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Abstract

Two mapping methods to study magnetic field lines near the separatrix of poloidal divertor tokamaks in the
presence of external non-axisymmetric magnetic perturbations are proposed. The first mapping method is based
on the Hamiltonian formulation of field line equations in the Boozer coordinates and solving it by the canonical
transformation of variables (Abdullaev et al 1999 Phys. Plasmas 6 153). The second mapping is a canonical mapping
near the separatrix which is constructed using the recently developed method (Abdullaev 2004 Phys. Rev. E 70
064202, Abdullaev 2005 Phys. Rev. E 72 064202). We construct the corresponding mappings for magnetic field
lines in divertor tokamaks in the presence of non-axisymmetric magnetic perturbations. The mappings are applied
to study the properties of open stochastic field lines near the separatrix for the wire model of the plasma. Poincaré
sections, the so-called laminar and magnetic footprint plot (a contour plot of wall to wall connections lengths) in the
plasma region and on the divertor plates are obtained. The quasilinear diffusion coefficients of field lines are also

estimated.

PACS numbers: 52.55.Dy, 52.55.Fa, 05.45.Ac, 45.20.Jj

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Poloidal divertor tokamaks are an important concept of the
magnetic confinement of plasma (see [1]). The magnetic
configuration of these tokamaks contains a magnetic surface
(a magnetic separatrix) sharply separating closed field lines
on nested magnetic surfaces from open field lines hitting
the walls of fusion device. It has one (or two) singular
points, X-points, on the poloidal section where the poloidal
components of the magnetic field are zeros. A schematic
view of the so-called single-null poloidal divertor is shown
in figure 1. Such configurations of the magnetic field are
created by one or two external current coils parallel to the
plasma current, respectively. Magnetic fusion devices with
a poloidal divertor provide an improved energy confinement
of the plasma and divert particles and heat efficiently into
divertor plates in a special volume, from where they are
pumped away. The future international thermonuclear
experimental reactor (ITER) is designed as a poloidal divertor
tokamak.

Magnetic field lines in such a magnetic configuration are
described by the Hamiltonian system with hyperbolic fixed
points. The magnetic separatrix and the X-points correspond to
the separatrices and the hyperbolic saddle points, respectively.
Typically any small non-axisymmetric magnetic perturbations
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Figure 1. Schematic view of a magnetic configuration in a poloidal
single-null divertor tokamak.

destroy the magnetic separatrix replacing it by the stochastic
layer of field lines.

The nature of these magnetic perturbations may range
from magnetic fluctuations produced by plasma instabilities,
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field errors, etc. In present day tokamaks one uses
specially created external magnetic fields to null the magnetic
perturbation caused by magneto hydrodynamic instabilities.
Typically, magnitudes of magnetic perturbation fields are
small.  For instance, the amplitudes of the error field
are §B/By ~ 107* (see, e.g. [2]). Determinations of the
structure of the stochastic layer and the pattern of magnetic
footprints on the divertor plates are important issues in the
understanding of particles and energy deposition in tokamak
fusion devices [2-5]. The study of the stochastic layer near
the separatrix also becomes important in the light of recent
experiments in the DIII-D tokamak on the suppression of large
edge-localized modes in high confinement (H-mode) plasmas
affected by applied edge resonant magnetic perturbation [6].

In the early theoretical works in [3, 7, 8] the effect of
magnetic perturbations on divertor separatrix has been studied
by employing the Chirikov overlapping criteria to estimate the
width of the stochastic layer in the absence of divertor plates.
Direct numerical integration of the equations of field lines in
the DIII-D tokamak in the presence of field irregularities has
been performed in [9]. The effect of magnetic perturbations
created by special coils in this tokamak has been analysed in [5]
(see also references therein) using a numerical code which
takes into account a real magnetic geometry of the system.
‘Wire’ models have been used in [2,4] to study the effect of
magnetic field errors on the formation of the stochastic layer
near the magnetic separatrix and magnetic footprints on the
divertor plates.

Mapping approaches to study magnetic field lines near
the separatrix in divertor tokamaks have been developed
in [10-19]. The mappings are computationally efficient
and they run much faster than the numerical integration of
field line equations. In [10-15] the simple mapping models,
called tokamak divertor maps, are proposed to describe
the field lines in poloidal divertor tokamaks. These area-
preserving maps are simple algebraic difference equations.
They allow us to study generic features of the structure of
field lines near X-points and the magnetic footprints affected
by asymmetric magnetic perturbations. However, since these
simple maps are not deduced from the field line equations it is
not clear how parameters of maps are related to the magnetic
field configuration. It makes it difficult to apply these maps
to analyze the magnetic structure of real poloidal divertor
tokamaks.

A separatrix mapping approach to estimate the width of
the stochastic layer formed near the magnetic separatrix has
been considered in [16]. The author following [20] derived
the separatrix map for field lines near the magnetic separatrix
in a single null poloidal divertor tokamak. This separatrix
map allowed us to plot the structure of the stochastic layer and
estimate its width. In [17-19] the separatrix mapping method
has been generalized to describe the field line near the X-points
and on the divertor plates. The method of construction of the
separatrix mapping from the equations of field lines in poloidal
divertor tokamaks with arbitrary magnetic configuration has
been proposed. It allowed us to obtain not only the structure
of the stochastic layer but also the magnetic footprint patterns
on the divertor plates.

Below we present two mapping methods to study
stochastic field lines in poloidal divertor tokamaks in
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Figure 2. Geometry of a toroidal system.

the presence of non-axisymmetric magnetic perturbations.
The method is based on the Hamiltonian formulation of
field line equations in the Boozer coordinates and their
mapping solutions obtained by canonical transformation
of variables [25-27]. This method has been previously
successfully applied to study the magnetic structure in
the TEXTOR-DED [28] in a number of theoretical and
experimental works [29-31,39].  Other computationally
effective mappings are canonical mappings near the separatrix.
The method of construction of these mappings is given
in [21,22]. In this work we apply this method to study field
lines near the magnetic separatrix.

The content of the work is as follows. In section 2
we recall the Hamiltonian formulation of field line equations
and the generic properties of field lines near the separatrix
in the absence and the presence of magnetic perturbations.
Two mapping approaches to study field lines are presented in
section 3. The wire model of the plasma and the application
of mapping methods to this model are described in section 4.
We study, particularly the structure of the stochastic layer of
field lines near the separatrix by plotting Poincaré sections of
field lines, laminar plots and magnetic footprints.

2. Field line equations near the separatrix

Consider a cylindrical coordinate system shown in figure 2.
The equations of magnetic field lines in this system are

1dZ B,

Rde ~ B,

1dR Bg
s =5 (1
R d¢ B,

The magnetic field B can be presented through the vector
potential A(R, Z, ¢) = (Ag, Ay, Az): B =V x A. Because
of the gauge invariance of the vector potential one can always
choose A = 0. Then one can express the magnetic field
through the components of the vector potential
0A, 0Az

R= 37—, ¢ =TGR z

_ 10RA,
T R AR
()

The Az component of the vector potential determines
the main toroidal component of the magnetic field B, which
typically decays inverse proportional to the radial coordinate
R: B, x R, In typical plasmas the deviation of the toroidal
field B, from this law due to, for instance, a diamagnetic
current, is small. For this reason one can neglect a dependence
of Az on the Z coordinate and the toroidal angle ¢. We
introduce canonical variables (z, p,) of Hamiltonian system
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related to the geometrical coordinate (R, Z) and the magnetic
field, B, according to

Z 1 R A.(R) — A.(R
7= —, p. = / deR=_M.
Ry BoRo Jr,

BoRy

3

Then the equations for field lines (1) can be transformed to the
Hamiltonian form

dz _ 9H dp,

OH
dp  ap.’ dp

9z

“

The variables (z, p;) are canonical coordinate and momentum,
the toroidal angle ¢ plays the role of a time-like independent
variable and the Hamiltonian function H is determined by the
normalized ¢-component of the vector potential

RA,

H=H(z p., = — .
(z, P2 9) B2

(&)

2.1. Field lines in equilibrium plasmas

Consider the unperturbed case when the magnetic field
is homogeneous along the toroidal angle ¢: A, =
A,(R, Z). The magnetic surfaces then are determined by
a contour line of RA,(R,Z) = const. The field line
equations are determined by the unperturbed Hamiltonian
Ho(z, p;) = —R(p:)Ay(R(p.), Roz)/R3By. The toroidal
flux v, normalized to RS By, and the safety factor g (H) on the
magnetic surface H = Hy(z, p;) determined from the field
line equations are given by

1
Y(H) = fo p.(z, H)dz,
T Jc

A dz
q(H) = = =/ ,
2w c 0H/dp,

(©)

where the integral is taken along the closed contour C of
H = Hy(z, p;) = const. From equations (6) it follows that
H = H(y) and
i 1/q () )
ay = /q(¥).
The field lines, z(¢), p,(¢), on each magnetic surface H or i,
can be presented in terms of independent variables i and the
so-called poloidal angle,

= Z(wa 17)7 pZ = Pz(‘/” ﬁ)s (8)

where z(, ), p. (¥, ¥) are 2w -periodic functions of poloidal
angle 9: z(y, 9) = z(Y, 9 +2x), p, (¥, ¥) = p. (¢, O +27).
The poloidal angle ¥ is a linear function of the toroidal angle
p: 0 =9/q(¥) + Do.

According to (2) the X-points (Ry, Zy), i.e. the nulls of the
poloidal field (Bg, Bz), on the poloidal section correspond to
the hyperbolic fixed points (z;, p,) of the Hamiltonian system
(4) where

dz _0Hy _ dp. _ o (g
de ap, de 0z

In single-null divertor tokamaks there is only one X-point
connecting with itself by the homoclinic orbit on the separatrix.

& X-point
(z5,P5)

Figure 3. Field lines near the X-point.

In the double-null divertor tokamaks there are two X-points
and they are connected with two heteroclinic orbits on the two
separatrices, respectively (see figure 1).

Consider field lines near the X-point (see figure 3). The
unperturbed Hamiltonian Hy(z, p;) can be expanded in a series
of powers of (z — z;), (p, — ps) near the X-points:

1
Hy(z, p;) = Ho(zs, ps) + Esz(Z - Zx)z

1
+H,,(z — 2,)(p; — ps) + Epr(Pz - Ps)z

+0[(z — z9)%, (p. — py)’),

where H.., H,, and Hp, are second derivatives of Hp, i.e.
92Hy /972, 3°Hy/dz0p, 0*>Hy/dp?, taken at the hyperbolic
fixed point z = z,, p = p,. By the linear transformation
of the variable (see figure 3)

10)

E=(z—zg)cosa+ (p, — ps)sinc,

n=—(z—zg)sina + (p;, — ps) cosc,

the Hamiltonian (10) can be diagonalized:
Pl 22

E+ =0+ 0E ),

HO(Z7 pz) = HO(ZS! ps) - B B

(11)
where A, A7,

sz + pr + \/(sz - pr)z
2 4
(A1 < 0, A2 > 0) are the eigenvalues of the matrix

sz Hzp
H. p H pp
The angle o is determined by tan 2o = H.,/(H,, — H;;).
We introduce the relative poloidal magnetic flux A:

+H?

()"17)"2) = wp*

12)

h = Ho(z, p:) — Ho(zs, ps)- 13)

For the closed magnetic field lines the relative flux is negative,
h < 0, and for the open field lines it is positive, 7 > O.
At the separatrices, h = 0 (see figure 1). A behaviour of
field lines near the separatrix and the X-points is generic (see,
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e.g.[18]). In particular, the safety factor g (k) has the following
asymptotics:
Q

q(h) = L In =+ O(h),

h| = 0,
2y " h| Ihl =

(14)
where y is a parameter determined by the expansion parameter
M, and A; in (11): ¥y = 4/|A1Az], and Q is a positive
constant. Unperturbed field line trajectories lie on the magnetic
surfaces of constant z and they can be presented in the form
(R, Z) = R(p: h), Z(g; h).

The increment of toroidal angle A¢ along the field lines
near the X-point also has universal behaviour. We calculate,
for instance, A¢ along field lines from the axis & at n = 0 (or
from the axis n at & = 0) to the line n = const (§ = const).
Using the field line equations near the X-point

s
dg = A2,

and the relation n = /2h + |12 /4/A2, we have

A 1 ¢ dx N 52+

p=—"=| ———==-In|-+\/5+p].
Vi Jo 2R+ ok v\ VP2

15)

Here &y =0,p=1forh >0and§y =b, p=—1forh <O,
where b = /2|h|/|A|. At the limit |2| — O this integral has
the following asymptotics

dn
— =M&
de

1.2 1 2x0E2
A(p%—ln—g— 1§.

= n
y & 2y |72]

2.2. Magnetic perturbations and formation of stochastic
layer near the separatrix

Suppose that the magnetic perturbations are described by the
toroidal component of the vector potential AP (R, Z, ¢)
which represented in the form Fourier series:

By

R2
APD(R, Z,9) = €= ) Au(R, Z)cos(ng + 1), (16)
n

where 7 is the toroidal mode number, € = max|A"™|/ By R,
is the dimensionless perturbation parameter. Using the
expansion (16) we present the perturbed Hamiltonian
H,(z, p;, ¢) in the form

Hi(z, p2, 9) = ) Hy(z, p2)cos(ng +x,),  (17)

where H,(z, p,) = —A,(R(p,), Ryz).

In the presence of perturbations it is convenient to present
the Hamiltonian equations of field lines (4) in the Boozer
coordinates, i.e. toroidal flux, v, and poloidal angle, ¥

oH

dy  0H
de 99’ (18)

dv 0H
dp oy
In these coordinates the magnetic field B can be written in the

Clebsch form, B = Vyy x Vi + Vg x H. The Hamiltonian
can be presented as a sum:

’

H, 0, ¢) = Ho(Y) + € Hi(V, D, ¢), 19)
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where the unperturbed Hamiltonian,

av

Ho(y) = 70

(20)

describes field lines of equilibrium plasmas, while € H (¥, 9, ¢) =

H (z(y, 0), p.(¥,9), ¢) corresponds to the perturbation,
which can be expanded in Fourier series in the poloidal an-
gle, ¥, and the toroidal angle, ¢:

Hi(f, 9, 9) = Y Hun () cOSMD — 1 + Youn).

mn

@2y

The Fourier components H,,,(y) correspond to the
amplitudes of (m, n)-resonant magnetic perturbations which
are responsible for the destruction of magnetic surfaces ¥,
with rational values of the safety factor, i.e. ¢(¥,,,) = m/n,
and formation of chain magnetic islands. The width of islands
measured in a toroidal flux, ¥, is given by (see, e.g. [23])

€ Hyp (V) |17

dg/dy

In the presence of non-axisymmetric perturbations (16)
the magnetic separatrices are destroyed [20,23]. The field lines
with the initial coordinates located within a certain distance
from the separatrix become chaotic. These field lines are not
confined in the plasmaregion, and they leave the plasma region
hitting the divertor plates after a certain number of poloidal
turns.

The width of the stochastic layer formed near the
separatrix can be qualitatively estimated using Chirikov’s
criteria of overlapping of neighbouring magnetic islands. For
this purpose it is convenient to use £ variable (13) instead of .
Resonant magnetic surfaces, #,,,, defined by ¢ (h,,,) = m/n,
near the separatrix become dense, i.e. the distance between
neighbouring resonant magnetic surfaces, 84 = |hy41.0—hmnl,
goes to zero with an increase in the poloidal mode number
m, or equivalently with a decrease in |k|. Indeed, using the
asymptotics of the safety factor near the separatrix (14) one
obtains

Woin = 4Q(¢mn) (22)

_ 2my

(Sh |hmn | ’

hmn = _Q €xXp <_2n¥> (23)
At the same time the width of the (m, n)— magnetic island
in h variable is equal to Ah = W,,/q(hy,), where W,,,
is defined by equation (22). According to Chirikov (see,
[20]) the stochastic motion occurs when the distance between
neighbouring islands becomes smaller than widths of islands,
ie.

n

> 1.

2 2
o(h) = (Al> _ 8%l Hylq () o

Sh wy|h|

Condition (24) is satisfied for the motion near the separatrix
with |h| < h., where A, is the boundary value of the stochastic
layer determined by the equation, o (h.) ~ 1. A more detailed
study of the boundary value will be given in section 4 for the
wire model of the plasma.

The quantitative determination of the stochastic layer and
its properties can be performed by the integration of field line
equation (18). The mapping methods to study this problem
will be considered in the next section.
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3. Mapping approaches

We describe below two methods to study chaotic field lines near
the destroyed separatrix. The first mapping method described
in [25-27] allows one to effectively construct Poincaré sections
of field lines on poloidal cross sections of the torus. This
method has been successfully applied to study the magnetic
structure of the dynamic ergodic divertor of the TEXTOR
(see [28-32]). The second mapping approach, the separatrix
mapping, is the most effective for constructing Poincaré
sections on the planes along the toroidal axis which cross
the X-points. Both methods are computationally efficient for
studying the structure of the stochastic layer and to obtain
magnetic footprints on divertor plates.

3.1. Iterative mapping

In this mapping method the integration of the Hamiltonian
system (18) with a small time-step integration is replaced
by return mappings of variables (¢, ¥) to a certain poloidal
section of the torus ¢ = ¢,. We define below a mapping of field
lines in a toroidal system. Let (9, ¥) be the poloidal angle
and the toroidal flux at the poloidal sections ¢ = ¢y = 2wk/N,
(k=0,=x1,£2,...), where N > 1 is an integer number. The
iterative map is defined as

(Oks1, Yiwr) = MO, ¥),

which relates the variables (¢, ¥) at the successive sections
¢ and @g41. Then the map (M )V defines the Poincaré return
map. The flux-preserving property of the mapping (25) is
expressed by

(25)

| 6)

(D, ¥)
The general form of the mapping (25) for the Hamiltonian
system (19)—(21) is derived in [26] (see also [27]). In the first

order of perturbation amplitude € it has the following flux-
preserving form:

as® as®
W= Yy — e — e
= Y IR k 3 00,
= Pik+1 — Pk
Wi = Wy, O =0+ ———, 27
. q(Wy)
as(k+1) _ as(k+1)
=Wy + , el = Op — ,
Yis1 k+1 +€ 30 et P — € T

where S® = §(%, W) is the value of the generating function

S, ¥, ¢, ¢o; €) taken at sections ¢ = ¢y, i.e. S(Uy, Vi) =

S0k, Y, @, @o; €):

S, W, 0,00 = —(9 = 90) Y _ Hyun(¥)
X [a(xmn) Sin(mﬂ —ne+ an)
+b(xXpn) cos(mit — ne + Xmn)l, (28)

where

1 —cosx
ax) = ——,
x

m
Xmn = (m - I’Z) ((;0 - (PO)

The free parameter ¢ lies in the interval ¢; < @o < @ge1-

The mapping method requires the knowledge of the
safety factor ¢(y) and Fourier coefficients H,,,(¥) of
the perturbation Hamiltonian (21). In realistic magnetic
configurations analytical determination of these functions is
extremely difficult. For this reason we have used the following
method of numerical interpolations of these quantities from
the pre-calculated values of ¢(y) and H,,,(¥) on a grid of
magnetic fluxes ¥: ¢; = iAYy, (i = 1,...,Ny) by the
numerical integration of the equations of field lines (4). To
evaluate the functions g (), H,,, (1) for the arbitrary values
of ¢ the cubic splines of their pre-calculated values g (v;),
H,,,(y;) are employed.

In order to display the orbits in real space coordinates
x = (R, Z) the relations of these coordinates with the
variables (i, ©) are also found by the numerical integration
of the equations of field lines in the absence of magnetic
perturbations. These relationships are presented in the form of
Fourier series

= Z(zf,f)(tlf) sinm® + 29 () cos m®),

(29)
pe =Y (P () sinmd + plo) () cos m?).

The Fourier coefficients zf,f)(w), ey p,(nc)(W) and o, () can
also be calculated numerically for the same grid coordinates
of v, and their values for arbitrary v are interpolated by the
cubic splines.

This mapping method will be applied to study field lines
near the separatrix for the three-wire model in section 4.

3.2. Separatrix map

In this section we describe another method of construction
of mappings near the separatrix proposed in [21, 22]. Let
(¢k, hy) be values of the toroidal angle, ¢, and the relative
poloidal flux, 4, at the crossing point of field line with a certain
toroidal section X. It is convenient to define these sections
(X;) near the X-points where field lines stay longer. In order
to determine magnetic footprints we should also construct
mappings to sections coinciding with the divertor plates ().
The locations of these sections on the poloidal plane and
the magnetic configuration of systems in the absence of the
divertor plates are shown in figure 4 in the case of the single-
null divertor tokamak. In this case there is one X-point and
two homoclinic saddle—saddle connections, C,, and C,, on the
plasma and coil regions, respectively (see figure 4).

According to definitions given in [21], the cross section
% consists of two stripes (segments in the poloidal (R, Z)-
plane) along the & and 7 axes transversely crossing each other
along the X-line (at the X-point on the (R, Z)-plane). The
unperturbed field lines cross these stripes transversely (see
figure 3).

We study the perturbed field lines near the separatrix. Let
(¢x, hy) be the toroidal angle, ¢ and the poloidal flux, A, at the
kth crossing point of the field lines with the cross section X;.
Our aim is to construct the mapping

(@rs1, hir1) = M (@x, hi), (30

connecting two consecutive crossing points of field line at the
section(s) Xs.
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(Oxs2:Nks2)

R

Figure 4. Geometry of the separatrix map in a single null poloidal
divertor tokamak. The solid curves describe perturbed field lines
and the dashed curves describe the unperturbed separatrix.

In the case of the single-null divertor there are two
mappings MY, j = (p,c) (30) along the separatrices C,,
and C. in the plasma and coil regions, respectively, which
completely determine the dynamics of the perturbed field lines
near the separatrix (see figure 4)).

According to results obtained in [21] for the Hamiltonian
system Hy(z, p;) in the presence of perturbation (17) the
mapping along the jth saddle—saddle connection is given by

hist = hie F €F® (o, hisr, hy),

o1 = o £ 7 [qV () + g (hi) ] £ €GP (@i, hyar, i),
31)

where

F® (@, bt hi) =Y n(Ky (i) sin @5 (i, hy)

n

+ Ly, (hy) cos @ (gx, hy)),

dK,, (hiyr)
G® (k. har hy) = — Z (dhk"ll cos D (¢, g
dL, (hiy1) .
— o sin @ (g, ) |,
S U)
(32)
O (gr, i) = nlpe =g (M) + X, (33)

In equations (31)—(33) the positive sign (+) corresponds to
the forward map, i.e. along the positive direction of the
toroidal angle ¢, and the negative sign (—) corresponds to
the backward map, i.e. along the negative direction of the
toroidal angle ¢. The mapping (31) is a flux-preserving, i.e.
det|0 (hg+1, r+1)/0(hi, )] = 1. It is also invariant with
respect to the time reversing transformation, k <> k + 1.

The effective safety factor ¢ (h) near the jth saddle—
saddle connection is given by

. 1 dz
g (h) = 7/ _ (34)
2w Jew 0Hy/0p,
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where the integral is taken along the contour CY) of H =
Hy(z, p;) = const connecting the sections . In the single-
null divertor and in the coil regions in the double-null divertor
it coincides with the safety factor (6). Near the separatrix
the safety factors ¢/ (h) have the universal asymptotics of
type (14) with the same parameter y but different constant
parameters O = Q; corresponding to the different contours
c,

The coefficients K, (h), L,(h) are the Melnikov type
integrals
mq(h)

R,(h) = K,,(h) +iL,(h) = / V,(h, T)e"" dr, (35)

—7mq(h)

taken over the functions Vn(’ )(h, ) = H,P", ¢ — @),
pﬁ’ ) (h, ¢ — ¢o)) along the unperturbed field lines near the jth
separatrix. Ath = 0 the integral is taken along the unperturbed
separatrix and it corresponds to the Melnikov integral [24].

As was shown in [22] the integrals R, (k) can be presented
as a sum of regular, R°®(h), and oscillatory, R (h),
parts, i.e.

R, (h) = R"® (h) + R\ (h). (36)
The regular part, R\"® (h), is a smooth function of the relative
poloidal flux i. The oscillatory part, R\ (h), is a rapidly
oscillating function of 4, with a local period of oscillations.
The zeros of R,(lreg) (h), i.e. R,?eg) (hn) = 0, coincide with
the resonant poloidal fluxes of primary resonances, g (h,,,) =
m/n. Since field lines are mostly affected near the primary
resonances where oscillatory terms of the integrals R, (h)
vanish, we can retain only the smooth regular parts R\® (h)
(see [22]).

Further for the very thin stochastic layer near the separatrix
the mapping (31) can be simplified by replacing the integrals
K, (h), L,(h) by their values K, (0), L,(0) at the separatrix
h=0.

o0
KY(0) :/ V9(0, t) cos(nt) dr,
—00

. o (37)

LY0) = / v9(0, 7) sin(nt) dr.
—00

Then we obtain the mapping along the jth saddle-saddle
connection:
hist = he F € Y n(KY (0) sinln(gi £ 7Y (he)) + xa]

n

+ L (0) cos[n(gx £ gV (h)) + xa ). o

o1 = o £lgP () + ¢V (hes)]

The set of mappings M) given by equations (31) and (38)
completely describe perturbed field lines near the separatrices
of magnetic system. They are determined only by the safety
factors ¢ (h) (34) and the Melnikov type integrals K.\ (h),
LY (h) (35), 37).

3.3. Mappings to the divertor plates

To determine magnetic footprints on divertor plates we need
to construct the mapping of field lines from sections X to the
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divertor sections ;. Since these sections are located close to
the X-point it takes for field lines less than half of the poloidal
turns to reach the divertor plate from section X;. These field
lines can be traced along unperturbed field lines starting from
its coordinates (¢, hy) at X until they reach the divertor plate
Y. Let (pg4, hy) be the toroidal angle and the relative poloidal
on the divertor plate. Then the map (@i, hy) — (¢4, ha) is
given by

ha = hy, (39)

where Ag(h) is the increment of the toroidal angle ¢ necessary
to reach the plate X, along the unperturbed field lines on the
magnetic surface of constant iz = h(z, p;). If the divertor plate
¥, is sufficiently close to the X-point the quantity A¢(h) can
be estimated by equation (15).

Magnetic footprints on divertor plates are obtained by
tracing field lines by the mappings (31), (38) and (39) using
the following procedure. We choose a set of field lines inside
plasma with coordinates (¢o, ) at section ¥;. The relative
poloidal flux 4 inside the plasma is negative, 1 < 0. We apply
the forward and backward mappings (31), (38) in the plasma
region until field lines cross the unperturbed separatrix, when
hy > 0. Then using the map (39) we find the coordinates
(¢4, hg) on the divertor plate.

04 = pr + Ap(hy),

3.4. The accuracy of the mappings

The iterative mapping given by equation (27) is obtained by
retaining the first term in an expansion series of the generating
function in powers of the small parameter © = €(Ag@)", where
Ap = @r+1 — @r 1S a map step in the toroidal angle, and
v > 1is a constant (see [26]). Therefore, the accuracy of this
mapping depends not only on the dimensionless perturbation
parameter, €, but also on the mapping step Ag. As was shown
in [26] the mapping with the step comparable with the period of
perturbation field, 277 /n, has the same accuracy as a standard
integrator of ordinary differential equations, for instance the
Runge—Kutta method, with the integration steps two or three
orders smaller. The desired accuracy of the mapping can be
controlled by the change of the mapping step Ag.

The accuracy of the separatrix mapping (equations (31)
and (38)) is less studied than the one for the iterative mapping.
It is also obtained by retaining the first order term in the
expansion of the generating function in powers of ¢, i.e. the
separatrix mapping is valid for small perturbation parameter,
€ < 1. However, the step of the mapping is one poloidal
turn which corresponds to the large increment in the toroidal
angle, Ap = 2mq(h). Therefore, this mapping is less
accurate than the iterative mapping. A comparison with
the standard numerical integration shows that the separatrix
mapping well reproduces the structure of the stochastic layer
near the separatrix, i.e. the positions of magnetic islands and
their sizes. Typically, the accuracy of the mapping is about
several per cent for the perturbation parameter € ~ 1072 (see,
also an example in [22]).

4. Three-wire model of the plasma

4.1. Model of equilibrium plasma

To demonstrate the described method of the separatrix mapping
we consider the simple model of the tokamak plasma. The

T T

Z [m]

Coils

R-Rg [m]

Figure 5. Magnetic configuration of system. Parameters: By = 2T,
Ry=3m,[,=05L=2MA,I, =2MA and [ = 2.59 MA.
Coordinates of currents (R, Z;) = (2.4, —2.77) m ,

(R2, Z3) = (3.1,0.23) m and (R3, Z3) = (1.6, 3.7) m. The lower
X-point is located at (X;, Z;) = (—0.4149, —1.5004) m.

model consists of three current loops (wires) located at R;, Z;,
(i = 1,2, 3), carrying the currents [y, I, and I3, respectively.
The second loop corresponds to the plasma current /,. Such
a model of the plasma can describe a single-null and double-
null divertor tokamak plasma configuration near the separatrix
which do not significantly depend on the radial profiles of the
plasma current I,,. The example of closed and open magnetic
surfaces for this model in the absence of magnetic perturbations
is shown in figure 5 by dashed curves.

The vector potential A,(R, Z) of each current loop is
given by (see [33])

> ol [Ry K
Aw(R,Z):anj = |\ 1= 5 | KG&) —EGy |,
j=1

(40)
where K (k) and E (k) are the complete elliptic integrals with
the module
2 4RoR

J (R+R())2+(Z—Zj)2’
For large aspect ratio tokamaks Ro/a > 1, |1 — k*| <« 1
and for the toroidal field B,(R) = BoRy/R the unperturbed
Hamiltonian Hy(z, p;) = —RA,(R, Z) /BOR(% up to constant
terms can be approximated by

3
e 64
Ho(z. p:) = —R;' Y L; (m = —4), (41)

J

j=1223.

j=1

where ) ) )
r; =@ —x;)"+(z—2z)",

Xj = RJ'/RO — 1,
L;j = pol;/4m By,

zj =Zj/Ro,
(=123).

(42)

The quantity L is the length scale.
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10

Figure 6. Safety factor ¢ () profile versus toroidal flux vr. The
value of v at the separatrix is ¥, = 0.1.

Z.+

2n/N 2n
¢

Figure 7. Schematic view of perturbation current loops in the
(¢, Z) plane.

The magnetic configuration of system and the safety
factor profile are shown in figures 5 and 6 for the following
parameters of the JET tokamak: a major radius Ry = 3m,
a toroidal field at the magnetic axis By = 2T. Magnetic
axis is located at the position of the second wire (R,, Z,) =
(3.1,0.23) m with the plasma current I, = I = 2MA. For
the positions of the first, (R, Z1) = (2.4, —2.77) m, and third,
(R3, Z3) = (1.6,3.7) m, coils and their currents I; = 2MA
and I3 = 2.59 MA are chosen with such values in order to have
a single-null divertor configuration with the lower X-point at
(X5, Zs) = (—0.4149, —1.5004) m.

The parameter y in the asymptotic formula (14) for the
safety factor g(h) has an order of y ~ 4L pRO/aZ, where
L, = pol,/4m By is the length scale and a is the minor radius.
For the above mentioned plasma parameters its exact value is
0.44174. The parameter Q found by fitting this formula with
the numerically calculated ¢ (k) is equal to O = 5389.63 for
h<0(ry <y,)and Q =4352.13 forh > 0 (Y > ¥,).

4.2. Magnetic perturbations

Suppose that magnetic perturbations are created by N pair of
loop coils with opposite flowing currents £1.. This is shown
schematically in figure 7. The horizontal coordinates of the
coils are located at the positions (R.+, Z.+) and (R.—, Z._),
respectively. The coordinates (R.+, Z.+) do not vary along
the toroidal angle ¢. The magnetic field created by these
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coils is mainly determined by the toroidal component of
the vector potential AP and is given by an equation such
as equation (40). Then for the large aspect ratio case the
perturbation the Hamitonian H, (z, p;, ¢) can be approximated
by the Hamiltonian

€H\(z, p.y @) = Lo(@)Ry ' (InrZ, —Inrl),  (43)

where L.(¢) = pol.(¢)/4w By and
i = (x — xer)? + (2 — zen).

In equation (43) the toroidal component of the current /.(¢) is
periodically changing along the toroidal angle ¢. We present
I.(¢) by the following discontinuous function of ¢:

L) = (DI, for (m/N)k < ¢ < (/N)(k + 1),
k=0,...,2N — 1.
(44)

where 2N is the number of current loops. It can be expanded
into a Fourier series

_ Al o sin[(2p + DNg]
leg) = — ;—ZPH . (45)

Then the perturbation Hamiltonian is reduced to

o] 1 .
€H\(z, p @) =€) 35 711V G P sinl2p + DNg),
r=0 (46)

4L
Hy(z, p.) = —L(Inr, —Inrl).
7TRO

The perturbation parameter € is defined as € = 1./1),.

Furthermore, we retain in the perturbing Hamiltonian (46)
only the first term p = 0, since, as we will see later, this
term gives the main effect of the magnetic perturbation since
the contribution from higher toroidal modes n = 2p + 1)N,
(p # 0), exponentially decreases with increasing n (see
figure 11).

The spectrum of modes H,,(y¥) at different rational
magnetic surfaces is shown in figure 8(a). Figure 8(b) shows
the dependence of several modes H,, () on the toroidal flux
coordinate ¢ (normalized to the maximum flux ¢, = 0.1).
The dependencies of the Melnikov type integrals, K,(h),
L, (h) (see equation (35)) on the relative poloidal flux, A, for
the toroidal mode n = 4 are shown in figure 9. The plot of
the module, |R,(h)|, and the phase, y,(h), of the complex
Melnikov type integral, R, (h) = K, (h) +1iL,(h), versus A is
given in figure 10.

The strength of perturbation in the mappings (31), (38)
is determined by the module of integrals K,(h), L,, i.e.
R, (h) = \/KZ(h)+ L% (h). The dependence of this quantity
at the value 7 = 0 on the toroidal mode number 7 is presented
in figure 11. As seen from the figure the effect of the
perturbation exponentially decreases with an increase in the
toroidal mode n.

One can show that at the resonant value of 1 = h,,,, i.e.
q(hmn) = m/n, the integral R, (h) is related to the spectral
components H,,, (h),

n

Hyn (hmn) = mm

2r q (hmn)
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(@)
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H (W]

~

0.9 1.05

Figure 8. (a) Spectrum of magnetic perturbations | H,,, (¥)|, at the several rational magnetic surfaces: curve 1 corresponds to ¢ = 3,
curve 2—¢q = 4, curve 3—¢g = 5 and curve 4—¢q = 6. (b) Dependence of mode components | H,,, ()| on the normalized toroidal flux
v/, for the several poloidal mode numbers m. The toroidal mode n = 4 is fixed.

1.0x103
5.0x10™
<
3 0
=
¥ .50x10%
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h

Figure 9. Dependences of the Melnikov type integrals K, (%) (curve 1) and L, (k) (curve 2) on the relative poloidal flux 4. Curves 3 and 4
correspond to the regular parts of these integrals K¢ (h) and L® (h), respectively. The toroidal mode number n = 4.

Moreover, at the resonant value of & the integral R, (h)

is determined only by its regular part R"® (h) since the
oscillatory part R\ (h) has zeros at h = h,,.

The relation (47) allows one to express equation (24) for
the Chirikov criteria of overlapping resonances in the case of
perturbation with a single toroidal mode n through only one
function R,(lreg) (h):

4n €| Ry ()|

R

equation (48) can be used for the qualitative estimation of the

boundary of the stochastic layer s, for the small values of

perturbation € < 1. Since R\"® (h) ~ RI*®(0) we have
4n €| Ry (0)]

= VI

o(h) = > 1.

(43)

Al (49)
This estimation for the boundary of the stochastic layer
coincides with the one obtained in [19] using the stretching
condition of an infinitesimal phase interval (see [34]).

From equation (49) and figure 11 it follows that the
width of the stochastic layer 4. has the following dependence
of n: |he| ~ n’>exp(—An) where A ~ 1.1 is a constant
independent of n. The maximum width %, is achieved at
n=n, =2/A=2,h.decreases with increasing the toroidal
mode number n > n,,. The value of &, also strongly depends
on the safety factor profile, g, through the parameter y which,
according to (14), determines the asymptotics of the g-profile
near the separatrix. And finally, &., grows linearly with the
perturbation amplitude €.

4.3. The structure of the stochastic layer

First we describe the structure of the stochastic layer near the
magnetic separatrix obtained using the iterative mapping (27).
Consider the two kinds of Poincaré sections of field lines.
The first one is a mapping of field lines to the polidal section
¢ = constant after each full toroidal turn. The second one is to
map the field lines to the plane parallel to the toroidal direction
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Figure 10. Melnikov type integral R, (h) = K,,(h) +iL,(h) = |R,(h)|eX" versus the relative poloidal flux /. (a) Module |R,, (h)| (curve 1)
versus & and |R,(feg) (h)| (curve 2). (b) Phases x (h) (curve 1) x ™® (h) versus h.

Figure 11. Module R, (0) = \/K2(0) + L2(0) of the Melnikov type

integrals at the separatrix & = 0 versus the toroidal mode number n.

after one full poloidal turn. The schematic view of the mapping
of field lines to this kind of section is shown in figure 12.
We map the field lines to the plane (¢, X = Rp&) (§ > 0),
where the coordinate X coincides with the upper branch
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(hk+1 v‘pk+1)

A4 1

Z [m]

1.6 f 1

\ /Zd

-0.4 -0.2 0
R-Rq [m]

Figure 12. Scheme of mapping of field lines to the section X; and
to the divertor plates.

of the section ;. Poincaré sections presented below are
obtained by iterating mapping (27) along the positive direction
of the toroidal angle ¢. One can also construct Poincaré
sections by iterating the mapping in the negative direction of ¢.
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Z [m]

-0.6 -0.4 -0.2 0

R-R, [m]

-1 -0.8 0.2

1 T T T T

0.75

0.7 f

W2r

Figure 13. Poincaré section of field lines in the poloidal plane ¢ = 0: (a) near the X-point and (b) in the (9, ¥/,) plane. Perturbation

current I. = 100kA (e = 1./, = 0.05).

o/2n

Figure 14. The same as in figure 13 but in the plane (¢, X = Ry&
(& > 0). In the plot the coordinate X is replaced by the normalized
toroidal flux ¥ /v,.

Poincaré sections obtained in both the cases coincide except
at the very edge of the plasma near the separatrix where field
lines leave the plasma region. Field lines are terminated when
they leave the plasma region.

In figure 13(a) shows the Poincaré section of field lines
near the X-point in the real coordinate plane (R, Z, ¢ = 0),
and (b) shows a similar plot in the intrinsic coordinate plane
(0, ¥/¥a, ¢ = 0). The Poincaré section in the (¢, X = Ro&)
plane is shown in figure 14 where the normalized toroidal flux,
¥/ Y¥,, is used instead of the coordinate X.

As seen from figures 13(b) and 14 for the perturbation
current /. = 100KkA the stochastic layer near the separatrix
covers the sufficiently large area ¥, < ¥ < 1, where the
lower boundary v, is approximately equal to 0.73 ,, i.e.
the stochastic layer is about 27% of the total toroidal flux.
The details of the stochastic layer can be seen more clearly
from the Poincaré section in the (¢, ¥) plane. It is not
uniformly chaotic: there are islands of stable motion, the so-
called KAM (Kolmogorov—Arnold—Moser)-stability islands,
embedded into the chaotic sea. They are remnants of islands

on the resonant magnetic surfaces. Open chaotic field lines
connecting the divertor plates may have very long connection
lengths due to the trapping in these islands. The sizes of these
islands decrease when approaching the separatrix. At the area
very close to the separatrix there are four stripes along with field
lines leaving the plasma region. This structure is clearly seen
in figure 14. The direction of stripes in the Poincaré sections is
determined by the iteration direction of the mapping. Figure 14
describes when field lines are iterated in the positive direction
of ¢. The direction of stripes changes to the opposite if field
lines are run in the negative direction of ¢.

The fine structure of the stochastic layer in the area close
to the separatrix and stripes can be revealed by plotting the
so-called laminar plot. It is known that chaotic field lines
in poloidal divertor tokamaks similar to the ones in ergodic
divertor tokamaks can be considered as a chaotic scattering
system [18,19,31] (see [35-37] on chaotic scattering systems).
In such systems an orbit may enter the system and leave itin one
of several ways. The space of initial conditions corresponding
to the different exit ways is separated by a boundary which
may be fractal (see [38]).

Open field lines in poloidal tokamaks can be classified by a
number of poloidal turns, N, necessary to connect the left and
right divertor plates (see figure 12). The set of initial conditions
for which field lines have a particular value N, is referred to
as the basin. The fine structure of the stochastic layer can be
seen on contour plots of basin boundaries with numbers N,.
These plots are referred to as laminar plots. The separatrix
mapping (38) is a most computationally effective tool for
calculating N,. One step of the separatrix map corresponds
to the one in the poloidal turn. It runs almost three orders faster
than the iterative mapping. The laminar plot is obtained using
the same procedure as in [31]: a field line with a particular
initial coordinate (¢;, ;) on the (¢, h)-plane is traced by the
forward and backward separatrix maps (38) along the positive
and the negative directions of the toroidal angle ¢, respectively,
until it reaches the divertor plates. The complete number of
map iterations gives the number of poloidal turns, N, since a
field line makes a full poloidal turn after each map iteration.
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Figure 15. (a) Basin boundary structure of N, on the (¢, /) plane
(h < 0) of section X;. (b) Toroidal dependence of N, in the region
54° < ¢ < 108° along line h = —1 x 10~* which corresponds to
X = 0.0595m. The bottom value of & = —2 x 10™* corresponds to
Y = 0.9872,.

The basin boundary structure of N, in the (¢, h)-plane
lying on the upper branch of section X is shown in figure 15(a).
The values of the parameters chosen are the same as in the
Poincaré section of field lines in figure 14. The lowest colour
bar corresponds to the basins with the smallest number of
N, = 2, and the highest one corresponds to the basins with
N, > 8. The latter basins are not resolved. Fine details
of these basin boundaries are seen in figure 15(b) where the
toroidal dependence of N, along the straightline h = — 10~*m
is shown. This line corresponds to X = 0.0595 m. (The value
h = —2 x 10~ corresponds to ¥ = 0.98721,.)

The structure of basin boundaries is similar to the
corresponding structure in ergodic divertor tokamaks (see [31].
The regions with small connection numbers, N, = 2,3,4
cover relatively large areas. The boundaries of basins with
higher numbers N, have a layered fractal structure.

4.4. Structure of magnetic footprints

The pattern of the crossing points of field lines with the divertor
plates is known as magnetic footprints. The latter determine
heat and particle deposition patterns on the divertor plates
since electrons and ions predominantly follow the magnetic
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Figure 16. Magnetic footprints on the left divertor plate. The
plasma and perturbation parameters are the same as in figure 13 and
Xd =0.2m.

field lines. This fact has been confirmed in many experimental
observations performed in the DED-TEXTOR [39,40].

In order to obtain the magnetic footprints on the divertor
plates of poloidal tokamaks we used the following procedure.
For simplicity we have supposed the simple geometry of
divertor plates shown in figure 12. They consist of two
segments parallel to the n-axis and located at distance X,. The
two branches of the unperturbed separatrix cross the divertor
plates at R = R;. We have taken a set of field lines with initial
coordinates (¢, ho), (ho < 0), on the (¢, Z)-plane located in
the stochastic layer of the plasma region. In order to obtain
magnetic footprints on the left divertor plate field lines were
traced using the forward separatrix map (38) until 4, > O,
i.e. the field lines intersect the left branch of the section X.
Then the field line with (¢, /) is mapped to the divertor plane
using mapping (39). In the latter mapping the increment of the
toroidal angle, A¢g, for the geometry of the divertor plates
shown in figure 12 is determined by (15), where £ = X;/R,.
The radial coordinate R of the footprint can be found using
the relation (13) between the relative poloidal flux, A4, and
the unperturbed Hamiltonian, i.e. f(R;) = Ho(z4, p;(Ra)) —
Hy(zs, ps) = ha, where p,(R) = In(R/Ro) ~ (R — Ro)/Ro.
If the divertor plates are close to the X-point then according to

(11) we have Ry = Ry — /2hsR3/y + X3. A set of crossing

points, (¢4, hy), on the divertor plate gives the magnetic
footprint.

The magnetic footprint on the left divertor plate
corresponding to the stochastic layer in figures 13 and 14 is
shown in figure 16. The distance X, is taken equal to 0.2 m.
It consists of four clusters corresponding to the toroidal mode
numbern = 4. A fine structure of the cluster shown in figure 17
represents the structure of boundaries of basins corresponding
to the field lines with the different poloidal numbers N:
(a) shows the contour plot of N, in the (¢, R) plane; (b) the
same but the (X, Y) = ((R — Ry) cos ¢, (R — R;) sin ) plane
and (c) describes a toroidal dependence of N, along the straight
line R = Ry —0.583 m on the left divertor plate. As seen from
figure 17 each cluster has a generic spiral-like structure with
spirals corresponding to the different N,,.

The white area on the divertor plate in figure 16 and
the area with N, = 1 in figure 17 correspond to field lines
connecting the divertor plates without entering the plasma
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Figure 17. Basin boundary structure of N, on the divertor plate: (a) in the (¢, R) plane; (b) in the (X, Y) = ((R — R,) cos ¢,
(R — Ry) sin ¢) plane and (c) expanded view of the structure along the straight line R = Ry — 0.583 m covering the interval, [0°, 43.2°], of

the toroidal angle ¢.

region. The areas with N, > 2 correspond to field lines
entering the plasma region. The radius of spirals presented
in figures 16 and 17(a) and () is about 1.2cm, while the
gyroradii of thermal electrons and ions are p, 103 cm
and p; ~ 107! cm (for electron and ion temperatures 7, =
T; = 100eV and the toroidal field B, = 2 T). Therefore, the
heat deposition pattern will be close to magnetic footprints.
However, the cross-field diffusion of particles sweeps out the
fine structure of magnetic footprints and broadens the spirals.

~

4.5. Diffusion of field lines in the stochastic layer

In general the global transport of field lines in the stochastic
layer formed near the separatrix cannot be described as a pure
diffusive process (see, e.g. [41]). It is because the stochastic
layer is not fully chaotic, and it consists of the structured KAM
stability islands where field lines can be trapped. Nevertheless
in the regions of the stochastic layer with highly developed
chaos one can locally describe the behaviour of field lines
as a diffusion process. The corresponding local diffusion
coefficients of field lines can be qualitatively determined in
the quasilinear approximation. In this approximation the
diffusion coefficient of the Hamiltonian system (19)—(21) is

given by [23]
((Ay)?)

Dy () = 2A¢

= e ij I Hy ()28 (ﬁ - n) .
(50)

According to the relation (47) Dy, (h) can be expressed through
the single function R, (h):

Dy (h) = (4m)~'€n’q (IR (W), (5D

Using the relations (7), (10) between the variables #,
Y and the coordinate & X/Rp, one obtains AX
Ro/[32[Mhlg(h)], Ap =~ Al/Ry, where Al is the length
element of a field line. Then the diffusion coefficient of field
lines in the geometrical coordinates takes the form

((AX)?) Ry
L (h) 2Al 2nihlg?
R 2.2
S —) NS (52)
8m|Aihlq(h)

The dependence of the local diffusion coefficient, Dy (h),
on the noramalized toroidal flux ¥/, is plotted in figure 18.
The corresponding Poincaré section of the stochastic layer was
shown in figure 13. For instance, the local diffusion coefficient
D =225 x 107°m?>m~! at ¢ = 0.95¢,.
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Figure 18. Local diffusion coefficients Dg of field lines near the
separatrix. Parameters are the same as in figure 13.

5. Summary

In summary, we described two mapping methods to study
the stochastic field lines in poloidal divertor tokamak plasmas
affected by external non-axisymmetic magnetic perturbations.
The first mapping method is an iterative mapping of field
lines along the toroidal angle. It is based on the canonical
transformations of variables in the Hamiltonian equations of
field lines in the Boozer coordinates. The mapping has a
variable step along the toroidal angle, and its accuracy can
be controlled by changing the mapping step.

The second method, the separatrix mapping, which has
been applied to this problem is based on mapping of field lines
in a certain section near the X-point after one full poloidal
turn. It is a very effective tool to describe chaotic magnetic
field lines near the separatrix and to obtain straightforwardly
the magnetic footprints on the divertor plates. The separatrix
map for arbitrary magnetic configuration has a generic form
determined by only a few coefficients. These coefficients can
be found from the equations of field lines, since one iteration
of the separatrix map is equal to one (or half) poloidal turn it
is almost by two—three orders faster than the direct numerical
integration of the equations of field lines.

In this work we investigated only the structure of the
magnetic field near the separatrix and on the divertor plates of
tokamaks in the presence of external magnetic perturbations.
The study of particle (electron and ion) motion in such
perturbation fields in real tokamaks would require taking into
account an electric field at the plasma edge. However, in order
to tackle this important problem one should consider a drift
motion of particles which is out of the scope of this paper.
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