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Traglastanalyse von Defekten

von M. Staat, M . Heitzer, A .-M. Yan, V. D. Khoi, D.-H. Nguyen, F. Voldoire, A . Lahousse

Die Traglastanalyse ist eine strukturmechanische Methode, welche zunehmend in bruchmechanischen
Bewertungskonzepten angewandt wird. Dieser Bericht gibt eine Einführung in die numerische Traglas-
tanalyse in der Bruchmechanik duktiler Werkstoffe . Durch die Verbindung dieser Theorie mit Finite-
Element Methoden (FEM) können Verbesserungen in der Bewertung rißbehafteter Bauteile erreicht wer-
den. Zahlreiche Anwendungen und Beispiele zur numerischen und experimentellen Validierung werden
vorgestellt.

Dieser Bericht beschreibt die neuen Konzepte, die im LISA-Projekt im Rahmen der bruchmechanischen
Bewertung erzielt wurden. Das Brite-EuRam III Projekt LISA : FEM-Based Limit and Shakedown Anal-
ysis for Design and Integrity Assessment in European Industry zielt auf die Erweiterung und Verallge-
meinerung sogenannter direkter numerischer Methoden zur Berechnung von maximal tragbaren monoto-
nen und zyklischen Belastungen (Trag- und Einspiellasten).

Limit analysis of defects

by M. Staat, M . Heitzer, A .-M. Yan, V. D. Khoi, D .-H. Nguyen, F. Voldoire, A . Lahousse

The present report introduces the use of numerical limit analysis in ductile fracture mechanics . Limit
analysis is a structural mechanics method, which finds increasing application in engineering fracture me-
chanics . Emphasis is put an possible improvements in the integrity assessment of crack containing compo-
nents which may be achieved by comhining the approach with the Finite Element Method (FEM) . Several
applications and examples for numerical and experimental validations are presented.

This report describes the LISA developments in connection with current practice of defect assessment
and material testing . The Brite-EuRam III project LISA : FEM-Based Limit and Shakedown Analysis for
Design and Integrüy Assessment in European Industry is planned to extend and generalize the numerical
methods of the so-called direct approach for the assessment of maximum Ioad carrying capacity due to
monotonic and cyclic loading (limit and shakedown load) .
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Preface

The present report introduces the use of limit analysis in ductile fracture mechanics . Limit analysis is
a structural mechanics method, which finds increasing application in engineering fracture mechanics.
Emphasis is put on examples demonstrating possible improvements which may be achieved by combining
the approach with the Finite Element Method (FEM).

This report deseribes the LISA developments in connection with current practice of defect assessment and
material testing. The new SINTAP procedures for materials with yield plateau and the new V-factor route
in R6 code for treatment of secondary stresses are not considered . The LISA project is planned to extend
and generalize the numerical methods of the so-called direct approach . This first LISA report does not
express final conclusions, but it discusses what could be achieved through improved limit analyses . lt is
expected that more evidence for better advise to the engineering community will be obtained in the course
of the present research.

The report was edited by M . Staat, who wrote with M . Heitzer Sections 1, 2, 3, 5 .2, 6, and 9 . A.M.

Yan, V.D. Khoi and D .H. Nguyen are responsible for Sections 4, 5 .1 .1, 5 .1 .2, 7, 8, and Appendix A . F.
Voldoire developed Appendix B . All authors provided input to Section 6 among others . INTES, Stuttgart,

performed some incremental FEM analyses for Section 6 . Sorne of the considered problem cases have
been suggested by R .A. Ainsworth (British Energy formerly Nuelear Electric) from the view of the Brite-

EuRam project SINTAP (Project

	

BE95-1426, Contract N° : BRPR-CT95-0024).

'Tbc editor has revised the report introducing minor corrections, extensions and the additional Section
5 .1 .3 . At the time of the revision the SINTAP Background documentation was available on a CD-ROM.
However, no effort was mode to introduce all the SINTAP achievements.

Acknowledgement : The research was performed for the European Commission as paff of the Brite-EuRam
111 project LISA : FEM-Based Limit and Shakedown Analysis for Design and Integrity Assessment in
European Industry (Projeet N° : BE 97-4547, Contract N° : BRPR-CT97-0595) .
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2 Introduction

Limit analysis as a structural mechanics tool has become indispensahle for the engineering approach to
duefile fracture meehanies . Limit analysis is either used directly for assessment purpose or in connection
with some fracture mechanics concept in order to cover all possible failure modes of crack-like defects.
Such defects have three (major) adverse effects an structural integrity:

They reduce the Ioad carrying structural section to the so-called ligament.

• They constrain deformation thus increasing stress triaxiality.

• Generally they generate additional bending stress.

• They are local stress raisers (stress singularity in elasticity).

The last effeet is considered by fracture mechanics concepts like stress intensity factor (SIF) . But the effect
is limited by plastic yielding . For duefile material only the three other effects persist and may be treated
by limit analysis.

Two-Criteria Assessment Methods consider the possibility of failure of a structure through two mecha-
nisms : brittle fracture, crack-tip controlled by SIF reaching the material's fracture toughness value and
plastic collapse at Limit Ioad . Two-Criteria Assessment Methods are widely used in design codes and
assessment mies for metallic structures (pressure vessels and piping, steel structures) . The Engineering
Treatment Method (ETM) uses limit analysis to extent fracture mechanics concepts like J-integral or Crack
Tip Opening Displacement (CTOD) heyond their conceptual limits into the fully plastic domain . If the
material behaves sufficiently ductile Iimit analysis alone may give the correct answer, because the crack
may fail by plastic collapse of the remaining ligament . The American Society for Testing and Materials
(ASTM) suggests J-integral estimation fonnulae that use the limit loads of ASTM standard test speämens.

Todays engineering fracture mechanics has a strong practical, economic and safety need for Limit loads of
standard crack configurations . Cofleetions of available Limit loads have been compiled in [9], [10], [11],
[37], [36], [39], [46], [47], [72], and Appendix F of [1] (to he replaced by [5]) . lt is good practice, that
most documents provide SIFs and Iimit loads at the same time . The following may he observed:

• Limit analysis is applicable in a way similar to SIFs.

• Material strength data for limit analysis is generally available for engineering materials, whereas
fracture mechanics data must be obtained from specialized testing (which is often impossible be-
cause of the required size of test specimens).

• The fracture mechanics concepts (SIF, J-integral or CTOD) have the problem of transferability of
fracture properties from test specimen to component.

• Limit loads are often given in a more restricted parameter range and some are less reliable as com-
pared to SIFs.

• Classical fracture mechanics concepts are not directly applicable to interface eracks but Limit anal-
ysis applies without ehanges.

▪ There are more solutions for SIFs than for Limit loads (except for the weld mis-match problem) .
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• Limit Ioads are often given as simple functions of the relevant parameters, which provides direct
information for engineering decision.

• The application of limit analysis seems to be not always straight forward with respect to material
hardening and secondary stress.

Among others the following fracture mechanics Computer programs contain SIFs and

	

t load solutions:

Deterministic fracture assessment : R6-Code by British Energy (formely Nuclear Electric and CEGB,
UK) [3], CrackWise by The Welding Institute (TWI, UK), SACC by Det Norske Veritas (DNV)
Sweden (formerly The Swedish Plant Inspectorate (SAQ)) [15], and PREFIS for the petrochemical
industry.

Probabilistic fracture mechanics : PARIS, ZERBERUS by Forschungszentrum Karlsruhe (Germany)
[17], [21], CRACKS by Forschungszentrum Jülich (Germany) [57], and PC-PRAISE by Lawrence
Livermore National Lab. (CA, USA) [25], ProSINTAP by DNV Sweden.

Limit loads have been obtained by:

Analytical methods : For plane strain the plasticity boundary value problem is decribed by hyperbolic
partial differential equations . Their characteristics are slip lines . Upper bound values for plastic
collapse loads of specimens can be obtained by finding the slip-line field pattern which minimises
the amount of energy dissipated along the loading path . In plane stress it is easier to suggest stress
fields at collpase for lower bound analysis.

Nu erical methods : The Finite Element Method (FEM) is particularly well suited for Limit analyses . lt
is the objective of the present project to make it available for direct analyses of complex problems
of crack-containing structures.

Experimental methods: Some Limit load solution have been obtained as a fit to experimental collapse
loads of defect structures . These solutions include the effect of hardening and possibly some crack-
tip infiuences . They may not yield realistic limit loads in the regime of strong SIF infiuence.

The present report shows how Limit loads for arbitrary crack configurations may be obtained from Limit
analyses based an Finite Element Methods (FEM) . This is the most appropriate approach to overcome all
the above problems observed for limit loads of Cracks . Limit loads are compared to experiments, analytical
solutions and alternative methods . Application in connection with the R6-Method in engineering fracture
mechanics is performed for some examples.

2.1 Limit Analysis in Engineering Fracture Mechanies

2.1.1 Two-Criteria Assessment Method

The R6-Method is a Two-Criteria Assessment Method for the integrity assessment of structures contain-
ing defects [4] . lt is internationally accepted by industry and inspection authorities [11] . lt is used in
NDT based fiaw assessment (CEC Study Contract RAI-0115-1, [18]), in probabilistic Leak-Before-Break
(LBB) analyses [57], and is adopted for British Standards Institute PD6493 [1] . In principle the method



Limit Analysis of Defects

can be used for all metallic materials . lt is, however, more extensively verified for steel alloys only . lt is
not intended for use in temperature regions rohere creep deformation is of importance . Similar methods
have been developed in the USA [36].

The basic assumption of the R6-Method is, that fracture initiated by a crack can he described by the vari-
ables fracture parameter (proximity to brittle fracture parameter) K r and limit load parameter (proximity
to plastic collapse parameter) L,,, defined by

SIF resulting from primary and secondary loads
A r = 2.1)

and

fracture toughness i .e . critical value of SIF

current primary load
L T = (2 . 2 )

limit load of the crack-containing perfectly plastic component

Here collapse of a perfectly plastic strueture at yield stress cr y is assumed to obtain the limit load P .

Hardening is partly taken into account by use of the so-called flow stress uf defined as the mean value of
yield strength a, (i .e . R iL or R i,o 2) and ultimate tensile strength a,,

2

and by ,Sir ,

S r =

	

=
f

	

(-1-y + (Tu

replacing . Deformation is limited by assuming collapse at the load Ff obtained for f . Clearly,

(2.3)

(2 .4)

Ff = f' u -
au

(2 .5)

and
L, = .F/TT, .

	

S,

	

Ti/Ff .

	

(2 .6)

More confusing, limit load is sometimes computed with allowable design stress All these are conser-
vative assumptions for assessment purpose . Limit analysis with two-surface plastidy predicts that plastic
collapse of sufficiently ductile, hardening material occurs at the ultimate (Emil) load Fu, defined for per-
fectly plastic material with some limiting stress such as (7,, [74] . The saure holds for the overlay model of
limited kinematic hardening . Also experimental results propose that Tu, could be used for best estimate
purpose.

The so-called stress intensity factor (SIF) 14 j measures the intensity of the elastic stress singularity at the
crack-tip . lt could he compared with a critical material value fracture toughness K lc The index 1 denotes
the most critical mode l crack opening . The limit load Ff is the load assumed to cause a local collapse of
the ligament or a global collapse.

The pair of values of these variables (K . S, ) or (A, , L T ) is used as coordinates of a so-called Failure
Assessment Diagram (FAD) . The assessment curve seperates critical failure region in which unstable
crack growth and fracture may occur from the non critical region in which fracture is assumed not to
occur.

The two-criteria method is inspired by Dugdale's strip yielding model [10], [24] . In this model the plastic
zones at the tips of a through crack of length 2a in an infinite plate of perfectly plastic material in plane
stress is assumed in the form of yielding strips and the CTOD is given by [24]

	 aln 1 sec 1 -2 d-

	

(2 .7)
\

	

f
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Then the J-integral is obtained as

(2.8)

is means that plastic
collapse occurs at limit load Ff At the other extreme, for u «

	

small scale yielding is assumed . With
equations (2 .7), (2 .8) become in the small stress limit

F_af '

	

(2 .9)

Therefore, in the SIF-concept of linearly elastic fracture mechanics is obtained.

For u l ,,,ita = I J( critical material values 6i and J, are assumed

E amn sec
2 u f

For

	

the fully plastic ligament is assumed with 8 	 > de. and J

V,(Tf

Equating (2 .7) or (2 .8) to (2 .10) both give the saure assessment curve

(2 .10)

sec (--
2 er /

)
t 1/2

)(2 .1

Division by u

	

introducing

Kt. = KI /kl,

noting that

	

, and reorganizing gives

= u/u f	(2 .12)

(2.13)

Obviously this equation removes the dependence on crack length The simple model decribes the dom-
inating aspects of elasto-plastic fracture . Today it is successfully used in engineering fracture mechanics,
although it is only derived strictly for plane stress in thin plates . For application to real structures the
assessment equation 2 .13) is used with the limit load Ff of a perfect plastic structure, i .e .S r is set to

= u/crf =

	

(2 .14)

This establishes a geometry independent interaction curve between the effective SIF and plastic collapse
Ioad (limit load) of a structure . lt also represents the crack driving force (8 or J) in a dimensionless form.

Equation (2 .13) represents a FAD constructed in the lt

	

plane. This corresponds to a failure stress of
structures : = c f . lt means that failure is associated with any combination of loading and crack size
giving rise to a point (KT ., Sr) falling on or outside of this curve ; and conversely, the combination will be
safe if the point lies inside the curve.

The applicability of the above model for different structures of hardening material has been investigated
by finite element analyses at CEGB [4] and at EPRI [36] . From the obtained results, it is concluded
that despite the differente of geometry and material, R6 curve generally gives reasonable lower bounds.
However, some exceptions are found in a cylinder of 304 stainless steel and also in our calculation of

a cylinder with perfectly plastic material . Currently several types of FAD curves are identified for use
with different kinds of material . Besides, advice is given in [4] for the computation material dependent
assessment curves in the more involved R6 Option 3 analyses .
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7

• For Iow work hardening material the above equation (2 .13) is used.

• For strongly work hardening materials, the R6 Revision 3 option 1 type assessment curve ([4],
Garwood (1996) could be used to limit the non-critical region according to

Er fR6 =

	

- 0 .14.0 - 0 .3+ 0.7exp(-0 .650],

	

(2 .15)

0 < L,

	

L ;! .i as	(2 .1.6)

For perfect plastic materials which exhibit a yield plateau the upper limit is L'" = 1 . For other
materials it is defined by use of allowable design stress ,S" rn or by

ee- 1 .15 for typical Iow alloy steels and welds

= 1 .25 for typical mild steel and austenitic welds

= 1 .8 for austenitic parent steels.

Another typical advice is to use
ax _ f

	

+

20'y

That means, the curve is cut-off at different flow limits of the material . Hardening is only partly
taken into account by use of the aj . As noted above, a less conservative proposal could he to use

L'a.».aa _
au

	

(2 .18)
u y

for sufficiently ductile materials.

•

	

For C-Mn (Mild) type steel operating in the strain aging regime the region could be
defined by

K, 5 f~h = (1 - 0 . 1 S,2 + 0 .1 S 1 ) ( 1 +3x' ;1),

	

0 5

	

< 1

	

(2 .19)

where the flow Limit is used instead of the yield limit in the definition of L,

A comparison between these two curves is shown in Fig . 2 .1 . The initial R6 Rev .2 curve (2 .13) (using
instead of L, .) may be not safe with respect to the strongly hardening model (2 .15) for the example of the
steel 20 MnMoNi 55 (comparable to A533 B CIA ) . In the following calculation however, the FEM results
will usually be compared with R6 Rev.2 (2 .13) for the sake of simplicity.

From the above statement, the establishment of the R6 curve for a real structure may be realized by an
incremental elastic plastic fracture mechanics analysis . That is to establish a relation of 11', f f (through
elastic plastic integral J) in function of the applied stress or load level . Large numerical work has been
done at CEGB [4] . Altematively at EPRI, a estimation procedure and also J-based FADs have been
established [36] . In most published works, the numerical caIculations consider a Ramberg-Osgood's
Power hardening material model

L rn a

L rn0

rn ax

(2 .17)

.it-

i/

	

a y
> 1 .

	

(2 .20)
n

y

	

rr y ,/li' is the yield strain and is the strain-hardening exponent . As a result, a tail is always obtained
in the diagrams where the assessment line approaches the

	

abscissa asymptotically, see Fig . 8.3 . For
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Figure 2 .1 : FAD curves for revisions 2 and 3 of R6 method

some materials whose hardening behaviour deviates considerably from a power law, [6] proposed a refer-
ence stress method as an improvement of the EPRI method . If only the yield stress (1- y is known the default
level of the new SINTAP procedure suggests

K, <

	

=

	

1	
0 .3 + 0 .7exp[ -0 .65 L)

	

(2 .21)
+ 0 .542

0 < L, < L,'"

	

(2.22)

as a modification of (2 .15) . The new SINTAP procedures for materials with yield plateau are not consid-
ered here (see [73]).

In the presence of primary and secondary stress and er s SIFs K'; and K must respectively he computed
[7] . Taking plastic interaction into account by a parameter p( K . K . ) the fracture parameter K, is
obtained as

+ K

	

K,

	

+ p .

	

(2 .23)
K )c

For plane strain the equations (2 .13),(2 .15) or (2 .19) can be stipulated to obtain an estimation of the J-
integral (Rice integral)

E

	

fR(,(L, )

	

p

	

(2 .24)

The second fraction on the right hand side may be interpreted as a plasticity correction function, based on
the limit load, for the linear elastic value of J determined by the SIFs alone [11] . lt is well known that .1 is
only well-defined for nonlinearly elastic material . Strictly 1 is connected to flow theory of plasticity . But

proves a good approximation in mang ductile fracture situations . lt is compared to the critical material
value for plane strain

(2 .25)

The distinction between primary and secondary stress is left to engineering judgement in a sometimes
obscure way. lt is Jong known from geometrically linear limit analysis, that residual stresses may not lead
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to plastic collapse . They are therefore secondary . Residual stress is uniquely defined as the stress in a
body in the absente of any mechanical Ioad (no surface traction and no body forces) . The new V-factor
mute in R6 code for treatment of secondary stresses is not considered [73].

Current techniques for the assessment of the likelihood of failure of a joint (such as the R6-Method or
similar FAD approaches) are unable to cope explicitly with the presence of more than one material at
a joint . These codes recommend that a safe analysis of a joint can be performed by assuming the joint
to be homogeneous, and made from the weakest material at the joint . Although safe, this can lead to
over-conservative estimates of the remaining lifetime of a structure . Therefore, the SINTAP project also
considered the effect of strength mis-match (the Base metal and welding metal have different strength) on
R6 curve. Same finite element Limit Ioad analyses have been performed for this report . The centre-cracked
welding plane model [35], [46], is considered as an example in Section 6 .1 . Its Limit Ioad is computed by
direct methods and also by ineremental ealeulations.

2.1 .2 Engineering Treatment Method (ETM)

The ETM97 procedures are documented in the GKSS Procedure "Engineering Flaw Assessment Method
(EFAM)". They have a modular structure consisting of the two versions ETM97/1 and ETM97/2 [47].
ETM is a simplified mechanical model which utilizes the material stress-strain behaviour to estimate
characteristic quantities for fracture mechanics, such as CTOD (crack tip opening displacement) defined
for a gauge length of 5mm, the J-integral and the Ioad line displacement . The stress-strain curve of the
material is assumed to be represented by Ludwik's piece-wise power hardening Iaw 1 , such that

(2 .26)

which is a bilinear approximation in a log-log diagram. = uy /E is the yield strain and N . 0 < 1V < 1,
is the strain-hardening exponent . Plane stress is assumed . The limit Ioad of the cracked component is
termed yield Ioad (Ioad at net section yielding) E y . At Ioad F it is used to obtain

• For contained yielding (F

	2 .41

	

K 2	 ,

	

+	 leff

	

E

	

'

	

Eu.

• For the fully plastic state G):

1/N

--,-a
Ty_

Kleff (2 .27)
E

1111+, \th
(2 .28)

where Sy = cis (E = E,) and

	

= J (F' =

	

KT,ff is computed with the crack length virtually.Iy

extended by Irwin's plane stress plastie zone correction . The version ETM97/2 is based on a more accurate
determination of the yield Ioad (limit Ioad) . lt was one objective of SINTAP to unify the FAD and the erack
driving forte (CDF) mute which follows the ETM approach [73].

In metal forming Ludwik's piece-wise power hardening Iaw is usually used with true stress and logarithmic strain measure
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2.1 .3 Experimental J-integral estimation

Today J-integral is mostly measured from the load-displacement curve in a standard specimen test . The
area below the curve can be split into elastic and plastic energy Uez and U E,i , respectively. Consider the
ASTM compact tension (CT) specimen with thickness B, crack length a and ligament TV a . Then
J-integral split into elastic and plastic pari may be written

(2.29)

For plane strain the elastic part may be obtained from the precise knowledge of SIF

(2 .30)

The plastic il-factor may be determined if the limit load of the specimen is known . This is discussed in
more detail for the CRB specimen in Section 5 .1 .2 beloty.

2.2 Shakedown analysis

Crack-like defects have been assumed to present infinitely sharp notches with associated singular elastic
stress fields. Then shakedown of the crack containing structore is impossible . However, this singularity
can be avoided if a blunted crack-tip is assumed . Then the question of crack propagation may be answered
by shakedown analysis [13], [31] . This fairly new research is not considered in the current report.

2.3 Economic relevance

During manufacture of structures different processes Iike welding, shrinking and large deformation intro-
duce crack-like defects . During Operation of structures defects may grow or new defects may be created
by loading, aging, and environmental influence . Fracture mechanics ensures the integrity of engineering
structures which may contain cracks or defects . Apart from ensuring the safety of human lives and the
protection of environment, this results in major financial savings.

In 1982 the USA estimated that the cost of fracture was of the order of 120 billion dollars per year, (4% of
the gross national product) . The annual costs could he reduced by 30 billion dollars by implementing the
best available practice, including fracture control, defect assessment, inspection, maintenance and repair
strategies . Education and training of informed personnel are key aspects of the transfer of technology into
industrial practice. Research directed towards fracture related problems could further reduce the costs of
fracture by 30 billion dollars per annum.

Although current engineering practice in fracture mechanics is safe, it is often too conservative, and may
lead to the imposition of prohibitive repair and inspection policies . Economic pressure demands that
plant down-time be minimized by avoiding unnecessary repairs and shutdowns . To achieve this goal it is

essential that structural integrity methodologies minimize defects being prematurely sentenced as critical.
Unnecessary levels of conservatism must therefore be avoided as they entail expensive and unnecessary
inspections, outages, and repairs . An over conservative approach also penalizes life extension procedures
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on existing plants2 . An over conservative approach also penalises life extension procedures on existing
plants.

Research in defect assessment can be thought of under two sub-headings:

• Improved lifetime and performanee predictions.

• Improved design through better stress analysis.

Current limit Ioad solutions have been identified as a source of strong conservatism . This may originate
from non-optimum Limit load formulae, uncertain material data or inadequate theory [61] . The combina-
tion of the exact theory of limit analysis with the flexibility and precision of FEM analysis may help to
identify conservative assumptions and to generate closer predictions. This will promote more economic
defect assessments.

2There is also doubt about some handbook formulae . In 1998 the study concerning a defect observed in a component of the
nuclear power plant of Fessenheim, which used the simplified method based on R6 method and handbooks to determine the crack
nocivity, was not convincing for the Safety Authorities . Therefore, EDF had to perform a 3D calculation . This induced a certain
delay of the restart of the nuclear plant that costed some 6 millions Euro .
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3 The concepts of limit analysis

Static theorems are forrnulated in terms of stress and define safe struetural states giving an optimization
problem for safe loads . The maximum safe Ioad is the Limit Ioad avoiding collapse . Alternatively, kine-
matic theorems are formulated in tenns of kinematic quantities and define unsafe structural states yielding
a dual optimization problem for the minimum of Limit loads . Any admissible solution to the static or
kinematic theorem is a true lower or upper bound to the safe Ioad, respectively . Both can be made as dose
as desired to the exact solution . The Limit Ioad factor is defined in (3 .1) and (3 .2) by a = P 1 /Po, where

F" t = (b i, pr) and Po = (bo . po) are the plastic limit Ioad and the chosen reference Ioad, respectively.
Here we have supposed that all loads (b body forces and p surface loads) are applied in a monotoni .e and
proportional way. We will first state the theorems.

1. Static or lower bound theorem : Find the maximum Ioad factor for which the structure is safe . The
structure is safe against plastic collapse if there is a stress field o- such that the equilibrium equations
are satisfied and the yield condition is nowhere violated . We could then formulate a maximum
problem :

cr y in

d hehr = - abo in lii	(3 .1)

cr n = apo an 01('a

for the structure 1', traction boundary

	

(with outer normal n), yield funetion eh, body forces rrbo
and surface loads opo.

The maximum problem (3 .1) is solved by splitting the actual stresses er into fictitious elastic stresses
and residual stresses and solving the deduced problem by a basis reduction technique in the residual
stress space and by Sequential Quadratic Programming (SQP) (see [26], [54], [59], [74]).

2. Kinemarie or upper bound theorem : Find the minimum Ioad factor for which the structure falls . The
structure falls by plastic collapse if there is a (kinematically admissible) veloeity field such that the
power of the external Ioads is higher than the power which can be dissipated within the structure.

min

	

(ti„

r n ax

s . t.

with

	

= e i P
G ydV

s . t .

	

1 = 11 r ,

	

üt

	

pf.) üd > 0.

= 2 (Vu + (Vü)T ) in V ,

1:1(1)

	

ü 0 (t)

	

an OV,, .

	

(3 .2)

for the structure 1 boundary 01' = U1 U dl' rj with irr, is the yield Limit of the material,

	

=

: P the effective, plastic strain rate . The objective function is non-smooth . Different
regulrizations are used in [68], [71], [63]) . To solve the minimization problem (3 .2), the method of
the reduced-gradient algorithm in conjunetion with a quasi-Newton algorithm [41] is used in [68],
[71] .
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Upper and lower bound converge to the same solution, if all conditions of the theorems are exactly salis-

fied . This may be difficult in a FEM diseretisation . However, computing both bounds the numerical errors

may be monitored.

For limited kinematic hardening material the Limit Ioad factor is obtained by the same optimization Prob-

lems with cr i replacing o . For homogeneous material the computed limit Ioad is a linear function of the

chosen failure stress . From the theorems it is clear that the larger lower bound is always the better choice

of two Limit Ioad formulae . Similarly the lower one should be chosen of two upper bounds . lt would help

such decisions, if handbooks would indicate which theorem was used to generate a limit Ioad formula . lf

upper and lower bound coincide, one could state that the true solution has been found.

Consider a perfect structure in plane or axisymmetric stress . A defect generates a local triaxial stress field,

because local high strains are constrained by the surrounding field . The uncracked structure with one

dimension reduced to ligament (net section) size is used to measure the plastic constraint factor L,

Iimit Ioad of the cracked component
(3 .3)

Ioad of uncracked net section

This is also the definition of the hinfit Ioad factor o i .e . (1 = L . The maximum plastic constraint factor,

which can be achieved for e .g . double-edge cracked tension plates (DENT) is

	 2

C 1+\A:3-

	

2
= 2 .9685 (3 .4)

for von Mises material (by first eq . (4.8)).

The deeper the erack the more the constrained field tends towards plane strain with limit Ioad increased

by the increase of L . For respectively shallow and deep eracks the plane stress and plane strain limit Ioad

solution is more appropriate . Few of the cited handbooks give recommendations for a proper choice of

the constraint . A high L may not be achieved due to prior brittle failure if the material is not sufficiently

ductile (Charpy Impact energy below 60 .J [34]) . Therefore, plane stress should be chosen as a lower bound

solution for assessment purpose . The corresponding plane strain solution is an upper haund .
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4 Singularity simulation for elastic-perfeetly plastie fracture analysis

lt is well known that the stresses and strains in the crack-tip region of an elastic plastic material, defined
by the Ramberg-Osgood material equation (2 .20), are controlled by the so-called HRR field (4 .1) in 2D
case [33], [44] .

= (4.1)

where (To, so and n are yield stress, yield strain and hardening power of material, respectively. 3 is material
constant, -1 is J-integral of Rice ; E Young's modulus ; 0, r co-ordinates at crack tip, 1,, n-depending
constant ; ii-, ) and

	

non-dimensional funetion . When ii = 1 it is the case of linear elasticity

(4 .2)

and n -+

	

corresponds to the case of perfect plasticity, i .e . we arrive at

r0 nt, j (0),

	

) 7-1 j (H}

	

(4 .3)

We see that the stress has no longer a singularity while the strain field near crack tip presents a strong
singularity of (1 for a perfectly plastic analysis . lt is important to simulate this singularity in upper
bound Limit analysis of cracked structures . Following a work of Barsoum [12], we recommend here a
simple technique to use special degenerated elements in upper bound caldulatim . An independent proof
for this technique is given for element model of Fig . 4.la) . We note that the model of Fig . 4.1 c) was

proposed and demonstrated in [12] . The geometry of a 8-noded plane isoparametric element is mapped
into the normalized square space

	

, (-1 < < -1 < ii < 1) through the transformations:

Ni ( ,

	

1 + yyi) - 1 -.'..2)(1.+

	

- ( 1 -

	

)

	

ee)

+

	

-

	

fiyi) ( 1 -

	

}lb.?. /2 + (1 . - t)2}(1 + ea :) (i

	

g W/2

= ±1 for the romer nodes and zero for mid-side nodes . .r,, y, are the nodal co-ordinates of the
element . For the element shown in Fig . 4 .1 a), we have

=

	

= X8 = 0 , X2 = X:3 =

	

= 12, X5 =

	

= h./2

= Y2 = Y4 = Y3 = Y8 = 0 ‚ Y .3 = 1 , Y6 = Y

	

1/2

	

(4 .5)

Using these relations we can finally deduce strain components as below . A detailed description is given in

Appendix A .

ir i

	

y

	

N i

	

yi (4 .4)wherex

eln + '+	 - ,
r'

C'o

	

+ C
:2

x:

	

r

du

	

B 2
= Bo + +	

Üe ~

	

r

-1-) 2
= +

ol y

d.r

r
(4 .6)

.4,, B,, C,, 1), (i = 0, 2) are all eonstants independent of r . lt is clear that as r --+ 0, all strain component
express a singularity of 1 /r . This singularity just satisfies the requirement of perfectly plastic analysis . At
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Figure 4 .1 : (a) Isoparametric degenerated element ; (b) Parent element (c) Model proposed in [12] : quarter-

point degenerated element

the same time a constant term and a linear one represent the constant strain and linear-varying strain terms,
which are essential when dealing with thermal loads and when connecting to other normal isoparametric
elements out of crack tip . This numerical technique, used already in ineremental elastic plastic caIculation
hy Kumar et al . [36] and others, will be proved useful in the present upper bound analysis.

We note here that the term and do in Eq . A.9 will be identically zero if we impose the constraints as
u i = u i = us and cr i = u i = is.t (see eq . (*) in Appendix A) . In this case, .-1 2 i B 2 .('211)2 in (4.6) are
null . Therefore we will lose the strain singularity at crack tip.

Using the model shown hy Fig . 4.1c), Barsoum has demonstrated in [12] a similar singularity for strain
components :

(4 .7)

The strain components show the ( 1 /VI't + 1/r•) singularity . However, no linear varying term is given . If
the nodes 1,4 and 8 are constrained to have the same displacement, only the inverse square root singularity
remains, which is suited to linear elastic fracture analysis . Obviously the singularity 1/r is obtained only
by the separation of crack tip nodes and this singularity is dominant at crack tip . The quarteredsnode
technique is not necessary.

By contrary, stresses are the principal variables in static lower bound theorem instead of kinematic ones.
So the above strain singular element is not necessary . However, Barsum's quartered-node stress singular
element should be applied to simulate the fictitious elastic stress, because it can simulate a singularity of
(1/,T).

We will present various numerical examples to show the efficieney of the present upper bound method and
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the usefulness of strain singular element.

4.1 Double-edge eracked 'Ante under tension (DENT)

We consider a double-edge cracked plate under traction, cf . Fig. 4 .6, in both plane stress and plane strain
states . Owing to symmetry, only one quarter of structure is modelled with 30 elements . Four types of
elements around crack tip are examined to make a comparison . The result of Limit loading factor is shown
in Table 4 .1 . We see clearly that with almost same element mesh, strain singular element (Fig . 4 .2) indeed
give best result which is in excellent agreement with the analytic solution [29], because it has been proved
being 1 /r singular at crack tip and suitable for plastic fracture analysis . The limit Ioad results of various
crack length are shown in Fig. 4.6 in both plane stress (PS) and plane strain (PD) condition . Present
solutions in plane stress condition are almost exactly identical to the analytic solution in [29] . In plane
strain condition, the results also accord well with the analytic solution of Ewing & Hill [22] with the
maximum error less than 3 .8%. This is due to the fact that the incompressibility is considered in a weak
form in present formulation in eq . (3 .2).

Figure 4 .2 : Finite element meshing of type C

	

Figure 4 .3 : Crack tip and von Mises field in plastic
Limit state

e Plane strain, Ewing & Hill [22]

for o/b > 0 .8-1

for a/b

	

.N 8-1

	

(4 .8)

where 1 = ü /d y , a c is mean Limit stress in net section 2(T, a y is the yield limit of the material.
The limit load of the DENT specimen of thickness T is obtained by

= (12e7 n y . (4 .9)

«tT2b/c+ 1 .82)/2 (4 .10)
e Plane strain, Kumar [36]
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e Plane stress (deep crack), Hill [291

for a/b > 0 .261

	

(4 .11)

Constraint Analytic used crack tip elements

Factor solution Element A Element B Element C Element D

oj L 1547 1 .216 1 .186 1 .156 1 .209

Error % 5.3 2 .7 0 .1 4 .7

Table 4 .1 : Comparison of limit Ioad solutions with different crack-tip elements

Element A: ordinary isoparametric element locally refined ; B: Barsoum's quarter point singular element;
C: separating-point degenerated element (Fig . 41 a); D has saure form as element C but having only one
node at crack tip.

3 .5 - a
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1 ad)

Figure 4.6: Plastic Limit of DENT specimen (note : (i = /cri, where o- is mean Limit stress in net section
2c ; PS-Plane stress ; PD-Plane strain ; T-Tresca ; M-von Mises criterion)
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5 N e ical and experimental validafion

5.1 t»- factor for fracture toughness estin

	

Cireurnferentially Cracked Round
Bars (CRB)

The geometry of the CRB specimen is shown by Fig . 5 .1 . This cylindrical geometry is of increasing inter-
est in fracture mechanics experiments [55], as it is easy to test an a usual tensile machirre, and especially
it requires small amount of material . We take this example to illustrate an application of rinnt Ioad in the
estimation of fracture toughness of material.

Figure 5 .1 : Circumferentially-cracked round bar (CRB) under tension (L=55mm, R=5mm)

The estimating procedure of elastic plastic fracture toughness by some standard specimens have been doc-
umented in ASME standard . Similar estimating procedure for CRB specimen is still under investigation
and seems to he promising . The present work will show how to apply limit Ioad function of CRB to derive
elastic plastic fracture toughness.

5 .1 .1 Limit Riad function of CRB specimen

Miller's presentation with Tresca's criterion

In a review paper, Miller [37] summaries a solution from the literature:

11»

	

2.S5

	

for 0/1? > 0 .65
=	

trb 2 u, for all? < 0 .65Ti
n i represents really the constraint factor L . The solution of deep crack (0/1? > 0 .65) is exact with Tresca's
criterion and it is an approximate linear interpolation for a/R < 0 .65 (5 .1) given by Akhurst & Ewing.
However, the Jeep crack solution obtained initially by Shield was defined for o/l? > 0 .69, [37].

Present solution with von Mises' criterion

order to improve the quality of limit Ioad function, a series of finite element calenlotions have been per-
formed with present mathematical programming method . About 30 axisymmetric isoparametric elements
are used (4 special erach-6p elements have been used) . The calenlotion with more element showed that
the results obtained by the coarse meshes have enough precision . The results are summarized in Table 5 .1

The numerical results are presented in Fig . 5 .2, where we see that a perfeet platform forms in b/l? = 0 --
0.3 (deep erach) . This is characteristic of cracked structures, which demonstrates good precision of the
present results.

The Limit Ioad results of ELSA have been fittecl into explicit formula (5 .2) imposing the continuity of
derivatives at a/R = 0 .7, which corresponds to the transformation of two different plastic modes : one is

(5 .1)
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0 .1

3 .00
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2 .0528
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1 .4422
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1 .2062
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* reference : F - the limit load of net-section of cracked bar; F. = -rJb

Taille 5 .1 : Limit load of CRB specimen by ELSA

confined plasticity in the ligament for very deep cracks and another spread plasticity for a shallow crack.
The transition point n/R = 0 .7 also approaches the one of Shield (ti/R = 0 .69 . [37])

3

-1 .197 + 3 . V1352 17 '.	0 .6539 (

	

2

	

0 .03738

/ > 0 .7

a/ «1 .7(f\" (5 .2)

Figure 5 .2 : Non-dimensional limit load of CRB specimen, (triaxiality factor) C~r =
7. 4

In comparison with the previous solution presented by Miller [37], the difference of 5% for deep cracks is
due to the different criteria . Von Mises' criterion is adopted in present calculation while Tresca's criterion
is used in Miller's solution . lt is also interesting to notice that the constraint factor for the deeply-cracked
CRB specimen is 2 .85 for Tresca material and 3 for von Mises material, which are mach higher than for
centre cracked plate . For the shallow crack problem, the present results show that the linear interpolation
presented by Miller is too simple . The proposed solution (5 .2) should be used when an accurate estimation
of limit load with von Mises criterion is required.

The limit load solution has also been obtained by Down [43], by a ineremental iterative calculation . A
comparison between present solution and the curve of Down shows a good agreement.

5.1.2 i7--factor formulation by Lmit load funetion

J-integral formula introduced in [44] requires the knowledge of stress and strain field an a path around the
crack tip . lt usually involves time-consuming finite element calculation . On the other hand, 3-integral is
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also interpreted as an energy released rate per unit of crack area . For the present CRB specimen, we can
write :

- v 2 )

E
(5 .3)

271)

	

()b

F dSpl (5 .4)

with

where

	

the dissipated plastic strain energy during the loading by F and Spl the plastic Part of the
displacement of loading point .

	

could he evaluated through the formula of Benthem & Koiter [14],

-3/2)
1 +0 .5 ()

	

0 .375
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+ 0 .731. C b. Ra

	

R
(5 .5)

with
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ttzrli7
The concept of JHlaeton already adopted by ASTM E813 standard for some standard specimens, repre-
sents here the ratio of the plastic 'fall of J-integral and plastic energy per unit of ligament area . lt has been
largely used for compact tension and three-point bending specimens and leads to very simple and useful
approximate formulae for J-integral estimate . The determination of li-factor for centre cracked weld plate
was reported in [35] and will be discussed in next section . For the CRB specimen, the application of
0--factor is promising . The o--factor could be determined by a series of experiments using (5 .7), or by a
known limit Ioad function because one has the following relation for a rigid perfectly plastic material:

=
1. b 'en1

Ob

This could be deduced from the definition (5 .7) . lt appears that if we have obtained the limit Ioad function
F1 of CRB specimen, we may find the elastic-plastic fracture toughness of material through a simple
traction rast by means of (5 .4) and (5.8) . This process has been applied in the ASTM code for some
standard specimens.

Therefore, by using limit load function of Miller (5 .1), one can deduce the following approximate solution
from (5 .9)

K" =

Introducing a so-called 1/--factor [43], [48]

0 =

	

=

(5 .6)

(5 .7)

(5 .8)

(5 .9)

for Ft/R > 0 .65

0.5

	

for a/ I? < 0 .65
= (5 .10)

lt is constant in two regions but discontinuous at a/R = 0 .65. Only shallow crack solution was initially
suggested to apply by Neale [43] . However, it is based an a simple linear interpolation .
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ac or by usingOn the other hand, with the proposed limit Ioad function (5 .2), we may derive a new
(5 .9), which is represented as a continuous function of R/b :

1

	

a/R
( 3

- l .497 + 1 .d56i6- - 0 .01869
	 b

(R)2
	 v ----b 	

)b

	

b +
-1 .197 + 3 .11352 R - - 0 .6539 -

	

0.037:

When a/R «) .6 for shallow crack, (5 .11) may be approximated by a linear relation :

(5 .11)
a/

	

0 .7

= 0.045 + 13g3±
R

for a/R «1 .6

	

(5 .12)

Figure 5 .3 : ii-factor derived from limit Ioad function

that (5.11) or (5 .12) is deduced with an ideal plastic material model . lt is necessary to examine it for

an usual strain hardening material . Therefore we give in Fig . 5 .3 the finite element solution of Scibetta
[48] with a special strain hardening power = 10, defined in (5 .1) . In Fig. 5.3 we see that this elastic
plastic finite element solution is near to present solution (perfectly plastic material) in the interested region
(0 .3 «1/R 0 .7 However, it was noticed that the Ioad level has an effect an the ii-factor for shallow
crack problem. That means, only for deeply cracked problem the i/-factor is constant . This is due to the
change of the plastic tone shape by the geometrical effect . In order to consider these effects, it has been
suggested to introduce a plastic displacement 61, 1 (loading point) into the ii-factor formula as a correction
[51] . Alternatively it can be expressed as function of Ioad level.

5 .1 .3 Experiments using C specimens

The experimental estimation of the 71-factor in [49] provides experiments for comparison with (5 .2) . The
tensile properties of the typical French pressure vessel steel I8NIND5 (AFNOR standard) were measured

The results (5 .11), (5 .12), with Neale's approximation (5 .10), are shown in Fig . 5 .3 . lt should be noticed

0 .9

0 .8

Proposed solution

linear relation (approx .)

. Scibetta (hardening)

Neale approx (1996)
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Rpo 2	R in

	

Ag	A 5	Z

518 AT /nim 661 N/mm 2 12% 24% 76% 270 k . n 2

Table 5 .2: Material data of CRB specimens at ambient temperature [49].

at ambient temperature . No LMer's bands were observed . The strain hardening exponent was n 0.093.
Due to the very low brittle to ductile transition temperature (T1 about -80 C) the tests did not show any
cleavage fracture behaviour at room temperature [50] . Therefore, KP. is not . J0 2Jo 2 for 0 .2mm

blunting initiation is about 270/al/

Specimen 2 3 4 5

(.01 0 .767 0.677 0 .588 0 .520 0.443

F'gxg,r ./IP,., 0 .98 0_93 0 .89 0 .95 1 .00

Table 5 .3 : Results of Limit analyses for different FEM-models and experiments computed from FE,rp ./Ff
in [49].

From FAD the experimental rupture loads J%

	

must be expeeted to be lower than the numerical limit
loads Obviously, the values come dose to the numerical upper bounds limit loads irg which
would be obtained with Rg, from (5 .2) . Save predictions may be achieved in a FAD . Note, that [49] uses
ap,- with (5 .2) . Further experimental validations for circumferentially-Notched Round Bars (NRB) are
presented in [28] .

(l p

Table 5 .4: rt-factorfrom experiments and from limit analysis [49].

According to (5 .7) the 1/-factor is derived experimentally as the slope of a straight line fitted by least
squares method to the experimental data in a log-log presentation of 21n(b) v .s .

	

The average
crack Iength to bar radius of all five experiments is

	

0 .599. For further discussion see [49].

5 .2 Compact tension specimens CT25

5 .2.1 Direct application of Hit analysis

In predicting the failure pressure for 134 longitudinally flawed pipes and vessels with four engineering
methods the "best" method was within ±IO % (+20 %) in only 10 % (±60 %) of all cases [61] . This
result can partly be attributed to the used failure concepts and their mathematical formulations and to
the uncertain material data and erack geometries . The majority of the tested formulae were obtained by
come kind of Limit analysis, although the authors used different names for them . Therefore, a need of
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an exact formulation of limit loads for cracked structures is evident . We will compare different solutions
for Compact Tension (CT) specimens for which Seidenfuß has performed very careful experimental and
numerical investigations [52].

Seidenfuß analysed four different ASTM standard CT25 speeimens made of 20 MnMoNi 5 5 (comparable
to the steel A533 B Class 1 or to the French steel I6MND5) [52] . The specimens have the dimensions
shown in Table 5 .4 with the crack length a, the length L, thickness B, height H and a reference length
W. The different crack-lengths were generated by a fatigue crack propagation test . The speeimens are
grooved (20 %) an hoth sides so that a plane strain state is reached in the interior of the specimens . The
experiments were performed at a temperature of 80 «' at the beginning upper shelf of the Charpy V-notch
impact energy (some 200 ) .

AB15 ACI8

Figure 5 .4: FE-model dimensions similar to CT25 specimens in

	

(see [52])

The measured material data at 80 C are shown in Table 5 .5 (see [52]) . Instead of using the measured
strength data in the analyses, Seidenfuß used the strength data (1? 7)02 = 393 .V /m m 2 , I?,,„ = 533 .V/ m m 2 )
from a fit to data at different temperatures [53] for different specimen orientations . This gives a first
indication of isotropy and of expected experimental uneertainty . The material toughness K ) c is generated
from the .1 R-curve [53].

I? 0 2

	

Kn,

	

Youngs modulus E Poisson's ratio v Material toughness K 1 (

379 V/wm 2 513 .V

	

2

	

207000 X

	

2

	

0.3

	

7851 XImin i - 5

Table 5 .5: Material data of CT25 specimens [52], [53] at 80 «

With the measured critical value .1 = 2;1 Y

	

and the values from Table 5 .5, the material toughness
KI( is estimated for plane strain :

F
= 7831N/m .m0

11-
(5 .13)



Limit Analysis of Defects

	

25

The results of the limit Ioad Flop of the CT25 specimens are compared with the following approximations.
For the approximation formulae the thickness B has to be reduced by 20 % to B = 20 mm.

• HOLLSTEIN, SCHMITT:

Ungrooved plane strain model, experimental fit [30].

Flint = 0 .6 (VV	 a) 2

14..i + a B Rpo 2 ,

• KUMAR, SHIH:

Ungrooved plane strain model, perfectly plastic material, [36].

Born = L155

	

2(11' 2 + a 2 ) LW + a)) I3 - R po 2 .

	

(5 .15)

• EWING, RICHARDS:

Ungrooved plane strain model with f :	 0 .5 . (R po 2 + R a? ), [23], [45].

= 2 (-t/2 .702W 2 + 4 .599a 2 - 11' - 1 .702 . .. B
3

Different FE models were generated for the limit analysis of the experiment AC 19 . Because of symmetry
only one quarter of the specimens is modelled . The FEM meshes for the model-types of AC19 are shown
in Figure 5 .5 . The other experiments AC18, AC20 and AB15 were analyzed by similar 2D plane strain
and 3D meshes.

• CT2D 1:
2-D model with 210 triangular 6-node plane strain elements (TRIMP6) and 484 nodal points, 13 =
20

• CT2D2:
2-D model with 210 triangular 6-mode plane stress elements (TRIM6) and 484 nodal points, 13 = 20

• CT3D1:
3-D model with 1060 pentahedron 18-node elements (PENTACI8) and 5324 nodal points, with
modelling of the side grooves, B = 25

• CT3D2:
3-D model with 1060 pentahedron 18-node elements (PENTACI8) and 5324 nodal points, without
modelling of the side grooves, 13 = 20

A lower bound LISA software implemented into the FE-code PERMAS was used to compute ultimate
loads Ft , i .e . limit Ioads for failure stress ma u . The results of these limit analyses are compared in Table 5 .2 .1
with the experimental collapse loads . lt should be expected that the load is higher for experiment AC20
than for AC19, because the load-earrying capacity increases with decreasing crack length a . Obviously,
all computed limit loads are well within the experimental scatter for the most realistic 3D model CT3D1
with side grooves . There is strong experimental support for the choice of cr,, for realistic limit analyses of
the experiments .

(5 .14)

(5 .16)
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(a) Models CT2D 1 and CT2D2

	

(b) Model CT3D1

(c) Model CT3D2

Figure 5 .5: FEM meshes for the different 2D and 3D models

Figure 5.6 pictures the comparison of the analytical solutions (5 .14), (5 .16), numerical solutions for model
CT3D1, and experiments . Particularly (5 .14) appears to be much to low. This is surprising, because (5 .14)
was obtained in this form as a fit to a series of experiments (with 20 MnMoNi 5 5 and with other steels)
[30] . Eq. (5 .14) make a close prediction for an ungrooved CT100 specimen [30] . Obviously, the simple
eq. (5.14) cannot be matched to a larger parameter range . The discrepancy can be best addressed to the
paar approximation of the side grooves by the thickness reduction for 2D formulae and by the choice
of lower failure Stresses . The comparison with FEM computations for FE-models CT2D1 and CT3D2
without side groove in Table 5 .2 .1 demonstrates that the formulae make reasonable estimations if Rp02

and af are replaced by Rm . However, this simple modification is not possible for the experimentally
obtained eq . (5 .14), because it would then give unsafe predictions for the above CT100 specimen if Rm
is used instead of R,, 02 . The computational advantages of the direct LISA approach may support the
extended use of realistic 3D modelling with a tendency to increase the number of nodal points and the
number of degrees of freedoms (DOFs) . Further experimental validations for CT15 and CT100 specimens

FITZ mmsh CD2D1

`1

	

15011R

FIIi mesh CT3D1

ISR-Fz Juelich

	

R A P S

	

ISR-Fz Juelich

	

R A P S

FIM mesh CT3D2

ISR-Fz Juelich

	

R A P S
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are presented in [28].

Model CT2DI CT2D2 CT3D1 CT3D2 Experiment

ABIS 98 >ON 7020N 10210N 91301' 10700N
AC18 21450N 15070N 21060 V 18970 :- 22200.
ACI9 39620N 287501' 411701' 35710 . 01'
AC20 40100N 29100N 1001V 366001V 402001

Table 5 .6 : Results of Limit analyses for different FEM-models and experiments

Model CT2D1 CT3D2 eq. (5 .15) eq. (5 .16)

AB15 98801 V 9130N 91601V 8230N

AC 18 214501' 18970N 20180 . 18400N
AC19 39620, 35 10 V 39670N .36950 -V
AC20 405301V 370 40N 411301 38700N

Table 5.7 : Comparison of analytical Iimit Ioads with numerical reults of Limit analyses for specimens 73 =
20, without side grooves with R,,, = 513N/ n7777 2 instead of Rp02 = 379N/mm and cr1 = 116N/7777n2

Figure 5 .6: Comparison of Iimit Ioads of CT3D1 calculated by LISA with analytical solutions and the
experiments AB15, AC18, AC19, AC20 (from [52])

5 .0E+04

4 .5E+04

4 .0E+04

3 .5E+04

q• 3 .0E+04

c.e
25E+04

q
2.0E+04

1 .5E+04

1 .0E+04 --

5 .0E+03

0 .0E+00

EXPERIMI AC19 EXPERIMENT AC20

EXPERIMENT AB15

EXPERIMENT AC18
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52.2 R6--method

The specimen AC19 is analyzed exemplary with the R6-method . The stress-intensity factor

	

is given

by (see [56]) :

(2+ a

hl = F	 	 (5 .17)

The dimensions of the specimen AC19 yield the stress intensity factor K I :

Il 1 = 0 .0914878 78777 `j/2

	

(5 .18)

The material toughness K[( for 20 MnMoNi 5 5 is given by equation (5 .13) The plastic Limit Ioad cal-
culated with LISA is Ff = 35790N (for af = 0.5( + = 446N/mm 2) so that with the definitions
(2.6) and (2 .12) it holds :

F

- - "" -.1.5 F

	

1 .1655 10 - ' .V -1 F.

	

(5 .19)
I J(

	

7851.N

Figure 5 .7: Comparison of FAD Rev. 2 and FAD Rev . 3 Opt . 1 (2 .13), (2 .15)

The assessment-curve (2 .13) and the line

1 .16>5 10 - '
2 .7910 1 0-55' - "171s = psr,

	

(5 .20)

2.7940 1 .0 75 2v- i. F

have the intersection
2

= -arccos
7r

.l25(7r/y
0 J9995

	

(5 .21)

so that the failure Ioad Ff 2 ,1,,r., analyzed by the FAD is

Ff,91urE

	

SFf = 35772N

	

(5 .22)
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The assessment curve with L r = 1 .17685,, defined by eq . (2 .15) and the Wie

0 .4171 Lr

	

t13545Lr.
K, = 0.417'LS'r

1 .1768

have the intersection L* = 1 .1264 (see Fig . 5 .7(b)), so that the failure load Ffa , 1 ,n , is

1,'faihire = L* .ry = 34258N .

	

(5 .24)

Obviously, both assessment curves make over-conservative predictions . This could be changed if harden-
ing was taken fully into account by use of a failure stress

	

a . The derivation of (2 .13) suggests that
then Sr may simply be replaced by F/Fu . A similar replacement of would need a transformation of
the curve (2 .15). However, much more experimental and numerical support should be sought, before such
changes of FAD are proposed . Current practice may be mis-leading, if limit Ioads of unknown origin are
selected from handbooks and from literature .

(5 .23)
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6 Benchmarks

The meshes for the following 1h-Mt Ioad tests [64] have been provided by EDF and ULg and are shared
between the partners (FZJ, ULg, EDF and INTES):

LA3: A thick plate (plane strain) with mismatched weld and a centered crack under tension . The main
parameter here is the mis-match ratio ,ll = er w /cr yB of yield stress values of Base and weld material.
The problem was suggested from the view of the Brite-EuRam project SINTAP [8].

LA4: An axisymmetrical tube with a circumferential crack under pressure and tension. The main loading
parameter here is the ratio of tension T and pressure P.

LA5: A pressurized tube with a three-dimensional defeet . The main geometrical parameter is the ratio of
the mean value for the radius R,,, and the thickness of the tube t.

lt was decided that the computing times for the direct Limit analyses should be compared, in order to learn
about the performance of the different methods . The times were made independent on the computing
environment by normalizing to the time for an elastic step . Numerical upper and lower bounds were
obtained with different software and compared to analytical solutions.

EDF : The upper bound solutions of EDF were calculated with CodeAster® which is also used for
incremental plastic analyses (see [63]) . Lower bounds are estimated by a postsprocessor from the
computed upper bounds . By their nature, these estimations may not be dose lower Munds.

FZJ : The lower bound solution of FZJ were calculated with a deterministic LISA software which was
developped and implemented into PERMAS V4 (Version 4) (see [26], [58], [59]) . Fully integrated

finite elements are used.

ULg: The benchmark caIculations of ULg are canied out by a direct upper bound prograrnming method
via the 1-EM code ELSA . The FEM code SAMCEF is also used for incremental plastic analyses.
Under-integrated finite elements and singular crack-tip elements (see Appendix A) are used.

INTES : INTES has contributed some additional incremental analyses of the benchmark tests with PERMAS
V7 (Version 7).

The caIculations are performed on rectangular meshes . The numerical tests achieved some quite dose
results . Others exhibited differences which may be perhaps attributed to the used finite elements rather

than to the different LISA software . The required computing time is given as multiples of the time for

an elastic calculation . This number should be fairly machine independent. But it may contain different

computational overheads e .g . from the data handling of the different FE-codes . Particularly the FZJ
computations need to he repeated once the software will be implemented into the new PERMAS V7
code. Therefore, both the numerical errors and the relative computing time should he understood as first
preliminary indicators .



32

	

Limit Analysis of Defects

6.1 LA3 - Plate with rnissmatched weld and a centered crack under tension

One half of the thick plate (plane strain) with mis-matched weld has the length L = 40mm, the width
IV = 1min, the crack length 2a = 4min, the thickness B and the weld height h = 1 .2inm, so that
a/ll i = 0.5, h/11 i = 0 .3 holds (sec Fig . 6.1) . The different material data of the base material and the
weld material are idealized by different yield stressec dyB and

	

respectively. The main parameter here
is the mismatch ratio 41 = ay"

	

of yield stress values of base and weld material . A reference value of
the yield stress <1- = 10031Pa .

.4%
111>-

.... . I0POS.t1
'

sen _e
Ilh«Ni

111111e0.-

11111bie
11111111

.e(
_s

....

Figure 6 .1 : FE mesh of benchmark LA3

The Lest LA3 was quite sensitive and needed some remeshing to improve its numerical results . There are an
exact plane stress solution F», and a plane strain upper bound to the matched situation ( .I1 =

	

/
(see ([36]))

plane stress :

	

b = 2B(W

	

a)(r 13	plane strain : 1-,j i, =
-1

	

(6 .1)

so that the applied line load is 50 AI and 57 .7 1 .'111«1, respectively. Usually no information is given
in handbooks when to assume plane stress or plane strain . The latter produces more constraint and thus
leads to higher limit loads, which may not be achieved in case of insufficient material ductility . In doubt,
the engineer should prefer the more conservative plane stress solution . For the mis-matched situation
plane stress and plane strain approximations forlimit load

	

are given in [47] . With the abbreviation
= (11 - a)/h it holds:

1 . Plane stress :

Undermatched (4! < 1) :

for 0 < ", < 1,43

for

	

1 .43
(6.2)
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Fyb

Overn . h' d

min {F(2)	 11r	
+

(6 .3)

F(2)

1-0 .4 : -s(M-1 } E -(M-1}/5

Plane strain :
Undermatched (31

for 1 .0< t'<3 .(

for 3.6 < r.' < 5 .0

for >.0 < t'

(6 .4)

0 .12.5± + 1 .29 0 .01911

Overmatehed

	

> 1):

11
F(4) =

	

24(31-1)
25

The firnt ineremental analyses by INTES showed a tendency to overestimate the limit loads for the rather
sensitive LA3 plane strain problems. This tendency to generate unsafe solutions Gould be reduced to some
extent by choosing underintegrated finite elements (by choosing 8 nodes elements with 2x2 instead of 3x3
Gaussian integration points) . This is a well-known consequence of incompressibility for the fully plastic
plane strain solution (see [42], [32], [67]) . The fully integrated displacement finite elements cannot prop-
erly handle incompressible deformation . When plastic strains become extremely large and the response
becomes nearly incompressible, numerical difficulties associated with locking of the elements can occur.
Additionally, the elements behave too stiff in the fully plastic range and the limit load may be overesti-
mated. Satisfactory analyses could be performed by using reduced integration in conventional elements,
which relieve the excess constraint of fully integrated elements . However, the fully integrated elements
are usually preferred, hecause they are often reported to be more reliable away from the collapse situation.
For this FE model a need remains to discuss this sensitivity and the best recommendations to be given to
end-users.

Because of the non-availability of rectangular plane strain elements in PERMAS V4 the FZJ calculations
are done for plane stress by rectangular elements (and transformed by an approximation) and additionally
for plane strain by triangular elements . Both are fully integrated elements . The tendency to overestimate

» yt,
min (6.5)

t''1 = ( -(A.1-0/ 5
for

11Zr3 24 for
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LA3: Thick plate with centered erack in mis-matched weld under tension

AI = 0.50 0.75 1 .00 1 .25 1 .50

analytic solution [47] 32 .33 47.92 7.74 65.82 73.33

EDF lower bound 29.71 C 42 .25 1 50 .31 57.96 64.71

EDF upper bound 1 36.04
1

50.40 61 .71 1 70.59 78 .38
equiv. number of elast . cale .

	

100

	

89
1

62

	

52

	

55

10 steps FZJ rectangular

	

28 .99 43 .86 56.90 68.99

	

77 .07
equiv. number of elast . calc .

	

43

	

45

	

47

	

47

	

48

FZJ triangular lower bound 33 .16 49 .74 60.38 68 .21

	

75 .55

ULg upper bound

	

35 .68 49.48 59 .79 69.05

incr. INIES 2 x 2 Gauss P. 1 35.02 50.30 61 .02 69.32

	

76 .80

Table 6 .1 : Comparison of limit loads (in -V/m 2 for LA3

was smaller with the direct limit analysis . EDF uses a mixed finite element formulation for direct Limit
analysis and underintegrated elements for incremental analysis . The latter are also used by ULg.

For the test LA3 it is observed, that the main difficulty (of convergence) is not the heterogeneous aspect,
but the localization of the collapse mode, because in 2D-plane strain situation shear bands appear . The
lower bounds from the EDF post-processor tend to be somewhat Iow.

77 .89

equiv. number of elast . cale . 40

	

40 40 40 40

iner. INTES 3 x 3 Gauss P. 38 .22 52.82 63.08 71 .64 79.24

(b) a/11 - = 0 .3

1 .20.40.2 1 .60 .6 0 .8 1 .4 1 .8 M 2

(a) a/

	

= 0 .1, . . . ,

	

lt/1V = 0 .3

Figure 6 .2: Comparison of numerical and analytical results (eq . (6.2) of limit Ioad for different crack
length and mismatch factors

	

=

	

for plane stress, ti.JLJ = 0 .3

In Fig. 6.2(a) and (b) analytical (eq . (6.2), (6.3)) and numerical results for plane stress are compared.
The limit Ioad is calculated for different values of mismatch factor

	

cw /o-

	

For undermatchingy

	

y
the numerical and analytical results in Fig .6.2(b) are in very good agreement (at most 2 % error) . In Iow
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ovemiatehing case the numerical results differ from the analytical results at most by 4 %.

(a) a/W = 0 .6 (b)

	

0 .5

50

F
70

60

50

40

30

20

n o

(c) a/W = 0 .4 (d) a/IV = 0 .3

(0 0/ IV

	

0 .2 (f) (£/IV = 0 .1

Figure 6 .3 : Comparison of numerical and analytical results for different values of weld thickness, mis-
match factors M = ni 1'

	

, and crack lengths factors a/11', plane stress.

In Fig . 6 .4(a)--6.4(d) contour lines for the overmatched case in plane stress state are shown (see [26]) . The
plate fails by joining of the plastified regions in the Base and the weld material . The pictures are generated
by an incremental analysis . In the undermatched case Fig . 6 .5(a)-6.5(d) the plate fails by plastification of
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(a) P/Py l(z3t = 1 .23

	

(b) P/ F' last = 1 .27

	

(c) P/Pfl ,ist = 1 .32

	

(d) P/P(Iast = 1 .3t

Figure 6 .4: Yield contour line for overmatched material case

	

1 .5, [26]
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	Figure 6.5: Yield contour line for undermatched material case (7 1

	

= 0.75, [26]
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the ligament in the weld, so that the limit loarl is dominated by the yield stress of the weld material

6.2 LA4 - Axisynmietrieal tube with a circumferential erack under pressure and tension

An axisymmetrical tube with a circumferential internal crack subjeeted to pressure and tension is analyzed.
The dimensions of the model are shown in Fig . 6 .6 . The outer radius is lt', = R, + t . The axisymmetrical
FE-mesh has 282 elements . With the loading direction parameter m . E [0 ; 1] the loading vector is
defined by

F(
F = a

		

(6 .6)
(1 - ) P

The limit Ioad factor o is computed for different values it to determine the admissible (F, P) domain . lt is
shown that there are no significant differences in the limit Ioad results for the different boundary conditions
for open or closed tubes . Pressurizing the crack surface has no signifieant influence an the Limit load [26].

The obtained numerical results in come near to the analytical simplified lower bound, proposed by EDF
(see Appendix B) . tension dominates the differences between the FEM solutions are very small . But the
analytical solution seems to be too Iow for pure tension = 1) if compared to FEM results.

R i mrn

Ro 4.40 mTn

H 378 nun

t 4 min

a 10 nun

Figure 6.6: FE-mesh and dimensions of LA4

In the pure tension case a simple analytical solution is obtained [36] . The cross-section of the uncracked
pipe is 7r(R ;; -

	

For the cracked pipe the ligament area is

	

(E i + (1) 2 ) . With the constraint
L = = 2/A 1 .1547 a Iower bound of the limit in pure tension F F is

2 ligament area
(r

	

\-ii

2 (R)-

	

(Ri + .

pipe area

	

(I{:,)' - R ?

This constrained solution may not be used for shallow eracks [9] with a < 1/(1 ± A), because it does
not converge to the uncracked Limit F,j = uy for a

	

0 . Upper bound hubt analysis may be approximated

t

H

(6 .7)
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l + 0.7O~

	

for< 0.25

1 .10

	

fbru// > 0.25
(6.8)

With the umntoaiutüz (6.7) the analytical limit teumoula F

	

0 .0781n v fürthe dümzeuaüooaebovvn in

Figure 6 .6 .For the yield stress 100 NJ mm o the limit teümimF=87.O3N/mm e .

Obviouab\tbe propomcduual}ticaloo&atiominmuuucoooznabzedlovverbouod(mee also Appendix 13) . No

uoa)ydcul molodon{or the tube under pressure with open end cmodiümnm, i .e . Jr = 0 im known for VON

MrSES material . Modifications of the BDPtmnmo]mwill hcomuaidczedin 6ocure research.

LA4i Axisymmetrical tube with circumferential crack
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0 .00

	

iner . EDF

	

0.00

	

10.17

	

86.43 87.40 86 .27

	

P" 9 .75

	

10 .17

	

9.60

	

4 .60

	

0 .00

	

inf . EDF

	

j~ 0.00 2.46 9 .82

	

4l .]3 78.70 80.17 85.79

	

Py 9.41 9.50

	

9.82 10.33
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4.22

	

0.00
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9.86
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10 .17
10 .17
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00.8)
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94 .48
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1 .0 steps
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9.75 9.86 10.17 !O.05 9 .87 4.8! 0.00
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9.78

	

0 .00
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0.00 2/46 10.11 43 .72 88.04 91 .22 90.25

9.65 9.83 10 .11

	

10 .93

	

9.78

	

4 .80

	

0 .00

) LA4

From the plane mtruinoobutüonforiho pressurized long tube one ng'deduoe iothe uhxenccofcraoko:

Plane strain imma6nta6aedhyo*eosionf r(},vvbüfh varies overt6cuzbe crnuy-meetionk2] . Honevecdu

n----9 = ll .00xJ/rn7
8i

	

' (6 .9)

(6 .10)mmu .
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Therefore the LA4 resuits near
2F1t77-t /en? =	 = 4 .76

	

(6 .11)
z+ 2

could be compared to limit loads of cracked pressurized tubes with sealed cracks . The solution for the
situation with crack face pressure in [9] is P lim = 9.50N/mni2 .

6.3 LAS Pressurized tobe with a semi-eiliptieal flaw

For the test LA5 the results of the partners are in good agreement for 3D cases (9 = 7r/4) and for 2D
ones (9 = 27r), respectively. INTES observed a severe problem with the incremental analyses of the
3D models, because the aspect ratios of some elements reach 1/80, which destroys the accuracy of the
solution . Therefore, no useful Balance forces were available and no iteration could be performed.

Figure 6 .7 : FE mesh of henchmark LA5

In 3D also ULg observed an one order of magnitude increase of computing time in ineremental analyses.
The ineremental analyses hy ULg were quite effective in 2D . There was no problem for the direct limit
analyses hy EDF (the calculations were extremely inexpensive), FZJ, and ULg . INTES suggests to make
new meshes with aspect ratios of up to about 1/10, although this would increase the number of DOFs and
thus the required computing resources .
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RH,» = 5

H= 27r

LA:

Pressurized tube

with a semi-elliptical flaw

Mim.

,,,/t = 5

	

?	 » = 20

0=2r/-1

	

0 = 7i-/4

2-dim.

Rm./t = 10

0=27,
1?,,, / t = 20

H=2ir

anal . inf. EDF

	

20 .99

	

5 .12

	

20.99

	

10 .51

	

5 .12

inf. EDF

	

20 .54

	

5 .24

	

20 .32

	

10 .09

	

4 .85
sup . EDF

	

22 .98

	

5 .75

	

21 .12

	

10 .66

	

5 .13
equiv. number of elast . calc .

	

5

	

4

	

4

	

5

	

6

10 steps FZ).	21.02

	

5.32

	

21 .30

	

10 .50

	

5 .33
equiv . number of elast . calc .

	

48

	

53

	

55

	

40

	

51

inen ULg

	

22 .65

	

5 .66

	

21 .62

	

10 .82

	

5 .42
equiv . number of elast . caic .

	

259

	

546

	

51

	

19

	

19
sup. ULg

	

21 .52

	

10 .64

	

5 .13
equiv . number of elast . calc .

	

20

	

20

	

20

incr. INTES

	

21 .40

	

10 .62

	

5 .23

Table 6.3: Comparison of collapse pressures (in SV/ in ) for LAS
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7 Elastic-plastic J-Integral and the failure assessment diagram (R6 FAD
eurve) of mis-matched welded plate

We will use an elastic-perfectly plastic material model to establish R6 curve of a plate with mis-matched
weld and centred crack by an ineremental finite element analysis . Sr = L r , because no hardening is
assumed . This is to investigate the strength mis-match effect on the R6 curve in a perfectly plastic material
model . This provides also a complementary to previous work with elastic plastic hardening model.

7.1 Elastic plastic J-integral and its path-independence

When the Ioad--displacement curve displays a non-linear behaviour, the fracture toughness eodld be mea-

sured through the Jaintegral introduced in [44] . In 2D crack problem, it is represented as contour integral
along the closed path F around the crack-tip:

(lijn l - aij 0i/1. )dr with

	

=

The numerical implementation of elastic-plastic J-integral could be realized by different methods . Several
1-calediafing methods are available in software SAMCEF, such as the classical methods VCE (Virtual
Crack Extension method) and EDI (Equivalent Domain Integral method, [38]) . The EDI method is used
in the present caleulations because of its good precision and stability in both elastic and plastic fracture
analysis . We chose different integral contours around the crack-tip to verify path-independence . The
results from first Iayer of crack-tip elements are rejected due to their instability.

We investigate the homogeneous material model first . Fig. 7 .1 shows the .I-integral obtained by different
contours for the structure near perfectly elastic, elastic plastic and near to plastic Limit state, respectively.
From the obtained numerical results, the J-integral on the second contour of first crack-tip element is
unstable . However, beyond the first layer element it is almost path-independent . Specially in nearly
elastic state < 30%) and final plastic limit state, the difference among different contours is less
than 2%. However, there is an unstable region near to the finial limit state . Beside this small unstable
region, Fig . 7 .1 shows the maximum relative difference with different contour arrives when the applied
Ioad approaches to 90% of Ioad Limit but always not important.

In mis-matched material models (see Fig . 7 .3, 7 .4) we have still good path-independence of the integral.
Small difference is that the maximum relative difference of J on various contours reaches at P/Pl = 0.8
for undersmatched model hat it is at P/ld = 0 .97 for overmatched model . So we know generally that
mismatched material model has a path-independence of thel -integral similar to homogeneous material.

lt is known that stress intensity factor K I is proportional to applied Ioad P (or a) . So equivalent
integral is proportional to P 2 . However, in fully plastic regime,

	

is proportional to P f ' +1 for a ii-power
hardening material . Specially for perfectly plastic material model (i ), J is very sensitive to Ioad, as
shown in Fig. 7 .5 . Accurate estimates of applied J at load-controlled model is virtually impossible when
Ioad approaches limit Ioad . However, it may be well approximated in displacement-controlled loading
situation.

Approximate Limit Ioad solutions for various mis-matched material models have been given in [35], [46].
Our finite element examination shows that this approximate solution has enough preeision and no further
correction is neeessary. The comparison is presented in Table 7 .1 where we take the following valide as
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reference :
2 a '

1 .
20- a

P( _	

0 .5 0.75 1 .0 1 .25 1 .5 Note

p l/13 1 .0 0.56 0.83 1 .0 1 .14 1 .27 Analytic [35]

/p,', 0 0.566 0.8325 1 .004 1 .1496 1 .277 887 Finite Elements*

* 4 special strain singular elements as stated in 4 are used around erach tip

Table 7 .1 : Limit Ioad solution of mis-matched welded plate (plane strain) «01' = 0 .5
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Figure 7 .1 : b) Path independence of J (last loading steps at nearly limit Ioad)
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P/

Figure 7 .3: Maximum relative difference A of J integral on contours in all loading levels (undermatched
material cr yll' /crH =- 0 .3)

Figure 7.4: Maximum relative difference A of J integral on contours in all loading levels (overmatched
material (r

,
/cr = 1
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Je p

Figure 7 .5 : Integral J as function of load level (CCP-Plane stress state)

Je t)

Figure 7 .6: Integral J as function of load level (CCP-Plane strain state)
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7.2 R6 Curves by el

	

perfeetly plas ie finite elemenkcalcolatim

We consider first a center cracked plate in plane stresmwith homogeneous material, In Fig . 7,7 we compare
the zemubmbcvvecot6e dzcooetical86 ourvcEo .(2 .l3),opproximu1e eqoobauEo .(2.I5) ` the finite element
unlodmmvvdb elau1icnecüecdy plastic model, and Kuoourot al . [36] witbpowe/bumdeoimg model . We
see that witbpovverbomdeniog model atuül remains intbe diagram where the assessment liom apprmoobem
the obmciaau umyozptoticully. This toil bam been suggested to be cut with different material . When
hardening powern iocmcameo, failomcamaemmoueu!ourve aboold appnoueb1o pzeyeorelooticperüectly plustic
model (n -+ no) . However, lhimdoen not huypenfmr~, 1 : preacnxzeaol1a wdbmlamticpecfec,ly9luydc
numdelimanmoog tbu1of hum]euiog ruode/ofKumuazct . al . [36] . However, if we use Dmvvlinuitof material
instead of initial yield finnl . Finite element solution will approach the theoretical one (when .~, < l).
0n the otborbmud förutznug hardening momdel (n -+ l) . the curve approaches to the theoretical one of
ll6vvhen .Y, < I . Anyway, for1himgcomnc1ry, R6 (2 .l3)o:pzomeutao)ovvcrhmuodfördifferent material
models.

The difference between plane stresmand plane strain are noticed in both elastic perfectly plastic model
aodpov/er hardening ooo, see Fig . 7.8 . Since B6curvc is baoed on a imOoitczJa\a, the finite element
simulutionof u small crack plate is nearer to the theoretical one of R6 than a lurge crack plate . This has
he ocrtiüedhy Konoaret al . [36] .

Now wcuoom6decibe mds-nomtcbedmaterial noodei As exaüx1he parent metal having constant
yieldoLneugthe[o v

a = lOUMpuwith different wc!dm ~v Witbmolodlurculculn1ionmuabnve,vve
cuukicoomtitute uFAD vvidbelomile pmdectlyy{amticmaterial mode! as Fig . 7 .9 and Fig. 7 .10.

lt is seen that all FAD ofnoim-rmn1ched model have aioülurboou . In plane stress couditiootbe effect of
zoim-mno1cbcdmaterial muodelmeonommnooJl . OnUbe contrary, in plane a1nüotbimcffeciiynot uegligib!c .Tbe
uodemmu1cbedvveldp!u1c(vve!d material bumalovverot/cngtbLbuupareot material) givcalower FAD curve
a)tbougbdiastill ovcrtheoroduu\R6ourve . In tactin such oitoo1ioudbe plasticity immoure concentrated
iourackedregion . Therefore itomuy lead to be oon-cooaervativceven unsafe in some cuuea tocuuy out a
mofetyuwmeammeothyuaiug a FA[>corve ofosou\bomngeneouomaterial forondemmatobedotn/oUmreo .Tb
avoidtbiuriakdbumumouJ]y been/ecomnnucoded1bu1tbe toumilcpropcrty oftbm^vveuker"material ybould
he umedfnr the evulua1iouofintegrityfbrundeooaucbedutructunca . The utrcogtbrniomouLcbwas um jor
task of the SlN1APp jcot[73]) . Mucbprngocmmb :aheenucbievodvvbichcoo]dnot he couaidercdb*nc.

7.3 The Ioad-dependence of

	

of ender sraeked plate with mis-matehed model

Limit Ioad solutions could be used to find t/ /actorthut in useful in the estimation offtacUoe toughness
ofmaterial . For mis-matched weld plate with centre cruck under tension, Joch et . al . have provided an
approximate analytic molutüooof lioüL Ioad [35], [46] . Starting from this solution factura for different
mis-matched zomdel are ohtaioeduodthe so}udonnare examined by finite element ca!culu1ioo . However,
ourvvork shows the i/ factors abtuiaedby Joch et al . seems not usable. In fact these bctorare shown to
boloud-depeodent.

PkuadcVbctornnaybe defined bvp}uutiucollapme kximob4ion :

(7 .3)

By analytie limit Ioad tuuoiona .Joch c1ul . [35]guvcsnhzdooa~~Dzdxe cuacof homogeneous
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Finite Element solution
Ideal elastic

plastie model
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Figure 73 : FAD of CCP specimen with different material model s, for hardening material taken from [36],

M = 1
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1,5

Kr

Figure 7 .8 : FAD of CCP specimen in plane stress or plane strain, curves for hardening material taken from

[36], Al = 1
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0

K„r

Figure 7 .9: FAD of CCP weld plate (plane stress)- mismatched material model

Kr

Figure 7 .10: FAD of CCP weld plate (plane strain)- mismatched material model
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we have qpl = 1.

Now we examine this solution with finite element caleulation . We express elastie plastic integral 3 in the
following equation (see [35])

( -et

	

r-pl
J =

	

+ i11}/r (7 .4)

So it is easy to caIculate t4, 1 at every load level by the following method:

J/
=

	

- (7 .5)

where is determined by an elastic caleulation as below . lt is independent of load level.

Jet/
1 1cl = (7.6)

t1

Our finite element solutions are presented in Fig . 7.11 lt is noticed that solution 7171 is in agreement
with analytic one only at limit load level . In the case of homogeneous material we give the following
approximate equation of i)pl

r/
1,l = 21 .212x 3 - 17 .019.r + 36 .1;61x'3	10 .654x 2 - 1 .122x + 2 .0178

	

(7 .7)

where x = F'/Fl . We note that this approximate solution is useful because the fracture load is usually
lower than the plastic limit load of the specimen.

- eta_pl = 21,2128 5 - 47,019x 4 + 36,864x 3 - 10,645x 2 1,422x + 2,0178
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x=PfP1

	Figure 7.11 : 777, 1 factor as function of loading level (homogeneous material Al

	

- 1)

Similarly, when we carry out experiments to assess the fracture toughness of missmatched welded plates,
we need to establish factor i/pl as function of the loading level . The FEM results are presented in Fig.
7.12 for undermatched model (t11 = ,Ij I' /la ,B/ = 0.5) and in Fig . 7.13 for overmatched model

	

Last

= 1 .5) . The approximate fitting equations are also given in the figures . In comparison with the
results of the homogeneous model, these curves have some similarities . The ti p p curve is like a dish bottom
before arriving the final limit state . However, the load-dependence seems weaker for overmatched model.
Anyway, the 711, 1 results of [35] given only at final limit state could not be used for practical experimental
work. A complete work as above is necessary.
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Figure 7 .12 : Ii7, / factor as function of loading level (underinatched model : M
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Figure 7 .13 : 71z,t factor as function of loading level (overmatched model : w~1,1 =
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8 Plastic 1i mit and safety assessment of ally cracked cvif

A Jong cylinder with extensive axial crack at internal wall is subjected to intemal pressure . Plane strain
state is considered. In this section we will study the limit load solution and R6 method with or without
thermal loading . No hardening is assumed so that

	

=- L r .

8.1 Limit pressure of axially cracked cylinder

Consider one half symmetric structure that consist of rigid plastic material and is subjected on intemal
pressure on intemal surface of cylinder. There exist not accurate analytic solution for this problem . How-
ever, we could obtain an approximate analytic solution by proposing an assumed mechanism as shown in
Fig . 8 .1

Figure 8 .1 : Assumed plastic slip mechanism of axially cracked cylinder under internal pressure

The assumed mechanism is to slip along line AB corresponding a rigid rotation around point 0' . The
length of assumed slip line 1 is determined from the geometric relation in 3,.OAB.

= (Ri + (/) 2 + ,

	

2(Ri + a)leos(tr - 0) (8 .1)

Its solution is
l=-(R + a) eps 0+ ibiM - Ri

	

2 sin (8 .2)

The slipping velocity v as helow

= (8 .3)
sin

!tocarding to this assumed mechanism, we find the external power of pressure:

lt,

	

- pl?,

	

sin FI(1 -F (-os 0)d9 = pl? d (8 .4)

Internally dissipated energy :

= k .,,v1 (8 .5)
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So by upper bound theorem we have the following solution of Limit pressure

mm

	

(8 .6a)

with

P = .
R7 R0'

	

sin
(R, +(} 2 sing o (R i + (8.6b)

cr y 2 cos 0

The Optimum solution is

(8 .7)

corresponding to an optimized slip angle

6 = aresin
R

(R i
(8,8)
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Figure 8 .2: Slip angle of axially cracked cylinder under internal pressure

Now we consider a situation : the pressure is applied also an the crack surfaces . In this case the
external pressure power :

p( , + (1)(1

By a similar procedure, we obtain an approximate analytic solution:

(7. R

	

91	 	 o-(R+	 2

	

r3	 i	

M(Ri +

This solution is a Haie lower than (8 .7) . The slip angle is the same as (8 .8) .

(8 .9)

(8 .10)
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• lt is easy to verify that a linear relation as below is between the above two solutions, respectively,
without and with pressure on crack surfaces .

(8 .11)Pl =

We note that this solution is only an approximate one and does not have strict upper bound property
because the mechanism used is not completely compatible . Same other simple lower solutions were
proposed as below

• Approximate bound of Chell [20] :

Pl =

		

(8 .12)
> i + a

• Lower bound solution of Miller [37]

(8.13)

This solution is found to be very close to the above analytic solution (with pressure applied also on
the crack surfaces).

In the following comparison, we consider that the crack surface free of pressure . We define a limit pressure
factor as below

Pl= -
Po

with the thick tube solution in the absence of cracks [62]

in RoR .

Fig. 8.3 shows the coarse finite element mesh (120 elements) for the present direct calculation . In fact,
one notices in Fig . 8 .3 that in limit state, the plastic deformation is concentrated around crack-tip region
(net section region) . Therefore, locally refined meshes and smooth transformation from the plastified
region to the nonsplastified region are important for the present method . We examine also these results
with incremental elastic plastic calculation with a very refined mesh (2200 elements) as shown in Fig.

8 .4 . The predicted slip line verifies the assumed model . Numerical comparison is given in Table 8 .1 for a
special geometry. The analytic solution would he a lower bound due to the approximation of the proposed

model . However, it approaches the accurate solution for a thin walled structure(R,/R,	 > 1) . A complete
comparison is presented in Fig . 8 .5 which shows good agreement.

Method Approximate Linear approx . Ineremental Upper bound

analyt . (8 .7, 8 .8) (8 .11) ( 2200 ele .) (120 ele .)

Limit factor
ri 0.625 0.6 0 .65 0.66

Slip angle
o(» 48 --48 .2 - 49

Table 8 .1 : Comparison of limit pressure and slip angle, a//i = 0 .4

Po =

(8 .14)

(8.15)
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Figure 8 .3 : Finite element meshing and fictitious von Mises stress field in limit state (o- /ff) (direct
upper bound analysis)

Figure 8 .4 : Finite element meshing and fictitious von Mises strain field in limit sta
elastic-perfectly plastic analysis)

T (incremental
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Analyt . Solution (approxi .)

	 Linear approximation

	 o	 Finite element (upper bound)

	 Mine s Iower bound (1988)

-+- Chell's approximation (1978)

a/h

Figure 8 .5: Limit pressure of axially-cracked cylinder (Ro/R / =it.- 1 .2)

8.2 R6 curve of axially cracked cyli er under pressure

Elastic perfectly plastic finite element calculations are carried out as for the CCP specimens above . Three
geometries and two types of material are chosen to take a comparison . In the calenlotion of elastic stress
intensity factor, the finite element solution is compared with previous results, see [66], to obtain good

agreement of 1 % . Note that the solution of Yan & Nguyen Dang [66] corrected the errors in stress intensity
factor handbook ([40]), for axially cracked cylinder under intemal pressure.

The contour--independence of J integral is studied as in 7 .1 for the weld centre cracked plate problem.
Although similar results are obtained, it seems necessary to use a smaller crack tip elements to obtain
stable results . In this case, the third layers of crack tip element are used to calelalote the J integral . The
contour-independence of integral J is shown in Fig . 8 .6 and the maximum error of different contours at
every loading step is shown in Fig . 8 .7 . This error of .1 is generally less than 10% . However, the maximum
dependence happens at plastic Iimit state, which is a little different from CCP specimen.

Using the solution of integral J obtained by finite element ca.leolotion, FAD curves are constructed for

several geometry with two groups of material dato

Material 1 : rd, 200 po, E = 2 .1 x 10 5 Mpa,

	

= 0 .3, at = 1 . .2 x 10- 5 /K

Material. 2 : (ir, 1C = 2 .1. x 10

	

Mpa, v = 0 .3, a t = 1 .2 x 10 -5 / .K

The comparison between two type material dato shows a good agreement . In Fig. 8.8 only the results
for material 1 are presented. So we have verified that the obtained R6 curves are independent of material
when one uses elastic perfectly plastic model.
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lt is seen in Fig . 8 .8 that finite element resuits of FAD change with different geometry . Some of R6 curves
(with small ratio of external and internal radius) are lower than theoretic curve of Eq . (2 .13). The reason
is still during investigation. Similar resuits were obtained by Kumar et al . [36] who showed that for both
axially and circumferentially cracked cylinders of 304 stainless steel the finite element resuits are lower
than theoretic R6 curve of Eq . (2 .13). On the other hand, Kumar's results with A533B CIA steel approach
to theoretical R6 curve.

In comparison with the resuits of CCP in section 7, we have enough reason to point out that a more
conservative FAD curve is necessary to be used for axially cracked cylinders under internal pressure.

Co Mo urs

Figure 8 .6: Independence of contour of J (axially cracked cylinder under pressure)

8.3 R6 curve of axially cracked cylinder under pressure and radial temperature gradient

The effect of thermal stress has been extensively discussed in R6 rule . If the stresses arising from thermal
loads do not contribute to plastic collapse, they are eategorized as secondary stress . lt is this situation that
will been studied in this section.

In integrity analysis with R6 method, the secondary stresses contribute only to the calullatim of elastic
stress intensity. Generally we have

, = 117l +

	

(8 .16)

The superscript p and s represent, primary and secondary stress, respectively . However, we will show as
below the original R6 curve (without the effect of secondary stress) will be modified by the presence of
secondary stress . This effect is recognized by a parameter p which takes account of plasticity correction
required to cover interaction between er P and er' stresses, see R6 rule and [7] . In this section we investigate
this problem by elastic perfectly plastic finite element calculation .
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Figure 8 .7 : Maximum relative difference A of J integral an contours (axially cracked cylinder)
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Figure 8 .8: R6 curve of axially cracked cylinder under inte al pressure (similar results are obtained for
two material)
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stress for large thermal stresses and the effect of stress redistribution seems great . In this ease, the
maximum reduction of R6 increases little . However, this reduction appears from very small to large
mechanical loads.

Now we examine the effect of thermal loads in the cases of dT < 200K . The difference of R6 curves
between the cases of dT = OK (without thermal loading) and dT � OK (with thermal loading) was
explained as the plastic interaction between mechanical stresses and thermal (secondary) stresses in R6
rule, where this effect, identified as parameter p, is considered only when one uses R6 curve (without the
effect of secondary stresses) for safety assessment . That means, one uses the following formula (8.17)
instead of (8 .16) to carry out safety assessments:

Kr. =

	

+

	

+ p

	

(8.17)

Figure 8 .10: Plastic interaction parameter of axially cracked cylinder under internal pressure and thermal
loading (temperature difference along thickness)

R6 rule recommends a series of procedures to estimate the parameter p based an the paper of Ainsworth
[7] . In the following Fig . 8 .10, we give the caleulated p curves by present finite element results.

These p curves are similar in form to the results in [7], Fig . 4. The difference between the present
results and in [7] may result from different geometry and material models . As it could be predicted, when
temperature difference dT > 12OK the p curves is not zero when the mechanical Ioad is absent . However,
with a Iarger thermal loading, the maximum p increase little and the effect of stress redistribution becomes
obvious . Originally p was restricted to non-negative values, but the possibility of negative values is seen in
[11 ] . In order to take a comparison in quantity, we carry out a transformation by using a method similar to
the one in [7] . nie temperature difference is represented in corresponding elastic stress intensity factors.
The maximum value of p in Fig . 8 .10 is taken for every thermal loading (temperature difference) and then
plotted in Fig. 8 .11 . In this comparison, two methods are used in estimation of abscissa of Fig . 8 .11
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1. The mean hoop stress in the Position of crack of a non-cracked structure is used in caIculation of
KI by KI = rroera . The elastic SIF Ki l at plastic Limit pressure is taken from [66].

2. The FEM is used in eaIculation of KI .

	

is as above.

The comparison in Fig. 8.11 shows that the present results are muck higher than the results in [7] . The
sause of difference is still being investigated . lt seems to us that the different geometry and, particularly,
the different material models lead to the different results . lt is necessary to do more studies for this
problem. Accarding to the present results, we should be very prudent when we carry out a safety analysis
using R6 rule for a cracked cylinder consist of a lower hardening material.

Ainsworth (1986)

Mean stress estimation

--ä- Finite element estimation

0 o,s 1 .5 2

/)

Figure 8 .11 : The values of p l for the defining K;s
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9 Conclusions

This report presents various applications of Limit analysis in ductile fracture mechanies . Examples are
given for testing materials and for the assessment of st stures including the strength mis-match of welds.
The reported research is based on recent developments in upper and lower bound FEM-based Limit anal-
ysis . lt was intended to generate material to improve numerical methods and to demonstrate possible
improvements of over-conservative Limit load solutions.

Generally, numerical methods of direct limit analysis were shown to be reliable and numerically quite
effective . However, from tests against known dose bounds of limit loads some advise for higher accuracy
could be given:

• Prefer underintegrated to fully integrated finite elements in plane strain analyses.

• Accuracy of upper bound can he improved in fracture mechanics by use of plastic strain singular
crack-tip elements.

lt remains to investigate, if all observed numerical errors can be addressed to the too stiff behaviour of
fully integrated finite elements in the fully plastic deformation range.

The FEM-based limit analyses of CRB specimens showed that currently used Limit load formulae could be
improved to obtain safe but less conservative estimations . Some formulae for CT specimens are reliable
but different to the FEM analyses . Tlle formulae do not represent details like the siele grooves . The use
of ultimate stress gave closer best estimates of rupture loads of CRB and CT specimens for sufficiently
ductile materials . But the mean value of yield and ultimate stress may he a more appropriate failure
stress for assessment purpose . However, current practice is not without traps . Some Limit loads have been
adjusted to experiments. Then there may be no freedom to choose a different failure stress . In few cases
handbooks give only the constraint solution which is unsafe for shallow cracks.

Generally the decision on the constraint is left to the engineer. For safe procedures the editors of hand-
books could be advised:

• To classify the kind of limit loads into experimentally adjusted, exact, upper or lawer bound.

• To indicate if another failure stress may be used.

• To give guidance on when to choose plane stress or plane strain (constraint).

• To give the application bounds if available.

A new Limit load formula has been proposed and tested in a benchmark for an axisymmetrical tube with a
circumferential crack under pressure and tension . Other formulae have been tested or modified.

The failure assessment diagram (FAD, R6 method) is applied to the non-standard problems of weld mis-
match and thermal stress . lt is shown that use of FAD for the latter still needs further research . Detailed
FEM analyses for the mis-match problem showed that J-integral is path independent . The i--factor cannot
be practically used for testing of such welds, because it is load dependent . The mis-match effect on the
R6 curve is obvious in plane strain but not in plane stress state .
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lt may be coneluded that FEM-based limit analysis is a valuable engineering method of ductile fracture
mechanics . This would be more so if research could reduce the numerical erron The development of
reliable limit Ioad formulae for defect ductile piping and for other important crack-containing compo-
nents is pending . Such formulae could be obtained from fits to numerical experiments an many cracked
engineering stmetures . Further, FEM-based limit analysis may heip improve handbooks in the required
way. This will make current assessment practice more simple and less conservative with clear economic
benefits . lt is therefore recommended to initiate research extending the work in this report towards global
validation, the development of new limit load solutions for further defeet components and data for the
indicated necessary handbook improvement .
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A Appendix: The singularity of strain singular elements

Substituting (4 .5) in (4 .4) and collecting terms we have the following resuits :

(AI)

For any point P on the radial line R, the distance from the crack tip is

(A2)

Inverting (A2) we obtain
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Substituting (5 .1) into (A8) and collecting terms, the derivatives can be written in the form:
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The coefficients co, e1, d0, d1, d2 of derivatives i)n/e ,1171107/are exactly the saure to those X10 , u1 , bo, h 1 .

of du/i). u%Jrl except for replacing every u, by the corresponding i' . They are all constant for any given
set of nodal displacements, and along the line H = constant (71 =constant) . Therefore, equation (A9) will
depend only an ; . The strains are given by

The derivative of u and v with respect to :r and y ahove are obtained by multiplyingJ -1 by their derivatives

with respect to and 11 .
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The derivatives for i; are completely similar, we get finally:
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.=5 1, , B 1 , C,, 1), (i = 0, . . . . 2) are all constants independent of r . lt is clear that as e + 0, then all strain

component express a singularity of 1/r . This singularity just satisfies the requirement of perfectly plastic
analysis .
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B Appendix: Analytical lower bound for benchmark LA4

Benchmark LA4 is an axisymmetrical infinite tube with a circumferential edge crack (cf . Figure 6 .6).
This tube is loaded by tension following the (Oz) axis, combined with an inner pressure P. The loading
vector is defined by : ci (, r, (1 - K ) P) where K E [0. 1] . We are looking for the limit Ioad factor for
different values of h to determine the admissible (F, P) domain . We build with the static approach a
tower bound of the limit load factors . We tage the following stress field, defined by strips (This field
is a partial statically admissible solution, which can be completed by a special admissible one near the
boundary condition, following Bishop [16] :

,r

strip :

	

ff ' _

	

a90 (r)

01

Strip 11 :
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Figure BI : Statical approach for the LA4 test

We define an admissible radial stress field (linearly increasing from -1 > to 0 through the thickness
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Using the equilibrium equations rui + cr i = 0 we get the hoop stress :
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stress field:

The strip 1 is only loaded by pressure . The von Mises yield criterion
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applied to cr i leads to the Limit value for the strip 1 (the extremum is reached for R f
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stress field:

The strip II is Ioaded by both tension and pressure (7 t, = 1 . P = 1) . The yield criterion (B3) applied to
whole loading factor o leads to the limit value depending on the h, parameter. lt is obtained as

the minimum for Rf < r < R o of the equation:

i
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This minimum is reached either for Rf or for R, depending on the parameter h < K. The parameter K

depends on the geornetry data a, t, R i . For the benchmark LA4 it holds K = 0 .88 such that

If h < I then

ttm
x'11 -

t%(1 -

	

(Ah(Ro - R ))2 2

	

h, -R Z )1-i„
(B6)

ay (R0 -R 2

If h > K then

	

ay( R 0 - i,)

1 - h) 2 (3Rf Rn - ,3R f Ro)

	

2

	

- Ri (31? -2

Then we get from (e° the values of P11"" and

Remark : if h = 0 (pure pressure), we get :

(B7)

e extremum is always reached within the strip II.

2tu

2Rm + t
.0909 MPa here),

	

(B8)P

to compare with the exact usuall better lower bound :

0
	n Rmt

	

In R (= 9.531 MPa here) .

	

2Rrn - t

	

R,

Remark : if h. = 1 (pure tension), we get :

(B9)

= 75 .89 MPa here (BiO)et, -A

to compare with the lower bound [36], which includes plastic constraint of deep cracks:

Ptt , _	
2
	 -1 ( = 87.63 MPa here)

The numerical results for benchmark LA4 are shown in Tab . 6 .2 and Fig . B2.

Remark : If we try the elastic Lame solution for the stresses er, and aeri in the strips I and II, we get a
lower bound of the limit load factor.

(B11)



Limit Analysis of Defects

	

B3

Figure B2 : Comparison of (F, P) curves for the LA4 test, analytical solution by EVoldoire.
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Figure B3 : Collapse mode for the La4 test in pure tension (limit analysis computation with CodeAster®) .
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