inR lies at v522.87 cm21, very
close to the dissociation limit. For anharmonic oscillators, all
powers of the coordinate operator generally have nonvanish-
ing off-diagonal matrix elements. We therefore cannot ex-
pect well resolved spectra with isolated peaks. Calculations
with POITSE using projectors (R2Re) and (R2Re)

2 both
yield two peaks in this extremely difficult situation, one cor-
responding to the self-projection near zero and another one
which can be assigned to the stretch excitation, but which is
too broad to extract a reliable frequency.

The excitation energies derived from POITSE calcula-
tions with MF projectors for angular degrees of freedom are
shown in the right hand section of Table II. For most of these
projectors, thek(v) spectra consist of one single symmetric
peak or two well separated symmetric peaks, where one of
these can clearly be identified as the primary peak and the
second one is much less intense. In those cases where the
k(v) spectrum does not consist of well separated peaks, but
the mean peak position can still be calculated, the POITSE
excitation energy is given in parentheses. Comparison of the
POITSE results with the DVR results listed in the left hand
section of Table II shows an agreement between both calcu-
lations to within at least 6% for the good projectors, and in
some instances to 1%. The probabilitiesP uKu j

Jp in the left hand
section provide a useful measure for the quality of the
POITSE projection operator, with the empirical correlation
that POITSE projection operators havingP uKu j

Jp .0.75 yield
good results for excitations in thisAB-X (mX5mHe) system.
This can be used as a criterion for good projectors, albeit
empirical and qualitative in nature.@The quality of thek(v)
spectrum is not precisely quantifiable, depending on~i! the
intensity of the main peak, given byP uKu j

Jp if the total spectral
intensity is normalized to one,~ii ! the gap between the main
and the less intense additional peaks, and~iii ! the number of
additional, but less intense peaks.#

The POITSE excitation energies derived from the SF
projectors forJ[ j , J51, 2, 3(l 50) are listed in columns

three and four of Table IV, with the fourth column contain-
ing the M-averaged excitation energy,vJ,ave and its associ-
ated standard deviation. Some of the projection operators are
identical to MF projection operators~compare Table II!, and
for these we have therefore listed the corresponding exact
excitation energy obtained by DVR-FBR in the last column,
obtained by the same procedure of identification of maximal
values ofP uKu j

Jp .
Figure 4 shows three sample spectrak(v), obtained us-

ing one of each of the projectors forj 51, j 52, and j 53.
Each spectrum shows one intense, sharp peak, indicating that
these projectors are indeed projecting principally on one ex-
cited state. ThevJ values listed in Table IV are obtained
from this intense peak. Two of the projectors forj 53 do not
show well resolved single peaks but rather asymmetric,
broadened peaks, and here we have not extracted excitation
energies~entries ‘‘—’’ in Table IV!.

Comparison of theM-averaged POITSE results with the
exact excitation energies shows agreement within 7%. The
differences between POITSE and exact values lie outside the
statistical spread derived from theM-averaging. The differ-
ences could possibly be lowered by making longer POITSE
runs and increasing the sampling. Nonstatistical error
sources have been discussed in Ref. 5. Empirically, most of
the SF projection operators summarized in Table IV are
good, in the sense that they produce well-defined POITSE
spectra consisting ofd-peaks with this level of sampling. In
fact, with POITSE it appears not to be crucial in practice
which representation for the projection operator is employed,
provided that a reasonably ‘‘good’’ projector is used.

An example of less ‘‘good’’ projectors is provided by
the SF projectors derived from Eq.~21! for lÞ0 @Eq. ~41!#,
not shown in Table IV. Analysis of the MC data for calcu-
lations using projectors corresponding tol .0, j 50, showed
that these are not good projectors, in the sense defined earlier
in this section. This is reminiscent of the situation in case~b!
coupling,46 where j ~angular momentum of the diatomic in
the SF frame! may remain an approximately good quantum
number, whilel, the end-over-end angular momentum of the

FIG. 4. POITSE excitation spectrum forAB-4He, obtained with SF projec-
tors,l 50, J5 j for J51, 2, and 3, respectively. Eachk(v) spectrum shown
is derived from one of the corresponding space-fixed projectors, using the
trial wave functioncT . The excitation energies in Table IV are derived
from the single intense and sharp peak in each case. Parameters for the
reduced dimensionality model of SF6-He were used forAB-4He.
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complex in the SF frame, is not conserved. It is consistent
with the findings of the DVR-FBR calculations presented in
Sec. II C.

Inspection of theP uKu j
Jp values in Table II for those MF

projectors identical to SF projectors of Table IV shows that
not only are the latter ‘‘good’’ projectors in the sense of
producing clean excitation spectra~Fig. 4!, but also that the
molecular angular quantum numberj is a ‘‘good’’ quantum
number for the corresponding excited states. This is gener-
ally true for theAB-X dimer system. Table V shows the
excitation energiesvJ,ave for J51, 2, and 3 as a function of
the mass of atomX in the dimer.~Trial function parameters
for all mass combinations are listed in Table III, together
with the reference energies used.! All excitation energies
vJ,ave show a systematic decrease asmX increases. This can
readily be understood in terms of the increased moment of
inertia associated with the overall rotation of the dimer as the
mass increases~Sec. IV!.

POITSE calculations with the SF projectors forJ5 j
were carried out for the larger clustersAB-Xn using the trial
wave function, Eq.~35!, i.e., a product of dimer functions
betweenAB and eachX atom, and pair-wise correlation func-
tions between theX atoms. FormX5mHe, these calculations
simulate the behavior in small clusters of4He, with the Bose
statistics correctly incorporated via the permutation symme-
try of cT . The behavior of theJ5 j excitations having no
angular momentum in the helium component would then ap-
pear to be the most relevant ones to the behavior in a super-
fluid helium cluster. Since the corresponding SF projectors
depend only on the molecular component, there are in prin-
ciple no additional complications introduced whenn.1.
The clusters AB-Xn with n52,3 require 12- and 15-
dimensional POITSE calculations, respectively. The CPU re-
quirements vary as approximately 1:1.7:2.7 forn51:2:3
(9:12:15 dimensions!. More critical is the increase in statis-
tical noise with dimensionality, which is an important factor
in the maximum entropy analysis. Figure 5 compares the
decay and associated standard deviations ofk̃(t) for the
9-dimensional (n51) and 15-dimensional calculations (n
53). Each decay curve is constructed from about 500–1000
independent calculations here. The noise increases with
time5 and is also significantly larger for higher dimensional
systems. Calculations for larger cluster sizesn.3 are pos-

sible, but would best be performed after a systematic analy-
sis of the size scaling of the noise, and with a parallel version
of the coded algorithm.

The resulting POITSE excitation energiesvJ,ave, J
51,2 and 3, forn52 and 3 are listed in the lower portion of
Table V. Figure 6 showsk(v) for three projectors~compare
to Fig. 4!. As n increases, these also show a systematic de-
crease invJ,ave, for a givenJ. The relation of this trend in
rotational excitations for larger clusters to the more easily
analyzed behavior of the dimer, is discussed below, together
with its implications for spectra of molecules in4Hen .

IV. TRANSITION INTENSITIES AND EMPIRICAL
ENERGY LEVEL PATTERNS

The results in the previous sections show that when the
moleculeAB is attached to one or more helium atoms, there
exist low lying excited states in which the molecular quan-
tum numberj remains a ‘‘good’’ quantum number and where
this provides the major contribution to the total angular mo-
mentumJ of the cluster. For the dimer this can be regarded
as merely reflecting the fact that the molecular rotation is
strongly coupled with the overall rotation of the complex, as

TABLE V. POITSE results for excitations corresponding primarily to mo-
lecular rotation, obtained using SF projectors of Table IV. Upper section:
AB-X system with variable massmX . Lower section:AB-Xn clusters,n
52,3. EnergiesvJ,ave, J51,2 and 3, are defined as averages over results
from all projectors with the sameJ and with l 50 ~see text!.

mX n v1,ave @cm21# v2,ave @cm21# v3,ave @cm21#

~3/4!mHe 1 0.169 0.501 1.023
mHe 1 0.158 0.479 0.963
2mHe 1 0.144 0.462 0.894
3mHe 1 0.137 0.414 0.808
4mHe 1 0.122 0.371 0.742
5mHe 1 0.121 0.367 0.690
mHe 2 0.142 0.436 0.851
mHe 3 0.118 0.369 0.760

FIG. 5. k̃(t) as a function of imaginary timet for AB-4Hen ,
n51 and 3. The exponential decay for the 9-dimensional systemAB-4He
is shown in comparison with that for the 15-dimensional systemAB-4He3 .
The statistical noise increases as a function of time, and is greater for higher
dimensional systems.

FIG. 6. POITSE excitation spectrum forAB-4He3 obtained with SF projec-
tors. For details see caption to Fig. 4.
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we discuss below. While these clusters are too small to be
treated as liquid clusters possessing distinct interior and sur-
face regions~and hence analogously distinct excitations!, the
helium component is nevertheless delocalized about the mo-
lecular species, as is well known from many ground state
DMC studies.47 In this section we now examine the relation
between the energy levels calculated in Secs. II and III, and
the molecular absorption spectrum. We begin with theAB-X
dimer, for which the DVR-FBR calculation allows the com-
plete rovibrational spectrum to be calculated. Transition en-
ergies between POITSE excited states forAB-X are assigned
to spectral features with the help of this. We then analyze the
corresponding transition energies for the larger clusters and
discuss the behavior of these in connection with the experi-
mental infrared spectra for SF6 in 4Hen measured by Hart-
mannet al.11

The DVR-FBR calculations for theAB-X (mX5mHe)
dimer system described in Sec. II produce all energy levels
and associated eigenfunctions. Only a few of these were pre-
sented and analyzed in Sec. II C. In order to make contact
with spectroscopic experiments, we need to determine which
of the excited states receive dipole strength from the ground
vibrational state manifold. Infrared absorption measurements
on molecular chromophores in helium clusters show rota-
tional fine structure accompanying vibrational transitions, at
temperatures of 0.15–0.4 K. Thus we need to calculate the
rovibrational line intensities for transitions from all ro-
vibrational levels which are thermally populated at these
temperatures. The spectral distribution is given by

(
a

(
a8

e2bEau^aumua8&u2d~Ea82Ea2v!, ~42!

wherem is the dipole operator, andb51/kT. We assume the
molecular transition dipole moment to lie along theAB axis
r and to be unmodified by the presence of the He, consistent
with the very low polarizability of the latter.~For a strongly
polar AB the effects of polarization may become
significant.48! The decoupling between the diatomic oscilla-
tor and both the van der Waals and overall rotation modes in
our model potential~Sec. II A! then allows the rovibrational
line intensities to be factorized into a diatomic factormv,v8 ,
and an overlap between rovibrational wave functions. The
latter can be constructed from direction cosine matrix ele-
ments together with the DVR-FBR eigenvectors.~According
to our potential model, the vibrational part of any rovibra-
tional eigenvector ua& can be first factored into an
r-dependent term and a term dependent uponR andu. Com-
bining this with a dipole transition moment alongr yields the
above factorization of the rovibrational line intensities
u^aumua8&u2.) These line intensities can then be interpreted
as the rotational line strengths associated with a vibrational
transition between levelsv and v8 of AB. They obey strict
selection rules which are:DJ50,61, p alternates according
to 0↔1, ands changes from1 to 2 and vice versa. The
dominant transitions are associated withDK50, reflecting
the near symmetric top character of the dimer complex.

Our reduced dimensionality model of SF6 requires a for-
mal modification here in order to allow simulation of these
line strengths. The simplified model replaces SF6 by a homo-

nuclear diatomic,A2, with massesmA52mF . Like SF6, this
model diatomic has no permanent dipole moment. However,
while SF6 has a nonzero transition dipole moment between
the ground vibrational state and the triply degeneraten3

mode probed in the experiments of Hartmannet al.,11 all
dipole matrix elements of a homonuclear diatomic molecule
are zero. Therefore we augment the reduced dimensionality
model by adding a nonzero vibrational transition moment to
emulate the properties of SF6 and similar molecules. Note
that since the vibrational transition moment appears only as a
constant prefactor in all rotational line strengths, it does not
affect the rotational fine structure and the band shape of in-
terest here.

Figure 7~a! shows the thermally weighted line intensities
obtained from all energy levels up to and includingJ56, at
a temperature of 0.4 K, which corresponds to the temperature
observed in experiments with large helium clusters, and
which is also realistic for rotational temperatures of small
van der Waals clusters. The transitions fall into groups which
can be identified with theP-, Q-, and R-transitions of an
asymmetric top near the prolate symmetric top limit. The
doubling of lines is due to the presence of another set of
transitions originating from the low lying firsts52 state,
which has a significant thermal occupation under these con-

FIG. 7. ~a! Stick spectrum from the DVR-FBR calculation for theAB-X
model system withmX5mHe, including levels up toJ56 and assuming a
dipole moment along theAB-axis ~see text!. Line strengths have been
weighted by Boltzmann factors computed for a temperature of 0.4 K. Ar-
rows show the transitions predicted from the POITSE excitations accessed
by SF projectors withJ5 j . ~b! Convolution of the stick spectrum with a
Lorentzian line shape function with FWHM50.085 cm21. The asymmetry
splitting of theK-structure and the line doubling is now masked completely
and only theP-, Q-, R-structure is visible.
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ditions and a slightly denser rotational structure. These lines
are well reproduced by the asymmetric top rotation constants
A, B andC computed from the lowestJ50 andJ51 levels
~Sec. II C!. Because of the small asymmetry, a good fit to the
first six rotational levels is also obtained with the effective
symmetric top formula Eq.~28!. The spectrum forAB-X
differs from that of the free diatomAB by the presence of a
weak Q-branch, indicating a nonlinear rotor having energy
levels withK.0 as a result of the He atom density located
off-axis from AB. The low thermal occupation of higherJ,
and in particular higherK-levels, has a significant effect on
the appearance of the spectrum. The deviations from a sym-
metric top spectrum become apparent atK54 ~see Fig. 3!,
which requiresJ>4. At the chosen temperature of 0.4 K, the
decreasing occupation numbers mask the increasing asym-
metry splitting for J>4 and preserve the appearance of a
symmetric top spectrum. The asymmetry is masked even fur-
ther if the infinite resolution stick spectrum is convoluted
with a Lorentzian line shape. With a full width at half maxi-
mum ~FWHM! width of 0.085 cm21, which gives the same
line spacing/width ratio as seen in the experiments of Hart-
mannet al. for SF6 in 4Hen ,49 one obtains a spectrum where
only symmetric toplikeJ-structure with a thermally largely
suppressedQ-branch survives@Fig. 7~b!#. In this situation it
is very difficult to distinguish between a prolate symmetric
rotor, an asymmetric rotor, or even a linear rotor.

The spectrum of theAB-X (mX5mHe) dimer is there-
fore characterized by the rotation of the complex as a whole,
since the fitted symmetric top rotational constant is equal to

the ground state rotational constantB̄, Eq. ~28!. B̄ is neces-
sarily smaller than the gas phase rotational constant ofAB,
B0, because the moment of inertia is higher. It is important
to distinguish this overall rotation from the internal rotation
states observed as higher excitations in the internal bending
coordinateu, for the nonrotating cluster withJ50 ~Sec.
II C!. The energy spacing of these internal rotation states is
characterized by anincreasedeffective rotational constant,
f , which has exactly the value predicted for the bending
mode in Eq.~20! @see also Eq.~27! and the subsequent dis-
cussion#.

For larger clusters we are not able to calculate the cor-
responding absorption spectrum, but we can make inferences
from the POITSE results. Thus, the transition energies de-
rived from the POITSE excitation energies with the SF pro-
jectors J5 j are shown in Fig. 7~a! by arrows. These can
clearly be identified with the maximum intensity transitions
in the AB-X dimer. Figure 7 also shows that the POITSE
transitions can clearly be taken as representative of the posi-
tion of the corresponding rigid molecule assignment in a
broadened spectrum. Since the transition dipole strength is
carried by the molecule, it is therefore reasonable to presume
that the corresponding excitations in larger clusters will also
give rise to transitions with significant intensity. The energy
differences between the POITSE excitation energies derived
for n.1 therefore contain information about the correspond-
ing absorption spectrum.

In particular, the energy level pattern of the SF-derived
POITSE excitations can be fit to the free rotor model, Eq.
~27!, which applies to linear molecules as well as to aK

50 symmetric top. Since we only have three excited state
energies, only the rigid rotor limit is reliable. Values of the
resulting rotational constantBF @vJ,ave5BFJ(J11)# for the
reduced dimensionality SF6-He dimer, and for the variable
mX analogs are summarized in the top section of Table VI,
and for the larger clusters,n.1 with X[4He, in the lower
section. The rigid rotor expression provides a remarkably
good fit to both the dimer and then.1 energy levels, with a
typical root mean square~rms! value of about 2210•1023

cm21.
For these small clusters these effective rotational con-

stantsBF reflect simply the increasing moment of inertia
which is caused by either the increased mass of theX-atom
or by their increasing number. The interaction between the
diatomic and the other atoms is sufficiently strong to lock the
overall rotation to the rotation of the diatomic, such thatJ
5 j to a very good approximation. Similar behavior is seen in
recent fixed node calculations for theJ5 j rotational states of
SF6 in 4Hen for n<8, made with full rotation-translation
diffusion Monte Carlo.41 These fixed node excited state cal-
culations show a saturation in the reduction ofBF at n58,
which corresponds to the filling of all octahedral sites on the
SF6 molecule. The present study does not go to large enough
cluster sizes for an analogous complete filling of the pre-
ferred binding sites around AB in this reduced dimensional-
ity model of SF6. Therefore we do not yet see any saturation
in the reduction ofBF here. The implications of a saturation
in the reduction in BF with size will be discussed
elsewhere.41

While the cluster sizes studied here are too small to
make realistic inferences about the role of superfluidity in the
experimental spectra of molecules in4Hen , there is never-
theless an important feature which is consistent with the
Bose liquid ground state character of the4He component.
This is the finding that the spectroscopically relevant states
are those withJ5 j , i.e., having no angular momentum in the
helium ~for the AB-X dimer, l 50). This is consistent with
the ground state Bose character of the surrounding helium
environment, in which excitations with angular momentum
are of high energy, and unlikely to be created. Generalized to
larger clusters, this becomes the usual argument that there
are no low lying excitations in the superfluid and hence our
assignment ofJ5 j would appear to be valid for all sizes.

TABLE VI. Rotational constants derived from the POITSE energy calcula-
tions reported in Table V.BF is calculated by fitting to the energy level
pattern of a free rotor@vJ,ave5BFJ(J11)#, neglecting the centrifugal term
~see text!. The last column shows the ratio ofBF and the rotational constant
B050.091 cm21 of the freeAB molecule.

mX n BF @cm21# BF /B0

~3/4!mHe 1 0.085 0.93
mHe 1 0.080 0.88
2mHe 1 0.075 0.82
3mHe 1 0.068 0.75
4mHe 1 0.062 0.68
5mHe 1 0.058 0.64
mHe 2 0.071 0.78
mHe 3 0.063 0.69
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A second striking feature arises from the analysis of en-
ergy levels of theAB-X dimer, where nearly free internal
rotation was seen at high levels in the bending mode, while
the lower levels are strongly hindered. Coupling betweenu
andR results in the rotational constant for this being raised,
relative to the free molecule. Such an increase for an almost
free internal rotation has been seen before in atom-molecule
complexes.36 In our SF6-He reduced dimensionality model,
the hindrance at low bend quantum number is due to the high
barrier, and a lower barrier in theu direction could allow free
internal rotation also at low energies. However, the key con-
clusion of relevance to the experimental results for SF6 and
other molecules in4Hen , is that it is not this internal rotation
in the dimer complex which evolves into the spectroscopi-
cally observed levels in larger clusters, but rather the overall
rotation of the entire complex. The clusters studied here are
small enough that they also rotate with the molecule. For
larger sizes we expect mainly atoms in the range of the first
radial density maximum to be strongly coupled to the di-
atomic, such that eventually the motion of a subsystem con-
taining the molecular impurity and a few strongly coupled
neighbors is the dominant chromophore in infrared excitation
experiments. Consequently, the empirical moment of inertia
should saturate at a certain value independent of the total
cluster size.41

V. CONCLUSION

We have demonstrated the general applicability of our
projection operator imaginary time spectral evolution,
POITSE, technique to the calculation of excited states of
weakly bound van der Waals type model systems of the type
AB-Xn . These systems have been treated fully in up to 15
dimensions (n53), which is well beyond the capabilities of
conventional quantum methods for rovibrational problems.
The accuracy of the calculations is satisfactory and can in
principle be improved by increased Monte Carlo sampling.
This would require a parallelization of the present code,
which is conceptually straightforward due to the inherent
independence of the random walks involved in the algorithm.

A primary goal of this paper was the study of the per-
formance and selectivity of possible choices for the projec-
tion operators in identifying important excitations. In order
to gain a detailed picture of the excited states, we performed
variational DVR-FBR calculations of the rovibrational spec-
trum of the model systemAB-X (mX5mHe) which allowed
the unequivocal assignment of all excited states. The com-
parison of these results with the POITSE calculations allows
the following observations to be made on the projectors:

~i! Projectors constructed as functions of radial coordi-
nates in a molecule fixed frame allow the selective
extraction of vibrational modes with dominant
stretching character, while projectors formulated as
spherical harmonics of internal angles allow the iden-
tification of bending levels.

~ii ! Application of projectors associated with the orienta-
tion of the diatomic constituent relative to a space-
fixed coordinate system, which implicitly assume that
the angular momentum quantum number of the di-

atomic is a good quantum number for the system, pro-
duces excited rotational states of the entire system,J
' j . Apparently the interaction strength between the
diatomic and the attached atoms is sufficiently strong
to lock the two rotational motions to each other. Con-
sequently, the rotational level spacings decrease with
increasing cluster size.

The present calculations are a first step toward the un-
derstanding of the phenomenon of rovibrational structures of
molecules inside large liquid helium clusters which are remi-
niscent of free rotor spectra, albeit with modified rotational
constants. Significantly reduced effective rotational constants
have been extracted from rotationally resolved infrared laser
spectra observed for molecules with small rotational con-
stants like SF6

11 and OCS13 in 4He clusters at temperatures
of 0.15–0.4 K, while molecules with rotational constants in
the wave number range~e.g., HF! do not exhibit this
phenomenon.44 While the coarseJ-structure visible in the
form of P-, Q-, andR-branches is well resolved in4He clus-
ters, no rotational fine structure could be resolved in experi-
ments with3He clusters.13 This observation has been taken
as evidence for free rotation inside a superfluid versus rota-
tion inside a more or less classical fluid at the typical cluster
temperatures of 0.15–0.4 K, in analogy to the famous An-
dronikashvili experiment.

While the experiments are above the superfluid tempera-
ture for 3He, and thus do not allow the ground state fermi-
onic system to be probed, it would be of great interest to
explore the consequences of the fermionic statistics on the
structure and excitations ofAB-3Hen . The POITSE results
obtained here for Bose4Hen show that the important angular
momentum carrying excitations are those withJ5 j , and
with zero angular momentum in the surrounding helium.
This is compatible with the ground state Bose character of
the 4He, and thus raises very interesting questions for the
corresponding energy spectrum in clusters of3Hen .
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