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The theory of low frequency instabilities in axisymmetric toroidal plasmas is presented from the
point of view of the two-fluids equations, assuming the standard drift wave ordering. Attention is
focused on the limit in which neighboring rational surfaéesrresponding to a fixed toroidal mode
numbej are sufficiently far apart that mode overlapping can be neglected. Owing to field line
bending, poloidal side banda=1,... coexist with the primary mod®, enhancing noticeably the

role of the parallel ion dynamics. The electron and ion branches are investigated systematically
under those conditions. It is found that the radial widths of the eigenmodes increase with respect to
the slab values; the shear damping rate of the electron branch, respectively, the growth rate of the
ion branch increase correspondingly. Other interesting new results are obtained concerning, in
particular, the frequency, the growth rate and the poloidal asymmetry of the ion mode fluctuations.
It is mentioned that those appear to be directly relevant to various experiments and, in particular, to
internal transport barriers. Shortcomings of the standard ballooning formalism are pointed out.
© 2000 American Institute of Physid$1070-664X00)04312-3

I. INTRODUCTION +1 of the primary moden (mis the poloidal mode membjer
) i . retroact on the dynamics of the latter and modify substan-
We have derived, in the framework of the two-fluids gz its radial width and complex frequency. It was shown
theory, three linear, coupled, two-dimensioi@D) partial iy Ref. 2 that the width of electron drift modes, respectively,

differential equations which describe the dynamics of loWyejr magnetic shear damping rate, increases by the neoclas-
frequency microinstabilities elongated along the magnetic;4 factor (1 29%) Y respectively (¥ 2g%)*2 with re-

field Ilngs; this derivation is free oh priori assumptions ¢ oct to the slab resultsy is the local safety factor.
concerning, e.g., the ballooning character of the modes, and \ye concentrate here our efforts on the limiting case

of disputable si.mplification.s .concerning, e.g., the stress teNyhere w/A<1 (the latter is particularly appropriate to the
sor; the role of ion—ion collisions has furthermore been takeny, gy of microinstabilities in the vicinity of internal transport
systematically into account. The two fluids derivation is at-p4rriers associated with small magnetic shieae note that
tractive because of its immediate physical content, but it fail§ps inequality entails that the parallel mode number of the
to include wave-particle resonant interactions and th&jge pands is larger than that of the primary mode: the role of
trapped particles response; those can be taken into accoupls parallel ion dynamics is therefore noticeably enhanced.
via a kinetic extension of the theory once the target instabilyye shall show how to extract methodically simplified equa-
ity parameters have been precisely defined by the two-fluidgons for the electron, respectively, the ion drift branch from
results._ . _ the above mentioned partial differential equations; for the
In view of the curvature of the tokamak axisymmetric prose of the analytical developments, the parameter
confining magnetic field, a crucial parameter in the 2D de-lgsN/q| is assumed to be small here and through@y is

scription of low frequency instabilities is the ratio of the ihe ratio of the equilibrium density lenght-scale to the torus
rad@l width (w) of nelghborlng eigenmode@svith |dent|cz_il major radius and the magnetic shear paraméteFhe re-
toroidal mode numbgtto the distanceA) between the ratio-  gpective eigenfunctions and eigenvalues are thus obtained
nal surfaces about which they. are respectively localizedynaytically under conditions for which overlap of neighbor-
Strong overlap occurs iWw/A>1; under those conditions, jng eigenmodes does not occur and, as will be pointed out,
new sets of eigenfunctions may be built as sets of lineagye pallooning formalisthfails because of inherent restric-
comblnatlolns of the isolated eigenmodes, as first proposegl,e assumptions. Interestingly, the ion branch frequency
by Taylor" Poloidal coupling, which primarily occurs (measured in th&x B rotating frame is small—in absolute
through the magnetic field inhomogeneity, can then play &ajye—compared to the ion diamagnetic frequengy and
decisive rol_e on the linear §tab|I|ty properties: mqgnetlcits sign is opposite to that aé* . The growth rate is propor-
shear damping of electron drift waves for example iS SUPtiona] to the absolute value of the magnetic shear parameter,
pressed for a proper phasing of the isolated eigenmodes. The,yqesting a staightforward interpretation of the mechanism
inhomogeneity of the magnetic field plays also an importanie,ding to the formation of internal transport barriers. Fi-
role in the opposite limitv/A<1. Indeed, the sideban®s 1y the (normalized density fluctuation in the ion branch

is small—in absolute value—compared to tim®rmalized
dElectronic mail: a.rogister@fz-juelich.de ion temperature fluctuation and exhibits an important poloi-
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dal angle variation; this result—which is unrelated to theand

more usual ballooning topology of the modes obtained in the

opposite limitw/A>1—is interesting in view of some mea- Ne _ %_
sured density fluctuations with high spatial resolution. lon ~ Ne Te

collisions have a negligible effect on the electron branch, bUEquations(za) and (2b) are referred to as the “adiabatic”
are stabilizing for the ion branch, especially at high mode;pproximation; they are consequential to the large electron
numbers; collisional damping of ion drift waves can thusmopility along the magnetic field lineéWe note that corre-
play an important role in the transition from the laW) to  sponding results do not obtain for trapped electrons; those
the radiative improvedRI) mode triggered in high density are outside the scope of a fluid analysiEhe derivation of
discharges by seeding of selected impurities. We note thahe 2D macroscopic equatiorfand of their kinetic exten-
the ubiquitous mode, which has phase velocities in the i0Rjon) describing the ion dynamicg@nd that of the trapped
diamagnetic direction, is not considered here as it requires giectrong in drift waves under condition&la)—(1c) will be
finite trapped electron population. presented in a forthcoming paper. Here, we merely state the

_ The rest of the paper is organized as follows. The 2Dyegyts after having defined the mode representation appro-
fluid equations for the density, parallel momentum and temMpyiate to the 2D toroidal geometry.

perature fluctuations are presented in Sec. Il for arbitrary \we consider fluctuations of the fofrf
w/A (the standard drift wave ordering is assumed through-

(2b)

out). The limiting casew/A<1 is considered in Sec. Il N, x,¢) _S _

particular emphasis is laid on identifying the range of poloi- N(y) M= 4, m X5 ¥, m)

dal mode numbers for which the terms introduced by toroi-

dicity compete with the slab tern{snaximal complexity or- Xex;{ il o— fXV( ooy )y } 3)
dering. The electron drift branch is identified in Sec. IV and 0 m ’

the ion drift branch in Sec. V; in both cases, we consider being th rdinatélabel of the toroidal magneti ,
successively the slab and the actual axisymmetric toroid €ing the coordinatelabe) of the toroidal magnetic su
aces,y a poloidal angle-like coordinate, angthe toroidal

geometries. The properties of the electron branch are dis- "% - 2 2 5
cussed further in Sec. VI and those of the ion branch in Sec\?v?t?:e’ r:NEi Igoteart]gat dhsz__((g‘/éd;@l-’_(hég)() t;;th¢(ivgo)8
o . " - o o= o= ) .
VII; in particular, the conditions for negligible wave-particle =J*1&X(h‘ph¢BX)EO; h (4x) =IB,—where J is the

resonant interactions are discuss#iue criterion is clearl . X .
a y Jacobian of the orthogonal transformation: (i, x,¢)—is

more stringent for the side bands than for the primar ) . i
modes. In gec. VIII, we first provide precise criteria %eﬁn_yprescrlbed by the Grad—Shafranov equation and defines the

ing the limits of application of the theory and mention someShape of the toroidal cross sections.
shortcomings of the standard ballooning formalism; we then (4, x)=(d¢/dx)g=hB,/h B, 4

summarize our most important results and point out salient he local pitch le of th ic field linband

applications for later detailed consideration. Is the local pitch angle of the magnetic field lineandm are
the toroidal and the reference poloidal mode numljens
are of ordery ™! according to(1a) and (1b)]. ¢, , is the
Il. 2D EIGENVALUE EQUATIONS coordinate of the rational magnetic surface on which

The conventional drift wave ordering is defined by

w~o}, ka~1, kgR~1 (13 a(hm = 3€ V(i m, x)dx/2m=m/l. 5
and The functionsh; (¥ — ¥y m,x; ¥ .m) are to describe the “ra-
wj*/QiNai/LJ_N,U’<1v (1b) dial” structure of the modes—those are localized to the

neighborhood of the rational surfaces—and, owing to the
wherej is the species indexy] is the diamagnetic frequen- inhomogeneities of the equilibrium, both a residual poloidal
cies,a;=c;/{;, c¢; and(); are the ion Larmor radius, ther- variation which cannot be included in the eikonal and a re-
mal velocity and gyrofrequency, respectively. No subscalingsidual radial variation; the “residual” poloidal variation
(as a fractional power ofy) is formally introduced for the plays hereafter an important role. It is essential that the rep-
ratio L, /qR of the plasma density/temperature scale lengthresentation (3) is compatible with both the periodicity
to the connexion length; the equilibrium profiles are thenrequirement—seé5)—and the requirement of long parallel
functions of the toroidal flux coordinate only, i.eT; wavelength%(the latter minimizes the stabilizing roles of the
=T;(#)+0O(u), etc. For convenience, we scale, however, parallel ion dynamics and of ion Landau dampinghe de-

Ci /G~ (Me/m) Y2~ 4 (10) rivative along the magnetic field lines
and consider only one ion species Wik 1. B-V(n/N)
Let ¢, ne=n;, te, t;, Ue anduy; be the potential, density,
temperature, and velocity fluctuations. Within the framework =(BX/B)h;12 1A m i [v(, x) = (1 o x) 10 m}
of our ordering the electron energy and parallel momentum hm
equations yield immediately X
o on <exil| o= [ v x| ©
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is indeed of order IR if the radial width of the mode is typically of the order of the inverse of the poloidal mode number.
The equation for the ion density fluctuation is

;ﬂ exp[il —iwt]

—0.3 %A, JA, iy m—{ws, tlo—wg—30ei—0.775 1A, (JA| M m

X
o fo V(Y m.x")dx’ {o—wg |+ 70| = (1+ 7o) wg i | — (1+ 7e)[0— wg, — 1.5wg ;|

iy {d,+il[v(h,x) = v(h m,x) 1= 3, InBYO,i | ,m} =0. %

e

wg,=—1d,V is the EXB Doppler frequencyV(y) is the D i
equilibrium electrostatic potential, the “radial” electric field exp il
beingE,=—h,*d,V], 7e=T,/T;,

<p—fOXV(l//|,m,X’)dX’

X [1'3(1)_wE,|)+(l_1'577i)wi*,|AL,|_2'5wB,i,|
wi*’|=—|(Ti/ei)d¢,|n Ni (8) ) . .
—2iviA, (It m— [0~ 0g,+(1-1.57) e0f)
is the ion diamagnetic frequendassociated with the dia- —0.51+ 7¢)(1— 1.57) 0¥ A, 1A | m|=0, (12
magnetic drifj .

where;=d, InT;/d,InN;.
wg1=—2(Ti/e)[1d,InB—iv~}(BZ/B?)

IIl. THE NEGLIGIBLE OVERLAP LIMIT
X(&Xm B)a¢_¢|,m] (9)
There are important differences between the equations
describing the dynamics of drift waves in a torus and those
is the frequencyoperatoy associzited with the magnetic cur- applicable to the slab and cylindrical models, also in the limit
vature and gradB drifts, o, ;=h_-c;B, /B is the ion transit _ _
frequency, ol X s Wl,m<AI,m:|h¢/(l/ll,mil_¢I,m)|:||hzj/ld¢1Q| l! (13)
which will be considered here, where the radial width of
S ) modes(l, m) and (,m=1) is smaller than the distance be-
Ay =aih, @y, —(1Bh,)7] (10 tween the rational surfaces,, andr; -1 about which they
are localized. Summation ovércan be deleted in Eq$7),
(11), and(12), owing to toroidal axisymmetry of the equilib-
is the perpendicular Laplaciamormalized toaiz; we have rium. Summation ovem can also be removed ifl3) is
noted thatd, f ,~ulf; ) and v; is the ion collision fre-  verified, since the intersection
quency(ion collisions are rarely considered in the analysis of . _ . o B )
low frequency instabilities; they can however play a Ieadingn""m(w Yrm o X ¥m) O e 1 (9= Y1, mec 1, X5 Ym0

role in some experiments, as shown later is then negligible. The poloidal variation of the magnetic
0y;, the fluctuation of parallel ion flow velocity normal- field—which occurs mainly viag ; ;—indeed enforces, also
ized toc;, is given by the equation in that case, a poloidal dependence of the amplituges, ,

Uy im, andt; ;!
In the following, we shall consider large aspect ratio tori
i wt] with circular cross sections; replacingy the usual poloidal
angled, we haveB=Bg(1— ¢ cosd), wheree=r/Ry,r is the
radius of the toroidal magnetic surface, afe-0 corre-

> exp[il QD—JXV(%,m,X’)dX’
I,m 0

x| (0= g~ 205~ LAvA, D01 m sponds to the position in the out.er equatorial p_IarTe. We are
allowed to replace/(y, x) by q(r) in ane expansion; hence
+iwg{dyHil[v(,x) = v mx) 1} wg,i=2(Ti/&RB,)[(M/r)cosf+isindd,  ]+0(e)
@

X[(1+ )iy m+ i ml [ =0. (11

and
v(ih,x) = (P mx)=(r—1;maa(r)+0(e). (14

Finally, the normalized ion temperature fluctuatign ~The “residual” poloidal dependence 6|, 0y m, and

=t;/T; is to be obtained from the equation ti.|.m Will be described by Fourier series, e.g.,
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i A . |8k x| <1. (13)
N m(r=rim,0)= EP: (A m(r—T1m) 1pe™?. (15
r'][ he differential operatod, is also attributed a characteristic

We stress that the above functions are localized to the neig Z1.
value dy,~w, ; hence

borhood of the sole rational surface=r| ,,; the indexp
corresponds to poloidal sidebands. - ,
The operatord, +il [ v(,x) — v(#.m.x)] leads to the |[kg<<|S™ . (137)
algebraic expression(p+5kyx), wheres=rd, Inq is the
local magnetic shear paramet&p=m/r the poloidal wave These inequalities will be used later on to simplify the analy-
number, ank=r —r, ,,. The characteristic value ofis the  sis. For the time being, we rewrite the expressions under the
radial widthw, ., of the eigenmode. It results from the work- sums in Egs(7), (11), and (12) in the strictly equivalent
ing hypothesig13) that forms

[0+ 7e0f —(1+ 7o) (0" —0.3 1A )A, J(A)p— (0 —0.775 1A A, (1) p— @ri(p+8Kp) (0y),p

=KgUp, i {(1+ 7¢) (1= 158 )[(A)p- 1+ (M) ps 1]+ (1=3A D[(T)p-1+ (1) ps 1]}

+Ug,idx{ (14 76)(1— 1-5AJ_)[(ﬁi)pfl_(ﬁi)p+1]+(1_3AL)[(Ei)pfl_(’fi)erl]}v (16)
(@ =L2AVAL)(0))p— oy (p+8KpOL(1+ 7e) (A)p+ (F)p]
=2Kgug [ (U i)p—1F (U i)p+1]  +2Ug 0 (Uyi)p—1— (Upi)ps1] (17)

and
[1.50"+(1-1.57)w A, —2i ViAL](fi)p_[w’—’—(l_1-577i)7-ewr —-0.51+ Te)(1—1.57]i)a)rAl](ﬁi)p

= 2.5KUg [ (1) -1+ (1)) ps 1]+ 2.5Ug i 0 (1) p—1— (1)) ps 1]- (18)

We have defined’ = w— wg, ug;=T;/€RB, and dropped and
superfluous indices. Consistently with theexpansion, we

must neglect the terml;, d,INB by comparison to oy i8KX(ti)o~Ug idx(Ty i1 (21

dy0y,i,1,m ON the right-hand side of Eq7). The magnitude offf;);, is obtained from Eq(18),
We shall solve Egs(16)—(18) in the next sections, as- - )

suming @* (f)1~Ug idx(ti)o- (22
endq<1, (193 It follows from (20) and (22) that

where (8Kkx)2~q(a; 1) (NSl (E)o/(Ty,)o]; (23)
en=Ln/R=(RdInN/dr)~1; (19 the ratios &/a;) and (fi)ol(ﬁ“,i)o will be obtained in relation

to (en5/q) by considering the slab model solutions. Further,

this condition is particularly well verified at the plasma edge,[he ordering relation&20) and (21) lead to

and near transport barriers.
Erior going into the details_ of the solutions, we identi_fy (1)1~ (A1~ q(8kx) " L(end/q) ()0 (24)
at this point the range of poloidal mode numbers for which
the terms introduced by toroidicity compete with the slaband
terms. To this end, we assurtend shall verify laterthat the N P (T
angular frequency’ is smaller than or of order ab*; we ()2~a 7 (Skgx) (/3 (t)o- @9
assume furthermordand shall also verify that ()., We have selected only a few terms of E(j6)—(18) for
~(t).,. The dissimilarity between the equations for the purpose of the above discussion. We have verified that
(ﬁi)il! respective|y OH,i)il! and those for mi)Ov respec- the terms not considered are not dominant indeed. It will
tively ()0, arises from the factop=+1 replacingdk,x  appear from23)—(25) and the solution of the slab equations
<1. We therefore argue that the toroidal drim the right-  that a single expansion parameter arises, narag8/q, if
hand sides must match the slab drive®n the left-hand We consider the safety facteras of order unity. We have
sides rather forp=0 than forp=+1. Equations(16) and  however assumedk,<d, here above[so that kil

(17) then yield the order of magnitude relations <Ug,dy—compare, €.9.(20) and (16)—and A, ~a’dZ].
. A o A Since the shear parameter appears separately in the scaling of
i SKaX(Tyi)o~Ug,idx(Mi)1 (200 k,a;, cf. (23), we shall assume
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82 e[g%(a;1x)(enda)(t)o/ () )0, 1], (269
hereafterk?/ 92 will then be in the range
k392 e[1,9%(ai 1X)(en8a) (1) o/ (0y)ol- (26b)

The scaling relationg23)—(26a define the maximum

André L. Rogister

corresponding to damped solutions. Damping of electron
drift waves by transiting iongwe note thatr, 18Nw§/q
=kya;ci/qR) in a sheared magnetic field is a consequence of
the wave energy being radiated away from the rational sur-
face, as shown by Pearlstein and Berk.

complexity ordering, i.e., they allow to obtain the most gen-

eral solutions of Eqs16)—(18) by expansion ife\&/q<<1.

IV. THE ELECTRON DRIFT BRANCH FOR Se,/q<1
AND w<A

A. The slab model

We setug ;=0 in Egs. (16)—(18). The electron drift
branch is characterized by’ ~w* and A, <1. Neglecting
ion collisions, Eq.(18) then yields

1.50" Ot O=[ 0" @ —(1-1.57) 0¥ In{” 27

in leading order. Introducing this result in EGL7) shows
that 0{%ec8k,xn(?. [Note that we may always definp
+8kgx=8kyx', X"=x—pA, ,.] Accordingly, Eq.(16) with
A <1 cannot be satisfied in leading order,
oy, 8k x U P< w7 also. It follows that

w' V=0, (28

(to=m(P)o, (27)
and

009 = (w1 0f)8keX(1+ Tet 7)) ALY (29)

Introducing these results in{d6) yields the slab eigenvalue
equation,

[7eA, — To(1+ 7ot 71) "0’ M wk) + (en8X/qas) 2]A
(30)

whereaZ= r.a? andw’' ™ is the first order correction to the
eigenvaluen’ = 'O+ o' @),
The solutions of Eq(30) are

=0,

Qo H (K 2/ ag) exp — K x?/2a2), (31
where
K2=—(en8/0)?, (32)

o' Vet =-[kia2+(2n+1)K](1+ e+ 7)) 75+ (33
and theH,'s (n=0,1,2,..) are Hermite polynomials,

H;(z)—2zH/(z)+2nH,(z)=0. (39

The two values oK obtained from Eq(31) lead to oscil-
lating solutions ag— *+o0. Had we not approximated’ by

wy in writing the last term of Eq(30) would however have
lead to K2=— 74(kyas8w; i /w')? instead of Eq.32). Re-

quiring unstable solutions (lm’'>0) to decay spatially
(causal relationshows that we must select the root

Ks=i|enS/q|signw} (32)
of Eq. (32); here, signw; = ws/|w}|. It follows that
Imow’®=—(2n+1)|enq|(1+ 7o+ 7)) 75 k| (33)

unless

B. The toroidal eigenvalue equation

The slab results suggest that we search for modes with
frequencies

o' ~ow* (35
and characteristic radial scales

xlag~A"t=(8ey/q) 2 (36)
(thusA<1). We assume furthermore,

(Ao~ (t)o (37)
and

()0~ A(t)o (39)

in compliance with(27’) and (29). The maximum ordering
relations(23), (24), and(25) then imply that

Bkx~ A, (23)
(1)1~ (M) 1~ A(t)o, (24)
(ﬁu,i)l“(fi)o“A_l(ﬂu,i)o (25)

for the toroidal electron drift branch. Relatiori26a and
(26b) finally show thatk,d,<1 provided that the shear pa-
rameter be in the range

Se[A1]. (26")
We scale the collision frequency as
Vi~ *, (39

in order that the collisional diffusion rate A, be compa-
rable to magnetic shear damping. The system of equations to
consider in the two leading orders is then

(28)

w’(0)=w’e‘,

@' V(A= wE AL [(1+ 7e) (M) o+ (1) o] — @, 8KeX(0))0

=UB,iU=Eﬂ(ka—oax)[<1+re)<ﬁi>(,+<fi>(,], (40)

(0,)Y=0 (42)

[continuity equation fop=0 andp=o=*1, respectively;
we note that Eq(41) implies that 0|\,i)1=0(/\)(fi)oi this
result isnot inconsistent with(25)],

@} (00— i 8KeX[ (14 76) (M) o+ (11)0] =0, (42)

o (0, )M = gwu[(1+ 70 (A) o+ (1) 4]=0 (43)

L A y(L
[parallel momentum equations; here above{, ;"

~A(fi)0; the right-hand side of Eq42) vanishes in view of
(41)] and
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(ti)o— 7i(N)o=0, (44)

1503 [(1) o= (M) o] =2.50g i (Ky+ ady) (110 (45)

(energy equations

Equationg44) and(42) relating (fi)o and @ ;)o to (A;)o
are identical to the slab equatio(7’) and(29). In order to
express the right-hand side of E40) as a function of, e.g.,
(h)o, we require a third relation for the= =1 variables;
this is provided by the continuity equation in next order,

— gy (0),) P =Ug (kg 0d,)[(1+ 70) (A o+ (Ti)o].  (46)
Combining Egs(46) and(43) yields
[(1+ 7e) () g+ (1) o]

= — (0}l )qa(Kg+ ad)[(1+70) (A)o+ (Ti)o],
(43)

which inserted if40) yields the toroidal eigenvalue equation
[Te(l+2q2)AL = Te(1+ 7ot ni)_l(w’(l)/“’;)
(47)

Equation (47) has been derived earlier from a kinetic

+(en8%/qas)2](R)=0.

approact. It is identical to Eq.(30) except for the neoclas-
sical factor H2g?. The solutions are

(Ao Hn(KY/ag)exp — K x?/2a2), (49)
where

Ki=i(1+2g%)  Y3¢\8/q|signo? (49)
and

o' M=—[(1+20%)k3%aZsignw? +i(1+29?)?

x(2n+1)|ens/all(1+ ret+ 7)) 7e 0kl (50

Comparing Egs(48) and(49) to (32') and(33') shows that

the toroidal eigenmodes are broader and more stable than the X/aiN(SNQ/q)—UBE)\—l’

slab modes.
In view of (36) and(23'), the ordering(39) of the colli-
sion frequency corresponds to

,I\JiEqRVi/Ci"“l, (39,)

i.e., to a plasma at the border between the high and the in-
termediate collisionality regime. Collisions have no effect on

Theory of non-overlapping low frequency modes . . . 5075

V. THE ION DRIFT BRANCH FOR Sey/q<€1 AND w
<A

A. The slab model

We setug ;=0 in Egs.(16)—(18). The ion drift branch is
characterized byw’'<w* and A, <1. Equation(18) then
yields

i={o'[(23— n] (rewf) 7o AL, (51)
in leading order. Introducing this result afgee Eq.(17)]
(52)

in the continuity equatioril6) leads to the slab eigenvalue
equation

Oyi= (o /o )8kyXY,

(A, +[(213) = 7] Ho'lof)— (0] o) (ex3XIqa) 2}

=0 (53
(whereey /ga;= — w ky/w]"), whose solutions are
t1ocH L (KY25/ @) exp — K x?/2a?). (54)
K, is any solution of
KZ[kGal+(1+2mK=[(2/3) = 7] H(endla)?  (55)
subject to the constraint Re>0 andw’ is given by
o'lof =[(213)— p][K5aZ+ (1+2n)K]. (56)

We note that the eigenvalue equati@B) is different
from that obtained by Coppgt al® who failed to take finite
Larmor radius corrections to the perpendicular components
of the fluctuation velocity field systematically into account.
The latter play an essential role in the ion energy equation

(18), where they provide the term (11.57,) 0¥ A t;. As a

consequence, the slab eigenmode is here broader and the

growth rate larger.

B. The toroidal eigenvalue equation

The slab results suggest that we search for modes with
frequencies

o'~ (endq)Pw* =\2w* (57
and characteristic radial scales
(58)

if kﬁs&f (the above relations defing). We shall assume
furthermore

(ADo~N2(1)o
and

(59

(00~ (t)o (60)

the stability of the electron drift branch at these relativelyfollowing Egs. (51) and (52). The maximum ordering rela-

high collisionalities.

The toroidal eigenmodesfuym(r—r|,m,0),ﬁiy|,m(r
0 m:0),0,; m(r—r;m,60) are given by series similar to
Eq. (15), where thep=0 terms are defined by Eq#9),
(44), and (42), the p=*1 terms by Eqs(46), (43'), and

(45), and higher order sidebands are obtained by iteration.

tions (23), (24), and(25) then imply that

8k X~\2, (23")
(1)1~ (A1~ N (t)o~N "X (Mo, (24"
(01~ ME) o~ N (010, (25")
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for the toroidal ion drift branch. Relation®6a and (26b) The toroidal eigenvalue equation for the ion drift branch
finally show thatk,d,<1 provided that the shear parameteris accordingly{see Eq(65)]
be in the range

' [en8)?
se[A?1]. (26'") DAmew—*— o (x/a;)
[Bad
We again scale the ion collision frequency as *
i N p—
Vi~ o* (39) ><m(X/ai) (ti)o=0, (683

and note thav;A| is then of orderw’. The system of equa-

. =L . : where the coefficient in front of the Laplacian is
tions to consider in the two leading orders is then

N o D=14+12.51+7. YH[en/(1—1.57)k,a]?
Tewi*(”i)o_wt,iSKeX(Uu,i)o q e Jlen/( 7)o ]
—2ivi/(1-1.57) . (68b)

=UB,iU;il (Kg=ad)[(1+ 76) (D) o+ (1) ], (61) Equation(68a is of fourth order, owing to collisional diffu-

A sion; that effect will later on be considered via an expansion
Tewi (A) y— 0wy (0 ) s =Ug (Kot 0dy) (1) (62 procedure only. The leading equation is then of second order.

- . Its solutions are
(continuity equations forp=0 and p=o=*1, respec-

tively), (})o Ho( K ¥/ 0, exp — K x2/2a2), (69)
(@' =124 )(Uy)o— o, 8KeX(t)o whereK, is any root of
2 2r,2A2 _ _ -1 a 2
20, S (K= 0a) (@), 6y DKM+ (1+2nKI=[(29- 7] Nedlq)% (70

subject to the constraint Rg>0; the eigenvaluess’ are
— 0wy [ (1+70)(A) o+ (1), 1= 2Ug i (Ky+ 03,) (0 ) (64)  given by

(parallel momentum equationsand o'lwf =[(2/3)— 7,]Do[kZaZ+ (1+2n)K]. (71)

[1.50"+(1-15p)of A, —2inA ](t)o D, obtains by neglecting the last term in E§8b).

In view of (58) and(23"), the ordering(39’) of the col-

—(1— ) *(A:
(1=1.57) rewi (Mi)o lision frequency again corresponds to

=250, %, (k= ad)(1),, (65) »=qRv; /¢~ 1. (39")
. The effect of collisions on the stability, as obtained by a
—(1—1.57) Tew] (A}) ;= 2.50g ; (Kot 0dy) () (66)  perturbative approach of E¢683, is given by the equation
(energy equations We note that we have made use of o 1 end|2x? [ wf 21
()= (8o, (8,)2=\(0; )0 and also f);=A(E)o in <A‘"’>nfx“i)°m+<7 a? 7) (ti)odx
1

Egs.(66), (64), and(62), respectively.
Equation(66) provides ), in terms of t)o. Equation =2iv-Jm @) H 1 . G(ﬁ ﬂ)z A

(62) then shows that{( ;)o>=o(ky+ 0dy)(ti)o SO that the ). V0 1-15y "\ q '

right-hand side of Eq£63) vanishes. Equatiori64) shows 2/ %\ 2

that [(1+ 7e)(R),+ (ti) s]*o(kyt+ ody)(0i)o; accord- +1_2<8_NS) (w_',) Xi](fi)o, (72)

ingly, the right-hand side of Eq61) also vanishes. Finally, q ® 28

Egs. (64) and (66) yield (t;), which inserted in Eq(65)

provides a third relation between tipe=0 variables.

2X2
22

a;

€L

where (fi)o andw’ are given by Eqs(69)—(71). Note that

Since o . w
R j (ti)Oxax(ti)OdX:_(llz)f (t)gdx.
(Oy)0= (@' =12 1A ) oy i8keX(t))o, (63) o o
one has The toroidal eigenmodesfi,hm(r—r,,m,e), A 1 m(r
. I m:0), Oy m(r—r;m,6) are given by series similar to
(M)o=(Tew] ) Tof BkgX(0' = 1.2AmA )~ 18kyX(t)o. Eq. (15), where thep=0 terms are defined by Eq$59),
(61) (61, and (63), the p==1 terms by Eqs(67), (64), and
Furthermore, (62), and the higher order side band amplitudes can be ob-

A tained recursively. Of particular interest, in view of the or-
(t)e=(1—1.57) X 7e0}) "Y1+ 7¢)2.505 (k,+ 0d,)  dering relation f;)-;~\~1(f;)o—the latter is characteris-
R o tic of the ion branch[see(24")]—is the expression of the
X(t))o— owy2Ug i(Ky+ ady) (0 )o- (67)  density fluctuation. Equation®1’) and (66) lead to
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Ai(X, 0)=(7e0F)  Hw? 3kox(w' — 1.2 A )~ 18k,x if we consider the main mode, respectively the sidebands.
’ . lon Landau damping on the former is generally negligible
+(5/3)[ 7 — (2/3)]’1wB,i}(ti)o, (73 but thermal ions can be in resonance with the sidebérels

where the co# and sind dependent frequency operaiog ; | TkiCilp-1=1) if

is defined in(9") and (;), is given in(69). Writing f;(x, 6) [kpas| <75 Y2q7 eyl (79

in the more compact form A kinetic treatment is imperatively required for mode num-

Ni(x,0)=(N;)o+ (N;); cosh+(N;)ssing, (73)  bers comparable to or smaller thafD).
It follows from conditions(77) and(79) thatthe range of

we find the ratios poloidal mode numbers over which both conditions of negli-

(h)). 10 5 5 q° ai2 gible overlap(w/A<1) and negligible wave-particle reso-
= = Do(kai +Kp) o — > (743 i i imul ly fulfillésl given b
(Ao 3 o4 ey X nant interaction are simultaneously fulfillesl given by
and 7o g 2ef<kZai<(1+29?)  Y2q Y e\ /8); (803
(A)s - > K, compatibility requires that
——=——iDy(kja +K 2 i 74bh
(Ni)o 3 'Dolksai kg en kgX (74b 7o H(1+29%) Y ep8/q|<1. (80b)
for Hy=1 and»A, <w'; we have made use of EG7D). Finally, ion collisions do not affect the stability of the
v=qRy;/ci<|kyadq?(1+29%) Y3231, (81)
VI. PROPERTIES OF THE ELECTRON BRANCH which condition is experimentally always satisfied under the

condition for which ion Landau damping on the side bands is
Equation (50) shows that electron drift waves are pot operative.

damped in the absence of kinetic and trapped particle effects.
The shear damping rate of nonoverlapping toroidal eigen-

modes is
VII. PROPERTIES OF THE ION BRANCH

Yn=—(2n+ 1)(1+2q2)l/27;1(1+ Tet 77i)|k0as||§|cs/q R,
(75) It is shown in the Appendix that there is a spatially
wheren is the order of the Hermite polynomial in E(8). bounded marginally staple eigenmoderif<2/3 a_\nd both a
. . . : .spatially bounded growing mode and a spatially bounded
This value is larger than the corresponding rate obtained in . . :
INT A amped mode ify;>2/3. Only the latter will be considered
the plasma slab modeby the factor (& 2qg?)¥? it is inde- : - . L
) . below, successively f&d~1 and in the limits<1. The role
pendent ofe but is proportional to the modulus of the mag- . o . .
. AN . of ion collisions will be discussed separately.
netic shear parameter; it is further proportionalkga;|.
The characteristic radial scale length of those modes isA. The case with finite magnetic shear

according to Eq(49), If ~1, condition(13) of negligible overlap requires that

w=ay K, 2=ay(1+20>) " qlend| Y2 (76)  kja?<|Ky. It follows that

This is again larger than the corresponding slab model resulf;=0.51=iv3)[(1+2n)(7—2/3)] Ye\8/qDo|?® (82
by the factor (# 29%)Y4 The radial width is also propor-

|t|0n|ri1/I2to %T§|'1];22|? -1 tﬁnd ]lcnverbsely proportional ;|O ?Ottrr]] the other stablesolutions of Eq.(70) corresponding torp,
enl andjs|==. 1t can therefore become comparable 1o e 5 3 Condition (13) sets the following upper bound re-

equilibrium density length scale in regions of weak shearquirement ork%af,
and/or smalley .

The premise of negligible mode overlappingA<1 is _ .
satisfied if Kgai| 1+12.51+ 7, ")

for the spatially bounded complex conjugdtme unstable,

eN

(1573, —1)%5a’

2/3

2/3

k2a2<(1+29%) Y2q Yen/3l; (77)

the range of poloidal wave numbers allowed by the present
theory thus decreasessif; decreases and increases if either
or § decreases.

The ratio of the parallel phase velocity to the ion therma

<[(1+2n)(77i—2/3)]—1’3%‘2 83)

(we note that the left-hand side of this inequality is a mono-
tonically increasing function ok} a?).
The growth and the damping rates of the two modes

velocity is . . :
under consideration are given by
|’ IKiCilp—o= 72 QM1+ 20%) "V epd "2, (789 3 5 2 1 |28
— 1/3 —
respectively, Y=o (77i_ 3/(A+2n)| Dorl-~ (Fof), (89
|0 1K Cil p==1= 78 Kgaslqlen| 1, (78D whereas theitreal angular frequency is
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2/3
1/3
DO

end 2/3

. RekK; is therefore positive, corresponding to bounded eigen-
i (89 modes, in agreement with the results of the Appendix for
7,>2/3. Condition(13) sets the following upper bound re-
quirement onk,a;/,

1 2
Rew ——§[<77i—§ (1+2n)
Rew’ andw] have therefore opposite signs: with respect to
the EXB rotating framework, the modes of the ion drift
branch propagate poloidally in the electron drift direction, as ~ DolKgai|*<(7i—2/3) " ey /34, (89
those of the electron branch. The frequencies of the formefhereas the premidéa?>(1+2n)|K,| leading to(88a and
are however smaller than those of the latter by, typically, theggp) requires that
(expansioh factor | ¢ ,8/q|?°. . P

The radial width of the nonoverlapping toroidal eigen- Dolkgai|*> (1+2n) (7 —2/3) " e\8/q. (90
modes, These criteria can be further simplified eithebif—1<1 or

w=a|ReK,| 2= aa[ (1+2n)(n— 213 ]%qDo /e 3[¥3  If Do— 1 (en/kya;)?>1; substitutingD, in the latter case

8 leads to replacingk,a;| by | k{,gi |* on thf left-hand sides and
their growth (damping rates and their real frequencies are <9_N2,/3r%/szpectlvely' 6,=23) ", by ey

: )*'“ on the right-hand sides.

larger than the corresponding slab values by the fabﬂgﬁ?
[cf. Eq.(68b)]. This effect is particularly significant for small
values oﬂ<§ai2. As a result of the equilibrium poloidal asym-
metry,w, y,/w’ and Rew'/w* actually behave ak,a;| ~2° Yn=(Fsigne ) (1+2n)(5—2/3)*43|c;/qR (99)
for kya;—0; in the same asymptotic limiD is furthermore
proportional to‘eﬁ/(77i—2/3)2 so thatw is also proportional
to |en|Y3(5;—2/3) Y2 and bothy,, and Rew’ are propor-
tional to |en|¥3(7;— 2/3)°w? = |Ly| Y3 Finally, the width is Rew’=—(7;—2/3)Dok} a’w} . (92
inversely proportional td3|*3, whereas bothy, and Rew’ Rew' andw?* have again opposite signs.

: al2/3 .
are proportional tds|“* for any k,a; ; the growth rate thus The characteristic radial scale of nonoverlapping toroidal
decreases if the absolute value of the magnetic shear d‘éigenmodes

, respectively, ¢
The growth and the damping rates of the two modes

under consideration are given by

(where signw;’ = w{"/|{’|) whereas theitreal angular fre-
quency is

creases.
The ratio of the parallel phase velocity to the ion thermal ~ W=ai|K{| "*=a;(7;,— 2/13)"|gkya;Do/ep3 "% (93
velocity is is here larger than that of the corresponding slab model by

IRew'IKCilpo=2 ¥ (1+2n)(n—2/3)]2 (873 the factorD{?; the real part of the frequency is multiplied
by Dy and the growth(the damping rate is unchanged. Fi-

respectively, nally, the radial scale is proportional 8|2, the growth
|IRew'/K(Ci|p-+1 rate to|3| and Rew’ is independent o§.
The ratio of the parallel phase velocity to the ion thermal
=|Rew’[qR/c; velocity is

=0.5(1+2n)(7—2/31*qD8 en| Ikeail  B7D  |Rew'/kici|p—0= (71— 213D ¥kyai|¥Aalens| 2 (943

if we consider the main mode, respectively, the Sidebaﬂd?respectively,

The strength of wave particle resonant interaction is charac- ) B 5 .

terized by the exponentials €xp0.5(Rew'/kc;)?], j=e,i. [Rew'/kiCilp=-1= (71— 2/3)Dolkpai|*qlen| (94b)

In view of (874, ion resonance with the main mode will if we consider the main mode, respectively, the sidebands. It
therefore lead to a significant modification of the instability follows from conditions(89) and (94b) that the range of

7; threshold value. Resonant interaction with the sidebandpoloidal mode numbers over which both conditions of negli-
will also affect significantly the instability criterion since gible overlap(w/A<1) and negligible wave particle reso-
|Rew'/KGilp- +1=W/A||Rew'/kCi|,-o, where |Vg/§|T1| by  nant interaction are simultaneously fulfillés given by
assumption, cf. Eq(13). Under the premiséja<|K,|, a 1

kinetic treatment is thus necessary in corgpllement to thgm_(zm)] "q” en| <Dolksail®

more intuitive two-fluids approach. <[ 7i—(213)] Y e\/3q|; (953

compatibility requires that

18] 7 —(2/3)]"12<1. (95b)
ae " -
If <1, condition(13) of negligible overlap can also be [We note that it follows from(958 and (95b) that (90) is

satisfied wherka?>K, . Only this case is considered below tomatically verified unless th i tar ab
since the opposite limit has been analyzed in Sec. VII A forAutomatically vermied uniess the prohiles are very far above

arbitrary § values. Under those conditions, EJO) yields instability threshold,

B. The case with weak magnetic shear

Ki=K@P+K®  where C. The role of ion collisions
KO=+i(n—23 Y3e\8/qkea;Dy|, (883 The effect of ion collision on the stability of the ion
" (0227922 branch is described perturbatively by E@2). We shall here
K= —(1+2n)(Ki™)12kiar. (88D consider only the limit wherek2a?>(1+2n)|K,| since
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wave-particle resonant interactions play otherwise a leading\(x) being a slowly varying envelope. Our analysis actually

role. It is easily shown, making use #8a, (92), and the  demonstrates that the above form is too restrictive; the as-

inequality (90), that Eq.(72) then simplifies into sumptions inherent to the ballooning mode repﬂréesentation
A A 2.2 have been clarified in a paper by Kim and Wakat&ni.

TlAe =Ay=—(4Rkaivi, (96) The strength of wave-particle resonant interaction is pro-
which result can also be obtained nonperturbatively. Equaportional to exp(—w’2/2kfcjz). The fluid description of ions
tion (96) shows that ion collisions play a stabilizing role is thus adequate i&'/Kkc; is larger than unity. The charac-
proportional tok%a?. teristic parallel wave number however takes on different val-
ues according to whether one considers the primary oscilla-
tion or the sidebands. It is thus important to ascertain first the
relative contribution of both. We note to this end that the
coefficient (1+29?), respectivelyD,, multiplying the dif-

We have presented a systematic derivation of the equderential operaton\, in Eq. (47), respectively,(68a, is the
tions appropriate to the description of low frequency oscilla-Sum of the contributions from finite Larmor radi¢sLR)
tions in axisymmetric toroidal plasmas. In the following, we and curvature induced effects vs 202, respectively, 1 vs
discuss successively the domain of validity of the theory ando—1). The contributions of the sidebands and of the pri-

VIlIl. SUMMARY AND DISCUSSION

summarize our most important results. mary oscillation are thus in the ratiag2/1 for the electron
) o branch andDy— 1)/1 for the ion brancH.That the former is
A. Domain of validity independent ok, sheds concern on the validity of the as-
Our theoretical approach is justified if the following con- sumption ¢,(x) =A(X) ¢o(x—p/Iq’) introduced together
ditions are fulfilled: with the ballooning formalisnj.

: . . Resonant interaction of the primary electron drift oscil-
(1) The eigenmode radial widths are small compared to the, .0 with ions is weak asq/end|Y? is usually—and has

distance between the successive rational Surface5een assumed in our derivation—large compared to unity
Clm-nfmo Mmoo , . [cf. Eq.(788; the neoclassical factor (42g%) ~ ¥4 however
(2) Resonant wave particle interactions are negligible; reduces|w'/k,C;|,_, Somewhal; resonant interaction with
(3) The populations of trapped particles play a negligibley,q siqebands rlJI’;_ys an important role at srfiejhy| satisfy-
role; o _ ing the inequality(79); it has been shown in Ref. 2 that ion
(4) The parametefe,8/q| is small compared to unity. transit resonance damping then exceeds shear damping. In
conclusion, condition$l) and(2) above are fulfilled simul-
taneously for the electron branch only &) is in the
range given by Eq(8039.
Considering now the ion branch, the rafiRew'/k ¢i|—o
is always of order unity whekZa?<K_, cf. Eq.(86a. Since
<K, and(89) to k?a?>K,, K, being a measure @3>. 2D |Rew'/k Glp—x1<|Rew'/k Glp—o, the fluid description is, as
ot o7 T R T o 1o a consequence, never appropriate in this case. The ratios
t;:qgenvalue equayons.for thg funcuoms(x,e), ti(.x,e),. IRew'/k; Ci|p=0 and|Rew'/k, Ci|p=i1 are given by Eqs(94a
0, i(x,0) are obtained in the limit here under conS|derat|on;and (94b) when k2a2>K,. Inequalities(959 indicate the
equivalently aAsystem of nine ordinary differential equationsrange of poloidal roincl>de numbers over which both conditions
for [Ai(X)1p, [ti(¥)]p, [0i(X)]p, P=0,=1 can be written (1) and (2) are fulfilled simultaneously; Inequality95b)
after Fourier decompositiofiHigher order sidebands play a shows that there is room [B|<1. It is interesting to note

negligible role if |eN$/q|<1; the primary oscillation §  that the right-hand side of Eq94b) has a minimum with
=0) and the sidebandp +1) are of course centered on respect tdey|/[ 7, — (2/3)] for

the same rational surfadeThe slab eigenvalue equation is
recovered only for the range of poloidal mode numbers def|s /[ 7, — (2/3) ]} min=1.5k,a;|/[12.51+ 7, )% (99)
fined by

k2a?>5.561+ 7, Vel 7~ (2/3)] 2 (9p thus

in the case of the ion modeee(68b)] and in no circum- |Rew' /K Cil p= +1=4.7A 1+ 7, 1) V2qkZaZ. (94b)
stances in the case of the electron mode.

It is important to note that the ballooning mode At a given poloidal mode number, the resonant cut-off con-
formalisnf cannot grasp the toroidal effects obtained heredition |[Rew’/k |,—+1=1 is thus reached simultaneously for

The limit opposite to(1) is most often considered—
implicitly or explicity—in the literature®! Inequalities
(77), respectively,(83) and (89), indicate the parameter
ranges for which conditioril) is satisfied for the electron,
respectively the ion branch83) refers to the casda(iai2

insofar as it assumeg(x, §) to be of the form two different values ofe|/[ 7,— (2/3)], those being respec-
tively, larger and smaller thafie /[ 71— (2/3)]}min-
B(x,0)=2>, dp(x)expfi[ —(Mmo+p)o+1e—wt]} Since the population of trapped electrons has been ne-
p glected in this two-fluids approach, the ubiquitous méde

could not be recovered; contrary to the modes discussed

with2 o o i
here, the latter has phase velocities in the ion diamagnetic
dp(X) =A(X) po(x—p/1q"), direction.
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B. Important results and forthcoming applications

(1) The angular frequency of the ion drift mode is given

by Eq.(92) if k3a?>K,; its sign is opposite to that ab’ .
The growth rate, given by Eq91), is proportional to the
absolute value of the magnetic shear paramétkis result

should bring a simple explanation to the formation of inter-

nal transport barriers with minimum q profil&s'® (we note

that the assumption of negligible overlapping is particularly

appropriate herea contrario the strong overlapping limit

implicitly considered in most other theoretical works does
not apply. The growth rate is furthermore independent of

André L. Rogister

where

z=(1+2n)K/k3a? (A2)
and

a=(1+2n)2(e\8/q)/[(2/3)— 71D 3KSa’. (A3)

Let z=u+iv. The real numbersi andv are solutions of
either the equations

|kya;|. As a result, Landau damping may suppress the instaer of

bility at long wavelengths, see E(R4b) and the above dis-

cussion. At the other end of the spectrum, i.e., for finite

|kyaj|=<1 values, ion collisions may stabilize the system;if
is large enough, as Eq96) shows(we recall that the de-

v2=3u%+2u, (A4)
u(2u+1)%2=—al2, (A5)
v=0, (AB)
ul+u’=a. (A7)

If « is positive, i.e., if »;<<2/3, then the real solution

scription of FLR by the gyrostress tensor is appropriate onIy(AG) and(A7) is characterized by>—1, i.e., ReK,>0. The

if the preceeding inequality is verifiedShrinking of the in-

mode is spatially bounded but the growth rate vani§kep

stability range owing to both Landau and collisional damp- (71) with Im K,=0]. The complex root$A4), (A5) are char-

ing appears to adequately explain the

reduction of
conductive/convective anomalous transport at the edge cﬂnbounded wheth

acterized byu<0, i.e., R&K;<0. These modes are spatially
er>0 orv <0 (i.e., whether Imv'<0 or

(the high density) radiative improved confinement modqm »'>0), and therefore of no interest.

discharge¥’ (the analysis of Sec. VIIIB requiring<1 is
however not directly applicable herélhe experimental ap-

plications outlined in this paragraph will be investigated

more thoroughly in other papers.

(2) The amplitude of the density fluctuations in the ion
drift mode is characterized by important poloidal asymme

tries with two maxima and two minimésee Egs.(73'),

(749, and(74b)]. Under the conditions for which the results

of Sec. VIIIB are valid, i.e.K,<k3a? and low shearthe

maxima are located near the equatorial plane, both on the

low and the high field sides; indeed, tap,~[K./(ka)?],
hence 6,,,,~0 or 7. The minima are close t@= * /2.

If « is negative, i.e., ify;>2/3, then the real solution
(A6) and(A7) is characterized by< —1, i.e., Re&K;<0. This
marginally stable mode (Im’'=0) is spatially unbounded
and therefore unphysical. The complex rofigl) and(A5)
are characterized by>0, i.e., R&K>0. The two corre-

'sponding modes are spatially bounded, one growing and the

other decaying in time.
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