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Abstract

We study the consequences of chain self-avoidance for the interaction between nonadsorbing
polymers and colloidal particles of anisotropic shape, such as ellipsoids, lenses, and dumbbells.
In the framework of a field theoretic operator-expansion for small mesoscopic particles, we obtain
exact results for self-avoiding polymers in d = 2 spatial dimensions, and we compare ideal and
self-avoiding polymers in 2 < d < 4. Changing the orientation of a particle, with a given size and
shape, near a boundary wall requires less free energy if the chains are self-avoiding. The distance-
dependence of the anisotropic interaction, mediated by the polymers between particle and wall, is

changed both qualitatively and quantitatively by self-avoidance.



I. INTRODUCTION

The depletion interaction between colloidal particles in a solution of polymers is one of the
basic interactions in soft matter composite materials’. Free nonadsorbing polymer chains
avoid the space between two particles, leading to an unbalanced pressure, which pushes the
particles towards each other. The depletion forces between a pair of immersed particles and
between a single particle and a wall have been measured in recent experiments?.

While the induced interaction between mesoscopic particles in a dilute or semidilute
solution of long flexible polymers is independent of most microscopic details, it does depend
on the quality of the solvent (good or theta solvent) and the size and shape of the particles.

Here we consider particles of anisotropic shape, for which the interaction depends on both
the distances between particles and their mutual orientations. Thus, the entropic polymer-
induced interaction provides both a force and a torque. For simplicity we concentrate on
particle shapes with an axis of rotational symmetry and a center of reflection, such as
ellipsoids, lenses, or dumbbells?, in a dilute polymer solution.

For mesoscopic particles much smaller than the polymer lengths, such as* the root mean
square end-to-end distance R., the perturbation of the polymer system due to a particle can
be expanded in powers of the particle size. The two leading orientation-dependent terms

vary as (size)® and (size)® with exponents®
r=d , 2=d-—(1/v)+2 |, (1.1)

where d is the spatial dimension and v the Flory exponent relating the end-to-end distance
R. ox M" of along polymer chain to the number of monomers M. Besides the size exponents
the perturbation of the polymer system is characterized by universal amplitudes that depend
on the shape of the particle.

The orientation-dependent interactions induced by ideal, random-walk-like polymers®
have been discussed in Refs. 5 and 7. In this case v = 1/2, the two exponents in (1.1)
are equal, and the two contributions of order (size)® and (size)® are of equal importance.
Together they lead to an induced interaction between a particle and a planar wall favoring
parallel orientation for small particle-wall distances z < R, but perpendicular orientation

for large distances z > R.. For self-avoiding polymers in a good solvent, one expects qualita-

tive modifications of the ideal chain results, since v > 1/2 and = < 2’. Thus, the degeneracy



of the exponents is removed, and the orientation-dependent properties are dominated by the
contribution o< (size)®, while the contribution o< (size)*’ can in general be neglected.

8.9 of the Boltzmann

The above expansion can be understood as an ‘operator-expansion
weight of the embedded particle in a field theory that corresponds to the polymer system
via de Gennes’ polymer-magnet correspondence®, compare Refs. 5,7, and Sec. II below.
In the field theory the perturbation due to the small anisotropic mesoscopic particle can
be represented by a series of isotropic and anisotropic point operators. This ‘small-particle
expansion’ is analogous to the multipole expansion for a localized charge distribution or to
the well known short-distance expansion of an operator product in field theory. The leading
anisotropic operator is the diagonal stress-tensor component 7T along the symmetry axis
of the particle which has the scaling dimension x = d.

The small-particle expansion and polymer-magnet correspondence is introduced in Sec.
IT. In Sec. III we consider the operator expansion in the N-vector field theory and calcu-
late the shape-dependent amplitudes of the leading isotropic and anisotropic operators for
dumbbells, lenses, and ellipses in d = 2, and for a dumbbell of two touching spheres in
d = 4 —e. We also consider weakly anisotropic particles of a more general shape. In Sec. IV
we use properties of the stress tensor to evaluate the polymer-induced orientation-dependent
interaction in a good solvent between an anisotropic particle and a planar wall. The results
are summarized in Sec. V. Somewhat more technical material is presented in the three

Appendices.

II. PARTICLE-POLYMER INTERACTION AND
SMALL-PARTICLE EXPANSION IN THE N-VECTOR MODEL

A nonadsorbing polymer interacting with a colloidal particle corresponds®”!? to an N-

112 " which favors disorder

vector field theory outside a particle with an ‘ordinary’ surface
and preserves the O(N) symmetry of the N-vector order parameter. In the field theory the

Boltzmann factor exp(—dH) of a particle at rp can be expanded as®?

e M o 1 — 55 — 84 (2.1)

in terms of isotropic

S = I@ZJ(I‘P) + I/ A@ZJ(FP) + ... (22)



and anisotropic operators
sa = > lpepr — (O/d)] [N Ta(rp) + N'0pdp(rp)] + .. (2.3)

kl
from the operator algebra that are compatible with the particle symmetries. Here T}, is the
stress tensor of the field theory, p'is the unit vector along the symmetry axis of the particle,
and 3y pepi T and 3o, prpiOk0; will be denoted by T and 8ﬁ, respectively. There is no
first derivative, due to reflection symmetry. The leading isotropic operator v is proportional

to the energy density €, and a convenient normalization is'3

Y = —Ae/B, (2.4)

where B, and A, are the amplitudes in the bulk two-point function (e(r)e(0))pun = Ber™ 2%
and the half space (‘hs’) profile (e(r,, z))ns/BY? = A.z7% at the critical point. In the
half space, r, and z denote the components of r parallel and perpendicular to the planar
boundary. B, and A, are positive for N > 0. The scaling dimension of ¢ and ¢ is z. =
d—(1/v), while the stress tensor has scaling dimension d. Both ¢ and T}, are O(N)-invariant
operators. We note that the bulk two-point function (eTy;) vanishes at the critical point.
The size powers in the shape-dependent prefactors Z, Z'; N'; N in (2.2) and (2.3) are given
by the scaling dimensions z., z. + 2, d, x. + 2, respectively, of the corresponding operators'?.

The form of the prefactors is different for ideal and self-avoiding chains. Since 7 is
proportional to (size)®, the expansion only makes sense for x. > 0. For ideal chains with
e = d—2 this means d > 2. For self-avoiding chains, on the other hand, there is a meaningful
expansion in d = 2, since v = 3/4 and z. = 2/3 .

Single-chain properties follow from correlation functions in the high temperature (‘para-

magnetic’) phase of the N-vector field theory by means of an inverse Laplace transform

L. = /(dt/(2m’)) elvat (2.5)

where L, is proportional to the length (number M of monomers) of the polymer chain,

and the Laplace conjugate t relates the density of the thermal perturbation,
T(r) = —te(r), (2.6)

in the N-vector Hamiltonian to the energy-density operator € and is proportional to the

deviation from the critical temperature®.



Consider, for example, the free energy cost F' of immersing particles of arbitrary size in a
dilute solution of self-avoiding polymers in an unbounded space or in the half space bounded
by a wall”. This is given by

Jdrydry £ [{12) 1451 — (P12)#]
[ dry £ (p12) bu .

Here pg = nkgT is the ideal gas pressure in the dilute solution with chain density n, and

F = —po (2.7)

¢15 denotes the scalar product ®(r;) ®(ry) of two N-vector order parameter fields ®. The
subscripts ‘H + 0’H and H denote N-vector Hamiltonians in the presence and absence of the
particles, respectively, and the subscript ‘bulk’ denotes averaging in the unbounded space,
without the particles and the wall. Finally it is understood that the limit N — 0 is taken®
on the right hand side of (2.7). A universal expression for F', independent of the chain
microstructure, is obtained in the scaling limit by expressing Lo in terms of* the mean
square end-to-end distance R? = dR?2, given by [ dris(r12)L{p12)bun/ [ driaL{p12)pux <
Lg’;l, where r{s = r; — rs.

In Sec. III we consider the expansion (2.1)-(2.3) in detail and calculate the universal
amplitudes Z,Z’, N, N for various particle shapes, spatial dimensions d, and numbers N of

components. In the limit N — 0, corresponding to self-avoiding polymers, the amplitudes

remain finite'®, and

2% (rp) — AV(rp), (2.8)

in terms of the monomer density operator W(r) satisfying!0:16:17

J dridry £ (W (rp, 2)@12)ns
Jdry £ (p12) buik

where My is the bulk-normalized monomer density profile of a dilute polymer solution in

= Rglc/y Mhs(z/Rx) ) (29)

the half space and z the distance from its boundary wall. Compare also the ‘normalization
property’ given in Eq. (C2) below. In Eq. (2.8) A is the universal amplitude in the free

energy cost
FRe = pg AR™ R 2.1
bulk ~ — Po x (2.10)

of immersing a small spherical particle of radius R in the bulk solution. In this case Z /2% =
R*<, see Ref. 8. Results for A in various spatial dimensions d are given in Table I of Ref.
17 where A is denoted by Ap p. A relation between the universal amplitudes A and A, is

given in Eq. (C5) below.



Ideal chains are related” to a one-component Gaussian model. Within the N-vector model
this corresponds to the special case of vanishing anharmonic interactions in which it reduces
to N independent one-component Gaussian models. Then the right hand side of Eq. (2.7)
becomes independent of N and describes the free energy F' = Fiqea of ideal chains. Likewise
Ze, Bo/N and A,/ VN become independent of N. Anharmonicity-contributions to {(p12)
carry combinatorial factors in perturbation theory which vanish for N — —2. Thus, even
in the general case of nonvanishing anharmonicities the right hand side of (2.7) reduces to
the ideal chain result if N — —2.

In evaluating the polymer-induced particle-wall interaction (2.7) by means of the expan-
sion (2.1) for a small particle, the contributions from the Z, 7', and N terms in (2.2), (2.3)
follow from Eqs. (2.8) and (2.9). The contribution from the stress tensor term proportional

to N will be given in Sec. IV.

III. SMALL PARTICLE AMPLITUDES

The amplitudes Z, Z', N, N' in Egs. (2.2) and (2.3) depend on the size and shape of

t89 of other particles or a distant wall and of ¢, they

the particle. Since they are independen
follow most easily from the density profiles (¢)parts (Tki)part induced by a single particle in
the N-vector model, right at the critical point. We will check that the same amplitudes
reproduce two-point functions such as (1)) . at large distances from the particle.

Our main interest is in particles with the shapes of ellipsoids, lenses, and dumbbells. The
ellipsoids have diameters D and D, parallel and perpendicular to the rotation axis p'and
are prolate, D > D,, or oblate, D < D;. We consider dumbbells of two intersecting
spheres with sphere-diameter L, angle of intersection «, and diameter D = Lsin(«/2) of the
circle of intersection, as in Fig. 1 of Ref. 5 or the inset of Fig. 2 below. The symmetry
axis containing the unit vector p'is the straight line passing through the centers of the two
spheres. For a = 0 the dumbbell consists of two touching spheres with D = 0, and for a« = 7
it reduces to a single sphere with diameter L = D. By further increasing « one obtains

lenses with spherical surfaces, which for a = 27 reduce to a spherical disk of diameter D,

see the inset of Fig. 1 below.



A. Ellipses, lenses and dumbbells in two dimensions

In two spatial dimensions, the critical profiles and correlation functions induced by a single
particle of arbitrary shape follow from those induced by the straight boundary of the half
plane by means of an appropriate conformal transformation'®. Here we consider the leading
and next to leading anisotropic orders in the small particle expansion, corresponding to
operators of scaling dimensions d = 2 and x. + 2 for ellipses, lenses, and dumbbells. Besides
8ﬁ¢, there exists in two dimensions another!® O(N)-symmetric and spatially anisotropic

operator,

b= —(pA A+ 2 A, (3.1)

with symmetry axis p° = (pg, py) in the z,y plane and scaling dimension z. 4+ 2. This

contributes a term

N//¢(rp) (32)
to the right hand side of (2.3). Here
P+ = pa T ipy (3.3)
and
ANO=|L,——3 120 (3.4)
T 2o+ 1) '

for a primary operator O such as the energy density € or . The operators L_1O =
0,0, L_10 = 050, with w = r, + iry, W = ry — iry, and L_50, L_»O appear in the
operator-product expansion'® of O and T(w) = —7(Ty, — iTy,) or T(0) = —m(Thy + i Tyy).

The anisotropic operators Tj, 8ﬁ¢, and 1/; are mutually ‘orthogonal’, i.e. the bulk two-
point functions of different operators vanish at the critical point. In particular, ¢ is orthog-
onal to ¢ and its derivatives. In the case N = 1 of the Ising model, ¢ appears neither in

9 since it vanishes in any correlation

the operator algebra!® nor in small particle expansions
function.

The results in Appendix A yield for an ellipse

TZ=2C" , T =C*"/(16z,), (3.5)



N = —C*(r/2)g , N" =C""g/4, (3.6)
where
C=(Dr+Dy/2 ., g=(DL—D)/(DL+Dy), (3.7)

and for the lens and dumbbell

T = (Dr/a)* , I = (Dr/a)**?/(16x.), (3.8)
N = =D*(n/6)[1 — (n/a)?] (3.9)
N = D* 2 (x/a)™ [1 — (7/a)?]/12 . (3.10)

For both families of particles,

3 "
2(xc+1) N
so that N"/N" is independent of the particle shape. The prefactor N of the stress tensor
in (3.6) and (3.9) is independent of N and equals the limit of N' = Ngea for ideal chains®®
as d \, 2. For dumbbells with @ = 0 and a = 7/2 see Eq. (3.15) below and Eq. (B11) in

N = — (3.11)

Ref. 5. The exponent x, and the amplitude combination A%/N are?® analytic functions of N
with the values 0, 2/3, 1, 2 and 1/2, 22/3/3%2 1/4, 3/2° for N = —2, 0, 1, 2, respectively.
In Appendix A we compare the small-particle expansion considered here with the usual
short-distance expansion of an operator-product®?.

The ellipse and lens expressions coincide, as they must, for the circle of radius R with
D, =Dy=2R,a=m D =2R, and for the needle of length | perpendicular to the axis p
with D, =1, Dy =0, a = 2m, D = [. The needle in d = 2 corresponds to the spherical disk
mentioned above Sec. IIIA.

The corresponding anisotropy amplitudes of the ellipse and lens/dumbbell families have
the same sign if g and 1 — (7/a)? are positive, i.e. for particles more extended perpendicular
to p than parallel to it, and the opposite sign if g and 1 — (7/a)? are negative.

It is instructive to compare the leading anisotropy amplitude N of a lens or dumb-
bell with that of the smallest circumscribing ellipse (CE). For the lens with o = 27 —
o,0 < o < 7, the CE has diameters D, = D, D = Dtg(a//4), and its ampli-
tude Ngg = —(m/8)D?*cos(a’/2)/cos*(a’/4) has a larger modulus than the amplitude

8



Mens = —(7/8)D?(m — o/ /3) (7 — ') /(7 — &’ /2)? of the lens in Eq. (3.9), see Fig. 1. For the
dumbbell with 0 < o < 7, the CE has diameters D = v/2Lcos(a/4), D| = 2Lcos?(a/4),
and its amplitude Ncg = (7/4) L%cos®(a/4)cos(a/2) is smaller than the amplitude Ngymp, =
(7/6) L?sin*(a/2)[(7/a)? — 1] of the dumbbell in Eq. (3.9), see Fig. 2. To the self-avoiding
polymers the lens and dumbbell thus appear less and more anisotropic, respectively, than
their circumscribing ellipses. This is expected intuitively, and in line with similar findings®”

for ideal polymers in d = 3.

B. Dumbbell of two touching spheres in d =4 —¢

Consider the dumbbell of two touching spheres, each of diameter L. The particle am-
plitudes follow from profiles in the parallel plate (film) geometry by an inversion about a
midpoint of the film®. Using the results of Refs. 22, 23, and 24 for the energy density
and stress tensor profiles in a film and the stress-tensor two-point function in the bulk, in

d = 4 — ¢ spatial dimensions, we find?

T = (L/2)" 4272 — 1)¢(d — 2) {1 + ex[lnm — (1/4)] + O(eH)}, (3.12)
;o 2@+ 1)/d
’ Te T2 1 1 d
N' = (L/2)* L So(z 1 1) §(d— 2)(d —1)(2% = 1)¢(d)
x{1 + ex[lnm + (1/3)] + O(e*)}, (3.14)
and
N = (L/2)44(x/0)¥*(d — 1)[¢(d)/T(d/2)] {1 — Ber /4 + O(?)} | (3.15)
where
k= (N+2)/(N+38), (3.16)

and ¢ is the Riemann zeta function. For N = 0 the right hand sides of Eqgs. (3.12)-(3.15)
determine the behavior of self-avoiding chains, while for N = —2, where x. =d — 2, Kk = 0,
and the curly brackets equal 1, they reduce to expressions® of the Gaussian model which
apply to ideal, random walk chains. Eq. (3.13) is consistent with the dumbbell expressions
(3.8)-(3.11) in d = 2 for a« = 0, x, arbitrary, and the Gaussian expressions contained in (3.15)
and (3.14) with their two-dimensional counterparts (3.9) and (3.10), (3.11) with z. = 0.

9



C. Weakly anisotropic particles

Here we generalize previous results® for the amplitudes Z, 7', N, N7 of weakly anisotropic

particles interacting with ideal chains to the case of self-avoiding chains in a good solvent.

As in Ref. 5 we consider particles with a surface S’ that is obtained by shifting each surface

point rg of the sphere S with radius R by a small amount 7(fs) toward the center of S

at the origin. Here fg is the angle between rg and the symmetry axis of the particle, and

we consider particles with a center of reflection, so that n(fs) = n(m — 6s). The shift can

be generated by means of the stress tensor using correlation functions that are given in

Appendix B. This yields
T = (2R)*[1 — z.J],

4 1/8 Tet2
T = =R k)]

(d+ 1)D((d+2)/2)
S r(r. - DI((d+1)/2)

N = —(2R)™*?

and

6surf ﬂ-(d_l)/Q
N = —R*

B T((d 5 D/2)
where

_ T2
- VAL((d = 1)/2

J ) /0 " d6s (sinfs)* 2 1(0s)/R |

= /0 " A6 (sinfs)™2 [d(cosBs)? — 1] n(0s)/R.

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

Here Ssurt/Opuk is the amplitude ratio of the stress-tensor two-point functions with both

points in the planar surface of the half space and in the bulk, respectively. See the discussion

pertaining to Eq. (B4). For d =4 — ¢,

ﬁsurf > 2
=2|1—=-ke+0(e
Bpulk 6 (=)
depends on N, see Ref. 24, while in d = 2,
ﬁsurf _ 27
ﬁbulk

10
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(3.24)



independent of N. The integral I in (3.22) is positive (negative) for oblate (prolate) shapes.

Egs. (3.17)-(3.24) may be used, in particular, for ellipsoids, lenses, and dumbbells.
Weakly anisotropic prolate and oblate ellipsoids with D > D, and D < D, respectively,
are described® by R = D) /2 and

Dy — Dy

5 sin*fg , (3.25)

f]’]:

to first order in D — D, and a dumbbell and lens with 6 = o —m < 0 and > 0, respectively,
by R = L/2 and

n = 6 (L/4) |cosbg|, (3.26)

to first order in . Substituting in Eqs. (3.17)-(3.24) yields

—1
I = {D‘ﬁ" [1 +§]x6dd] , L* [1 —0x, w] } , (3.27)
1/8 d—1
T = —— DI 14 2)—— |, L™"?|1 — 2 2
et L B OB e P [ R TERS M | SR CES
-1 d+1 wd
— Dm€+2A Lxé+2 hathed 9
N xe+1{ I T4d+2) 58}’ (3.29)
Buust .. (W/4)d/2 L\ ¢ (d=1)/2
N = — plg B 2y s T T L 3.30
6bulk{ T(@+4/2)°\2) *20(d +3)/2) (3:30)
for the ellipsoid and lens/dumbbell, where
X I'(d/2)
= (D, —-—Dy)/D = . 31
9= (DL=Dy/Dy, w NGRICESYE) (3.31)

For the weakly anisotropic ellipse, lens, and dumbbell in d = 2, Egs. (3.27)-(3.30) are
consistent with (3.5)-(3.11). For the weakly anisotropic ellipsoid in arbitrary d with mean
diameter C = [D + (d — 1)D,]/d, Egs. (3.27) and (3.28) are equivalent to Z = C* and
7' = C**2/{8[2(z. + 1) — d]}, apart from corrections of order g?. For N = —2 where
Kk =0, Bsut/Bouk = 2, e = d — 2 the above expressions reduce to the ideal chain results
given in Sec. 5 of Ref. 5.

Note the N dependence of the leading anisotropy amplitude A given by Egs. (3.6), (3.9),
(3.15), (3.20), and (3.30). While N is independent of N for d = 2 and d = 4, N depends on
N for 2 < d < 4, and has a smaller magnitude for self-avoiding chains with N =0, k = 1/4

than for ideal, random-walk, chains with N = —2, k = 0.

11



IV. EFFECTIVE INTERACTION BETWEEN A PARTICLE AND A WALL

The free energy cost of immersing a particle in the polymer solution in the half space
bounded by a planar wall follows from Eq. (2.7) on identifying the Hamiltonian H in the
absence of the particle with the Hamiltonian H,s of the field theory in the half space and
on substituting the Boltzmann weight (2.1) of the particle. For the leading isotropic and

anisotropic contributions of the polymer-induced particle-wall interaction this yields
0Fie0(C) = po(Z/2°) AR (M — 1) (4.1)

and

P9 €) = $ (cost? 1 = ) + (00) (Mo = ) - CpMu ). (42

as shown at the end of Sec. II and in Appendix C, respectively. Here 0 Fis,(¢) = Fiso(¢) —
Fiso(00) is the free energy change on moving the particle center from the bulk to a finite

distance z from the wall, with
(=2/R:, (4.3)

and 0 Foniso(V, ) = Faniso(J, ) — Faniso(7/2, () on turning the particle axis, at fixed z, from
an orientation parallel to the wall to an orientation that encloses an angle 1 with the surface
normal of the wall. &5 = &E15(¢) and Mg = Mys(¢) are the bulk-normalized density profiles
of the chain ends and of all the chain-monomers, respectively, in the dilute polymer solution

in the half space without a particle. In terms of the field theory,

Ens((2) = Zhns/Ebuik s (4.4)

where

Ehs = /dr1£<8012>hs , Sbulk = /dr1£<9012>bu1k7 (4.5)

and M, is given by Eq. (2.9). The exponents and amplitudes in (4.1), (4.2), and in (4.6)
below are those of the N — 0 vector model. The exponent v also appears in the power-law

dependence M7~ of the partition function =y /N of a polymer chain in the bulk with one
end fixed.

The corresponding anisotropic contribution

SER (9, ¢) = po(N'/27) A(cost)? R/ ~2d* My, /d¢? (4.6)

aniso T

12



from N’ is a next-to-leading correction, since for self-avoiding chains and a small particle,
N is much smaller than N, as explained in the Introduction. Eqs. (4.1), (4.2), and (4.6)
apply to particle sizes much smaller than z and R,.

It is interesting to compare the expressions in Eqgs. (4.1), (4.2), (4.6) for self-avoiding

5,26

chains with the ideal-chain expressions®°, in which the two anisotropic contributions from

N’ and AV in (4.2) and (4.6) are of the same order (size)?. In the latter case

Ens — 1= foly/2),
> M /d¢® — 8[foly) — (1/2) foly/2)], (4.7)

independent of d, the curly bracket in Eq. (4.2) becomes

{} = 2fo(y) + (d = 2)fo(y/2), (4.8)

and the sphere!® amplitude A — Ajgeas = 27%2/T((d/2) — 1). In Egs. (4.7) and (4.8),
fn(y) = i"erfc(y) is the n-fold iterated complementary error function of y = z/ \/m = V2¢.
For ideal chains in d = 3 the sum of the right hand sides of (4.2) and (4.6) reduces'® to the
expression given on the right hand side of Eq. (6.1) of Ref. 5.

First consider the region ¢ < 1 of small particle-wall distances, where the form

6 Faniso = po(cos?)? {Nd%‘ll} (4.9)

of the leading anisotropic interaction for self-avoiding chains implies that the particle aligns
parallel to the wall. The reason is that N is positive (negative) for particles that are stretched
out parallel (perpendicular) to the particle axis, see Sec. 111, so that § F,yiso 1S minimized for
J=m/2 (0 =0).
Eq. (4.9) should be compared with the interaction
0 Faniso,ideal = Po(cost))” {N d%dl + W ’/2“6)4A} (4.10)
ideal

for ideal chains, corresponding to the sum of (4.2) and (4.6). In the last paragraph of Sec.
[IIC we argued?®” that 0 < N /Mgew < 1 for the dumbbell/lens and ellipsoid families in
2 < d < 4. Since both terms in {}igea have the same sign®, the ratio {}/{}igea of the curly
brackets in (4.9) and (4.10) is also between 0 and 1, and the tendency of the particle to

13



align parallel to the wall is reduced by chain self-avoidance. Note that the chain size R, does
not?® appear in Eqs. (4.9) and (4.10).

Second we discuss whether the orientation parallel to the wall remains favorable for
larger particle-wall scaled distances ( of order 1 or much larger than 1. For ideal chains

5,7

this is not the case™’. For large (, the anisotropic interaction dFpiso,ideal(V, () equals the

product of (/2/7( texp(—(?/2), which is the large ¢ behavior of fy(y/2), and the factor
Po(cos)?Nigeal[(d — 2)/(d — 1)]k, where

k=1—WN"/N)igea2* " 4n¥?(d — 1)/T(d/2) . (4.11)

For large ¢ and d > 2, §Fjyniso,ideal 1s minimized if the particle aligns perpendicular to the
wall, since k is negative for all the particle shapes considered. For example, k equals 2 — 2¢
for a dumbbell of two touching spheres, and equals 1 — [d(d + 1) /2] for weakly anisotropic
particles of the general shape considered in Sec. ITIC.

The situation is different for self-avoiding chains in d < 4, for which the N contribution
(4.2) dominates the anisotropic behavior of a small particle, and the N/ contribution (4.6)
is negligible. For d = 4 — ¢ with small positive ¢, the value of the curly bracket in (4.2) must
be close to its d = 4 expression, i.e. to the ideal-chain expression 2[fy(y) + fo(y/2)] of (4.8),
which is positive for all values of y. This suggests?® that the favorable particle orientation

is parallel to the wall for all C.

V. SUMMARY AND CONCLUDING REMARKS

In this paper we consider the orientation-dependent effective interaction between non-
spherical colloidal particles immersed in a solution of nonadsorbing polymers. With methods
of field theory we study how the interaction is affected by the repulsion between chain
monomers (chain self-avoidance) in a good solvent. It is interesting to compare different
particle shapes, and we consider ellipsoids, dumbbells, and lenses.

For small particle size we represent the particle by isotropic and anisotropic operators
with weights or amplitudes that depend on the particle size and shape and have different
values for the universality classes of ideal (random walk) and self-avoiding polymer chains.
Nonadsorbing polymers correspond to the surface-universality-class of the ‘ordinary transi-

tion’.
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Here is a summary of the main results:

1. For self-avoiding polymers in two dimensions the operator weights are evaluated ezxactly
for particles with the shapes of an ellipse of arbitrary aspect ratio and for a dumbbell and a
lens of arbitrary angle of intersection of the two circular surfaces. The results are given in
Egs. (3.5)-(3.11). In Figs. 1 and 2 the leading anisotropic weight A/ of a lens or dumbbell is
compared with that of the smallest circumscribing ellipse. As expected the polymers sense
the lens or dumbbell as less or more anisotropic than the ellipse. In Appendix A we confirm
the operator form of the expansion by checking that the one- and two-point functions around
the particle are described by the same weights. Unlike the operator-algebra in the bulk, the
leading anisotropic amplitude A of the stress tensor does not depend on the bulk universality
class, i.e. N is ‘hyper-universal’ and independent of the number N of components of the
order parameter in the N-vector model. As expected from the structure of the operator
algebra in the bulk, in the small particle expansion in d = 2 there is another anisotropic
operator besides Gﬁw, of scaling dimension x. + 2, which is given in Eq. (3.1). The ratio
NN of the weights of the two operators is the same for the ellipse, dumbbell, and lens
and is independent of their aspect ratios.

2. In more than two spatial dimensions we consider a dumbbell of two touching spheres
and weakly anisotropic particles (weakly deformed spheres). Unlike the situation in d = 2,
in 2 < d < 4 the leading anisotropic particle-weight N depends on N. For a given particle
size and shape in 2 < d < 4, both the isotropic and anisotropic perturbation strengths ZA
and N of the polymer system are weaker for self-avoiding than for ideal chains. In the case
of TA this is due to a larger size exponent d — 1/v > d — 2. In the case of N the size
exponent, which equals d, is the same but the amplitude is weaker, see Eqs. (3.15), (3.20),
(3.30) and the last paragraph in Sec. III. The weights for weakly anisotropic particles are
fully determined by the scaling dimension z. of the energy density and the ratio Gsut/Bpux of
the amplitudes of the stress-tensor two-point function in the bulk and at the planar surface
of the half space, as shown in Appendix B.

3. Using the small-particle expansion, we express the polymer-induced orientation-
dependent interaction between a particle and a wall in terms of polymer density profiles
in the half space bounded by the wall and without particle. For the leading orientation de-
pendence this follows from the continuity and trace equations of the stress tensor, as shown

in Appendix C. Apart from reducing the orientation-dependent interaction at particle-wall
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distances z much smaller than the chain size, see Eqs. (4.9), (4.10), chain self-avoidance
also affects the qualitative form of its z-dependence. Unlike ideal chains, which induce a
change in particle-orientation from parallel to perpendicular to the wall on increasing z,
self-avoiding chains induce a parallel orientation for all distances, as we argue in the last

two paragraphs of Sec. IV.
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APPENDIX A: ELLIPSES, LENSES, AND DUMBBELLS
IN TWO DIMENSIONS

Here we discuss density profiles and two-point functions in two-dimensional conformal
field theories with a single embedded ellipse, lens, or dumbbell and show that they imply
the small particle amplitudes given in Section IITA.

For later reference we note the relations

A - 48w8w - 4L,1E,1 y (Al)
Of — A =pL L2 +p2 L2, (A2)
Ty = —(piT + p2T)/(2m) (A3)

with the complex notation introduced below Eq. (3.4).
It is remarkable that the contributions oc L2 1), L? |4 cancel in the anisotropic Boltzmann

weight reduction

N0} = 3AJp + N = —N"[pA L_y + p* L_51) (Ad)

of order (size)” 2 in Eqgs. (2.3) and (3.2). This follows from (A2) and the forms (3.11) and

(3.1), (3.4) of N'/N" and 9.
In the following we assume that the particle is located at the origin with its axis aligned

along the y-direction of the z,y plane, i.e. p2 = p2 = —1.
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1. Density profiles

First consider density profiles of primary operators O, such as the energy density O = ¢,

that are induced by a single particle. For an ellipse (ell)

(O, w)a/BY* = Aofzeye{ LIS (45)

with

S = /w2 —C2g (A6)

and for a dumbbell or lens (dbl)

= I

where ‘Re’ denotes the real part.

Next consider the stress tensor profiles. Using the complex notation!® introduced below

Eq. (3.4), one finds
(T(w))en = g < (A8)

and

o=}~ (ZH o A

where c is the central charge of the two-dimensional theory.
Conformal transformations of the two-point function (7°O) from the half plane to the
exterior of the particle allow one to evaluate the profile of the operator L_,O around the

particle. For the particle families {ell, dbl} this leads to

_ _ C%g D? \°
(AO(w, 1)) s = (O, )} pas {8 e [1 - (O) ] / 24} (A0)

with AO from (3.4), and

9
= 4— . All
A C+$@< 1'0—1-1) ( )
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One may check that the above ellipse- and dumbbell /lens-profiles coincide for the circle
and the needle, compare the paragraph below Eq. (3.11).

The results (3.5)-(3.11) for the small particle amplitudes follow from comparing the pro-
files (A5)-(A10) for particle size much smaller than |w| with the form predicted by the
expansion (2.1)-(2.3). For example, the result (3.5) for the ellipse-amplitude Z follows from
comparing the leading behavior A.C%|w| **< of (A5) for O = ¢ and C < |w| with the pre-
diction Z.A(€(0,0)e(w, ) ypun/Be = ZA|w|~** from (2.1) and (2.2) and taking the relation

(2.4) between € and 1 into account. Due to the form

1 1
|w — wp|?®0 (w — wp)*

(AO(w,w)) (AO(wp, Wp)))pur/Bo = A2 (A12)

of the bulk two-point function of AQ and the vanishing mixed function ((AO) (AO))pu,
the coefficient A drops out of the particle amplitude A/”. Similarly ¢ drops out of N

In the next subsection we check the operator character of the expansion by showing that
the same amplitudes (3.5)-(3.11) appear also in the small-particle expansion of the two-point

function (e€) part-

2. Energy-density two-point function in the N-vector model

In the following we use the notation
O(wj, w;) = O(j) ; j =1,2 (A13)

and we omit the spatial arguments of operators that are located at the particle site at the

origin. The form

(O(1)O(2))part /[(O(1))part {O(2)) pare] = F(g)/[A02")" (A14)

of the ratio of the two-point function and the profiles of a primary operator O applies not
only to the half space problem z = r, > 0, where the ‘particle’ fills the complementary
half space z < 0, but also to our particles with ellipse- and dumbbell/lens-shapes. For a
given bulk universality class, operator O, and ‘ordinary’ boundary conditions on the particle
surfaces!'!2, the three cases are described by the same amplitude Ay and the same function
F(q), but the arguments ¢ are different. For the half space

2 2
719 w1z
pr— _ — 9 A.15
42129 (wy — wy)(wy — Wy) (A15)
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for the ellipse

+ 81 — Wy — 32|2
— [ A16
1=+ S ) s + S =€) (A16)
and for the dumbbell/lens particles
q= |G’2/(0102) ) (A17)
with
G = (0110 2)" — (0-1012)", (A18)
C; = 2Re (GJD@'@,’Z‘)W/Q R (Alg)
where
0,;=1+[D/(2w)], 0_,=1—[D/2w;)], (A21)
and 7 =1, 2.

For the energy density O = ¢ in the N-vector model, the function F(g) has been evaluated
in Ref. 21. For ¢ not too large it has the form

F = 23: Bih(q(1+ q)) (A22)
i=1
where
hT(€) = EP2F(—2A,=3A/2, (1 — A)/2; =37, 1 — A; —4¢)
hs(€) = EAF(=A, —A/2,(1+ A)/2; —2A,1 + A; —4€). (A23)
Here F' = 3F, is a hypergeometric function, A = z./2, and
By =1, By=2"AC../B?, (A24)

where C. is the amplitude of the bulk three-point function (e(1)e(2)e(3))pux =
Ceee(T12723731) "% Eqs. (A24) follow*!' from comparing the above expressions for (¢(1)e(2))1s
with the expansion of the operator product e(r — (s/2))e(r + (s/2)) for short distance s, as
given in Subsection A3 below.

Calculating the contributions of orders (size), (size)?, and (size)**? in the small particle

expansion of (€€)par, one can disregard the term with ¢ = 3 in (A22), which has the small
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g behavior o< ¢"t(®</2), For the ellipse and dumbbell /lens families these contributions follow
from (A14), (A22) using the profiles (A5) and (A7), respectively, as well as the expansions

in the particle size,
CQ 2 CQ
q—>m12‘{1+4[/C+gj]+O(C4)} (A25)
and
D\?  |wpa|? D% [/m\? 1 ™\ 2 1
— | —) ————=<1+— (- —|1—-(- D A2
1 (204) |wy |[2[wg]? * 4 <Oz> ’C+3 <a> J| 0@, (A)

of (A16) and (A17). Here

1 1
K = A27
[wi*  fwa]? (A27)
and
1 1 1
J=—+—-5+ +cc (A28)
w1 w2 w1w2
are isotropic and anisotropic expressions with ‘cc’ denoting complex conjugate.
The ¢ = 1 term in (A22) leads to
<€(1>6(2)>§;3)/BE = |wyg| 7 — N{(T €(1)e(2)) bui/ Be + O((size)?) , (A29)

which contains the contributions of order (size)® and (size)?. Here we have used the expansion

hi(g(1+q) = ¢ (1+0(¢%)) (A30)
and the form
(T e(1)e(2))bune/ Be = Z—;!wml_m [(wil — w%) + CC} (A31)

of the bulk three-point function of 7}, defined below (2.3), and two energy densities. The
same values (3.6), (3.9) of the amplitude A describe the small-particle behavior of both the
profiles (A8), (A9) and the two-point functions (A29). This is consistent with the operator
expansion (2.1)-(2.3).

Finally the i = 2 term in (A22) leads to

(e(1)e(2)) purt /Be = {Z{e e(1)e(2)) v + T' (e e(1)e(2) houre
AN([(L-z + Lo2)e] e(1)e(2))nun} A/ B + O((size)™ ) | (A32)
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which contains the contributions of order (size)®s and (size)*™2. Here Z, Z', N” are the

amplitudes in (3.5)-(3.11), (€€€)pux is given below Eq. (A24),

([((L_o 4+ L_5)e] e(1)e(2))puic/{€ €(1)€(2)) puic = % [2 <Qj% + uf%) " g + CC] , (A33)
(Ace(1)e(2))bunc/ (€ €(1)€(2))bunc = a7 wil + w% : (A34)

and we have used
hs (q(1+q)) = ¢ **(1 = zq/4+ O(¢%)) . (A35)

It follows from Eqs. (2.2), (2.4), and (A4) that (A32) is consistent with the small-particle

operator-expansion.

3. Particle and operator-product expansions

Here we compare the small-particle expansion on the right hand side of (2.1) with the
expansion of the normalized product s**¢O(r — (s/2))O(r + (s/2))/Bo of two equal primary
scalar operators O, such as €, which are separated by the ‘small distance’ vector s. First,
1 =N prpiTre with A in (3.6) and (3.9) should be compared with the contributions?!?

1 — 27T(33(9/C) Z Sk’slTk’l (A36)

kl
from the unit operator and the stress tensor to the normalized product. Second, the sum
of (Z+4Z'L_1L_,)% and the right hand side of (A4), when multiplied by —1, should be
compared with the contributions to the normalized product from the operator e and its

descendants, which are given by!?
[Cooe/(BoB!?)s™ {Dou.(s,0) + flsTA + s> Al e(r)/BY? . (A37)

Here s = (s;,8y), s+ = s, £ is,,

1

Doz (s,0p)e(r) = {1 + 8o+ 1)

(siLz_1 + SQ_EZ_I)} e(w, w) (A38)

is the same expression as in Eqs. (2.39) and (A1) of Ref. 9, and!’

T(xe —2)/4 4+ zo(x + 1)
c(xe+1) + z(4z, — 5)

f = (A39)
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There are similarities between the two expansions, with p times the particle size corre-
sponding to s. The operator product and the particle both have the axial and reflection
symmetries and essentially the same operators appear in the two cases. But there are also
differences. In the case of the operator product, the amplitude of T, in (A36) depends on
the bulk universality class, while in the particle case the corresponding amplitude A in (3.6)
and (3.9) is ‘hyper-universal’ (but does depend on the shape of the particle). As for € and its
descendants, the anisotropic operators (L? |, L? | )e are absent in the particle case, see (A4),

and the isotropic operator L_;L_;¢ is absent in the case (A37) of the operator product.

APPENDIX B: SMALL DEFORMATIONS OF A SPHERE

In field theory, small deformations of a boundary can be generated by means of the stress
tensor™'®. For the weakly deformed sphere S’ introduced in Sec. IIIC, the induced profile
(O(r))g of a scalar operator O such as the energy density e, right at the critical point, is

given by

2 p2\¢d r
(O /(O))s = 1 — w0 ( i ) L [as BB oy )
d

R Ir — rg|??

Here Q0 = 27%2/T'(d/2) is the surface area of the unit sphere, [dS an integral over the
surface area of the sphere S with radius R and center at the origin, and the unit vector
rs/ R specifies points rg on the surface of S. Eq. (B1) applies to an arbitrary radial surface
shift n(rg/R) and, in particular, to the shift n(rs/R) — 1(0s) with rotation and reflection
symmetry, as in Sec. IIIC. The first order in 7 contribution on the right hand side of (B1) is
the explicit form of [ dSH(T,,(rs)O(r))s/(O(r))s, where T, is the diagonal component of
the stress tensor normal to the surface of S. The form of (7,,,0)s/(O)s follows by a special
conformal transformation from'® the corresponding expression —z¢(2¢/Q4){z/[[r, — r},|> +
221} for (T (x)),0)O(ry, 2))ns/(O(rp, 2))ns in the half space.

The stress tensor profile is given by

rs/R
<Tkl(r))5/ = ﬁsurf/dS M{(Skl — dﬂkﬂl} + 0(772) (B2)
with unit vectors
v =rg/R — 20(0,rs/R) (B3)
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that are composed of the two unit vectorsrg/R and ¢'= (r—rg)/|r—rg|. This profile vanishes
for a sphere and, therefore, for n = 0 where S’ = S. The first order in 1 contribution on the
right hand side of (B2) is the explicit form of [ dSn(T,,(rs)Tw(r))s. Here (T,,,,Tk)s follows

by a conformal transformation from the half space function?*

<Tnn(0)Tkl(rp7 Z>>hs = ﬁsurf T72d {5kl - dukul} ) (B4)

with the origin 0 a surface point and with unit vectors
U = 5kn - 2Tk2/7"2, (B5)

where n is now the direction perpendicular to the planar surface of the half space, so that
Tn = 2.

In the bulk the stress tensor two-point function (7},,(0)7Tk(r))pun, With n an arbitrary
Cartesian direction, also has the form of the right hand side of (B4), except that [Ggu.f is
replaced by the bulk amplitude Gpy.

Expanding the profiles (¢)s and (T},;)s in (B1) and (B2) for R < r and comparing with
the predictions of the small particle expansion (2.1)-(2.3) leads to Egs. (3.17)-(3.22). Here

one uses the relations

Qi / dSn(6s) = R4J (B6)

JdSn(fs)cos(r,rg) =0, and

Qa1 d(rﬁ/'rﬂ) -1

B

Qid /dS [dcos®(r,rs) — 1]n(fs) = R?

where 7 is the component of r parallel to the particle axis. The 7 integrals J and I are

from (3.21) and (3.22).

APPENDIX C: ENERGY DENSITY, STRESS TENSOR, AND
PARTICLE-WALL INTERACTION

First we note general properties of the monomer density operator ¥, which is related to

€ by7,10,16,17

—e(r) = (Lpat/Ry/") ¥(x) (C1)
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as N — 0. The ‘normalization’ property
L'/dr(\lf(r) L) = RV L (C2)

follows from the relation [dr(e(r)-...) = (d/dt)(...) for the cumulant average, see (2.6), and
from partial integration with respect to ¢ inside the Laplace transformation £ in (2.5). Here
the dots denote other operators such as ¢15/N. The bulk normalization Mys(c0) = 1 in Eq.
(2.9) is consistent with (C2). The local relation

L{T(r)-..) — (d/dRY")L(W(r)- ... (C3)

for N — 0 follows from replacing the left hand side by —(d/dLyo)L{e(r) - ...), see (2.6) and
(2.5), and using that L, /RY" in (C1) is independent of L.

The (naive) inverse length dimension of W(r) equals its scaling dimension z., and the
critical bulk correlation function (¥ (r)¥(0))pur/N for N — 0 equals the product of r~2%

and the universal amplitude
@’ = (R"/Lyo)” (Be/N)n=o- (C4)

This resembles the universal amplitude (£ 1/ “1)2 B, where ¢ is the correlation length, which
appears in the critical bulk autocorrelation function of the operator £/*7 (r), where 7 is
the thermal perturbation density (2.6). By comparing (C1) and (C4) with (2.4) and (2.8),

one obtains the expression
A = (2x€A6N71/2)N:0/w <C5)

for the universal polymer amplitude A defined for a sphere in (2.10). In the simple case of
ideal polymers and the Gaussian model, A.N~'/2 = 23/2=4 and B./N are independent of
N, @ = /28, with Sy = I'((d — 2)/2)/(47%?), and A = Ajgea) = 1/(25,) is the expression
given below Eq. (4.8).

Now we consider the leading anisotropic particle-wall interaction, which by Egs. (2.1),

(2.3), and (2.7) is given by

Lldr,, — ¢
§Fie = pON (00819)2 [T - >i—1 Tll]7 (CG)
d—1 Zbulk
where
Thi = /drldI'Z(Tkl(r)QDlQ)hs (C7)
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and Spyi is given in Eq. (4.5). To derive (C6), we used the results that 7, vanishes for
tensor indices n and p perpendicular and parallel to the wall, respectively, and that 7,,,, — 7,
equals [d7,, — >y u]/(d — 1), since the d — 1 diagonal components 7, parallel to the wall
are all equal.

The trace >; 7; and the diagonal component 7, perpendicular to the wall follow, respec-

tively, from the trace equation in the scaling limit,

d
= > ATu(r) pr2)ns = zald(r —11) +6(r — 12)] {L12)ns + (1/V)(T(r) 012)ns (C8)
=1
with z¢ the scaling dimension of the order parameter, and the continuity equation,

- Zl: O (Tha(r) Pr2)ns = [0(r = 11)0p, +0(r = 12)0p,, J{012)1s » (C9)

of the stress tensor®’. Integrating these equations with respect to r; and r, and applying

the inverse Laplace transform £, one can express the second fraction on the right hand side
of (C6) in terms of the half space profiles M5 and Ey.

From (C3) and (2.9) the contribution from the last term in the trace equation (C8) is

1 1 d —_
= /drldr2£<7(r)%2>h5 - VEbulk dR}/” (MhSRalc/V:bulk)

VZbulk
— —(dMys/dC + (v/v) My (C10)

where the last term comes from differentiating Rgl/ Y2 buk = const X (Ri/ YY)

With =g and Zpyy from (4.5), the expression
ETnn = Ebulk - 2Ehs (C11>
follows from the continuity equation (C9), yielding 0,L7,, = —20,Zs, and from the bulk
value —Zp i of L7,,. The latter can be inferred from the trace equation (C8), since L7,
equals £, 7;/d in the bulk. Here one uses Eq. (C10) for ( — oo and the exponent relation

2r = d — (/v). An alternative derivation of (C11) follows from integrating the shift

relation

/drp (Ton(rp, 2) Pra)ns = [0(21 — 2)0z, + 0(22 — 2)0z,] (P12)ns (C12)

in the half space, where 6 is the standard step function.

Substituting (C8)-(C11) into (C6) and using Eq. (4.4) leads to expression (4.2) for § Fypiso-

L Soft Matter, G. Gompper and M. Schick (eds), Wiley-VCH 2005.
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We only showed 0 < N/Njgeal < 1 for a dumbbell of two touching spheres and for weakly
anisotropic particles, and only to first order in € = 4 — d. However, we expect it to apply to the
whole dumbbell/lens and ellipsoid families in d = 3.

Egs. (4.9) and (4.10) should be compared with the isotropic particle-wall interaction (4.1) for
small ¢ in which the chain size R, does appear and which is given, apart from the sign, by
the immersion free energy in the bulk, Fiui = po(size)? (R, /size)l/ Ya. Here ‘size’ denotes the
particle size and a = AZ /(2 x size)®« is the shape-dependent amplitude. F},y is also reduced by
chain self-avoidance if, in addition to the particle size and shape, R, is kept fixed. The reason
is the decrease of the exponent 1/v which is more effective than the change of a.

It would be interesting to confirm this conjecture by evaluating the half-space profiles &5 and
My for self-avoiding chains to first order in ¢ (including the one-loop correction) and in d = 2.

L.S. Brown, Ann. Phys. (N.Y.) 126, 135 (1980).
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FIGURE CAPTIONS

FIG. 1: Small particle amplitude A which determines the anisotropic interaction of a lens
and its circumscribed ellipse CE with self-avoiding polymers in d = 2 spatial dimensions.
The two particle shapes coincide for o = 0 and o/ = 7, where they reduce to a needle and

a circle, respectively.

FIG. 2: N for a dumbbell and the circumscribing ellipse. For a = 0 the dumbbell consists

of two touching circles.
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