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Renormalization group analysis of macrodispersion 
in a directed random flow 

Uwe Jaekel and Harry Vereecken 
Institute of Chemistry and Dynamics of the Geosphere, Research Center Jiilich, Jiilich, Germany 

Abstract. We apply "field theoretic" methods to the calculation of the effective 
diffusivity (macrodispersion coefficient) in a random flow. We show how this approach can 
be utilized to calculate a perturbation series for the effective diffusivity of conservative 
tracers in an incompressible velocity field with nonvanishing mean. The first-order (i.e., 
"one-loop") approximation of this series coincides with classical results derived by Gelhar 
and Axness and Dagan. A renormalization group (RNG) approach is utilized, and the 
results are compared to the classical first-order perturbation theory. For a moderate 
variability of the permeability the renormalized theorY predicts only small corrections to 
the longitudinal dispersivity. However, the transverse dispersivity can be larger than that 
predicted by the first-order perturbation theorY by several orders of magnitude. We 
compare these values to the outcome of Monte Carlo simulations and find that the RNG 
predictions are in much better, though not perfect, accordance with the results of 
simulations. Moreover, the results are in good quantitative agreement with reported 
observations from the Borden Site field experiment. 

1. Introduction 

It is well documented in literature and known from experi- 
ments that spatial variability in the hydraulic conductivity sub- 
stantially influences the transport of dissolved substances in 
geological media. These variations cause fluctuations in the 
flow velocities of water introducing an additional dispersion 
mechanism. This process is termed macrodispersive behavior 
and is described in the three-dimensional (3-D) case by a 
macrodispersion tensor. Large-scale tracer experiments [Su- 
dicky, 1986; LeBlanc, 1991] have shown that because of these 
variations in the velocity field, the spread of the tracer plume 
is much larger than would be expected on the basis of column 
experiments. In the last years, there has been considerable 
interest in calculating the asymptotic values of this macrodis- 
persion tensor with respect to time. 

Gelhar and Axness [1983] used stochastic solutions of the 
first-order perturbed steady flow and convection-dispersion 
equation to calculate an effective macrodispersivity tensor. A 
three-dimensional statistically anisotropic exponential covari- 
ance function was used to describe the spatial dependence of 
the hydraulic conductivity. From their theory they found that 
the calculated transverse dispersivities are several orders of 
magnitude smaller than the longitudinal component for the 
isotropic case. The longitudinal dispersivity of the macrodis- 
persivity was found to be convectively controlled depending 
upon the variance and covariance length of the hydraulic 
conductivity. For the anisotropic case they found that all com- 
ponents of the macrodispersivity tensor are convectively con- 
trolled. Comparing their theory with the calculated dispersivi- 
ties from the Borden Site field experiment, a good agreement 
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was found with the longitudinal component. The calculated 
transverse dispersivities, however, were much smaller than the 
values estimated from the spatial moments. 

Using a Lagrangian formulation of the transport problem in 
heterogeneous formations, Dagan [1989] obtained expressions 
relating the time dependent behavior of dispersion to the sta- 
tistical properties of the hydraulic conductivity field. Using his 
theory, Dagan [1987] could recover the results obtained by 
Gelhar and Axness [1983] using different assumptions. For the 
asymptotic behavior of the transverse dispersivity with time, 
Dagan obtains values which tend to zero. From tracer experi- 
ments it is known that the transverse dispersivity tend to finite 
values different from zero. 

In both approaches the basic assumptions are that the aver- 
age flow is uniform, the flow domain is unbounded, and a 
first-order approximation in the variance of the log trans- 
formed hydraulic conductivity is used. Theories using these 
first-order approximations are also coined linear theories. This 
linear approach implies that tracer particles do not deviate 
from their ensemble mean trajectory which may lead to an 
underestimation of the transverse dispersivities. 

Neuman and Zhang [1990] and Zhang and Neuman [1990] 
presented a quasi-linear theory accounting for the nonlinearity 
caused by deviations of the tracer particles from the mean 
trajectory. This was realized by introducing Corrsin's Conjec- 
ture assuming that the displacement residuals of the particles 
and the Fourier components of the velocity are only weakly 
correlated. They found good agreement with the macrodisper- 
sivity values calculated from the Borden Site tracer experiment. 

In this paper we present an alternative approach based on an 
approximate renormalization group (RNG) analysis to calcu- 
late the effective dispersion tensor for statistically homoge- 
neous and anisotropic hydraulic conductivity fields. The basic 
idea of this method is to calculate averaged concentrations not 
by a perturbation theory for the whole field in one single step 
but by averaging step by step over bands of wave numbers, 
starting at high wave numbers (i.e., performing a small-scale 
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average) until all fluctuations have been "averaged out." This 
leads to a scale dependent dispersion coefficient. 

Feynman [1948] was the first to represent a formal pertur- 
bation series by diagrams. This type of representation is coined 
Feynman diagrams and is widely used in statistical thermody- 
namics, many body problems, and quantum electrodynamics. 
The first application of diagrammatic methods on transport in 
random flow was made by Kraichnan [1961]. Phythian and 2. 
Curtis [1978] used renormalized perturbation series and dia- 
grammatic analysis to characterize effective diffusivity in a 
Gaussian random flow field. King [1987] introduced diagram- 
matic analysis to represent an infinite series of the stochastic 
pressure equation in heterogeneous porous media. From this 
representation, King obtained the effective permeability of the 
medium (including higher-order terms), the mean pressure 
head, and the pressure covariance. Christakos et al. [1995] 
introduced diagrammatic analysis in problems of groundwater 
flow in heterogeneous porous formations. For a 3-D flow prob- 
lem in an isotropic bounded domain with Dirichlet boundary 
conditions an integral equation for the mean hydraulic head 
was derived. They found good agreement between the numer- 
ical performance of the diagrammatic approach and the exact 
solutions of one-dimensional (l-D) stochastic flow examples. 
Zhang [1995] used a diagrammatic analysis and RNG expan- 
sions to analyze Corrsin's hypothesis which is used to obtain 
closed form equations for the equation governing the second 
moment of particle displacement fluctuations in a random 
field. Zhang showed that this hypothesis represents the leading 
term contribution in a RNG perturbation expansion. 

RNG methods were originally developed [Wilson and Kogut, 
1974] for problems in quantum field theory and many body 
problems. These methods were first applied by Yakhot and 
Orszag [1986] on turbulent transport, and a huge number of 
further applications on transport in random media were then 
found [e.g., Bouchaud and Georges, 1990].Avellaneda and Ma- 
jda [1992a, b] constructed an exact RNG method for a special 
case of diffusion in a random velocity field (and showed that 
the approximate RNG analysis may fail in predicting the cor- 
rect scaling law for anomalous diffusion). 

, 

Usually, ' RNG methods are applied in cases where naive 
perturbation theory would yield divergent results, for example, 
for the Eulerian formulation of the well-known case of trans- 

port in a stratified aquifer discussed by Matheron and de 
Marsily [1980] which is covered by Avellaneda and Majda 0 
[1992a, b]. However, approximate RNG methods can often 
give very good, sometimes exact, results [e.g., Dean et al., 1994; Ot 
Deem and Chandler, 1994 ] in cases where naive perturbation 
theory predicts finite values but where its applicability is ques- 
tionable because of the strength of the perturbations. 

The purpose of the present paper is therefore to perform an 
approximate RNG analysis for the cases studied by Gelhar and 
Axness [1983]. The calculated values are compared with clas- 
sical results and observations obtained from the Borden Site 
experiment. 

The organization of this paper is as follows: In section 2 we 
formulate a formal perturbation expansion with a diagram- 
matic method. In section 3 we show how the macrodisPersion 
coefficient can be obtained from the sum over connected dia- 

grams and that this expansion recovers in its lowest order the 
classical result derived by Gelhar and Axness [1983]. Using an 
iterative averaging procedure, in section 4 we formulate a 
renormalization group analysis for this problem, leading to a 
system of ordinary differential equations whose numerical so- 

lutions are sketched in section 5. In section 6, in order to check 
the validity of our analysis we compare the results to the 
outcome of some Monte Carlo simulations. In section 7 we 

present a first application to field data from the Borden Site. 
Finally, in section 8 we present a summary and conclusions of 
our results. 

Perturbation Theory 
Our starting point is the convection dispersion equation 

Oc 0 2 

--+ v' Vc = Dim OXlOXm ot 
with a local dispersion tensor D•m which we assume to be 
constant for simplicity. We assume that the velocity field can be 
decomposed into a homogeneous field U and a stochastic com- 
ponent u with zero mean 

v(x) = U + u(x) 
(2) 

(v(x)) = U -- const 

We further assume that the field u is statistically homogeneous, 
that is, the (ensemble-averaged) covariance functions of the 
field at different positions depend only on the distance vector 
of the positions (dependance only on the distance would ad- 
ditionally imply isotropy) 

(/•/(X)/gm(X')) '-- Alm(X- (3) 

Fourier transforming this equation yields 

(t•/(k)t•m(k')) = (27r)a•lm(k)•J(k + k') (4) 
where • means the Fourier transform of the function f and/3 
denotes the D-dimensional Dirac distribution. 

2.1. Feynman Rules 

In this section we derive the Feynman rules for the calcula- 
tion of the ensemble-averaged Green's function of the trans- 
port equation (equation (1)) which allow us to write down the 
contributions of arbitrary orders to a formal perturbation the- 
ory. The Green's function G(x, t; x', t') can be defined as the 
solution of the transport equation with a point source term at 
time t' and position x'. For notational convenience we set t' = 
0 and x' - 0 such that 

--G(x, t) + [U + u(x)]' VG(x, t) - Dim 
0 2 

O X lO Xrn 
-- G(x, t) 

-- t5 (x) t5 (t) (5) 

Now we denote by (•(k, to) the Fourier transform of G with 
respect to the spatial coordinates and the time. Therefore 

G(x, t) = (2,r)a+, dak dto •(k, to) 
ß exp [i(k. x + tot)] (6) 

plugging this into (5), we obtain 

/toO(k, to) + iU. kO(k, to) + D•mklkm(•(k , to) 

if = 1 (2•) a daqfi(q) ß (k- q)0(k- q, to) (7) 
which can be rewritten as a "fixed point equation" (a fixed 
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point x* of a function f is defined as a solution of the equation 
x* = f(x*)) for the function (• 

i 

(•(k, w)= (•0(k, w)- (•0(k, w) (2•.)a 

ß f ddqfi(q) ß (k - q)•(k - q, w) 
where •o is defined by 

(s) 

1 

•0(k, w)'= iw + ik. U + Dtmktkm (9) 
In the unperturbed case, i.e., if u(x) = 0, we see from (8) that 
• = •0. Therefore •0 is the Green's function of the unper- 
turbed problem. 

At this point it is helpful to rewrite (8) in terms of so-called 
"Feynman diagrams" which are excellent bookkeeping devices 
for higher orders of perturbation theory. Then (8) reads 

,q 
I 

= + ' k k k k-q 

The diagram has to be evaluated by the following "Feynman 
rules." 

1. Each bold line represents a factor equal to the Green's 
function •; a thin line represents the unperturbed Green's 
function •0; and a dashed line is a symbol for the I component 
of the perturbation t•l. Each function has to be evaluated at the 
wave number by which it is labeled. 

2. A vertex of full and dashed lines carries a factor equal to 
[-i/(2•r)al(k- q)/. 

3. Diagrams containing dashed lines are integrated over all 
wave vectors q and summed over all components I. 

Now we replace the bold line on the right-hand side by the 
right-hand side of the diagram equation again: 

i i 

'q 'q 'q' 
i i i 

= + , + , , (11) 
k k k k-q k k-q k-q-q' 

We see that at a vertex the wave numbers of the dashed line q 
and the wave number of the dashed line at the right-hand side 
of the vertex (k - q) sum up to the value at the left-hand side, 
i.e., k. Therefore all wave numbers are determined uniquely by 
the wave number lying at the left edge of a diagram (i.e., k in 
the preceeding diagram), and we can omit the labels in the 
diagrams. Iterating this process, one obtains an infinite series 
of Feynman diagrams: 

! i 

i I 

i I 

I I 

+ ß ß ß (12) 

! 

i i i i i i i 

I I I i I i I 
i I I I I I i 

+ I I I q. I I I L 

Note that the Green's functions on the right-hand side are 
only unperturbed ones, such that we have at least formally 
obtained a representation of the full Green's function • in 
terms of •0 and t•. The first term in this expansion is of zeroth 
order in the perturbation t•; the second one is of first order, 
etc. 

2.2. Ensemble Averages 

Now we want to derive a series for the ensemble-averaged 
Green's function 

•(k, •o)= (•(k, •o)) (13) 

This can be done by averaging both sides of the diagrammatic 
perturbation series of (12). Because of the Feynman rules, this 
means that we have to evaluate higher-order covariance func- 
tions 

"N 
Alii2...iN(k1, k2,'' ', kN)'= (Uil(kl)Ui2(k2)'''ui•v(kN)) (14) 

Provided that the statistics of the perturbing field u(k) are 
Gaussian with a vanishing mean, these covariance functions 
can be determined by the following rules: (1) Any covariance 
function with an odd number of arguments is zero, and (2) the 
covariance functions with an even number of arguments are 
the products of •o-point covariance •nctions •2(k•, k•), 
summed over all possible pairings of the arguments. Using the 
homogeneiW condition (4), we see that for instance the four- 
point covariance function of the fi can be expressed as 

•i•i2i3i4(kl, k2, k3, k4) = •hi2(k1)•(k1 + k2)•i3i4(k3)•(k3 + k4) 

+ •hi3(kl)•(kl + k3)•i2i4(k2)•(k2 + k4) 

+ •hi4(k1)•(k1 + k4)•i2i3(k2)•(k 2 + k3) (15) 

This averaging process can be symbolized diagrammatically by 
combining all possible pairs of dashed lines to loops, i.e., to the 
fourth order 

+ ""'" +' '" ' + ' ""' + ''' (16) 
3 4 5 

where the hea• line on the left-hand side now denotes the 
averaged Green's •nction. 

Let us now cut the "external" lines in the Feynman diagrams 
before the first and behind the last vertex by dividing the 
corresponding expression by G0(k) 2 and define such truncated 
diagrams as connected if they cannot be cut into •o discon- 
nected diagrams only by cutting one solid line. For example, 

is a connected diagram whil• 

i• not •in• it •n b• •ut into •o disconnected •t• b• •uttin• 
• •olid lin• •t th• •o•ition indicated b• th• •o•. • d•fin• 

•k)=O =,' ', +, , , +,' ,- -. + 
k-q 

as the sum over all connected diagrams where k is the external 
wave number. 

Reordering (16), one obtains 

= + 

which can be dNided by O0(k, w)•(k, w) such that we finally 
obtain 

O0(t, E (t, 

= + + O,=k,k=- 

In field thco• this idcnti• is called the "Dyson equation." It 
tells us that it is sufficient to calculate the contributions of 
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connected diagrams if we intend to find the averaged Green's 
function. 

3. Macrodispersion 
The asymptotic behavior for large times and distances can be 

derived by taking the limit for low frequencies and wave num- 
bers. From the Feynman rules and the incompressibility con- 
dition 

•lm(q)qm = 0 (19) 

following from k. u(k) = 0, it is easy to see that E (k) has the 
following asymptotic form for k -• 0 and •o -• 0: 

•(k, w) = -O'lmklk m + O(k 3) (20) 

with a symmetric tensor film' Hence •(k, w) behaves asymp- 
totically like 

•(k, w) • (iw + ik. U + D l*mklkm) -1 (21) 
k-•0 and •o-•0 

where the macrodispersion coefficient D* is defined as lm 

1 0 2 I D•rn '• Dlrn q- O'lrn :Dlrn 20klOkm E(k) (22) k=0 

and the second equality follows from (20). 
The simplest possible approximation is to cut the series for 

E in (17) after the first term, i.e., to consider only the one-loop 
approximation 

Eø)(k) ~ [ ', (23) 
Evaluating this utilizing the Feynman rules, we obtain 

•(1)(k, •)---- -- • ddqklkm/•lm(q)Go(k- q, w) 
and from this 

(24) 

D* (1)a• A/re(q) (25) lm= Dlm+ • daq iw + iq. U + D•sq•qs 
which coincides with the well-known result of Gelhar and Ax- 

hess [1983]. 

4. Renormalization Group Analysis 
Until now, we have obtained results by averaging the fluc- 

tuations over all wave numbers in one single step. However, if 
the fluctuations are large, this approach may not be justified. In 
fact, if the covariance function A/m(X ) does not decay fast 
enough for large distances [e.g., Avellaneda and Majda, 1992a, 
b], the right-hand side of (25) becomes infinite. This can indi- 
cate anomalous (non-Fickian) transport behavior like that ob- 
served by Matheron and de Marsily [1980] in the case of a 
perfectly stratified heterogeneous aquifer, where even for well- 
behaved covariance functions A/m(X), the second moment of 
the concentration may increase asymptotically proportional to 
t 3/2, leading formally to an infinite value of the effective dis- 
persion coefficient for t -• m. 

A number of interesting results about anomalous scaling 
have been obtained utilizing a so-called RNG approach. The 

basic idea is to perform the averages not over all wave numbers 
in one step but iteratively over (infinitesimal) wave number 
bands. In this work we present a simplified version for the case 
of Fickian diffusion. Our starting point is the convection dis- 
persion equation which is averaged in the first step over all 
contributions with a wave number larger than a large value A 
(i.e., over small-scale fluctuations). Neglecting some higher- 
order contributions, the averaged equation can be rewritten in 
the form of the original convection-dispersion equation, how- 
ever, with smoothed (truncated) fluctuations composed only of 
the contributions with wave numbers smaller than A and a 

slightly increased ("renormalized") dispersion coefficient. 
Then this procedure is iterated for a new wave number band 
A - /•A < k < A, etc., until finally A - 0. At this stage all 
fluctuations in the velocity field have been averaged out such 
that only the mean velocity is occurring in the final equation. In 
the limit/•A -• 0 one obtains a system of ordinary differential 
equations describing the change of the diffusion coefficient 
after averaging over an infinitesimal wave number band. 

For the general case of anomalous diffusion it is necessary to 
"compensate" the reduction of the wave number space due to 
averaging out small-scale contributions by (If U • 0, a coor- 
dinate transformation x • x - Ut has to be performed before) 
rescaling k by an appropriate factor & In order to obtain an 
invariant equation, •o has to be rescaled by a factor/•2,. The 
value of a is determined by the condition that the resulting 
averaged equation converges to a nontrivial limit equation for 
A -• 0 [e.g., Avellaneda and Majda, 1992a]. For Fickian diffu- 
sion the result is a = 1, reflecting the fact that a diffusion 
equation with constant coefficients remains unchanged under 
the transformation 

t•-> •-2t 
(26) 

We will assume that the resulting behavior is Fickian, such that 
there is no necessity for performing the rescaling transforma- 
tions. If this assumption does not hold, our analysis would yield 
divergent or vanishing values for the macrodispersion coeffi- 
cient, and the anomalous scaling exponent (if it exists) has to 
be derived explicitly. 

4.1. Infinitesimal Band Elimination 

Let us now average (12) over all wave numbers larger than 
a value A which we will let go to m later. Let us denote the 
average over small scales by ( )^ and introduce the notation 

fi(k) = fi<(k) k -< A 
(27) 

a(k) = a>(k) k > A 

in order to distinguish between small-scale (fi>) and large- 
scale (fi<) fluctuations. Their small-scale averages are 

(O<(k))^ = O<(k) (28) 

(fi>(k))^ = 0 (29) 

Because of our assumptions of statistical homogeneity and the 
Gaussian distribution of the fluctuations all averages over 
products can be performed easily. For example, we obtain 

(fi•(k0fim>(k2)fin>(k3))^ = (27r)dfi•(kO•mn(k2)fi(k2 + k3) 
(30) 

(t•(k0tJm<(k2)tJn>(k3))^ = 0 
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Now in each diagram any line representing u is integrated over 
k. Splitting the integral into regions k > A and k < A means 
that a dashed line in the original equation gives rise to one 
diagram in which it is interpreted as u > and another one where 
it occurs as u <. For example, 

,-:-, (30 <' ' ' >A---- + ' " " + (''; ' + 
Taking the average of (12), we obtain after resummation 

iw + ik. U + D•m(A)klk m (35) 

which has the required original form with a renormalized dis- 
persion tensor 

D•m(A) = Dim + • alq i(o + iq. U + Drsqrqs 
>A 

(36) 

with a renormalized Green's function G^(k, •0) 

(32) 

(33) 

and a renormalized vertex 

(34) 

4.2. Scale Dependent Dispersion 

Equation (32) is still exact and has a similar form to our 
original (10). The perturbative part consists now in approxi- 
mating the renormalized Green's function and vertex such that 
(32) obtains the form of the original equation, only with a 
renormalized dispersion tensor, such that the same procedure 
can be iterated for the next wave number band. This can be 

done by the following approximations. 
First, we neglect vertex renormaliztion; that is, we neglect all 

but the first term in the calculation of the renormalized vertex. 

A consistent one-loop calculation would require that we also 
take into account the second term on the right-hand side of 
(34). However, in RNG calculations, usually an assumption 
sometimes called the "distant interaction principle" is ex- 
ploited, which consists in evaluating all external wave numbers 
and frequencies (i.e., all wave numbers or frequencies over 
which no integration is performed) at the point 0, if this is 
convenient. This can be regarded as a lowest-order approxi- 
mation if the integrands are written as a Taylor series around 
k = 0. In Appendix B we show that the one-loop vertex cor- 
rection vanishes under this assumption. (This is a peculiarity of 
incompressible flow: Dean et al. [1994] calculated the efficient 
diffusivity in a gradient (i.e., irrotational) flow and obtained 
excellent (and probably exact) results by taking one-loop vertex 
renormalization into account.) To our knowledge, there is no 
rigorous justification of this approximation. In some cases it 
leads to remarkably good results, however, Avellaneda and 
Majda [1992a] showed by comparison with a problem allowing 
an exact RNG treatment that the approximate first-order RNG 
analysis utilized in this paper may fail to predict the correct 
scaling behavior for anomalous diffusion. 

Second, we observe that (33) has the same form as (16) but 
with the difference that the integration extends only over wave 
numbers q > A. With the same arguments as above we find as 
the one-loop approximation for the renormalized Green's 
function for k --> 0, •0 --> 0 

1 
G^(k, (o) • 

Go(k, to) -•- Z(•)(k, to) 

With these two approximations we obtain the original form 
of the transport equation. To summarize, the effects of the 
renormalization steps are (1) the random velocity fields consist 
only of the contributions with wave numbers less than A, and 
(2) the dispersion tensor is changed according to (36). Now we 
iterate this procedure by averaging this averaged equation over 
awave number band A - •A < k < A. With the same 

approximations we obtain the original equation again but now 
with a dispersion tensor 

D•m(A - aA) = D•m(A) 

( 1 )af^ •'/m(q) + • daq i•o + iq. U + D•*s(A)q•q• 
- 8A<q<A 

(37) 

The introduction of spherical coordinates in the wave number 
space and the calculation of the differential coefficient 
[D* * /m(A) - D lm(A -- •A)]/•A for •A --> 0 can be rewritten 
as a differential equation for D* (A)' lm 

dD •m(A) 
dA --= - • A a-1 d• i•o + iq. U + D*•(A)qrq• 

.•q=A 

(38) 

where the integral on the right-hand side extends over a sphere 
in the wave number space with center 0 and radius q - A. 

By iterating this procedure by successive integration over 
lower and lower wave number bands, we will finally reach A -- 
0 such that all fluctuations are averaged out and D l*m (A = 0) 
is the macrodispersion coefficient. Therefore we have to solve 
the ordinary differential equation (equation (38)) for the initial 
condition 

DL(A = oo) = Dim (39) 

in order to find the solution at A = O. 

5. Numerical Solution of the RNG Equations 
Since the integration of the system (equation (38)) backward 

in the wave number scale A from • to 0 is not so convenient, 
we reformulate it for a spatial scale/3 '= A-•: 

adam(13) 

(1)a I A/m(q) --= • [3 -a-1 dfl ito + iq' U + Dr*s([3)qrqs 
=[3-1 

(40) 

with the initial condition 

D l*m([• = O) =Dlm (41) 

We assume that the mean flow velocity U is parallel to the x 
axis, i.e., 
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lOOO 

lOO 

lO 

I 

L=l.0m 
L=5.0m 

L= 10.0m ..... 

GA, 1983 .......... 
GA, 1983 
GA, 1983 ..... 

o.1 I ! I I I I I 
0.5 1 1.5 2 2.5 3 3.5 4 

Variance InK 

Figure 1. First-order perturbation theory [Gelhar andAxness, 1983] (GA) and RNG values for longitudinal 
macrodispersivity versus rr2r for the 3-D isotropic case with correlation lengths L = 1, 5, and 10 m. 

As a model for the covariance function of the velocity fluctu- 
ations, we used the result from a first-order perturbation the- 
ory [Gelhar and Axness, 1983; Dagan, 1987] for fluctuations in 
a statistically homogeneous medium with a random permeabil- 
ity field: 

/•/rn(k) = S2( •ll k 2 /( &m• k 2 ] Cv(k) (42) 
where (•r(k) is the Fourier transform of the covariance func- 
tion Cr(Ax) of the logarithm of the permeability K: 

Cr(Ax) '= (Y(x + Ax)Y(x)) = (lnK(x + Ax)lnK(x)) (43) 

For Cy we chose an anisotropic function with exponential 
decay: 

Cr(x) = rr2r exp [-(x2/Lx 2 + y2/Ly2 + z2/Lz2) •'2] (44) 
where rr2r is the variance of In K and Lx, Ly, and Lz are 
correlation lengths in the x, y, and z directions. 

The system of coupled ordinary differential equations 
(ODEs) resulting from the application of the RNG method 
was solved numerically. A fifth-order Runge Kutta method 
with adaptive step size control was used for the set of equations 
describing the 2-D and 3-D cases [Press et al., 1992]. The 
integration interval for the ODEs ranged between 0 and 1000. 
This was enough for all calculations to reach asymptotic be- 
havior. 

The integrals occurring at the right-hand side were solved 
using Gaussian quadrature. The integrals for the 2-D case were 
solved using the Numerical Algorithms Group Library (NA- 

Glib) routine d01ahf based on Patterson's method (for the 2-D 
case with exponentially decaying Cy defined in (44) the result- 
ing integrals can also be calculated analytically). Integration 
was performed up to a relative accuracy of 10 -7. The double 
integrals for the 3-D case were solved with a similar method 
also due to Patterson (NAGlib d01daf). Integrals were evalu- 
ated up to an accuracy of 10 -7 . Improved accuracy was ob- 
tained by exploiting the symmetry of the integrand. For the 
3-D case this implies a change of the integration intervals from 
[0, ,r] x [0, 2,r] to [0, ,r/2] x [0, ,r/2], and the integral was 
multiplied by 8. For the 2-D case the interval was changed from 
[0, 2,r] to [0, ,r], and the integral was multiplied by 4. In order 
to handle the steep variation of the integrand occurring at 0, 
where 0 is the angle between q and U and equal to ,r/2, the 
integration interval was split into two intervals ranging from 0 
to 1.565 and from 1.565 to ,r/2. The choice of the value 1.565 

was based on visual inspection of the integrand. For other 
parameter sets, splitting into a larger number of subregions or 
an adaptive method may be necessary. Another approach is to 
subtract the integrand with 0 set to ,r/2 (i.e., subtract the close 
to singular part) leading to a two-dimensional integral with a 
harmless integrand and a one-dimensional integral which can 
be solved analytically. Comparison of both methods for various 
test cases showed the same results. In the subsequent discus- 
sion, the first procedure was applied for all calculations. 

The quality of the numerical approach and the consistency 
of the program were evaluated by comparison with the Gelhar 
and Axness [1983] (GA) macrodispersion values for a statisti- 
cally isotropic medium. The GA values are obtained by simply 
fixing the dispersivities at the right-hand sides at their local 
value. Eight cases were analyzed with a constant dispersivity 
value (D• = D22 - D33 ). The differences were less than 1% 
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Figure 2. GA and RNG values for longitudinal macrodispersivity versus rr2r for the 2-D isotropic case with 
. 

correlation length L = 1, 5, and 10 m. 

between the calculated values and the approximations of GA. 
Similar results. were obtained for the 2-D case. 

We then calculated the macrodispersion values using renor- 
malization and compared them with the results obtained by the 
theory of GA. Calculations were performed for a statistically 
isot,ropic medium with local dispersivity values equal to 0.001 
and three different correlation scales of the hydraulic conduc- 
tivity K. Figure i shows the results obtained for the longitudi- 
nal and transverse dispersivities for various values of the vari- 
ance of the log transformed K in three dimensions. Evaluating 
the longitudinal dispersivity, good agreement is found between 
both approaches especially for small variances (<0.4). As the 
varianbe becomes larger, differences increase slightly with 
higher values obtained for the renormalization approach. Re- 
sults for the 2-D cases are shown in Figures 2 and 3. Similar 
results are obtained in two dimensions. However, the devia- 
tions are somewhat smaller for the 2-D case compared to the 
3-D case. 

Large differences between both theories are found for the 
transverse dispersivity. For the 3-D case this is shown in Figure 
4. Renormalization results in transverse dispersivities which 
are much larger than the ones obtained by GA. In addition, 
they are dependent upon the correlation length of the hydrau- 
lic COnductivity. The larger the correlation length, the larger 
the transverse dispersivities become. For L = 1.0 and small 
variances, transverse dispersivities are about 50 times larger 
than the ones obtained by GA. This increases up to a factor of 
100 for large variances. A similar effect is found for the trans- 
verse dispersivities in the 2-D case. In general, the values 
obtained from RNG in the 2-D case are larger than for the 3-D 
case. This corresponds to the general finding that effective 
dispersivities calculated from a 2-D stochastic theory are larger 
than the values obtained from a 3-D theory. 

While the first-order perturbation theory predicts that the 

transverse dispersion is proportional to the local value of the 
dispersion coefficient D (GA) we observed that the RNG pre- 
diction for higher variances is practically independent of this 
value. An example is shown in Figure 4. This agrees well with 
the result of Monte Carlo simulations presented in the next 
section. 

6. Comparison With Numerical Simulations 
Like most perturbative approaches to the macrodispersion 

problem our analysis rests on several approximations whose 
validity is difficult to prove. In order to check the validity we 
performed some Monte Carlo simulations for the three- 
dimensional case with 

Cr(k) = X(2•r) 2 • exp (45) 
This case of an isotropic bell-shaped covariance function was 
chosen for convenience; the algorithm described below can be 
modified easily in order to describe different cases as well. 

With (42) and (45) one obtains 

(u 2) = (2,n.)3 d3k•ll(k) = AU 2 (46) 

Hence h is the ratio of the variance of the perturbation and the 
square of the mean field. 

The random fields are generated by a finite number N of 
sines as 

/,/I(X) = E sin (k(')' x + qb (')) •Im • / Urn (47) i=1 
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Figure 3. GA and RNG values for transverse macrodispersivity versus tr}, for the 2-D isotropic case with 
correlation length L = 1, 5, and 10 m. 

where tb © is a uniformly distributed random phase drawn 
from the interval [0, 2rr] and k is a vector drawn from a 3-D 
Gaussian distribution with zero mean and unit variance. These 

random fields are divergence free and fulfill (42) and (45). The 
results shown in this paper were obtained using N - 64 
modes; test calculations with a larger number of modes (up to 
1000) gave the same results. 

An effective dispersion coefficient was determined by releas- 
ing a small number n of particles (n = 4... 20) for each 
realization at the point x - 0, following the propagation of the 
particles over a time t by a particle-tracking method [e.g., 
Thompson and Gelhar, 1990] and calculating the dispersion 
coefficient D* along the l axis as ll 

n 5; x•J)(t) 2- [5; x?(t)] 2 
D ,} = tru/(2t) = 2n(n - 1)t (48) 

wherex/(i)(t) is the I coordinate of thejth particle at time t and 
fill is the unbiased estimate of the variance of the I coordi- 
nates. These values are averaged over an ensemble of a num- 
ber R of realizations (R = 800 .'. 2000), and the error is 
defined as the usual error of the ensemble-averaged mean. 

Figures 5 and 6 show the time dependence of D* in longi- 
tudinal (x) and transverse (y) directions for the case A -- 1 
and U = 1. It is interesting to note that the transverse dis- 
persion coefficient reaches its saturation value (or the "Fickian 
regime") earlier than the longitudinal does. This behavior was 
also observed in all simulations with different parameters, and 
it fits to our observation above that the RNG method predicts 
saturation of the dispersion coefficient in the transverse direc- 
tion at comparatively small scales as compared to the longitu- 
dinal one. 

Figure 6 shows that another qualitative feature of the RNG 
treatment is also confirmed by our simulations: The long-term 

transverse macrodispersion coefficient D * does not depend on r 

the value of the local dispersion coefficient D if D, << IDI. 
This is definitely in contradiction to GA's first-order perturba- 
tion theory where D •- is proportional to the local dispersion. 

Quantitatively, Figure 7 shows the dependence of the lon- 
gitudinal and transverse dispersion coefficient on A for the case 
U -- 1. As one would guess from the small differences of RNG 
and first-order perturbation theory results for the longitudinal 
direction, the prediction of the longitudinal dispersion coeffi- 
cient is very satisfying. In the transverse direction the values 
determined from the simulations were 30%-50% smaller than 

those predicted by the RNG approach. Though this error is 
larger than in the longitudinal direction, the values are much 
better than the prediction of the first-order perturbation the- 
ory. Very similar results were obtained for other choices of U 
or (equivalently) broader and narrower distributions Cy(k). 

7. Comparison With the Borden Site 
Field Experiment 

It is well documented in literature that both the GA theory 
and the linear theory of Dagan [1989] based on a Lagrangian 
formulation stochastic solute transport underestimate the ef- 
fective transverse dispersivities. Except for the quasi-linear 
theory of Neuman and Zhang [1990], none of the approaches 
presently available is able to calcula.te transverse dispersivities 
which are of the order of magnitude of observed data. 

We compared our theory with results obtained at the Bor- 
den Site natural gradient tracer experiment. Both chloride and 
bromide were injected, and their spatial and temporal spread- 
ing monitored for a 3 year period. Using a three-dimensional 
covariance model to describe the spatial variability of the hy. 
draulic conductivity, Sudicky [1986] estimated the variance to 
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be equal to 0.29 with a horizontal isotropic correlation length 
of about 2.8 m and a vertical one equal to 0.12 m. The mean 
velocity of the groundwater is 0.09 m/d based on the horizontal 
velocity of the center of the mass of the plume. Freyberg [1986] 
calculated the spatial moments of the depth-averaged plume. 
By fitting straight lines to the centered second-order spatial 
moments Freyberg calculated effective longitudinal and trans- 
verse dispersivities of 0.36 and 0.039, respectively. These cal- 
culations were based on a time period of 647 days. It is worth- 
while noting that according to Freyberg, asymptotic conditions 
were not reached indicating that the effective values might be 
somewhat larger. Using the three-dimensional stochastic trans- 
port theory of GA, a longitudinal macrodispersivity of 0.6 m 
was obtained. The transverse components of the macrodisper- 
sivity were orders of magnitude smaller than the observed 
values. Using the two-dimensional linear theory of Dagan [e.g., 
1987, 1989], Freyberg obtained a value equal to 0.49 m for the 
longitudinal dispersivity and calibrated values for the variance 
of the hydraulic conductivity (0.24) and the horizontal corre- 
lation length (2.7 m). Using a quasi-linear theory, Neuman and 
Zhang [1990] and Zhang and Neuman [1990] obtained a value 
of 0.51 m for the longitudinal dispersivity and 0.0095 for the 
transverse dispersivity (including local dispersion). In their 
comparison the effective Peclet number was defined on the 
basis of the effective longitudinal dispersivity. By placing more 
emphasis on the late data point for the second-order moment 
a longitudinal dispersivity of 0.4 m was assumed. This value 
was then used to calculate the effective Peclet number, and 
from this, using the quasi-linear theory, the effective disper- 
sivities were obtained. 

Figures 8 and 9 show the results obtained with our theory for 

the 2-D and 3-D cases. Calculations were done using a value of 
0.0052 for the local dispersivity in the longitudinal direction 
and 0.002 for the transverse dispersivity. These estimates were 
also used by Zhang and Neuman [1990] in their comparison 
with the Borden data. The longitudinal dispersivity is about 
0.87 m which is substantially larger than the 0.36 m. A better 
agreement is found for the transverse dispersivity where a 
value of 0.032 is obtained, which is close to the value estimated 
at the Borden Site. Applying the 3-D approach, setting the 
vertical local dispersivity equal to the horizontal one, and ac- 
counting for anisotropy, we obtain 0.41 and 0.023 for the lon- 
gitudinal and transverse dispersivities. Unfortunately, no 3-D 
spatial moments are available for comparison. In any case the 
values obtained with the 3-D model are in perfect agreement 
with the dispersivities obtained from the spatial 2-D moments. 
In addition, we are able to calculate transverse dispersivities 
which are of order of magnitude of those obtained from mea- 
surements. 

8. Summary and Conclusions 
Existing linear perturbation theories describing large-scale 

behavior of solutes in heterogeneous aquifers are known to 
underestimate asymptotic values of the transverse dispersivi- 
ties. In this paper we presented an approximate renormaliza- 
tion group method which calculates the asymptotic values of 
the macrodispersion tensor. 

A diagrammatic perturbation expansion for the averaged 
Green's function for the convection dispersion equation was 
developed. In the one-loop approximation of this expansion we 
recovered the equations derived by Gelbar and Axness [1983]. 
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Alternatively to this classical perturbation theory, we applied 
an approximate renormalization group method resulting in a 
coupled system of ordinary differential equations for a scale 
dependent dispersion tensor. The large-scale limit of the solution 
provides an approximation for the macrodispersion tensor. 

Compared to the results of Gelhat and Axness [1985], the 
RNG treatment gave only small corrections to the effective 

longitudinal dispersivity. For reasonable strengths of the fluc- 
tuations, we expect these corrections to be smaller than the 
experimental error in the field experiments. The values for the 
transverse components, however, were increased by several 
orders of magnitude. Additionally, we observed that the value of 
the renormalized transverse dispersivity depends on the correla- 
tion length, which is not the case in Gelhar and Axness' theory. 
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The results were compared to the outcome of Monte Carlo 
simulations, and we observed good qualitative agreement be­
tween predictions of the RNG analysis and the numerical ex­
periments. The long-term dispersivity predicted by the RNG 
treatment was not exact but overestimated by a factor of about 
2 at the most. This, however, is much closer than the prediction 
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of the first-order perturbation theory which may be off by 
several orders of magnitude. A comparison with reported data 
from the Borden Site field experiment showed a good agree­
ment between our RNG calculations and observed dispersivities. 
The RNG approach may also be very suited to treat a large 
class of problems showing anomalous diffusion properties. 
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Appendix A: Fourier Transform Conventions 
We define the Fourier transform • of a function f on a 

d-dimensional space as 

•(k) '= f ddx exp (-ik. x)f(x) (49) 
The inverse operation is then determined by 

f(x) = (2,n.)a dak exp (ik. x)f'(k) (50) 

Appendix B: Vertex Renormalization 
In order to find the one-loop vertex correction we have to 

evaluate the following diagram D( 1)' 
lq 

k k-q' k-q'-q k-q (51) 
The rule for a vertex in the original equation is to integrate 
over q the expression 

t•l(q)(kl- ql) =' I'lmul(q)(km- qm) (52) 

with Flm = •lm' We introduced a tensor Flm since we shall see 
immediately that vertex renormalization with a scalar correc- 
tion is not possible. 

With the Feynman rules and (19) we evaluate the diagram 
above as 

D(1)=f d•q I d•q'G^(k)G^(k-q')G(k-q-q ') '>A 

ß G(k- q)Alm(q')kl(k m - qm)ur(q)(kr- q;) (53) 

A tensorial vertex correction •Flm should lead to a term of the 
form 

f ddqG^(k)G(k- q)l•FlmUl(q)(km- qm) 
and by comparing with (53) and renaming the indices rn and r, 
we see that 

l•Flm =I ddq'G^(k-q')G(k- q-q')Amr(q')kr(kl-ql9 (54) '>A 

which, in general, cannot be expressed introducing a scalar 
correction •F. The correction depends on k and q. If we as- 
sume k - q - 0 according to the distant interaction principle, 
i.e., neglect higher-order terms in k and q, we obtain •I'lm = O. 

Note that we used the incompressibility condition from (19). 
If Aim (q)q• -• 0, the integrand would contain nonvanishing 
terms proportional to A•r(q')q•q' r. 
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