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Non-Collinear Magnetism: Exchange Parameter and T¢

Gustav Bihlmayer

Institute for Solid State Research
Forschungszentrum Jilich,
52425 Jilich, Germany
E-mail: g.bihimayer@fz-juelich.de

The need for a reliable description of the ground state ptigseof complex magnetic systems
as well as for the prediction of finite-temperature prosttihas led to significant progress in
the field of magnetic first-principles calculations. Thisicke reviews the basic concepts of
vector-spin density functional theory (DFTgb initio spin dynamics, and constrained DFT.
We describe the calculation of exchange parameters fromppimg of DFT results to model

Hamiltonians, the determination of the magnetic groundestand the estimation of critical

temperatures from these exchange parameters. Fina#igtef spin-orbit coupling and orbital

magnetism, relevant in low-dimensional magnetic systevilsbe discussed.

1 Introduction

Up to now, in mostab initio calculations of magnetic systems only ferromagnetic — or
some antiferromagnetic — states were considered. In cgritrdhese collinear magnetic
configurations, many alloys, compounds, and even elembotg son-collinear ground-
states like conical or flat spin-spirals or commensurategugsitions of several spiral
spin-density waves. Even in systems with collinear magrsttiuictures non-collinearity
occurs, e.g. at domain walls or in (thermally) excited systeTo access such states from
first-principles, vector-spin density functional theoBHT) has to be applied, which treats
the magnetization density as a vector field (and not as arsfiglid, as in collinear DFT
calculations).

From such calculations it is possible to follow several di@ns: like in molecular-
dynamics calculations, spin-dynamics allows to study ttzgmetic degrees of freedom
either exploring the ground state or excited state proge(fike critical temperatures).
Or the magnetic interactions are mapped onto a model (inithplest case a classical
Heisenberg model) and then this model is studied using peteasobtained bgb ini-
tio calculations. In both cases we introduce a discretizatfahe(vector) magnetization
density: in spin-dynamics, the evolution of discrete spires vectors attached to certain
(atomic) positions, is monitored. Mapping thb initio results to a model Hamiltonian
which contains interactions between spins also requirgsttis possible to assign a defi-
nite spin to an atom. |.e. it should be possible in the vigioftan atonv, e.g. within some
sphere centered at the nucleus, to write the magnetizagiosity,m(r), as

m(r) = M,é, 1)

where M, is the magnetization anél, is the magnetization direction. Vector-spin DFT
calculations allow to estimate whether Eq. (1) is a good@agpration or not (cf. Figure 1).

In this contribution we will start with an outline of vectgpin DFT (Section 2) and
the determination of stationary states (Section 2.1 anda®.2vell as constrained DFT for



Figure 1. Left: ground state magnetization density of a geral Cr monolayer with the Cu(111) in-plane lattice
constant; the absolute value of the magnetization is shovagndyscale, the local directions are marked by small
arrows. The average magnetization direction around an etémdicated as red arrows. Right: schematic picture
of the magnetic structure (Néel state) of the hexagonal @ratayer.

the calculation of non-stationary states (Section 2.3k fiflowing sections will discuss
the mapping ofb initio results, that have been obtained by vector-spin DFT, on leode
like the Heisenberg model (Section 3.1) and the deternuinadf exchange parameters
and critical temperatures (Section 3.2 and 3.3). A final tdrajs then devoted to the
magnetic anisotropy (Section 4) well as the relativistieef that is mainly responsible
for this anisotropy in most systems (Section 4.1). We catelwith a discussion of its
influence on the ordering temperatures (Section 4.2) anabitgal magnetic moments
(Section 4.3).

2 Vector-Spin Density Functional Theory

In 1964 Hohenberg and Kohmworked out two central theorems that form the basis of
density functional theory (DFT): For a system Nf particles (e.g. electrons) moving in
an external potential(r) (caused by e.g. nuclei) in a non-degenerate ground statee(i)
many-body wavefunctio® andv(r) are uniquely determined by the particle density dis-
tribution n(r) and (ii) there exists an energy functional of this denditjs (r)], which is
stationary with respect to variations of the ground-statesity. These two theorems al-
low — at least in principle — the determination of the growtate density and energy of a
N-particle system. Extracting the classical Coulomb irdom energy, such a Hohenberg-
Kohn energy functional takes the form

En(r)] = /v(r)n(r)dr+ %//%drdr' + G[n(r)] 2

where the functional[n(r)] has to be approximated.

In the Kohn-Sham theofy the kinetic energ{ly of a non-interacting electron gas in
its ground state with a density distributieir) is further extracted front#[n(r)], so that a
new functional

Eee[n(®)] = Gn(r)] - Toln(r)] ©)



remains to be determined.,.. is now called exchange-correlation energy functionatesin
without E. our energy functionak would yield just the Hartree energy. If we take into
account that particle conservation, .= [ n(r)dr has to be ensured, we can formulate
the stationarity of in Eq. (2) with respect to varlatlons of the ground-statesitgras

n() ., Ty 6Bk
+/|r_r,|dr+ ) T o A =0 (4)

where the Lagrange paramefeensures the particle conservation. Expressing the kinetic
energy of the non-interacting particles via their wavetions,¢;, we can recast Eq. (4) in
the form of an effective single-particle Schrodinger eopra

h 9 , 6Exc bilr
[_2—v T o /| . ne] | 1) = €9i(r) (5)

which has to be solved self-consistently simge) = Ef;l |#i(r)|?. The last term of the
Hamiltonian is called the exchange-correlation potential

In 1972 von Barth and Hedin extended this concept to spiasjreld systents replac-
ing the scalar density by a hermitianx 2 matrixn(r). If 1, (r) is the field operator for a
particle of spina, a component of the spin-density matrix can be defined as

nap(r) = (Plyf (r)a (r)|T). (6)

The potential matrix corresponding to this spin-densityriras denoted ag(r) and re-
places the scalar potential. Then, we can write Eq. (5) ifdha

(+) (+)
K__vuzfnaa )zw(r)ﬁE("; @( >) (Z@J ™

wherel is a2 x 2 unit matrix and the exchange-correlation potential is ntse a2 x 2
matrix. In terms of the Kohn-Sham wavefunctions, the dgnsiatrix can now be written
as

N
nap(r) =) ¢:%(r)4] (r) where a,8 = (+),(-). (8)

i=1

Using the Pauli matricesz, the density matrix can be decomposed into a scalar and a
vectorial part, corresponding to the charge and magnatizdensity:

(n(r)I+ ¢ -m(r)) = : (mz((rr))j-rlnrjlili)r) m’”bz((rr))__:nnzéjf)r)) - ©

Likewise, the potential matrices can be written in terms stalar potential and the mag-
netic field, B(r):

o(r) =v(r)l+ ppo -B(r) and v, (r) = vxe(r)l+ ppo - Bxe(r)  (10)

wherepg = 52




2.1 Collinear and High Symmetry States

Supposing that the potential matrices in Eq. (10) are diagre. the magnetic and ex-
change fields point i direction), Eq. (7) decouples into two equations of the tgpe

Eq. (5):

(‘%Vz +vgoul (r) + v(r) + B.(r) + o} (r)) o) =P )  (11)

h? _ - o) (=
(- 90 72+ cn(6) + 0(6) = B0)+ 1)) 047 @) = 670
where vcoy; denotes now the classical Coulomb potential afl ) the exchange-
correlation potential that arises from the functional dative of the exchange-correlation
energy with respect to the spin-g) or spin-down(—) part of the diagonal density ma-
trix.

Systems that can be described by Eqg. (11) are all kinds of ategmaterials that
assume a collinear magnetic order, e.g. ferromagnetifeegimagnetic or ferrimagnetic
states. Like the density is a property that can — at leastintiple — be obtained exactly in
DFT, the spin density is a property that is well defined in gpitarized DFT:

m(r) = —ps ) ¥ f (1)0asts ). (12)
a7B
The integral spin momeni/, for a collinear system is then (in units &) simply

Mspin = / m(r)dr = / (n™ (@) — n(F) (r))dr. (13)

How well this quantity corresponds to experimental valuggeahds of course on the qual-
ity of the exchange-correlation potential that is used foaetual calculation. Some exam-
ples of results obtained in the local spin density approxionaLSDA) and generalized
gradient approximation (GGA) of (spin)-moments of elenaéfgrromagnets are given in
Table 1.

Property source Fe (bcc) Co(fcc) Ni(fcc) Gd (hep)
Mipin LSDA 2.15 1.56 0.59 7.63
Mipin GGA 2.22 1.62 0.62 7.65
Mspin experiment  2.12 1.57 0.55

Mot experiment  2.22 1.71 0.61 7.63

Table 1. Magnetic moments (jag per atom) of ferromagnetic elements in the bulk. The expemially deter-
mined total magnetization/;ot., consists of spin- and orbital moment contributions. Th®ASesults for Fe,
Co and Ni are taken from Moruzzi et 4lthe GGA values from Shallcross and coworRenshere also exper-
imental values are quoted. The calculated Gd data is fronz Ktial®, the experimental one from White and
coworkers.

If we come back to our original assumption, that the maga#tin density in the vicin-
ity of some atonv should be expressible by Eq. (1), then the total energy of gnetic
system as a function of its magnetic structure can be desteb a functionak[{é, }] of



Figure 2. Determination of the magnetic ground state of redid-eMn: the magnetic structure of the disor-
dered alloy is 2q-state (left). In an ordered alloy a more complex magnetiareyement is obtained (right) by
“relaxation” of the local spin directions.

the directions of the magnetic moments at the atonts the magnetic unit cell. In this
context collinear state€/, is identical for all atoms) are special solutions whélgeé, }]
has a local or global maximum or minimum. Therefore, theystitute an important class
of magnetic configurations that are often realized in magmeaterials. Unlike in non-
spinpolarized DFT it is, however, in practical calculagarot guaranteed that the solution
obtained,n(r), is really the ground state, and often several metastalil¢icos can be
obtained.

At this point we should notice, that we relied on the assuampthat our functional
E[{é,}] is invariant with respect to a uniform rotation of all magpation directionsg,.
This was implicitly assumed when we arbitrarily (or, betfer convenience) selected in
Eq. (11) thex direction as global magnetization axis. Indeed, in absehar external field
(orinits presence, as long as it is oriented idirection) this implies no loss in generality,
if v iS isotropic in space. If we start from a Schrodinger-Plkaitheory, there is indeed
no term that could couple the spin-space to the lattice. @myspin-orbit coupling term
(from a Dirac type theory) or —in some cases — dipolar intésads included, a preferential
direction for the collinear magnetization exists. Thislwi discussed in Section 4.

2.2 Spin-Dynamics, Magnetic Torque

If one is interested in the magnetic ground state of a sysfagiven chemical composition
and atomic positions, the final goal is to minimize the fuowél E[{é,}]. The dimen-
sionality of this problem will of course depend on the sizehaf unit cell chosen (some
multiple of the chemical unit cell) and this minimizationllnvolve the tricky task of de-
termining the absolute minimum on a high-dimensional tetedrgy surface. In analogy to
molecular dynamics, i.e. the problem of minimizing the gyexs a function of the atomic
positions, we introduce here a spin dynamics, where the ptagorientationsg,,, take
the role of the variables.

Any vector-spin DFT calculation has to start with a reastyahosen spin configu-
ration in a prescribed unit cell. On a simple level, one caldx” the directions of the
magnetization at the atoms in the same way a relaxation dadttiraic structure (e.g. at a



surface) is done. The magnetization directiofs, will then normally change to reduce
the total energy (cf. Figure 2). The final magnetic state, Wikhbe reached, will in gen-
eral depend on the starting point of the calculation and serat@borate technique will be
needed to avoid being trapped in some local minimuri [, }].

To this end we have to develop an equation of motion for thematization of an atom.
To keep things simple, we will focus on the case, where thenaigzation stays collinear
within the vicinity of the atom. Let us start from the Hamiifan of Eqg. (7) and assume
that the external potential matrix(r), has been chosen to be diagonal, and the exchange-
correlation potential is separated into diagonal and @ffydnal parts. Following Antropov

et al®®we use
0Fy (+)
C = vel—0 By and @:(z()>,

(SQ(I‘) XC
and set up a time-dependent analogon of Eqg. (7):
Ccl: [Hy — o - B(r,t)] 2, (14)

whereH, is the Hamiltonian that contains now only diagonal parts.

We will now separate the evolution of the magnetization fat (value of the magneti-
zation) and slow (direction of the magnetization) degrddse@dom. The former part will
be described quantum-mechanically, while the latter Eté@ on a semiclassical level. Let
us assume a field of spin-rotation matrid€ér, t), that transforms our spin coordinate sys-
tem such, that the locataxis is always in the direction of tfB-field. Using transformed
basis functionsy = U®, we can reformulate Eq. (14) as

dt ( Hd_zgz VBZV X(I‘,t) (15)

whereB, , (r,t) is B(r, t) at an atonv in a locally diagonal form. At a given time, the
time-independent version of this equation can be solvesljiged thatU (r, t) is known.
SinceU follows the magnetization, we have to determine now an éguatf motion for
the magnetization.

The equation of motion of the magnetizatien(r, t), can be obtained by multiplying
Eq. (14) from the left with®*g and adding the complex conjugate equation. Comparing
this to the time derivative of Eq. (12) and using the relabier - B) = B — io x B we
get

dm(r,t)
dt
The second term on the right side is complicated and desctitmgitudinal changes of
the magnetization, which we will not consider on this lev@hitting this term, Eq. (16)
describes the precession of the magnetization directiam @tom under the influence of
the magnetic field generated by the atom itself and otherstiithe crystal.
Returning once more to Eq. (1), we can simplify Eq. (16) anidesthe evolution of the
magnetization direction in atomas
@ _ 24 x1, (17)
dt UB

=2mx B+ V(e Vo —cc). (16)




wherel,, = ugB. If we explicitly also want to take into account the effectotifier fields
acting onto a magnetization direction, e.g. stemming froensipin-orbit interaction (mag-
netic anisotropy) or dipole-dipole interaction, thesedsetan be added &, in Eq. (17):
I, » I, + Iso + Ig_q. More general expressions of Eq. (17), suitable for spinaghyics
with finite temperatures included, can be found in Ref. 9.

The next question, that has to be answered, is how to deterth@nfieldsl,, given
i.e. a certain set of magnetization directidiés } that gives the torque on a selected mag-
netic moment. This problem can be solved in constrained vector-spinitiefusictional
theory, as introduced in the next section.

2.3 Non-Stationary States: Constrained (VS)DFT

In general, an arbitrary magnetic configuration given by tao§docal (atomic) magne-
tization directions{é, } is not an extremum or a stationary solution of the total eperg
functional E [n(r)]. Exceptions are high symmetry states, like collinear mtgis¢ates,

a certain class of spin-spiral states (see Section 3.2) artitylar linear superpositions
of several spin-spiral states. The constrained densitytinmal theory developed by Ded-
erichset al!! provides the necessary generalization to deal with arlgitraagnetic con-
figurations, i.e. configurations where the orientation$eflocal moments are constrained
to non-equilibrium directions. We define a generalized gpéunctional E [n(r)|{é, }],
where we ensure that the average magnetization in an gtaiy, points in the direction
é,. This conditiong, x (m), = 0, is introduced by an Lagrange multipliéx, such that?

Bn(r)[{e,}] = E[n@)] + SN - (&, x (m),)
= B[] + ps 3 BY - (m),. (18)

Here, we recast the Lagrange multiplier in the form of a mégrieeld, BY. This is the
constraining field in the atom that fixes the local (integrated) magnetic momaft
parallel to the prescribed directiép. M is the magnetization density

(m(r)), =M" = / m(r) d*r (19)
MTY
averaged over the sphere where Eq. (1) holds. Bii®nsures that the local moments
have no componendl’ normal to the directioné,,, €%, for any atom.
The effectiveB-field, BY;, that enters the muffin-tin part of the Hamiltonian is given
by (here, absence of external fields is assumed for simylicit

et (r) = B [n(r)] &, + B é] = Big(r) &p(r). (20)

EvenifB%, is assumed to be collinear in the vicinity of the ateifpointing in the direction
é,), the effectiveB-field is again a continuous non-collinear vector field in tineffin-tin
spheres, with pointwise local directioég (r).

In an actual constrained local moment (CLM) calculatiefy;) andB” have to be de-
termined self-consistently. The density matrix is caltediain the usual self-consistency
cycle. At the same time, the local constraint fiell$ have to be adjusted, until the con-
straint conditionsg, x (m), = 0, are fulfilled (cf. Figure 3). At the end of such a



B eff Bxc
A B eff ~  <m>
<m> €y
— @ —_ ‘ —_ __, etc.

Figure 3. Determination of the constraint field: Initialihhe effectiveB-field is parallel to the prescribed di-
rection &” (left). The resulting magnetizatioqyn), generally is not parallel to this direction. Therefore, a
constraint fieldB.. is introduced, that points in opposite direction to the congnt of the magnetization that is
perpendicular t&” . Using thisB.g, the direction of the magnetization is then adjusted towétd(right).

calculation we obtain the self-consistent densities andtaflocal constrainB-fields.
The total energy of the system is given by the constrainethgrianctional, Eq. (18).

According to the the Hellmann-Feynman theorem we find thaatttange of the energy
due to a change in magnetization directidé, , is given bydE = —ugM” - (BY x dé,).
Therefore, the constraint field can be interpreted as a ¢oagting on the magnetic mo-
ment, in the spirit of the spin dynamics, formulated in theviwus section. Thus, we have
set up a formalism that allows us to find — at least in principtee magnetic ground state
of a system by spin-dynamits But CLM calculations can also be used in a different way:
In the next section we will describe how they can be used terdehe the exchange inter-
actions in a system and utilize these results in modelsthigelassical Heisenberg model,
to obtain information about the ground state, but also abmaited states of a magnetic
system.

3 Magnetism and Exchange I nteractions

Using the methods and results described in the last sectibiss possible to simulate
magnetic systems and determine their ground state quiteatety. Nevertheless, such
a strategy might be not very satisfactory, since spin-dyosisimulations are computa-
tionally quite demanding, may depend on computationalmpatars like the unit-cell size,
and finally do not offer very much insight into the underlyiplgysics that leads to the
magnetic ground state. Therefore, it is sometimes usefuiap the results of DFT on a
physical model that can help in the interpretation of theltsgSection 3.1) and suggest
possible magnetic ground state structures (Section :15orme cases, it is even possible
to obtain non-groundstate properties from these modeldi®e3.3).

3.1 TheHeisenberg Moddl and Its Extensions

Consider a system a¥ electrons localized oV lattice sites, such that every lattice site
is occupied by exactly one electron. Each electron is Izedlin an orbitalf,,(r, o) with

a spin indexs. The Hamiltonian of the system will consist of a kinetic enepart, the
Coulomb repulsion, and some (scalar) potential, that kéiepelectrons localized. If we
are only interested in energy changes that come from a chaihntiee spin-part of the
wavefunctions (i.e. the magnetic structure of the lattitie¢ contributions of the kinetic
energy and the scalar potential can be ignored. But the Guulateraction, together



with the Pauli exclusion principle, can differentiate beam spin structures: suppose the
Coulomb energy is given by

=% / deer U0V (0, ) (0, o)
2

r—r!

s WNr0) =) o falr)

(21)
wherec}, . is the creation operator of an electron of spiat siten. Then, generally,

e % " , ;;1 (r’) ;2 (I‘) fna (r)fn4 (I")
V= E Z Z Cnio' CngoCnzoCnaa’ /dr/dr -

r—r!
(22)
A single term of this sum describes the interaction of anted@owith spine at site3 with
an electron with spiw’ at site4, so that finally a state with electrons with spirlsando
at sitesl and2 is reached. Since all electrons are localized, we ifayens) = (n3,n4).
Introducing the number operatots, = ¢, cne, We can write:

oo’

oo’ ninangng

1 * *
V= 2 Z Z(nn’a' Mg Knnt + Cpigr CpgCnioCno’ Jn”’) (23)

oo! nn'

Ko =& [[dr [[de|fa@ 0 = x) @)
T =€ [[dr [ @) @0 ) ) nle)

The first term of Eq. (23) does not depend on the spin and cain &gaignored. The
second term, however, describes an exchange of spins besitesn andn’ andJ,,,, is,
therefore, called exchange coupling constant. Carryingheuspin summation in Eq. (23)
this term becomé$:

V:—ZJM,(EHH-S”,). (24)
nn
This term describes an attractive potential for electrdnthe same spin at neighboring
sites. It corrects the ordinary Coulomb repulsion describeK for the fact, that electrons
of the same spin have to avoid each other due to the requitsroktine Pauli principle.

In this picture, clearly ferromagnetism is favored. But ifigdtions of the original
assumptions (e.g. if the interaction between the sites ediated” by other orbitals), can
also lead to antiferromagnetic couplings. In any case thieddberg Hamiltonian of the
form

H=- Z Jnn'Sn St (25)

nn’

can be used as a phenomenological starting point in thetiga¢isn of the magnetic inter-

action in a crystal. Although the Heisenberg model was thiced for magnetic insulators
with localized moments, we can also apply Eq. (25) to metalistems, as shown in
Figure 4. In these hexagonal unsupported monolayers trevtogtof the total energy as a
function of the relative angle between the atoms can be ibestas cosine-like function,
the exchange coupling constant being negative for Cr and pveférring antiferromag-

netic coupling) and positive for Fe (leading to a ferromdgnground state). The total
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Figure 4. Total energy and magnetic moment of hexagonal tagers of Cr, Mn, and Fe as a function of the
angle of the magnetization in a two-atomic unit cell (righ) = 0° corresponds to a ferromagnetic state,
9 = 180° is a row-wise antiferromagnetic state. As lattice constemtchose the parameters of the Ag(111)
surface. In the schematic picture of the hexagonal monplgight) the coupling to nearest neighbots J and
next- nearest neighbordy) is indicated.

energy has been calculated by a constrained DFT calculasiaiescribed above. We fur-
ther see, that the magnetic moment does not change sigtlifieesrthe spins are rotated,
an important requirement for the application of the Heiszglmodel.

From the right part of Figure 4 we can see, that rotating tleallmagnetic moment
direction of one atom in the two-atom unit cell of the hexaagjdattice will change the
relative orientation of that atom to four nearest neighbbts does not affect two of the
nearest neighbor (NN) atoms. Likewise, only four of the gigand-NN atoms will change
the relative orientation to the original atom. This leadanaxpression for the total energy
in the classical Heisenberg model up to second-NN:

E=—-8%(J; + J)(2 + 4cos8) (26)

if S is now the total spin moment treated as a classical vectos mkans, from a con-
strained local moment calculation we can at least estintaesize of(J; + J2). Itis

not difficult to find other unit cells and rotations that alldte determination of other
linear combinations of/; and .J», thereby separating the individual exchange coupling
constant®.

Of course, the energies obtained from the CLM calculatiomtaia contributions of
all J,, and also from interactions that are not described by theddbisrg model. Such
terms can be classified with respect to an expansioH a@fi powers ofS, such that the
Heisenberg model contains the terms up to second ordee(siscdiscussed above, it is
derived from a model taking into account pairwise intexats). The next highest terms
(in absence of spin-orbit coupling effects) are then tottoorder inS:

Hyiqu. = — ZBz’j(Sz’ -S;)* and (27)
ij

Ha_spin = — »_ Kijia [(SiS;)(SkS1) + (S;8k)(Si8:) — (SiSk)(8;81)].
ijkl

The first term, the biquadratic interaction, comes from liogprocesses between sites
and2 likel -+ 2 —» 1 — 2 — 1, the second term, the 4-spin interaction from a hopping
1—2—-3—4— 1. Terms of third order can only occur in the presence of spbito

10



Figure 5. Spiral spin density wave (SSDW) or spin spiral pgaging along a row of atoms with a waveveatpr
The opening angle i¥5° in the upper and0° in the lower example.

interaction. E.g. the so-called Dzyaloshinsky-Moriyanatction has the form:
Hpy =D - (S1 x So) (28)

and comes from anisotropic exchange interacfioill these different interaction terms
can be extracted from a set of suitableinitio calculations (possibly including spin-orbit
interaction) and used to determine the magnetic groune sii#tin the chosen model.

3.2 Spin Spiralsand the Generalized Bloch Theorem

In a periodic crystal it is convenient to replace the quaiin Eq. (25) by their Fourier-
transformed equivalents:

S(q) Nane*mR and J(q ZJO e 1R (29)

Exploiting the translational invariance of the lattice, van then rewrite Eq. (25) as

H=-NY_J(a)S(a)S(-q) (30)

where we have to ensure that the length of all s§ifis= S? is conserved on all sites.
This condition is fulfilled by solutions of the type

S, = V25 (&, cos(q - Ry,) + &, sin(q - R,,)) (31)

where the unit vecto&, andé, just have to be perpendicular to each other, otherwise their
directions are arbitrary. Eq. (31) describes a spiral spimsity wave (SSDW) as shown in
the lower half of Figure 5. These SSDWSs are general solutibtise Heisenberg model.
From Eg. (30) one can conclude that the SSDW with the low¢sitémergy will be the one
with the propagation vectdd which maximizes/(q). E. g if Q = 0 maximizes/(q), the
solution corresponds to the ferromagnetic stat@ i &, - anda, is the lattice constant
in z-direction, then the structure is layered antlferromagnetz -direction. Some other
examples — for a hexagonal monolayer — are illustrated inrgi.

SSDWs can be described by the propagation vector of thesgiiatq, the rotation
axis (which is, when no coupling between spin and latticeés@nt, not fixed with respect

11



Figure 6. Phase diagram of the hexagonal lattice in nexteseaeighbor approximation of the classical Heisen-
berg model: two collinear, a ferromagnetic (FM) and a rowevantiferromagnetic (RW-AFM) solutions can
be obtained, and two non-collinear solutions, the Néatesand a SSDW witky-vectors along the lin& — M

of the Brillouin zone (right). The FM, RW-AFM and Néel-statorrespond to SSDWs wiily-vectors on the
high-symmetry point§', M andK, respectively.

to the lattice) and the relative anglebetween the magnetic moment and the rotation axis.
Upon translation by a lattice vect®, the magnetic moment of an atom rotates by an angle
¢ = q - R. Assuming a rotation around theaxis (in absence of spin-orbit coupling this
is not a loss of generality), the magnetic moment of an atdmving the basis vectar”

in the unit celln (with the origin at the lattice vect®,,) points in the direction

cos(q- (Ry +77) + &%) sind”
én = | sin(q- (R, +7%) + &) sind” | . (32)
cos

For more than one magnetic atom in the unit-cell, in additwits basis vectot,, an
additional atom-dependent phagé&, appears in the above equation. Nevertheless, the
magnetic moments of all atoms rotate around the same axis.

SSDWs are sometimes also called frozen magnons, since &sipah looks like a
“snap shot” of a single magnon at a fixed time. Spin-spiratwations can therefore
be used to simulate the effect of temperature on a magnetterayin the adiabatic ap-
proximation, in particular at very low temperatures, whesgmons with long wavelength
dominate (cf. Section 3.3). But also’Bt= 0 many compounds and even elements show
SSDW ground states. Some examples are shown in Figure 7.

A very elegant treatment of spin-spirals by first-principkdculations is possible if
the generalized Bloch theoréMm'®is applied. However, this theorem can only be proved,
when spin-orbit coupling is neglected. For this reason piire-sotation axis will always be
considered as parallel to the z-axis of the spin coordifrai®e. Thus, only the:, andm,
components are rotated, white, does not change. Following Sandrat¥kiwve can define
a generalized translatiofi,, that combines a lattice translatidR,,, and a spin rotatioly
that commutes with the Hamiltoniali. Applying such a generalized translation Ad
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Figure 7. Examples of SSDW ground-states: in Lal@® the spins on the Mn sublattice can be described by
a conical spin-spiral witl58° semicone-angle andavector of(0,0, 0.71) in units of 27 /¢ (left). Bulk bcc
europium has a flat spiral {001] direction as ground state (right, bottom), the length ofdheector is correctly
reproduced in DFT calculations (right, top).

yields
ToH (r)®(r) = U(—qR,)H(r + Rn)U' (—qR,,)U(~qR,,)®(r + Ry)
= H(r)U(-qR,,)®(r + Ry) (33)
whereU(qR,,) is the spinl /2 rotation matrix

e /2
U(aR,) = ( 0 ei<p/2> » ¢=q-Ry. (34)

In analogy with the proof of Bloch’s theoréttit follows that the eigenstates can be chosen
such that

T.®(k,r) = U(—qR,)®k,r + R,) = e* R d(k,r). (35)

Since these eigenstates are labeled with the same Bloabrkeat the eigenstates of the
translation operator without the spin rotation, the latperiodic part of these states follows
the chemical latticeR,,, i.e. we can calculate the spin spiral state in the chemidatell.
Without the application of the generalized Bloch theorem itivestigation of such

magnetic structures requires very large unit cells. Siheespin-spiral is the exact solu-
tion of the classical Heisenberg model at D, it is believed that they cover a large and
important part of the phase space of possible spin stategs aimong all possible mag-
netic states, spin-spirals are the next relevant classmt&gtes besides the high-symmetry
magnetic states, i.e. the ferromagnetic, antiferromagyratferrimagnetic configurations.
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3.3 Critical Temperatures, Tc, Tn

Let us now see, how temperature will influence the magnetierin a ferromagnetic
solid. Staying within the Heisenberg model, we will assuima& the magnitude of the
magnetic moments at the atoms will — in first approximatiowthe changed, and discuss
just their mutual orientation. Af' = 0 the spin at a selected atom will be fixed in parallel
direction to the spins at all other atoms by an effective ftalat will be proportional to
S, Jon = SJo. At afinite temperaturd’, this field, acting on the spin at sigeis re-
duced due to the thermal fluctuation on the site§he thermal average of the projection
of the spin at sites on the spin at sité is denoted agS(R,,)). In the “mean field approxi-
mation” (MFA), it is assumed that the effective field at firtikenperatures that acts on spin
0is:

Beg = Z J0n<S(Rn)) (36)

In this model it is possible to calculate the temperatungetielence of the average mag-
netization of the solid and, specifically, the temperatunere the average magnetization
vanishes, the critical temperature. For a ferromagneténigperature is called Curie tem-
perature and in the MFA it is given by
25(S+1)

Tc = 37 Jo (37)
It has to be mentioned, that in most cases the MFA severehestimated (by about 20
to 50%, depending on the lattice). Nevertheless, it givemale estimate of the ordering
temperature in systems, where the approximations of thegriberg model are reasonable.
On the other hand some properties, like the — material ity — critical exponents, are
in any case not reliably reproduced by the MFA.

On a more sophisticated level, the “random phase approxnidRPA) can give quite
reliable results. In contrast to the MFA, where the thernvaraging was done over the
sitesn that determin&B.g, here the Hamiltonian is first transformed into reciprogalce
(Eq. (30)), and then the averaging is done over one of theiéioeomponents:

H=-N> J(@S(a)(S(-q)) (38)

If the term S(S + 1) is included in the exchange coupling constants (as it isllysua
done, when the’s are determined from first-principles calculations) riltee Curie tem-
perature in the MFA and RPA can be expressed as

1
2 2 1
b =3n = (S ) =
q

From these expressions it is obvious, that calculafingn the RPA involves not more
information that what is needed on a mean-field level, if ttehange coupling constants
are calculated in reciprocal space by using the generdbimath theorem.

Also for antiferromagnets (or, generally spin-spiralssatharacterized by a veci@)
expressions for the ordering temperature, the Néel temypexTy, can be derived. In the
MFA with S(S + 1) again included inJ, this is given simply by
2

27 (Q) (40)

ke T = 2
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Figure 8. Magnetization,if), and susceptibility X, in arbitrary units) of bulk Fe obtained by MC simulations
with several hundred exchange coupling constants taken ditwinitio calculationd?. TheT = 0 behavior of
the magnetization is extrapolated by Bloch’s law (blue elrvThe finite magnetization & = 1105K is an
artefact of the finite MC simulation super-cell (in this cd$ex 10 x 10 bcc unit cells).

while a slightly more involved expression can be derivechmriandom phase approxima-
tion?. Comparison of these results with experimental values geasonable results, e.g.
for bce europium Néel temperaturesldf7 K and110 K were obtained in MFA and RPA,
respectively’. These values have to be compared to the experim@gtaf 90.5 + 0.5 K.

Although there exist several more methods to calculateatitemperatures from DFT
results, we will outline here just one further possibilighich seems to be rather flexible
and appropriate for many systems with different magnetitigd states: the Monte Carlo
technique (MC) allows to study finite-temperature magngtaperties by implementation
of a Heisenberg Hamiltonian (Eq. (25), possible with exi@mslike biquadratic terms or
an uniaxial anisotropy (see below)), into a Metropolis aipon?®. Unit cells of different
size are then studied so that finite-size effects can berdi®d. In these unit cells the
evolution of the magnetic property in question (in our cdsedverage magnetization) as
a function of temperature can then be monitored (cf. Figire 8

Tc (K)
MFA MFA2 RPA MC exp.
Fe (bcc) | 1414  550,1190 950 1060 1044 — 1045
Co (fcc) | 1645 1120,1350 1311 1080 1388 — 1390
Ni (fcc) 397 320,820 350 510 624 — 631
Gd (hcp) | 334 293

Table 2. Calculated and experimental Curie temperafigrdor some ferromagnetic materials. MFA and RPA
data for Fe, Co and Ni taken from Padja e?5IMFA2 results and experimental values as quoted by Shalicro
and coworker, while the MC results were obtained by Rosengaard and Jebeiis Data for Gd can be found
in the papers of Kurz et &l.and Turek and coworket
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Results ofab initio calculations of the Curie temperature of Fe, Co and Ni are pre
sented in Table 2. From this table one can easily see thatpa@d to RPA, the MFA
typically overestimate$c by 25-50%. For Fe and Co RPA gives quite good estimates
of the Curie temperature, while for Ni; is underestimated in both approximations. MC
simulations work better for Ni and Fe, but give a too I6ky for Co. While we quoted here
results for “simple” metals, it is nowadays possible to stigate in the same manner the
temperature dependent properties of complex multicompisyestems, e.g. half-metallic
Heusler alloy# or dilute magnetic semiconductéfs

At low but finite temperatures, collective spin-wave extaias or magnons are excited
in the ferromagnetic crystal. These magnons can again hadkesazed by their wave-
vectorg. In the long wavelength limit, i.e. aroureg= 0 the spin-wave dispersion behaves
almost quadratically and can be describedg8. The spin stiffnessD, characterizes the
magnetic properties of a ferromagnet at low temperaturésan also be calculated from
the exchange coupling constants:

2 2
D= Xn: JonR2,. (41)

Here, M is the magnetic moment of the ferromagnetic state. Sométsesiuab initio
calculations are given in Table 3. Again, for Fe and Co agesgmwith experimental data

D (meVA?2)
‘ th(1) th@ th.(@3) exp.
Fe (bcc)| 247 322,313 250 280,314,330
Co (fcc) | 502 480, 520 663 510,580
Ni (fcc) 739 541,1796 756 422,550,555

Table 3. Calculated and experimental spin-wave stiffnéssfér Fe, Co and Ni. The theoretical data was ob-
tained in different approximations as described by Rosamband Johansséhith.(1)], Shallcross and cowork-
er® [th.(2)] and Padja et & [th.(3)], experimental data was taken as cited in theseartes.

is reasonable, but for Ni most methods fail to reproduce dpeemental spin stiffness.

4 Magnetic Anisotropy

In the discussions above, we often assumed that the dineatithe magnetic moment(s)
is independent from the orientation of the crystal latticemany cases, e.g. in bulk crys-
tals like Fe, Co or Ni, this assumption does not lead to caiali#ly wrong results, but
there are also systems, where the coupling of the spin tcattied is essential. For ex-
ample a monolayer of ferromagnetic material, deposited onranagnetic and weakly
interacting substrate, would show no long-range magnedieravithout this coupling (cf.
Section 4.2). But it is also clear that in this case the atassiipole-dipole interaction will
be different for a magnetization that is perpendicular ie thonolayer or parallel to the
surface. For a ferromagnet with only one atom in the unit, ¢t dipole energy is given
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whered,,, is the angle between the direction of the magnetic momemind the vector
connectingR,, andR.,;. In this way, the magnetization of a thin film is always coultie
the crystallographic directions. The fact, that it is maedrable to magnetize a magnetic
material in a certain direction than in another directiothian called magnetic anisotropy.

This dipole-dipole interaction always depends on the slo&ffee macroscopic sample
and the resulting magnetic anisotropy is, therefore, dallape anisotrog§. But there are
also other interactions which lead to magnetically angguitr behavior, most importantly
the spin-orbit coupling discussed in the next section.

4.1 Spin-Orbit Coupling

An electron, traveling with a velocity on a classical trajectory around the nucleus, expe-
riences an electric field (from the screened nucleus) as a magnetic fBldz %E X V.
This field will couple to the magnetic (spin) momeanbf the electron as-i - B.2 If we
assume, that in a solid the crystal field forces the electvandve e.g. in a certain crys-
tallographic plane, the electron spin will be aligned in @diion normal to this plane. In
such a way, a uniaxial anisotropy can arise regardless aftthpe of a crystal.

To treat this quantitatively on a quantum-mechanical h#ssnecessary to start from
the Dirac equation. In the Schrodinger equation — even foagnetic system — there is no
term that could differentiate the various magnetizatioedions. But if we include a cer-
tain term from the Pauli equation (a two-component appratiom to the Dirac equaticf)
we get

n_, UB
%V +o(r) — ame? (E(r) xp)| ®; = €;9;. (43)
It is this relativistic correction (factoi:) that leads to the coupling between spin-space (
and lattice £(r)). If we assume that the electric field is derived from a spadlyi sym-
metric potential V' (r), (as occurs in the vicinity of an atomic nucleus) we can fieamns
this term

1dV(r) 1dV(r)

= o-(rxp) = — (o-L) =¢o-L, (44)
whereL is the orbital momentum operator. This term is called the-gpbit coupling
(SOC) term with the spin-orbit coupling constaft Since the radial derivative of the
potential in a crystal will be largest in the vicinity of a Heas, we can expect that the
major contribution to the spin-orbit interaction will confrem this region. For an atom
v thenr is the radial part of the vectat, = r — 7,. Furthermore, since for smat|,
the potential will be Coulomb-likel((r) = —%), its derivative% is proportional to the

o-(E(r)xp) = o (VV(r)xp)

@Although this interaction has the form of a Zeeman term (tieraction of the spin with an external magnetic
field), due to kinematical effects this spin-orbit intefawtis smaller by a factor of two. The origin of this effect
is called Thomas-precessfsn
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nuclear number of the atorn®,,. We thus expect thatwill be large for heavy atoms, but
small for lighter ones.

The magnetocrystalline anisotropy energy (MAE) will thesult from the anisotropy
of the spin-orbit interaction, i.e. it is the difference ofal energies obtained from Hamil-
tonians including the spin-orbit coupling term with the matjzation pointing in two dif-
ferent directions. Physically, this difference arises thu¢he crystal field that forces the
orbital motion of the electron into a preferred pl&heThis energy difference is small (in
the order of a feweV'’s) for bulk systems with high symmetry, e.g. cubic crislike Fe or
Ni. It is larger for crystals with a unique crystallographixis, like hexagonal Co. But for
lower dimensional systems, thin films or atomic wires, th@neocrystalline anisotropy
will essentially determine the magnetic properties, esflgat finite temperatures.

4.2 Critical Temperaturesin Low Dimensional Systems

In a bulk system, like Fe, the magnetic order is stabilizegxghange interactions against
temperature induced fluctuations. The high Curie-tempesdi; = 1045K of Fe suggests
already that the involved energy scale is abtiit meV (kg = 8.617 - 10~° eV/K), and
therefore five orders of magnitude larger that typical anigry energies in cubic systems.
Although the exchange interaction is strong, it is rath@rshanged and decays exponen-
tially with the distance. For two-dimensional systems, Mierand Wagne¥ showed that
no spontaneous magnetization will occur for finite tempee if the magnetic order is
stabilized by an interaction that decays faster thap— 7;)~™ (where ther’s are the
atomic positions and is a number).

In nature, strictly two-dimensional systems do not occwerkif only one monolayer
of magnetic atoms is deposited on a weakly interacting satesflike Ag), there is always
some interaction between the magnetic atoms via the pethsabstrate atoms. But even
if this interaction did not exist, there is still a possitjilto stabilize magnetic order in
this monolayer — via the magnetic anisotropy stemming eiften the dipolar or the
spin-orbit interaction. For a two-dimensional Heisentfergomagnet, Bander and Mift$
demonstrated that there is indeed a critical temperatweaiifiaxial anisotropy is present
in the system. If the anisotropy constant is denoteH and the transition temperature for
the same Heisenberg ferromagnet in three dimensidhgisthe transition temperature of
the two-dimensional system is given by:

(45)

Top = Tsp/In (%) )

4K

In the above mentioned case of uniaxial anisotropy, theggrdifference between the
situations where a spif8 is perpendicular or parallel to the film normal, chosen to be
é,, is given by anisotropy consta#t (note, that the different directions in the film plane
are assumed to be equivalent here). The uniaxial anisotapythen be described as a
magnetic fieldB = Ké,, that acts on the spifi. This field gives rise to a Zeeman-term
that can be added to the Heisenberg Hamiltonian:

nn’ n
In model Hamiltonian calculations or Monte-Carlo simuai$, this type of Hamiltonian
can be used when inclusion of an uniaxial anisotropy terragsiired.
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4.3 TheOrbital Moment

In section 4.1 we have seen, that in crystalline systemsaaisarbital motion of the elec-
tron around the nucleus occurs, giving rise to a magnetic emdjrthe orbital moment.
Compared to the situation in a free atom this motion is of seuestricted by the crystal
field that quenches the orbital moment. But spin-orbit cogpprovides a mechanism that
counteracts this orbital moment quenching and small mosrg&tically0.1 — 0.2ug) can
be found (compare Table 1).

The orbital magnetization can be defined in analogy to Eq), @@ressed in single-
particle wavefunctiong;:

m(r) = —up Z<¢i|r X V). (47)

wherev is the velocity operator. At a certain atamthe orbital momenfiZo™ can then
be obtained by an integration similar to Eq. (19):

MZ™® = —pp Z<¢i|r X Vi) (48)

While this definition of the orbital moment poses no diffieestin periodic solids, we note

here that the evaluation of the total orbital moment of aquiicicrystal is more involved.

In most cases, however, the atomic orbital moments and laésmtagnetic anisotropy en-
ergies, obtained in density functional theory calculatioare too small as compared to
experiment. Practical methods that can overcome this dafigihave been discussed in
the literaturé®.
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