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A model for the plasma edge in limiter tokamaks is elaborated, which permits us to investigate the
synergy of impurity radiation, particle recycling, and edge turbulence phenomena in the formation
of large-scale structures, in particular, of multifacetted asymmetric radiation from the edge. The
model includes a description for the anomalous transport of charged particles induced by drift
microinstabilities most typical under edge conditions. Computations show that the pattern of
structures, developing when a critical plasma density is approached, is essentially determined by the
poloidal inhomogeneities introduced from the Shafranov shift of magnetic surfaces and from the
ballooning character of edge turbulence. ©2005 American Institute of Physics.
fDOI: 10.1063/1.1897389g

I. INTRODUCTION

The density limit, i.e., the maximum plasma density at-
tainable before strong deterioration of the discharge perfor-
mance, is one of the most fundamental operational bound-
aries for fusion devices.1 Since the fusion power scales
quadratically with the density, understanding of this phenom-
enon is of great importance for the construction of an eco-
nomical thermonuclear reactor.2 Normally, the density limit
is preceded by a significant modification of the edge plasma
conditions which occurs suddenly at a critical density close
to the limit. The formation of a multifacetted asymmetric
radiation from the edgesMARFEd, a looplike plasma struc-
ture at the high field sidesHFSd with large density and small
temperature, being a source of strong radiation from hydro-
gen neutrals and impurities, is a prominent example of such
a behavior. Although the appearance of a MARFE does not
universally lead to a dramatic deterioration in plasma perfor-
mance, an attempt to increase the density further normally
does. In other cases anomalous particle transport and convec-
tive energy losses increase dramatically when the critical
conditions are reached and a poloidally symmetric radial
contraction of the plasma column, detachment, takes place.

Different approaches have been proposed in order to ex-
plain the phenomena described above. Many of them involve
thermal instabilities at the plasma edge which can be trig-
gered by the specific dependence on the plasma parameters
of the energy losses with impurity radiation,3,4 plasma recy-
cling on divertor plates,5 or on the inner wall.6 Another line
of thinking7 makes stress on the role of the edge microtur-
bulence underlying anomalous losses of particle and energy
from the plasma.7–10 A strong increase of them close to the
density limit is attributed to a fundamental change in the
turbulence character, in particular, to the growth of low-
frequency fluctuations caused by drift resistive ballooning
sDRBd instability.11

Recently it has been demonstrated that the synergy of

these processes can be of crucial importance for the density
limit nature.12 By analyzing the case of poloidally symmetric
radial detachment, the anomalous transport processes and
power balance were treated self-consistently. It was shown
that the edge transport becomes dominated by DRB modes
when the plasma density exceeds a certain critical level. As a
result, the particle losses increase, the edge temperature
drops strongly, and impurity radiation grows drastically,
leading to a thermal instability and radiative collapse of the
plasma. By considering linear instabilities, the idea to com-
bine radiation and transport effects has been elaborated in
Refs. 13 and 14.

In the present paper, we develop further the approach
outlined in Ref. 12, aimed on a synergetic analysis of mecha-
nisms responsible for the edge phenomena preceding the
density limit. The tokamak magnetic geometry is taken into
account through the Shafranov shift of the magnetic surfaces
and the decay of the field strength with the major radius. The
anomalous transport coefficients are calculated by solving
numerically the eigenvalue problem for small perturbations
of plasma parameters. The transport equations used now al-
low the variation of plasma parameters in the poloidal direc-
tion. This provides a possibility to model the formation of
strongly inhomogeneous structures at the plasma edge, e.g.,
MARFE, and to analyze the consequences of the transition in
the edge turbulence when it becomes dominated by the DRB
modes and the particle and energy losses are strongly en-
hanced at the low field sidesLFSd.

Developing the model in this way permits an under-
standing why under certain conditions the density limit is
caused by the occurrence of MARFE, but under other cir-
cumstances a transition in edge turbulence takes place.1,8,15

In order to avoid complications in the analysis, we consider
the simplest magnetic geometry with cylindrical magnetic
flux surfaces nonconcentric due to Shafranov shiftD ssee
Fig. 1d. This geometry is specific for limiter devices like
Tokamak Experiment for Technology Oriented Research
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sTEXTORd and particular computations will be performed
for the parameters typical of this device.15,16Only the plasma
edge region just inside the last closed magnetic surface
sLCMSd will be considered. It is supposed that charged par-
ticles lost by perpendicular diffusion through the LCMS into
the scrape-off layersSOLd recycle immediately back into the
confined volume as neutrals on the same position at the
LCMS. This approximation does not take into account the
redistribution of particle flows in the SOL. The latter is, of
course, important in the case of divertor geometry withX
points or for a study of the effect of the clearance between
the LCMS and the inner wall.17,18We intend to develop these
aspects in a subsequent paper. This will permit the effect of
plasma recycling on divertor plates on detachment and
MARFE formation5 to be accounted for.

The remainder of the paper is organized as follows. The
following section describes the set of equations used for the
transport of neutral and charged particles, plasma parallel
momentum and heat in the edge region. Also, the boundary
conditions to these equations are formulated here. In Sec. III,
we deduce a set of approximate one-dimensional equations
for the poloidal variation of plasma parameters averaged
over the radial extension of the edge layer, derive the expres-
sions for the components of the energy losses from the edge
by particle convection, by the ionization and excitation of
recycling neutrals, by impurity radiation and by plasma con-
duction; and analyze possible mechanisms of thermal insta-
bility due to these loss channels. In Sec. IV, the model used
for the determination of anomalous transport coefficients
perpendicular to the magnetic surfaces is outlined and it is
demonstrated that this reproduces the strong increase in the
transport and its ballooning character when the plasma col-
lisionality exceeds a critical level.9,10 The results of calcula-
tions with prescribed transport characteristics and with those
determined from the developed transport model are pre-
sented and discussed in Sec. V. Concluding remarks are
given in Sec. VI.

II. TRANSPORT EQUATIONS

A. Particle transport

The neutral particles generated on the machine walls by
recombination of electrons and ions can be separated in two

main fractions:sid desorbing “cold” neutrals with the wall
temperature which is much lower than the edge plasma tem-
peratureT andsii d “hot” atoms with an energy of the order of
T, which are produced by reflection of ions from the wall. In
the confined plasma volume inside the LCMS, cold atoms
are ionized by electrons and charge exchange with ions. The
latter process together with volume recombination of
charged particles, which is especially important at low tem-
perature in MARFE region, leads to the production of addi-
tional hot neutrals. Due to ionization and charge exchange
the densitync of cold neutral particles decays with the dis-
tance from the LCMS,j:

Vc
]nc

]j
= − Sc. s1d

The subsequent charge exchange leads to random motion of
hot atoms and a diffusion approximation19–21 is used to
model their densitynh:

]

]j
S− Dh

]nh

]j
D = − Sh. s2d

In the equations above,Vc<103 m/s is the velocity of cold
atoms,Sc=ski +kcxdnnc, Sh=kinnh−kcxnnc−krn

2 the sinks of
neutral particles withki, kcx, kr being the rate coefficients of
ionization, charge exchange, and recombination, respec-
tively, andn the plasma density,Dh=T/ma/ ski +kcxd /n is the
diffusivity of atoms with massma.

The diffusive approximation for hot atoms implies that
their energy can be characterized by an “effective” tempera-
ture governed by the heat balance of atomsssee, e.g., Ref.
21d. This assumption can be, however, questionable if the
characteristic length for the ion temperature change is com-
parable with the penetration depth of neutrals. This is nor-
mally the case in realistic plasmas and kinetic approximation
should be applied for a firm treatment. Nevertheless, the
model in question provides very reasonable results for such
important macroscopic characteristics as the total source of
charged particles, energy losses on neutral ionization, etc.
This has been demonstrated in Ref. 22 by comparing the
model predictions with those from the three-dimensional
s3Dd code packageEMC3-EIRENE.

The density of charged particles is governed by the con-
tinuity equation

]n

]t
+ ¹'G' + ¹iGi = Sc + Sh, s3d

where G'=−D'¹'n is the component of the plasma flux
density perpendicular to the magnetic surfaces,D' the dif-
fusivity of charged particles; in the case of nonconcentric
circular surfaces,¹'<s1/Îgxxds] /]xd,

23 where the metric
coefficientgxx takes into account the variation of the distance
between neighboring magnetic surfaces with the poloidal
angleq, and¹i=]q / sqRd for axis-symmetric configurations.
Equations3d does not include poloidal particle flows due to
drifts important, in particular, for MARFE poloidal asymme-
try. The corresponding development of the model will be
done in future.

FIG. 1. The poloidal cross section of magnetic surfaces in a plasma bounded
by a bumper limiter at the high field side. The coordinate systems assumed
in the consideration are the following: for neutrals—the distancej from the
point in question to the LCMS and the anglec between the directions from
the LCMS center atR0 to the point and to the HFS, respectively; for charged
particles—the differencex between the LCMS minor radiusa and that,r, of
the magnetic surface with the center atR0+D, to which the considered point
belongs, and the poloidal angleq; R andZ are cylindrical coordinates.
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Strictly speaking the assumption of a diffusive nature of
the perpendicular transport is actually at odds to experimen-
tal observations in which it is via convective structures with
characteristic dimensions of 1 cm in the poloidal and radial
directions.11 Only, for a scale larger than this an effective
average diffusive description can be introduced. Such a scale
is still small compared with the characteristic dimensions in
question and the adopted concept of a diffusive transport
should not lead to completely irrelevant results. Neverthe-
less, a coupling of the present model with a turbulence code,
which provides a simulation of convective structures, would
significantly improve the reliability of the results.

B. Transport of plasma parallel momentum

The particle flux component parallel to the field lines,Gi,
is determined from the sum of the momentum balance equa-
tions for electrons and ions:

]Gi

]t
+ ¹iS2nT

mi
+

Gi
2

n
D + ¹'SG'Gi

n
D =

ShGi

n
, s4d

where we assume the same temperatureT for both types of
charged particles. This equation implies that the parallel mo-
mentum is changed by the pressure gradient, is transferred
with the plasma motion in the radial direction, is lost by
charge exchange with cold neutrals, which do not have any
parallel velocity in average, and is gained by ionization of
hot atoms, which have acquired the ion velocity before.

C. Heat transport

The plasma temperatureT is governed by the sum of
electron and ion heat transport equations:

3
]nT

]t
+ ¹'q' + ¹iF− ki¹iT + GiS5T +

mi

2

Gi
2

n2DG
=

3

2
TSh − EisSc + Shd − Qrad. s5d

Hereq'=3G'T−k'¹'T is the heat flux density component
perpendicular to the magnetic surfaces with both convective
and conductive contributions included,ki and k' are the
parallel and perpendicular components of the plasma heat
conductivity; in the right-hand sidesRHSd the first term de-
scribes the energy gained by ions by ionization of hot neu-
trals and lost by charge exchange of cold ones, the second
one the loss by electrons on ionization and excitation of neu-
trals, and the third one,Qrad, the losses with impurity radia-
tion.

D. Boundary conditions

In the present paper we consider the case of an immedi-
ate reaction of the wall when the influx of neutrals into the
plasma is always in equilibrium with the ion outflow from
the plasma:

Vcncs0d = s1 − RpdGp, − Dh
]nh

]j
s0d = RpGp, s6d

where Rp is the reflection coefficient of ions andGp;
−G's0d. A finite time of the wall reaction can lead to signifi-
cant changes in the dynamics of MARFE formation.24 This
phenomenon will be discussed in detail elsewhere.

In addition we assume as given, thee-folding lengths of
the plasma density and temperature,dn anddT, at the LCMS,
x=0,

x = 0
]n

]x
=

n

dn
,

]T

]x
=

T

dT
. s7d

They will be determined self-consistently when a model for
the transport in the scrape-off layer will be included into
consideration. At the interface with the plasma core,x
=dedge, poloidal inhomogeneities in plasma profiles disappear
and the plasma particle density is equal to a prescribed one;
in addition, the particle fluxes vanish and heat is transported
only by conduction:

]T

]x
= qcoreYE

0

2p k'

Îgxx

dq

2p
, s8d

with qcore=Pcore/Score, Pcorebeing the heating power andScore

the total area of the core-edge interface surface. There are no
causes for an up and down asymmetry of plasma parameters
in the present problem formulation and]n/]q=]T/]q=Gi

=0 is assumed atq=0, 2p.

III. APPROXIMATE ONE-DIMENSIONAL MODEL

In this section we reduce the set of transport equations
above to approximate one-dimensionals1Dd ones. This is
done by averaging the initial equations in the radial direction
over the width of the edge layer,dedge:

kflsqd =E
0

dedge

fsx,qd 3
dx

dedge
.

Such a simplification12,24 reduces numerical efforts signifi-
cantly, but should be well validated since 1D equations are
used to model an intrinsically 2D problem. Conversely to
usual 1D models for the plasma edgessee, e.g., Ref. 6d, the
present procedure allows to fulfill the boundary conditions at
the LCMS and at the interface with the plasma core. In Ref.
12 this approach was applied by considering poloidally ho-
mogeneous states. There 1D transport equations, describing
the radial variation of the plasma parameters, were reduced
to nonlinear algebraic equations. The results were in good
agreement with the direct numerical integration of 1D equa-
tions. For example, the difference in the critical density for
the radial detachment did not exceed 10%. In Ref. 25, where
only radiation energy losses were taken into account by mod-
eling of MARFE, we have demonstrated that a carefully con-
structed 1D model reproduces well important features of 2D
solutions. This is not by chance since the method used to
reduce the dimensionality of partial differential equations is
close to those developed and thoroughly grounded in Ref.
26. Nevertheless, a 2D numerical simulation for the situation
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in question, being much more general than that considered in
Ref. 25, is one of the main priorities of our future studies.

A. Transport equations

By integrating Eq.s3d with respect tox we take into
account the relation]j=Îgxx]x and Eqs.s1d ands2d with the
boundary conditionss6d. Since at the LCMS the influxes of
neutrals is balanced by the outflow of ions and at the inter-
face with the plasma core all particle fluxes vanish, one gets
as a result,

]knl
]t

+
1

qR

]kGil
]q

= 0 s9d

An analogous procedure performed with the parallel momen-
tum and heat transport equations leads to

]kGil
]t

+
1

qR

]

]q
S2knlkTl

mi
j1 +

kGil2

knl
j2D = −

Gp

dedge

kGil
knl

j3,

s10d

3
]

]t
sknlkTlj1d +

1

qR

]

]q
F−

kkil
qR

]kTl
]q

j4 + kGilS5kTlj5

+ mi
kGil2

knl2 j6DG =
qcore/Îgxx − qloss

dedge
, s11d

where the dimensionless factorsj1,… are of the order of 1
and relate the averages of products with the products of av-
erages for different plasma parameters; they are estimated on
the basis of 1D modeling of radial profilesssee Refs. 12 and
21d and will be assumed, henceforth, as independent ofq
and time; the density of energy losses from the edge region,
qloss, includes the contributions from different channels: im-
purity radiation,qrad, convection of charged particles through
LCMS and ionization of recycling neutrals,qconv/rec

=Gps3kTlj5+kEilj6d, and plasma heat conduction,qcond

=k'kTlj7/dT/Îgxx.
As the next step we combine Eqs.s9d and s10d in order

to reduce them to an ordinary differential equation of second
order. For this reason the time derivatives are replaced by
finite differences:]kfl /]t<skfl−kfl−d /t, where kfl−=kfst
−tdl and t is the time step. By integrating Eq.s9d with re-
spect toq and by taking into account thatkGils0d=0, one
obtains

kGilsqd = −
qR

t
Nsqd s12d

with the new variable

Nsqd =E
0

q

sknl − knl−ddq. s13d

With kGil in the form s12d and knl=dN/dq+knl−, one gets
from Eq. s10d an equation forN:

d2N

dq2 + a
dN

dq
− bN+ F = 0, s14d

where

a = Sd lnkTl
dq

− 2MÎgj3DM1, b = gS1 +
j2Gpt

dedgeknl
DM1,

F = SgN− + knl−
d lnknl−kTl

dq
DM1, s15d

with

M =
kGil
csknl

Îj1

j2
, M1 = 1 −M2, g =

1

j1
SqR

tcs
D2

,

cs =Î2kTl
mi

.

The boundary conditions to Eq.s14d, Ns0d=0 and
Ns2pd=0, imply the conservation of the total number of par-
ticles at the plasma edge. Together with Eq.s11d, where the
time derivative is replaced by the finite difference, Eq.s14d
provides a set of nonlinear ordinary differential equations for
N and kTl. They allow us to find by iterations the poloidal
distributions of these parameters, and, thus, of the physical
density and parallel flux,knl and kGil, at a given time mo-
ment with known parameters as the previous one. It is nec-
essary to note that the procedure based on the integration of
the second-order equation forN is essentially more reliable
and numerically stable than the integration of two first-order
equationss9d and s10d for knl and kGil.

B. Radiation energy loss

Impurity radiation losses are dominated by locally
eroded particles which are far from ionization-recombination
equilibrium described normally by corona model.27 An ana-
lytical noncorona model presented in Ref. 24 takes into ac-
count the transport of both impurity neutrals and ions under
the assumption that the latter can be separated into groups of
“radiant” and “dim” charge states. The former are ions with
excitation energies much less than their ionization potentials.
In the case of light impurities such as Be, B, and C, this
group embraces the ions of low charges up to that of Li-like
ones.28 The latter includes He-and H-like ions with very high
excitation energies and fully stripped impurity nuclei.

This model for impurity transport and radiation is of
course highly simplified compared to a complete numerical
treatment of the problem. However, it takes into account im-
portant features of such a treatment, e.g., the role of the
source of neutral impurities at the wall and transport of ions
in the plasma. In Ref. 24 it was demonstrated that the model
reproduces well the experimentally found behavior of the
impurity radiation potential with the plasma conditions in
TEXTOR.15

We apply here the approach outlined in Ref. 24 by as-
suming that the radiant ions do not exist beyond the edge
region. This condition takes into account the fact that outside
the edge layer the electron temperature has a very sharp ra-
dial gradient and is promptly elevated to a level significantly
higher than the ionization potential of Li-like particles. In
Ref. 24 the “nonexistence condition” for radiant particles
was imposed at the “infinite” distance from the LCMS. For
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the purpose of Ref. 24, the study of MARFE threshold, this
difference is of minor importance, since under these condi-
tions the temperature at the edge is high enough and radiant
ions penetrate into the plasma on a distance shorter than
dedge. In the present investigation we consider also the
MARFE state and in the MARFE region the temperature is
so low that impurity radiant species have too few chances to

be ionized. Therefore a proper boundary condition for their
density is very essential. According to Ref. 24,qrad= j0Erad,
where j0 is the influx of impurity neutrals related to the out-
flow of background ions through the erosion coefficient and
Erad the impurity radiation potential. With the present bound-
ary condition we have

Erad= Erad
0 3

l radF1 + expS−
dedge

l0
DGtanhSdedge

2l rad
D − l0F1 − expS−

dedge

l0
DG

l rad− l0
, s16d

whereErad
0 = l0/ sl rad+ l0d3Lrad/kion

Li is the relation for the ra-
diation potential obtained in Ref. 24 withl0=V0/kion

0 / knl and
l rad=ÎD' /kion

Li / knl being the penetration depths,kion
0 andkion

Li

the ionization rates of impurity neutrals and Li-like ions,
respectively;V0 the velocity of impurity neutrals,Lrad the
cooling rate of radiant species. In the limit case of a shallow
penetration of impurity neutrals and radiant ions,l rad, l0
!dedge, Erad approachesErad

0 ; in the opposite situation,dedge

! l rad, l0, Erad
0 <dedge

3 / s12l0l rad
2 d3Lrad/kion

Li .

C. Plasma particle loss

The density of the plasma particle outflow through the
LCMS, Gp, is one of the key parameters in the 1D model for
the plasma edge. According to the definition it can be esti-
mated as follows:

Gp <
D'

Îgxx

Dn

dedge
< D'

Dn

dj

, s17d

whereDn<2knl is the characteristic variation of the plasma
density across the edge layer, and the relation betweendj and
dedge is derived in the Appendix. In order to assessdj we
proceed from Eq.s2d where the spacial derivative is replaced
with the division by the characteristic dimension. In the re-
gion where the source of hot atoms due to charge exchange
of cold ones is negligible, we have

Dh
knhl
dj

2 < kiknlknhl − krknl2. s18d

The influx of hot atoms into this region,Jh<2Dhknhl /dj, is
the sum of the influxes of neutrals reflected from the wall
and produced by the charge exchange of cold ones:

Jh < RpGp + Gps1 − Rpd
kcx

ki + kcx
. s19d

By combining equations above one finally gets

dj <
1

knls*
Î1 − krVi

2/D'/knl/ki/sRpki + kcxd
s20d

wheres* =Vi /Îski +kcxdki is the characteristic cross section
for the attenuation of hydrogen neutrals in the plasma due to
ionization.

D. Thermal instabilities at the edge

As it was demonstrated in Refs. 24 and 29 the plasma
edge is thermally unstable if]qloss/]kTl,0. Indeed, when
this criterion is fulfilled a spontaneous reduction ofkTl
would lead to an increase in the energy losses and a further
reduction of the temperature. Since there are different con-
tributions toqloss different channels of instability exist.

Normally ]qrad/]kTl,0 since the radiation potentialErad

increases with decreasing temperature: the lower the tem-
perature, the longer is the lifetime of radiant impurity ions
until ionization. This tendency can be, however, altered by
the temperature dependence of the impurity erosion coeffi-
cient. Thus, physical sputtering increases promptly when the
projectile energy exceeds a certain threshold. On the con-
trary, chemical erosion of carbon depends weakly on the par-
ticle energy. This difference can be one of the causes for
significantly different MARFE thresholds found experimen-
tally in TEXTOR with carbonized, boronized, and sili-
conized walls,16 however, distinct recycling properties also
play a very important role.24

Convection-recycling losses can also lead to a thermal
instability.30 Indeed, a local spontaneous reduction of the
temperature leads through the pressure equilibration to an
increase of the density. Therefore the perpendicular density
gradient knl /dedge grows and the loss of charge particles
through the LCMS,Gp, increases asknl2,1/kTl2. Thus,
qconv/rec,3j5/ kTl+kEilj6/ kTl2 and ]qconv/rec/]kTl,0. Also
this behavior can be essentially modified by the wall reac-
tion. If hydrogen neutrals are released from the wall too
slowly, the instability development is dragged on and cannot
happen during a reasonable time. This point has been
touched in Ref. 24 and will be discussed in detail elsewhere.
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It is easy to see that]qcond/]kTl.0 and heat conduction
loss plays as usual a stabilizing role. The threshold of a ther-
mal instability is determined by the condition that the tem-
perature dependence ofqrad and qconv/rec overcomes that of
qcond. On the one hand, bothqrad and qconv/rec increase with
the plasma density and there should be a density limit for the
instability. On the other hand,qcond varies as 1/Îgxx and has
a minimum at the HFS. Therefore an instability starts there
and this prescribes the position of MARFE.31,25

IV. MODEL FOR ANOMALOUS TRANSPORT
COEFFICIENTS

The density of charged particle lossGp, being essential
for both qrad and qconv/rec, is determined by the diffusivity
D'. In fusion devices, and especially at the plasma edge, the
latter is of anomalous nature and is due to turbulence driven
by diverse drift microinstabilities. Strong radial gradients of
plasma parameters, collisions between electron and ions, po-
loidal inhomogeneity of magnetic field have been identified
as possible causes for instable modes, such as drift-Alfvén
sDAd, drift resistive sDRd, and drift resistive ballooning
sDRBd. Due to complexity of the problem sophisticated ap-
proaches have been developed to model the edge turbulence
and realized in numerical codes such as BOUndry Turbu-
lencesBOUTd,10 Drift ALFven 3 sDALF3d,32 Resistive Bal-
looning Modes 3 DimensionalsRBM3Dd.33 In the present
paper we assess the effect of these instability channels on
anomalous transport by using a reduced semianalytical
model. In spite of its relative simplicity this model repro-
duces in agreement with code simulations the transition to
increased anomalous transport with rising density.

A. Equations for small perturbations of plasma
parameters

Small perturbations of electric currentj̃ , densityñ, elec-

trostatic potentialw̃, radial magnetic fieldB̃r, and parallel

electric field Ẽi are assumed in the formfsldexpsiky− ivtd,
wherek is the wave vector in the direction on the magnetic
surface perpendicular to the field lines,v is the complex
frequency, and the envelope functionf takes into account the
variation of the perturbation along the magnetic field. The
latter arises since the toroidal magnetic field decays with the
distanceR from the tokamak axis asB=B0R0/R=B0/ s1
−r /R0 cosqd, whereB0 is the magnetic field at the axis of
the LCMS situated at the radiusR0. The perturbed ion veloc-

ity VW i is taken as the sum ofEW 3BW , polarization, diamagnetic,
and gyroviscous drift contributions.34

From the ion momentum balance equation one gets the
perturbations of the current density perpendicular to the
magnetic field:

ĵ x = 2iKn̂, ĵ y = − Kv/vcisŵ + n̂d, s21d

where jŴ= jW̃ / js, n̂= ñ/n, ŵ=ew̃ /T, js=encs, cs=ÎT/mi is the
ion sound velocity,K=krs, rs=cs/vci the ion Larmor radius,
vci=eB/ smicd the ion Larmor frequency. By applying the

plasma quasineutrality condition,¹W · jW=0, we obtain for the

perturbation of the parallel current component:

] ĵ i/]q = iKf4q cosqn̂ + vtsKsŵ + n̂dg s22d

with ts=qR/cs. The relation between perturbations of the
density and potential follows from the ion continuity equa-
tion:

n̂ = sv* /v − K2d/s1 + K2dŵ s23d

where v* =Kcs/Ln is the electron drift frequency withLn

=dx/d ln n being the densitye-folding length. From the par-
allel component of the Faraday’s law one gets

B̃x/B = isb/Kd ĵ i s24d

and from the radial component we deduce the parallel elec-
tric field

Ẽi/Es = istsvb/K2d ĵ i − ]ŵ/]q s25d

with b=4pnT/B2 andEs=T/ sqRed.
Finally, we use the parallel electron motion equation

me

e

dj̃i
dt

+ T¹iñ +
dsnTd

dx

B̃x

B
= − enẼi +

mene

e
j̃ i, s26d

where ne is the electron-ion collision frequency. With the
relations obtained above one gets the following eigenfunc-
tion equation for the potential perturbation:

]2ŵ

]q2 = FtsvS b

M
+

me

mi
MD + i

qR

lc
Îme

mi
M

− b
qR

LP
G tsvMsv* + vd + 4qsv* − vM2dcosq

v* − vs1 + 2M2d
ŵ

s27d

with lc being the mean free path length of electrons between
collisions with ions andLP=dx/d lnsnTd thee-folding length
of the pressure. In order to take into account the effect of the
magnetic shears=Lnd ln q/dr on drift instabilities through
the Landau damping,34 the effective perpendicular wave
numberM =ÎK2+2s2 has been introduced.

By inspecting Eq.s27d, one can identify several combi-
nations of terms which are responsible for different unstable
modes. The first term in square brackets in combination with
the first term in the numerator of the second factors“1 /1”
combinationd is responsible for DA modes, the “2/1” com-
bination describes DR modes, and the “2/2” one DRB
modes. The last term in square brackets is responsible forb
stabilization of edge instabilities, which was considered in
several papers as a trigger ofL-H transition.9,35

B. Dispersion relation and characteristics of unstable
modes

By making use of the substitutionz=sp−qd /2 the
eigenfunction equations27d can be reduced to the Mathieu
equation36

]2ŵ/]z2 + sa − 2p cos 2zdŵ = 0 s28d

with the coefficients
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a = −
4tsvMsv* + vd
v* − vs1 + 2M2d

b, p = −
8qsv* − vM2d

v* − vs1 + 2M2d
b,

s29d

where b=tsvfsb /Md+sme/midMg+ isM /2qdac−sa /qd, ac

=s2q2R/lcdÎme/mi is the collisionality parameter related to
the diamagnetic parameterad introduced in Ref. 9 anda
=q2Rb /LP is the MHD parameter.9

Equation s28d has periodic boundary conditions, but
there are no terms which would require an asymmetry of
eigenfunctions and we confine ourselves without loss of gen-
erality to poloidally symmetric solutions with zero deriva-
tives atq=0, 2p. Moreover, only solutions of a period mul-
tiple to 2p with respect to q are in question. These
constraints restrict the multitude of solutions to even
Mathieu functions of even orders,ce0,2,…. In this study, only
the first two,ce0 and ce2, will be taken into account under
the assumption that the contribution from higher orders is
small. By applying approximate algebraic relations between
eigenvaluesa andp,36

a0 < − 2p2/sp + 4d, a2 < s− 2p2 + 40p + 128d/sp + 32d,

s30d

one gets dispersion relations betweenv and K. Considered
as equations forv, these can be reduced to polynomial alge-
braic equations of the fourth and fifth order, respectively,
which are solved numerically by using a standard subroutine.
Only the roots of the maximum positive growth rateg
=Im v are selected and considered henceforth.

Figure 2 shows theK spectra ofg normalized tov0

=cs/Ln, computed for TEXTOR witha=0.46 m,R=1.75 m,
B=2.25 T, q=3, and two sets of parameters at the plasma
edge. The first case with a relatively low densityknl of 1.5
31019 m−3, corresponding to a collisionality factorac<0.5.
The mode represented by the second-order Mathieu function
has the largest growth rate and should dominate the trans-
port. Forac approaching to zero,upu!1 andce2 reduces to a
single Fourier harmonic withki=1/qR.36 These modes coin-
cide with those considered in Ref. 35 and being triggered by
drift-Alfvén instability. For these modes the poloidal depen-
dence of the magnetic field plays a minor role and their am-
plitude does not have a pronounced maximum at any particu-
lar position on the magnetic surface. Under conditions of a
high plasma collisionality withknl=2.531019 m−3 and ac

<5, the mode described by the zeroth-order Mathieu func-
tion has the maximum growth rate. This mode having a bal-
looning Gaussianlike form with a single maximum at the
LFS,36 i.e., reproduces the localization of DRB modes.

C. Anomalous diffusivity

An unstable drift mode induces a particle flux perpen-
dicular to the magnetic surfaces with the densityG'= ñVE

*

+c.c.,34 whereVE=cs−ikw̃d /B is the drift velocity due to the
perturbation of the poloidal electric field. For the potential
perturbation we use the quasilinear approximation34 uw̃u
<g /kxky3B/c. The component of the wave vector perpen-
dicular to the magnetic surface,kx, can be estimated as 1/x0,
where x0 is the radial width of the mode restricted by the
magnetic shear:34 x0<rs/s. By taking into account the rela-
tion s23d, one finds the contribution of a mode to the anoma-
lous particle diffusivityD';G'n/Ln:

D' =
g3

vr
2 + g2Srs

s
D2 2

1 + M2 . s31d

Figure 3 displays theK dependence ofD' for the pa-
rameters used above by calculating the spectra in Fig. 2. One
can see that the maximum contribution to the transport coef-
ficient is normally not provided by the mode with the maxi-
mum growth rate, i.e., the wave numbers at which the
growth rate and the transport contribution approach their
maxima,Kmax

g andKmax
D , respectively, do not coincide. A lin-

ear model does not take into account an interaction of differ-
ent eigenmodes and cannot firmly predict which of them
actually dominates the transport. This can be done only by
means of a firm nonlinear consideration of the anomalous
transport, e.g., by coupling with a turbulence code. Such a
development is planned for future but presently we confine
ourselves to the linear approach developed above. Concern-
ing typical transport coefficients and their variation with col-
lisionality, being most important for the present subject, this
approach gives results similar to nonlinear simulations.

In order to assess how the model results are sensitive to
the assumptions done, both situations with the transport gov-
erned by the modes withKmax

g or Kmax
D are considered. Figure

4 showsD' versus the collisionality parameterac. The dis-
continuity in the curve slope corresponds to the transition
from the transport dominated by the Mathieu eigenmodes of
the second order,ce2, to that due to the modes of the zeroth

FIG. 2. TheK spectra of the normalized growth rates of unstable modes
with the eigenfunctions given by the zeroth-ordersbroken curved andschain
curved second-order Mathieu functions computed for edge plasma param-
eters in TEXTOR at lowsad and highsbd collisionality.
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order, ce0. The discontinuity in the dependence found with
Kmax

g mimics the fact that for 0.8øacø2 the modes of the
second order have the maximumg but do not produce the
largest transport.

According to Fig. 4,D'<2DgB if acù0.2 but is not too
high and the transport is still governed by thece2 mode. In
this rangeD' is practically independent of the magnetic field
curvature and collision frequency, in agreement with the
simulation results.32 Nevertheless, the instabilities in ques-
tion exist only due to collisions andD'→0 whenac→0. In
the range of small collisionality,acø0.2, a consideration of
nonlinear effects is unavoidable for transport calculations37

since collisionless electron drift instabilities are completely
suppressed by the magnetic shear.38,39However, this range of
parameters corresponds to low density and high temperature
and is beyond the scope of the present study.

When the collisionality is high enough andac@1, D'

,acDgB and can be reduced to the form more familiar for
the DRB-induced transport:11

D' , sqred2nei
R

Ln
. s32d

The poloidal dependence of particle losses, given byuŵsqdu2,
also varies significantly withac when this is larger than 1.
Figure 5 demonstratesD'sqd profiles for several values of
ac.

V. RESULTS OF COMPUTATIONS

In this section we present and qualitatively interpret the
results of modeling of transitions at the plasma edge leading
to the development of strong inhomogeneities, MARFE at
the HFS and detachment at the LFS, and preceding the den-
sity limit.

A. Computations with prescribed transport
coefficients

For these computationsD'=1m2/s was assumed. Fig-
ures 6sad and 6sbd display the stationary poloidal profiles of
the average plasma density and temperature at the edge of
additionally heated plasmas in TEXTOR withPcore

=1.3 MW, dD /dx=0.25, found for different values of the
poloidally averaged density at the interface between the edge
and core regions,n̄=2e0

2pknlsdq /2pd. One can see that at a
critical level of n̄ between 5 and 5.531019 m−3 there is a
dramatic change in profiles from relatively smooth ones to
those with very pronounced maximumsminimumd at the
HFS. As it is observed in experiments, this modification is
accompanied by a significant increase of impurity radiation
from the MARFE region presented in Fig. 6scd. This increase
is normally considered as an evidence of the dominant role
of impurity radiation by MARFE formation. In order to
check this guess, computations were performed without im-
purity radiation, i.e., withqrad;0. The results presented in
Fig. 7 show that this leads to an increase in the critical den-
sity by 10% only. Thus other channels of energy losses from

FIG. 3. TheK spectra of the contributions to the particle diffusivity normal-
ized to the gyro-Bohm coefficientDgB=csrs

2/Ln from unstable modes with
the eigenfunctions given by the zeroth-ordersbroken curved and schain
curved second-order Mathieu functions computed for edge plasma param-
eters in TEXTOR at lowsad and highsbd collisionality.

FIG. 4. Poloidally averaged values of the anomalous diffusivity computed
for unstable modes with the maximum contribution to the transportssolid
curved and with the maximum growth ratesbroken curved.

FIG. 5. Poloidal profiles of the anomalous diffusivity for different values of
the collisionality parameter.
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the plasma edge, namely, with the plasma convection and on
the ionization of recycling neutrals, are of more importance
for MARFE triggering. This conclusion is in agreement with
the results of our previous analysis of linear instabilities
leading to MARFEsRef. 24d and of two-dimensional com-
putations in Ref. 40.

B. Computations with self-consistently defined
transport coefficients

In the computations presented above, with prescribed
diffusivity, the structure with cold dense plasma, arising
when the density limit is exceeded, has always the MARFE
character, i.e., it is located at the HFS, independently of the
level of the poloidal asymmetry introduced by the Shafranov
shift of magnetic surfaces. This fact is in agreement with our
previous modeling results25 obtained by taking into account
only impurity radiation and plasma heat conduction as the
energy losses from the edge. However, it is in obvious con-
tradiction with experimental observations which show that in
ohmic discharges, with reduced but finitedD /dx of 0.07,
MARFE does not develop and a ramp up of the density to
the limit results in a plasma detachment from the limiter
located at the LFS.15 This behavior can be reproduced in
simulations if the model for edge anomalous transport de-
scribed in the preceding section is applied. When the plasma
density is high and the edge temperature is low enough, the
collisionality parameterac exceeds 1 and the transition to the
transport with pronounced ballooning character takes place.
This changes the character of the poloidal asymmetry be-
tween heat influx from the core and losses from the edge due
to the maximum of convective particle losses at the LFS.
This can compensate or even overcome the asymmetry in-
duced by the Shafranov shift and trigger a thermal collapse
at the LFS, leading to a detachmentlike evolution of the
plasma.

Figure 8 shows the results of calculations performed
with the model for the edge anomalous transport described
above. For the coefficientsa and p in the eigenvalue equa-
tion s28d their poloidally averaged values have been used.

FIG. 6. Poloidal profiles of the plasma density, temperature, and energy loss
with impurity radiation computed withD'=1 m2/s for different magnitudes
of the poloidally averaged densityn̄: 431019 m−3 spointsd, 4.531019 m−3

schain curved, 531019 m−3 sbroken curved, and 5.531019 m−3 ssolid curved.

FIG. 7. Poloidal profiles of the plasma temperature computed without im-
purity radiation with D'=1 m2/s for n̄=4.531019 m−3 spointsd, 5
31019 m−3 schain curved, 5.531019 m−3 sbroken curved, and 631019 m−3

ssolid curved.

FIG. 8. Poloidal profiles of the plasma temperature computed with self-
consistently determined anomalous transport coefficients:sad for addition-
ally heated discharges withPcore=1.3 MW, dD /dx=0.25 and n̄=4.5
31019 m−3 spointsd, 4.531019 m−3 schain curved, 5.031019 m−3 sbroken
curved, 5.531019 m−3 ssolid curved; sbd for ohmic discharges withPcore

=0.3 MW, dD /dx=0.07 and n̄=2.531019 m−3 spointsd, 3.031019 m−3

schain curved, 3.531019 m−3 sbroken curved, 4.031019 m−3 ssolid curved.
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The transport coefficients were computed for the eigenmodes
providing the largest transport, i.e., withK=Kmax

D . Figure
8sad displays the stationary temperature profiles computed
with the previously used relatively high level of the Shafra-
nov shift with dD /dx=0.25, corresponding to additionally
heated discharges. As in the case of computations with pre-
scribed diffusivity, see Fig. 6sbd, MARFE formates at the
HFS when a critical density is exceeded. This agrees well
with experimental findings.16 Under conditions typical for
ohmic plasmas withPcore=0.3 MW and dD /dx=0.07, see
Fig. 8sbd, MARFE does not develop and a region of low
temperature appears at the LFS, due to the transition to the
turbulence controlled by the DRB mode. In agreement with
experimental data15 the critical density is lower in this case
than for additionally heated plasmas.16

Our calculations predict a formation of a stable state
with the plasma detached at the LFS. However, in experi-
ments a fast poloidal symmetrization normally takes place.
This could be explained as follows. A strong increase of the
energy losses and drop of the temperature at the LFS should
lead to a local increase of the radial temperature gradient
and, thus, of the density of the heat outflow from the core.
Therefore, as the radial heat supply to other poloidal posi-
tions is decreased, they cool down and detachment penetrates
to the HFS. Even a MARFE at the HFS may arise during this
process. In the present approach with a fixed radial tempera-
ture gradient at the interface with plasma core, see Eq.s8d,
such a development cannot be analyzed and a further im-
provement of the model by taking into account the reaction
of the plasma core on changes at the edge is needed.

With the transport coefficients computed for modes with
K=Kmax

g the density threshold for the detachment increases
by 15%–20% only. This change is much less than the differ-
ence in the criticalac at which the transition to the DRB-
dominated transport takes place, see Fig. 4. The cause is a
very nonlinear dependence of the collisionality factor on
density:ac,n3–4. This results in a relatively weak sensitiv-
ity of the density threshold on the transport model assump-
tions

C. Discussion of results

The character of phenomena, developing at the plasma
edge when the critical density is approached, is controlled by
the competition of poloidal dependencies arising from the
Shafranov shift of magnetic surfaces and ballooning nature
of anomalous transport. One has, nevertheless, to see the
principal difference between these phenomena. On the one
hand, the Shafranov shift is determined by the central plasma
parameters and results in a minimum at the HFS of the heat
supplyinto the edge region from the plasma core. Therefore,
an increase in the shift would stimulate MARFE formation.
On the other hand, the ballooning character of transport re-
sults in a maximum of energylossesat the LFS and pro-
motes a detachment there. These mechanisms enter into the
transport equations through the poloidal variation of the met-
ric coefficicentgxx and of the transport coefficients, respec-
tively. Qualitatively this variation can be characterized by the
ratio Y of the magnitudes of the corresponding parameters at

the LFS and HFS. In the former case we have

YS=
1 + D1

1 − D1

with D1=23dD /dxs0d, and in the latter one

YB =
uŵspdu2

uŵs0du2
< Fce0sp/2d

ce0s0d G2

, exps4Îupud.

In the last estimate we have accounted for the fact that the
HFS/LFS assymetry in the transport arises only when thece0

mode is dominating and have used the relation from Ref. 36.
On the one hand,D1 rises with the plasmab sRef. 41d

and, thus,YS increases with the heating power. On the other
hand, the factorYB is controlled by the collisionality:upu
<ac,1/lc,knl / kTl2. The temperature dependence here
can be eliminated by taking into account the power balance,
GpkTl=D'knl /Ln3 kTl,qcore. Before the onset of DRB-
driven transport D',DgB,T3/2/Ln. Since the density
e-folding length is determined by the penetration of neutrals,
i.e., Ln,1/n, we get D',kTl1.5knl, kTl2.5knl3,qcore, and
ac,knl3.4/qcore

0.8 . For a given heating power,qcore, the colli-
sionality and, hence, ballooning asymmetry increase during a
density ramp up. If, nevertheless,YB remains smaller than
YS even when the MARFE density thresholdknlMARFE is
approached, a MARFE will develop. Otherwise, the onset of
DRB modes and detachement is more likely.

As it was demonstrated in the preceding section, the
MARFE onset is essentially determined by the energy losses
with the perpendicular particle convection to the inner wall.
Therefore, the estimate forknlMARFE, found in Ref. 6 by ne-
glecting impurity radiation, can be applied:

knlMARFE <
1

qR
Î kia

60pD's*
.

Here ki ,kTl5/2 and the characteristic cross section for the
attenuation of hydrogen neutrals,s* , depends rather weakly
on the electron temperature forT*10 eV. By using the es-
timate for D' and the relation betweenknl, kTl, and qcore

found above, we get for the plasma parameters at the
MARFE onset:

knlMARFE , qcore
0.095, kTlMARFE , qcore

0.286,

ac,MARFE , 1/qcore
0.476.

Thus, on the contrary to the shift asymmetryYS, the
ballooning asymmetryYB achieved before MARFE de-
creases with increasing power. Therefore, MARFE develops
if the heating power is above a critical level at whichYS

=YB when knl=knlMARFE. According to the estimate above,
knlMARFE depends extremely weakly on the heating power if
that exceeds the critical one. This is in agreement with ex-
perimental observations both in limiter16 and divertor42 ma-
chines. This fact can offer a hint whyL-mode andH-mode
density limits are similar despite the marked difference in
heating, plasmab, and shift of magnetic surfaces, although
the present model is not directly applicable to divertor con-
ditions. For TEXTOR parameters the critical power is very

052510-10 Tokar, Kelly, and Loozen Phys. Plasmas 12, 052510 ~2005!

Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject to AIP license or copyright, see http://pop.aip.org/pop/copyright.jsp



close to the ohmic one. This explains why MARFE normally
develops in additionally heated plasmas and detachment usu-
ally occurs under ohmic conditions.

VI. SUMMARY AND DISCUSSION

Amendments introduced into the model for the particle,
momentum, and heat balances have allowed us to perform
computations of the plasma parameters at the plasma edge
with self-consistently described anomalous transport due to
drift microinstabilities. This approach enables consideration
of poloidally inhomogeneous plasma states including, e.g.,
the formation of MARFE at the HFS or the region at the LFS
with strongly increased convective losses of particles and
energy due to destabilization of drift resistive ballooning
modes. It can be used to determine and predict the conditions
under which the density limit is provoked either by MARFE
appearance or by the transition in the edge turbulence to that
driven by DRB modes. This information is of importance by
elaborating methods to increase the maximum density attain-
able in fusion devices.

The present consideration has been done with many sim-
plifying assumptions, e.g., about magnetic geometry, particle
recycling at the LCMS, etc. The present model adequately
reflects the situation in limiter devices but has to be im-
proved in diverse respects to provide a reliable estimate for
the critical density under other discharge conditions. In order
to generalize the model on the case of a more relevant di-
vertor configuration, an appropriate description of magnetic
geometry withX points and of the scrape-off layer has to be
included. This is necessary in order to integrate into the con-
sideration the process of power dissipation on divertor plates
discussed as an important cause of the density limit in di-
vertor machines.5 This modification is also unavoidable for a
quantitative analysis of the effect of the plasma-wall clear-
ance on the density limit seen in experiments on TEXTOR
and Joint European Torus.17,18

The dynamics of the wall reaction disregarded in the
present study can also be of much importance for MARFE
development. If, due to specific wall properties, neutrals pro-
duced at the wall by recombination of charged particles are
released into the plasma with a significant delay, MARFE
appearance can be essentially dragged on. Preliminary analy-
sis of the thermal instability threshold shows24 that this effect
may be responsible for the dependence of the density limit
on the wall material properties.16

Finally, by solving Eq.s27d in order to estimate anoma-
lous transport coefficients, poloidally averaged plasma pa-
rameters have been used instead of their local values. For the
states with strong inhomogeneities this can lead to significant
uncertainties. An amendment of the model in this respect
comes up to principal difficulties and progress here may lead
to important developments in the field of eigenvalue prob-
lems.
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APPENDIX: COORDINATE SYSTEM AND METRIC
COEFFICIENTS

Neutral particles do not feel magnetic geometry but the
charged ones are magnetized and strongly influenced by the
presence of magnetic surfaces. Therefore it is convenient to
introduce two coordinate systemsssee Fig. 1d. The one used
for the description of neutrals is given by the local distance
from the LCMS,j, and the anglec between the directions
from the LCMS center to the point in question and to the
HFS, respectively. The coordinate system used for the
plasma description includes the differencex between the mi-
nor radius of the LCMS,a, and that,r, of the magnetic
surface, to which the point in question belongs, and the po-
loidal angle q, correspondingly. In a coordinate system
sq1,q2d the square of the length element is defined as
follows:23 sdsd2=g1,1sdq1d2+2g1,2dq1dq2+g2,2sq2d2, and in
the cylindrical coordinate systemsR,Zd, sdsd2=sdRd2

+sdZd2. By taking into account the relations between coordi-
nates

R= R0 − sa − jdcosc, Z = sa − jdsinc

and

R= R0 + D − sa − xdcosq, Z = sa − xdsinq

one finds the metric coefficientsgjj=1 and gxx<1
+2sdD /dxdcosu where the conditionsj ,x,D!a,dD /dx!1
were taken into account. With the same accuracy]j /]x<1
+sdD /dxdcosu and, thus,dedge=dx<dj / f1+sdD /dxdcosug.
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