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The turbulent blob transport in the tokamak edge and its structural changes in perturbed magnetic
configurations like islands and ergodic structures is studied by means of numerical simulations. An
explicit finite-difference algorithm for treating three-dimensional plasma fluid turbulence models is
presented and described in detail. For an unperturbed magnetic equilibrium the numerical results
show an appearance of density blobs in the vicinity of the last closed flux surface. In the presence
of an ergodic magnetic perturbation strong suppression of blob amplitudes and local reversal of the
radial E�B-flux close to the resonances is observed. © 2007 American Institute of Physics.
�DOI: 10.1063/1.2771133�

I. INTRODUCTION

Numerical simulations of drift wave turbulence are a ba-
sic tool for the theoretical understanding of plasma dynamics
in tokamaks. The interest in three-dimensional turbulence
simulations including complex magnetic topologies like
open field lines, islands, and ergodic structures have been
stimulated further by recent observations at DIII-D,1,2 JET,3

and at TEXTOR-DED.4,5 There it has been proved that reso-
nant magnetic perturbation fields have a beneficial effect for
the control of bursty particle and heat transport. Typically the
radial transport of particles and heat in the tokamak scrape-
off layer �SOL� is not smooth and steady but rather exhibits
an intermittent, bursty behavior which occurs due to the
presence of the last closed flux surface �LCFS�, i.e., a bound-
ary where an abrupt change from closed to open magnetic
field lines occurs. In the above mentioned experiments an
externally induced magnetic perturbation field has been ap-
plied to change the topology by resonant structures, i.e. mag-
netic islands. It is found that these ergodized magnetic struc-
tures cause a strong suppression of blob transport in the SOL
and that edge localized modes �ELM’s� are reduced or even
disappear. A number of numerical investigations of SOL tur-
bulence and blob transport have been performed on the basis
of 2D fluid models6–9 and 3D gyrofluid models.10 Simula-
tions of 3D drift turbulence in ergodized magnetic configu-
rations without SOL effects have been reported in Refs. 11
and 12. In this paper we consider both open �SOL-region�
and closed field lines �edge-region� and take into account the
presence of large magnetic islands too. We use a 3D fluid
drift turbulence model to study blob formation in the SOL of
tokamaks and its significant changes due to the impact of a
strong change in magnetic topology. The fluid model em-
ployed and our numerical approach are similar to those of
previous studies using the codes TYR �Ref. 13� and
DALF3.14,15 However several different features in the nu-
merical approach, in particular the treatment of geometry, are
noteworthy, therefore we describe certain aspects in detail. It
is shown that experimentally observed phenomena like am-
plitude reduction of the intermittent particle fluctuations and

local E�B-fluxes can be reproduced qualitatively by nu-
merical simulations for TEXTOR-like conditions.

This paper is organized as follows: In Sec. II the basic
four field fluid model is presented in its general form and
the simplifications leading to the local form used in this work
is elucidated. For the numerical solution of the model equa-
tions the code ATTEMPT �A Three-dimensional Tracer for
ElectroMagnetic Plasma Turbulence� has been developed
and its algorithmic structure and the implementation of
boundary conditions is outlined in Secs. III and IV. Simula-
tion results for flux driven turbulence in the edge-SOL region
are presented in Sec. V, demonstrating the appearance of
blob transport in an unperturbed magnetic equilibrium due to
the presence of a LCFS. The extension of the computations
by the inclusion of an ergodized magnetic perturbation field
shows a suppression of the blob transport. Time traces of the
intermittent particle transport bear resemblance to the experi-
mentally observed ones. The E�B-flux is strongly changed
by the magnetic perturbation. An alternating pattern with
negative and positive signs corresponding to the symmetry
of the perturbation field dominates the static contribution to
the E�B-flux, whereas the turbulent flux is reduced around
the O-points. These structures hinder the density blobs from
their radial movement. Finally a summary and a discussion
are given in Sec. VI followed by concluding remarks in
Sec. VII.

II. A FOUR FIELD MODEL FOR PLASMA TURBULENCE

In this section the basic features of the fluid turbulence
model underlying our numerical investigations are outlined.
Starting from a general set of two fluid equations in drift
ordering the local model is introduced by partial lineariza-
tion. Details on the choice of suitable coordinates and scal-
ings to obtain a dimensionless coordinate-dependent repre-
sentation of the local model have been put into Appendices
A–C.

Models for plasma fluid turbulence are often based on
Braginskii two fluid equations combined with Maxwell’s
equations under drift ordering, i.e., approximate solution of
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the perpendicular momentum equation and neglect of paral-
lel compared to perpendicular derivatives �except in the par-
allel gradient ���.16–19 By neglecting temperature dynamics,
considering cold ions �ion temperature Ti=0� and assuming a
constant electron temperature Te one obtains the four-field
version of the dissipative drift-Alfvén model20 describing the
nonlinear evolution of small scale dynamics of the electro-
static potential �, the density n, the parallel magnetic poten-
tial A, and the parallel ion velocity u,

dn

dt
=

1

e
��J − n��u − nK��� +

Te

e
K�n� , �1�

nmi

B0
2

dw

dt
= ��J + TeK�n� , �2�

�A

�t
+

me

e2n

dJ

dt
=

Te

en
��n − ��� − ��J , �3�

nmi
du

dt
= − Te��n , �4�

with the auxiliary relations

w = ��
2 �; �0J = − ��

2 A �5�

and operators defined by

d

dt
=

�

�t
+ vE · � , �6�

vE · �f =
B

B2 · ��� � �f� , �7�

K�f� = � · �B � �f

B2 � , �8�

��f =
B

B
· �f −

B

B2 · ��A � �f� , �9�

��
2 = �2f − � ·

B

B

B

B
· �f . �10�

Here B denotes the equilibrium magnetic field. Thus the
model Eqs. �1�–�4� consists of the equation of continuity, the
quasineutrality condition � ·J=0, Ohm’s law, and the total
momentum balance, respectively. Here �� is the classical par-
allel resistivity,16 me and mi are the electron and ion mass,
respectively, and n is the particle density �n=ne=ni�. Note
that parallel advection has been neglected. The global model
Eqs. �1�–�4� can be simplified further by the neglect of all
nonlinearities except for the action of E�B advection and
magnetic flutter. This is done by setting constant the density
n and keeping its profile in the temporal and spatial deriva-
tives only. A toroidal magnetic equilibrium field is assumed
as defined by Eq. �A16� and the set of field aligned coordi-
nates defined by Eqs. �A20� and �A21� is employed in the
limit of small �=r /R0 to obtain an explicit form of the model
equations. Finally a proper scaling as specified by Eqs.

�C1�–�C5� gives the following dimensionless form of the lo-
cal model:

�n

�t
= ��,n	 − K�� − n� + ���J − u� , �11�

�w

�t
= − ��,w	 + K�n� + ��J , �12�

�̂
�A

�t
+ �̂

�J

�t
= − �̂��,J	 + ���n − �� − ĈJ , �13�

�̂
�u

�t
= − �̂��,u	 − ��n , �14�

where

w = ��
2 �; J = − ��

2 A . �15�

The remaining dimensionless parameters of the model are
considered as constants in the local model. According to the
discussion of the coordinate systems �s ,x ,y� and �� ,� ,�� in
Appendices A–C the scaled operators for small �=r /R0 are
given by

�f ,g	 =
� f

��

�g

��
−

� f

��

�g

��
, �16�

K�f� = − 	B�cos s
� f

��
+ sin s

� f

��
� , �17�

��f =
� f

�s
− �̂�A, f	 , �18�

��
2 f =

�2f

��2 +
�2f

��2 . �19�

Note that a mixed representation is used in this formulation,
i.e., s, �, and � do not constitute a single coordinate system;
they belong to different coordinate systems. Equations
�11�–�19� form the basis for the numerical studies in this
paper. Apart from the neglect of dissipation and extra insta-
bilities due to fluctuations in the temperature this model
forms quite a general set including �linear� physics such as
sound waves, drift Alfvén waves, and drift resistive balloon-
ing modes. The inclusion of the magnetic flutter and the
induction term in Ohm’s law make it an electromagnetic
model. A more detailed discussion of the basic physics de-
scribed by the model can be found in Ref. 20, and references
therein. Finally it is to be noted that Eqs. �1�–�5� or Eqs.
�11�–�15� do not represent a complete model for plasma tur-
bulence insofar that they do not include dissipation effects
acting on scales smaller than the drift scale 
s. Without such
a dissipation mechanism the turbulence cannot saturate, be-

cause the resistivity Ĉ is not strong enough to compensate
for the turbulent drive. Such a sink for turbulent energy has
to be included by hand to mimic the small scale kinetic pro-
cesses of a real physical system. Here we introduce dissipa-
tive processes by the extension
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� f

�t
= S + ��D� + ��D� , �20�

where f is n, w or u and S is the respective rhs of Eqs.
�11�–�14�. The additional dissipation terms are chosen as
D�=��

4 f and D� =��
2f . However the choice of the dissipa-

tion coefficients �� and �� is a subtle problem, because they
should be in a range that they provide sufficient dissipation
but do not strongly disturb the basic driving mechanisms for
turbulence.

III. NUMERICAL ALGORITHM

For the purpose of a numerical solution of Eqs. �11�–�15�
the ATTEMPT code has been developed. The numerical ap-
proach implemented has many similarities to previously used
schemes.13–15 But for the reason of a self-contained descrip-
tion and due the particular differences in the treatment of
field aligned coordinates details of the ATTEMPT code are
sketched with special emphasis on the evaluation of parallel
gradients.

Employing a finite difference approach, any dependent
variable f is discretized on a N��N��N�-grid in the
�-�-�-domain, i.e., f i,j,k= f��i ,� j ,�k�. The grid dimensions
in scaled units are

L� = 2�; L� =
N�

N�

L�

�ŝ
; L� =

2�r0

q0
sNf
, �21�

where the integer number Nf represents the number of �iden-
tical� flux tubes in the toroidal annulus such that Nf =1 means
that we are dealing with a flux tube that covers the complete
flux surface. The magnetic shear ŝ is assumed to be constant,
describing a linear profile q=q0�1+ ŝ�
s /r0� of the equilib-
rium magnetic field in the computational domain �cf. Eq.
�A16��. The strategy for the numerical solution is to dis-
cretize the rhs of Eqs. �11�–�14�, i.e. 
� f /�t
i,j,k=Fi,j,k, and to
use the third order stiffly stable scheme of Karniadakis for
time stepping21

f i,j,k
t+�t =

6

11
�3f i,j,k

t −
3

2
f i,j,k

t−1 +
1

3
f i,j,k

t−2 + �t�3Fi,j,k
t − 3Fi,j,k

t−1

+ Fi,j,k
t−2 �� . �22�

The linear curvature terms of the form K�f� are discretized
by standard second order centered differences, but the non-
linear Poisson bracket �f ,g	 is evaluated according to the
Arakawa scheme.22 The solution of Helmholtz equations to
compute A, J, and � is done by means of a Fourier decom-
position in the periodic coordinate � and subsequent solution
of a tridiagonal system in �. The parallel derivative �f /�s is
evaluated by a second order discretization


 � f

�s



i,j,k
=

f��i+1,� j,�k + 
 j� − f��i−1,� j,�k − 
 j�
2��

, �23�

where 
 j =−ŝ� j��. The shift 
 j is a consequence of the rela-
tions

��

�s
= 1;

��

�s
= 0;

��

�s
=

r0


s

q0 − q

q0
�24�

following for ��1 from Eqs. �A10� and �A11� �see also
Fig. 1�. The centered difference in Eq. �23� is computed via
Fourier interpolation in the periodic coordinate �, i.e. using

f��m,� j,�� = �
l

f̄m,j,le
ikl�, �25�

f̄m,j,l =
1

N�
�

k

f��m,� j,�k�e−ikl�k �26�

with wave numbers kl=2�l /L�, and l in the range −N� /2
� l�N� /2−1. This gives


 � f

�s



m,j,k
= �

l

f̄m+1,j,le
ikl
j − f̄m−1,j,le

−ikl
j

2��
eikl�k. �27�

FIG. 1. �Color online� Illustration of the shift in the
�-coordinate and the need for interpolation in Eq. �23�.
The red lines are �-coordinate lines. At q=q0 the coor-
dinate lines of s and � are identical. The black horizon-
tal lines are the coordinate lines of y and �. For q
�q0 a certain point on an s-coordinate line �green� is in
general located between the grid points of the
�� ,��-grid. In the zoomed picture on the right the
points needed for evaluation of the parallel derivative at
the midpoint �black circle� are labeled by crosses. The
magenta colored circles are the grid points of the
�� ,��-grid used in the numerical scheme.
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IV. BOUNDARY CONDITIONS

The boundary conditions for the model calculations are
implemented by the use of guard cells, i.e., additional cells at
the edges of each grid dimension �here labeled by the indices
0 and N�+1, where �=�, �, ��. For the �-direction periodic
boundary conditions are used and the guard cells are filled
for each scalar field by f��i ,� j ,�k�= f��i ,� j ,�k+N�

�. For the
�-domain zero Dirichlet boundary conditions are used for all
scalar fields, except the density n, i.e.,

f��i,�0,�k� = f��i,�N�+1,�k� = 0. �28�

The boundary conditions for the density are different at the
two edges. For the outer boundary again zero Dirichlet
boundary conditions are used, but at the inner boundary
Neumann conditions are imposed to prescribe a constant in-
flux of particles �flux driven turbulence�. This is done by

n��i,�0,�k� = 
�n�
�1
− ��
 ��n�

��



�0

, �29�

where �n� denotes the axisymmetric �−�-average of the
density and 
���n�
�0

is the desired gradient of �n� at the
boundary. Note that this choice prescribes the gradient of the
axisymmetric part only, whereas the nonaxisymmetric part
fulfills again zero Dirichlet boundary conditions. For the
�-domain the boundary conditions are guided by the relation

f��,�� = f�� ± 2�,� ± q0NfL�� = f��,� ± L�� . �30�

This relation results from the requirement of the global peri-
odicity constraint in the poloidal angle � and the toroidal
angle �, respectively.23 Thus one finds for the guard cells for
each scalar field

f��0,� j,�k� = f��N�
,� j,�k + Nfq0L�� ,

�31�
f��N�+1,� j,�k� = f��1,� j,�k − Nfq0L�� .

If q0 is not an integer number this needs an interpolation like
the one used in the evaluation of parallel derivatives eluci-
dated in the last section. If q0 is an integer the relations
reduce to simple periodic boundary conditions for the
�-coordinate.

The implementation of a SOL into the computational
domain is illustrated for a toroidal line limiter located at the
edges of the �-domain �in this work always at �= ±�, rep-
resenting a limiter at the high field side�. Following Ref. 10,
we employ the model

�n

�s
= 0,

��

�s
= 0, u = ±

n

��̂
, J = ±

� − �n

��̂
, �32�

where

� =
1

2
ln� mi

2�me
� �33�

to prescribe the conditions at the limiter plates. According to
Eq. �23� the implementation for the fields n and � is done by

f��0,� j,�k� = f��1,� j,�k − 
 j� ,

�34�
f��N�+1,� j,�k� = f��N�

,� j,�k + 
 j� .

For the velocity u we use

u��0,� j,�k� = − u��1,� j,�k − 
 j� −
2
��̂

n��1,� j,�k� ,

�35�

u��N�+1,� j,�k� = − u��N�
,� j,�k + 
 j� +

2
��̂

n��N�
,� j,�k�

and a similar construction for the current density J according
to the boundary values of Eq. �32�.

V. RESULTS ON FLUX DRIVEN EDGE-SOL
TURBULENCE AND IMPACT OF MAGNETIC
PERTURBATIONS

In this section we present simulation results for a com-
putational domain and parameters chosen in order to be
fairly close to conditions typical for L-mode �low confine-
ment mode� TEXTOR-DED discharges. Two scenarios are
considered: first the flux driven turbulent dynamics in the
vicinity of the LCFS with a background magnetic field pre-
scribed by the unperturbed equilibrium Eq. �A16�, second
the identical situation but with a modified background field
including resonant magnetic perturbations. The perturbation
field is included by the replacement A→A+A* in the model
equations,11 where

A* = �
m*=−1

1

Am*
en*k�� cos�m*� + n*k��� �36�

with toroidal mode number n*=4 and k�=2� /L�, represent-
ing a static externally induced perturbation field consisting of
the three modes with poloidal/toroidal mode numbers 11/4,
12/4, and 13/4 �called Ergodic Divertor regime, ED�. In the
unperturbed case it is found that density blobs are formed at
the LCFS and move radially outwards. The flux surface av-
eraged density profile is flattened in the SOL-region due to
strong parallel flows of particles to the limiter plates being
located at the high field side. The perturbations in the mag-
netic configuration gives rise to a significant suppression of
the observed amplitudes of the intermittent particle transport
close to the LCFS. Also the radial E�B-flux is altered sub-
stantially and the corresponding movement of particle blobs
is impeded. A resonant structure appears where regions of
positive flows alternates with regions of negative flows.
However the flux surface averaged net transport in radial
direction is significantly reduced. In detail the setup of the
computations is as follows. We consider the entire flux sur-
faces in the range 2�q�4 around the reference radius
r0=0.35 m, i.e., 0.29 m �r�0.41 m. The dimensionless

model parameters are chosen as 	B=0.046, Ĉ=0.96, �̂=6.9,
�̂=4.7, �̂=17227, and ŝ=2. This represents a plasma with
physical parameters R0=1.75 m, mi=2mp, q0=3, B0=1 T,
L�=4·10−2 m, n0=2 ·1019 m−3 and Te=100 eV. The number
of grid points are N��N��N�=16�128�128 giving a
resolution of about 1
s in the �-direction and 4
s in the

082314-4 D. Reiser Phys. Plasmas 14, 082314 �2007�



�-direction. The gradient of the axisymmetric part of the
density at the inner boundary in the �-direction is prescribed
by 
���n�
�0

=−5 and the dissipation parameters are chosen as
��=�� =0.01. The time step is �t=0.03 L� /cs correspond-
ing to 1.73·10−8 s. The SOL boundary conditions of Eq. �32�
are used for the outer half of the radial domain, i.e., for
r�r0. The simulation is started with a linear density profile
inside the LCFS and zero in the SOL, and is followed until
the total particle content is statistically stationary indicating
that the turbulent drive by the density gradient is also statis-
tically stationary. This is done by tracking the total particle
content N=�ndV of the computational volume until the stan-

dard deviation of its temporal average N̄ is less than the
standard deviation of N itself. In practice this means that the
particle content �and connected with this always also the axi-
symmetric density profile� shows a clear fluctuation around a
“stable” �slightly varying� mean value when inspected with
the naked eye. For the parameters used here this state is
reached after a simulation time of about 1.5·104 L� /cs, cor-
responding to 8.7 ms. Afterwards the simulation is continued
for additional 105 time steps for diagnosis purposes. A
second simulation run starting with the same profiles is
performed keeping all parameters unchanged but including

the magnetic perturbations with A−1=1.2·10−5 Tm,
A0=−1.2·10−5 Tm, and A+1=1.2·10−5 Tm. This gives a
maximum radial magnetic field of about 1.2·10−3 T at r=r0

and a localization at the high field side. The Poincaré-plot in
Fig. 2, bottom, illustrates the resulting total �vacuum� mag-
netic field in the computational domain. The three island
chains strongly overlap causing a considerable amount of
ergodization. The final flux surface and time averaged pro-

files of density �n̄� and radial E�B-flow ��̄�, where
�=n���, are shown in Fig. 3. Here the bar denotes a time
average taken over the 105 time steps of the diagnosis run.
The magnetic perturbations give rise to a flattening of the
density profile and a reduction of the E�B-flux outside the
LCFS. The same data are illustrated also by Fig. 4 showing
the density gradient length L and the effective diffusion co-

efficient D defined by �r�n̄�= �n̄� /L= ��̄� /D. The latter repre-
sents the radial diffusion coefficient which would be neces-
sary to provide a radial diffusive flux of the same magnitude
as the net E�B-flux computed. This quantity is often used to
transfer results of turbulence models into transport models
where the turbulent radial transport is approximated by a
diffusive process. The gradient length L is increased by a
factor of about 2 in the vicinity of the LCFS and the effective
diffusion coefficient D is found to be in the typical order of
magnitude of about 1 m2/s and is increased inside the LCFS
and decreased outside. Of course the magnetic perturbation
field introduces a strong poloidal variation of the radial trans-
port. This is demonstrated by the time averaged contour plots

of �̄ in Figs. 6 and 7 below. Time averaged spectra of the
density are shown in Fig. 5 for the region inside the LCFS
�closed field lines� and outside �open field lines�, respec-
tively. The spectra for the region r�r0 are almost unchanged
while the spectra for r�r0 are very different. The magnetic
perturbation field induces resonances at the harmonics n*

=4, 8, 12, etc. of the basic toroidal mode of the perturbation.
This effect is typical in the presence of resonant magnetic
fields as discussed in Ref. 11. Due to the presence of a SOL
region, in the unperturbed configuration particle blobs �elon-
gated streamers� are formed in the vicinity of the LCFS and
move radially outwards. This is illustrated by the snapshot of
density n shown in Fig. 6 �top� showing the �−r-profile in
the poloidal cut at �=0. The blobs are extended about 1–
2 cm into SOL-region. In the scenario with induced mag-
netic perturbation these extended blobs disappear as shown
in the corresponding plot of Fig. 7. Also shown in Fig. 6 is

FIG. 2. Poincaré-plot of the magnetic field with magnetic perturbation. Top:
For a perturbation strength of one fourth of that used in the computation.
Bottom: For the perturbation field used in the simulations.

FIG. 3. Profiles of density �n̄� and E�B-flux ��̄� for
flux driven scenarios with and without magnetic
perturbation.
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the time averaged flux �̄ in the same poloidal cut. The flux is
positive almost everywhere and does not show any pro-
nounced symmetry. But as can be seen in Fig. 7 the pertur-
bation field induces a pattern of flows where the sign is
clearly alternating corresponding to the symmetry of the
magnetic perturbation. To study the intermittent behavior
also “numerical probes” have been used to trace the density
fluctuations and E�B-fluxes at different radial positions
close to the outer midplane �namely at �=−2� /16 and �=
−2� /128�. Examples of such time traces are shown in Figs.
8 and 9 for the radial locations r=r0 and r=r0±1 cm. They
demonstrate that the local fluctuations of plasma density are
reduced in the presence of the magnetic perturbation and that
the E�B-flux on the one hand is reduced in magnitude and
on the other hand its temporal average changes sign. To get
more insight into the quantitative modifications of the turbu-
lent fluctuations the frequency spectra corresponding to the
numerical probe signals of Figs. 8 and 9 are depicted in Fig.
10. All graphs show a reduction of density and E�B-flux
fluctuations due to the magnetic perturbation by a factor of
2–4 for the low frequency part ��10 kHz� of the spectrum,
in particular for the probes at the LCFS and in the SOL.
Another observation is that the peak in the frequency spec-
trum for the fluctuations inside the LCFS, which can be at-
tributed to geodesic acoustic modes �GAM� activity with fre-
quency �GAM��2+1/q2cs /2�R0 in the unperturbed
scenario,24 is shifted towards higher frequencies in the pres-
ence of the perturbation field. Finally Fig. 11 shows time-
averaged �-r-profiles of the density n, the electric potential
�, the nonadiabatic part of electron density h=n-�,18 and the

E�B-flux �, for the case with magnetic perturbation. In or-
der to detect to what extent the symmetry of the perturbation
can be rediscovered in the simulation results the X- and
O-points of the three island chains taken into account are

labeled in the plots. It can be seen that in particular h̄ shows
a clear correspondence to the symmetry of the magnetic
field. Its minima around r=r0 are manifestly located around
the O-points of the 12/4-mode contribution, and the resulting
pattern is very similar to the island structure of Fig. 2 �top�,
representing a four times lower magnetic perturbation than
the one used in the simulation. This appearance of residual
island structures in the profiles of n, � and in particular h
shown in Fig. 11 might be surprising if one compares these
structures with the Poincaré-plot of the magnetic perturba-
tion field used in the simulation �Fig. 2, bottom�, where little
structure is seen due to ergodization. A general discussion of
this result is fairly involved, because it requires the analysis
of field alignment of a scalar quantity f in stochastic mag-
netic fields, i.e., ��f =0. However the following statements
can be made:

FIG. 4. Profiles of density gradient length L and diffu-
sion coefficient D for flux driven scenarios with and
without magnetic perturbation.

FIG. 5. Spectra of density n̄ with and without magnetic perturbation for the
regions of closed and open field lines separately.

FIG. 6. �Color online� Top: Snapshot of the density profile n. Bottom: Time

averaged local E�B-flux �̄. Both for the poloidal cut at �=0. No magnetic
perturbation included.
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�1� The Poincaré-plots of Fig. 2 represent the structure of
the magnetic field and consequently, if a scalar quantity f
like the density would fulfill the equation ��f =0 it would
reveal all fine structured details of the Poincaré-plots.

�2� A perfect fulfillment of ��f =0 is not possible in the
simulation due to lack of resolution of very fine structures
and the action of a perpendicular dissipation, like e.g.,

����
4 n, causing a flattening of the profiles �cf. the decay in

the spectra of Fig. 5 for high ky�.
Thus one can conclude that, e.g., ��h̄ / h̄ is small �com-

pared to perpendicular derivatives� but finite. This opinion is
supported by Fig. 12, showing the points of intersection of
field lines starting in the vicinity of the O-points of the 11/4
and 12/4 island chains. These points are marked according to
the number of the toroidal turns made until the field lines
return to the poloidal plane where they have been started. It
can be seen that the intersection points after one and two
toroidal turns cover regions which very much resemble re-
sidual islands similar to the patterns in Fig. 11. All together
the island structures in Fig. 11 can be considered as a result
of large parallel gradient lengths of the order 2�R0 combined
with a perpendicular dissipation inhibiting a fractal fine
structure due to ergodization. The E�B-flux shown in Fig.
11 is separated into its static contribution n̄���̄ and the tur-

bulent flow �̄− n̄���̄ and the results confirm that the alter-
nating pattern already shown in Fig. 7 is originated in the
static contribution and that the turbulent flux does not show a
reversal in sign or pronounced symmetries.

VI. SUMMARY AND DISCUSSION

The observations made in the simulations can be sum-
marized as follows:

�1� Flux driven turbulence in the unperturbed edge-SOL-
region allows density blobs to arise in the vicinity of the
separatrix. These blobs can move about 1–2 cm into the
SOL. Such blobs leave significant prints in the time trace of
the local density fluctuations.

�2� For the unperturbed scenario the radial
E�B-transport also exhibits intermittency. However the

FIG. 7. Time traces of density n and local E�B-flux � at three different
probe positions, �1� r=r0−1 cm, �2� r=r0, �3� r=r0+1 cm. No magnetic
perturbation included. The horizontal lines indicate the temporal average.

FIG. 8. �Color online� Top: Snapshot of the density profile n. Bottom: Time

averaged local E�B-flux �̄. Both for the poloidal cut at �=0. Magnetic
perturbation included.
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time averaged E�B-flow is relatively homogeneous and
pointing radially outwards almost everywhere in the compu-
tational domain.

�3� The switch-on of a resonant magnetic perturbation
flattens the flux-surface-averaged ��-�-averaged� density
profile. The net radial E�B is strongly reduced outside the
LCFS.

�4� In the presence of magnetic perturbations the density

blobs do not extend into the SOL anymore. Time traces of
local density fluctuations show a strong amplitude reduction.
It is to be noted that a suppression of density blobs due to
magnetic perturbations has been observed recently at
TEXTOR,5 and these findings seem to match the simulations
presented here.

�5� Likewise the intermittency in the radial E�B-flux is
significantly reduced and additionally at certain locations its
time averaged value is negative, i.e., pointing radially in-
wards. Actually the time averaged profile shows an alternat-
ing pattern of positive and negative signs in the flux giving a
net radial transport of almost zero.

�6� The alternating pattern in the E�B-flux is of static
nature and it is found that the turbulent contribution is
positive almost everywhere, but a factor 2–3 smaller than
the peak values of the static contribution. In particular in the
region around the O-points of the resonant 12/4-perturbation
at the LCFS the turbulent E�B-transport is almost vanish-
ing.

�7� Even though the time averaged profiles of density
and the electric potential resemble the symmetry of the per-
turbation field, i.e. n̄ /��n̄� �̄ /���̄�2�R0 �in particular a
flattening of density around the O-points can be observed�,
the nonadiabatic part of the electron density h̄ is clearly the
quantity which is more strongly tied to the perturbation field.

All in all the simulations allow us to draw the conclusion
that density blobs �and density fluctuations in general� can be
suppressed by the action of a magnetic perturbation field and
this is done basically via a restructuring of the equilibrium
density and electric field and a suppression of turbulent
E�B-transport in the induced island chains.

Two questions are raised:
�a� What is the origin of the E�B-pattern alternating in

sign? The static pattern of �̄ alternating in sign can be attrib-
uted to the result that n̄ and �̄ are field aligned to a large
extent, which is a consequence of Eqs. �13� and �14� and the

low resistivity Ĉ used in the simulations. However it is dif-
ficult to extract analytically more information about the sym-
metries of the static E�B-flux just from the result that n̄ and
�̄ show a certain field alignment without additional informa-
tion on the detailed structure of the fields.

�b� What mechanism causes the reduction of turbulent
fluctuations in density and E�B-flux in the presence of a
magnetic perturbation? A more detailed analysis of the time
traces of the local dynamics of the density fluctuations show
that the local turbulent drive by the radial density gradient is
strongly reduced by magnetic perturbations due to the ob-
served flattening of the �static� density profile around the
O-points. But this does not give an explanation of the under-
lying mechanisms, i.e., whether the flattening is the cause or
a consequence of the turbulent dynamics. Perhaps the same
topological arguments used in Sec. V to explain the finite
parallel gradient length of the static profiles, e.g. density, can
be applied to a possible suppression of instabilities due to
impeding ��n=0. Finally it should be mentioned that in
experiments4 the turbulent E�B-flux is not only reduced, it
actually changes sign at least at certain locations.

Both issues need a further investigation of the details of

FIG. 9. Time traces of density n and local E�B-flux � at three different
probe positions, �1� r=r0−1 cm, �2� r=r0, �3� r=r0+1 cm. Magnetic per-
turbation included. The horizontal lines indicate the temporal average.
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the turbulent dynamics and its interaction with static struc-
tures, e.g., the build up of zonal flows and the changes in
energetics. This will be done in future work on this topic.

VII. CONCLUDING REMARKS

The numerical results presented demonstrate that inter-
mittent density fluctuations as observed in tokamak experi-
ments are well captured by the drift fluid model used in this
work in conjunction with the geometrical setup and the re-
spective boundary conditions. The opinion that the numerical
blob dynamics is closely related to the experiment is sup-
ported by the observation that the simulated turbulence ex-
hibits a similar response to magnetic perturbations. It is to be
noted that experience from previous numerical investigations
based on models on different levels of complexity �2D/3D,
electrostatic/electromagnetic, neglect/inclusion of tempera-
ture dynamics, drift-fluid/gyrofluid� give similar results on
the characteristics of the density blobs appearing in edge-
SOL-turbulence. This gives the hint that basic mechanisms

are already captured by all of these approaches. The appear-
ance of blobs seems to be quite a robust process due to the
presence of a LCFS with adjoint regions of open and closed
field lines and weak and strong parallel flows as well. It
might be speculated that heat bursts show a similar behavior
but of course this has to be proven by further numerical and
analytical studies. A logical next step would be to employ a
more extended model �like the GEM-model25�, to see if the
basic features described here survive when finite ion tem-
peratures, temperature dynamics and more sophisticated lim-
iter sheath models are included. Also this would allow us to
study heat bursts in magnetic perturbation fields, which
might be of potential relevance for the understanding of
ELM-control.

APPENDIX A: MODEL EQUILIBRIUM MAGNETIC
FIELD AND FIELD ALIGNED COORDINATES

To find an explicit form of the model Eqs. �1�–�5� it is
necessary to prescribe an equilibrium magnetic field and to

FIG. 10. �Color online� Frequency spectra of density
n and E�B flux � for the three different probe posi-
tions, �top� r=r0−1 cm, �middle� r=r0, �bottom�
r=r0+1 cm. The vertical lines in the top graphs indi-
cate the GAM frequency ��9.1 kHz�.
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define a suitable set of field aligned coordinates. Here we
assume a toroidally axisymmetric magnetic equilibrium field
consisting of nested flux surfaces. Such a field B can be
prescribed by the transformation

x1 = R cos �; x2 = R sin �; x3 = Z , �A1�

where x1, x2, and x3 are the Cartesian coordinates and
R=R�r ,�� and Z=Z�r ,�� are functions of the coordinates
r and � in a way that closed flux surfaces are defined by
r=const., i.e., r is a flux label. The coordinate � is the tor-
oidal angle and the coordinate � is the generalized poloidal
angle. It is assumed that the coordinates �r ,� ,�� form a
right-handed orthogonal system with Jacobian

J = er · �e� � e�� = R� �R

��

�Z

�r
−

�R

�r

�Z

��
� � 0. �A2�

Due to the definition of r as a flux label, the magnetic field is
of the form

B = B�e� + B�e�, �A3�

where the toroidal field is prescribed by

B� =
1

�g��

B0R0

R
=

B0R0

R2 �A4�

corresponding to the 1/R-dependence of the toroidal field in
a tokamak. The parameters B0 and R0 are constant, represent-
ing the field strength at the magnetic axis and its location.
The requirement of a divergence free magnetic field gives

B� =
B0C

J
, �A5�

where C=C�r� is also a flux label. This completes the model
for the magnetic field. Next field aligned coordinates are in-
troduced by

s = �; x = r; y =� B�

B� d� − � �A6�

with

�s · ��x � �y� = �r · ��� � ��� = J−1 �A7�

and

es = e� +
B�

B� e�; ey = − e�, �A8�

FIG. 11. �Color online� Time averaged profiles of density n, electric poten-
tial �, h=n-�, and the local E�B-flux separated into its static and turbulent
contribution �from top to bottom�. The magnetic perturbation is included.
The O-points and X-points of the perturbed magnetic field are labeled by
“O” and “X,” respectively.

FIG. 12. Plot of the number of toroidal turns needed to move to the par-
ticular point starting from points in the vicinity of the O-points of the 11/4
and 12/4 island chains. The perturbation field is the one used in all simula-
tions and corresponds to the Poincaré-plot of Fig. 2, bottom.
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ex = er +� �

�r
�B�

B��d�e�. �A9�

This coordinate transformation allows to represent our axi-
symmetric model field by the Clebsch-type form26

B = B0C�x � �y = B�es. �A10�

The advantage of these coordinates is that due to the field
alignment of the s-coordinate lines a convenient separation
of the parallel and perpendicular dynamics with respect to B
is possible. The disadvantage appearing now—compared to
the system �r ,� ,��—is that in general the coordinates
�s ,x ,y� are not orthogonal. In particular the nonorthogonality
of the x-coordinate and the y-coordinate causes severe diffi-
culties in the numerical treatment of the perpendicular opera-
tors in the model equations considered in this paper. To over-
come these problems the shifted metric procedure15 has been
proposed and is now widely used in the numerical treatments
of turbulence models for magnetized plasmas.13,10,27 Here we
follow a similar approach by employing an analytical treat-
ment introducing a third reference system labeled �� ,� ,��
where the inconvenient nonorthogonality is partially re-
moved. These coordinates are defined by

� = �; � = r; � =� B0
�

B0
� d� − � �A11�

with B0
� /B0

� denoting the ratio of the covariant components of
the magnetic field at a certain reference flux surface with
r=r0. Thus one obtains

�� · ��� � ��� = �s · ��x � �y� = J−1 �A12�

and

e� = e� +
B0

�

B0
� e�; e� = er; e� = − e� �A13�

and

B = B�e� + �B0
�

B0
� −

B�

B��B�e�. �A14�

This means that this coordinate system is field aligned only
at the reference flux surface.

In the following we confine ourselves to the following,
widely used choice to specify R and Z in Eq. �A1�,

R = R0 + r cos �; Z = − r sin � �A15�

representing nested, concentric circular flux surfaces.
�Other choices are e.g., bipolar coordinates or a Miller
equilibrium.28,29� Thus the magnetic field B is given as

B =
B0

qR
e� +

B0R0

R2 e�, �A16�

where q=q�r� is the so-called pitch parameter, i.e., C=r /q.
In this case the explicit forms of the field aligned coordinates
defined in Eqs. �A6� and �A11� are

s = �; x = r; y = q�* − � �A17�

and

� = �; � = r; � = q0�0
* − � , �A18�

where

�* = �*�r,�� =
2

�1 − �2
arctan��1 − �

1 + �
tan

�

2
� �A19�

with �=r /R0, q0=q�r0�, and �0
*=�*�r0 ,��.

Note that for the limit of high aspect ratio plasmas one
obtains

s = �; x = r; y = q� − � + O��� �A20�

and

� = �; � = r; � = q0� − � + O��� �A21�

which resembles the definitions of field aligned coordinates
in the cylindrical limit often used in the literature.23

APPENDIX B: OPERATORS IN FLUTE
APPROXIMATION

To find the concrete form of the model equations in the
coordinates �s ,x ,y� and �� ,� ,��, defined in Eqs. �A17� and
�A18�, respectively, the relations found in Appendix A are
used. The directional derivative along the magnetic field is
simple due to the alignment of the coordinate s

B

B
· �f =

1

qR0

� f

�s
+ O���

=
1

qR0
� � f

��
+ �q0 − q�

� f

��
� + O��� . �B1�

Next the perpendicular operators are approximated in the so-
called flute approximation, i.e., the neglect of parallel com-
pared to perpendicular derivatives, �s��x, �y. Thus it fol-
lows for the nonlinearities of the E�B advection and
magnetic flutter

B

B2 · ��f � �g� =
q

rB0
� � f

�x

�g

�y
−

� f

�y

�g

�x
� + O���

=
q

rB0
� � f

��

�g

��
−

� f

��

�g

��
� + O��� . �B2�

For the curvature term one finds

� · �B � �f

B2 � = −
2

B0R0
�sin �

� f

�x

+ �cos � + ŝ� sin ��q

r

� f

�y
� + O���

= −
2

B0R0
�sin �

� f

��
+ cos �

q

r

� f

��
� + O��� .

�B3�

The dimensionless quantity ŝ=� ln q /� ln r denotes the mag-
netic shear. It has to be noted that the curvature term repre-
sents a real toroidal effect, even in the limit �→0, which
would not appear if one considers an equilibrium field with
the symmetry of a periodic cylinder! Finally the operator ��

2
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is evaluated in slab approximation �i.e., neglect of Christoffel
symbols� as

��
2 = gxx �2

�x2 + 2gxy �2

�x � y
+ gyy �2

�y2 �B4�

which gives

��
2 f =

�2f

�x2 +
2ŝq

r

�2f

�x � y
+

q2�1 + ŝ2�2�
r2

�2f

�y2 + O���

=
�2f

��2 +
q2

r2

�2f

��2 + O��� . �B5�

In the derivation of the expressions �B2�, �B3�, and �B5� the
relations

�

�x
=

�

��
−

ŝ�q

r

�

��
+ O���;

�

�y
=

�

��

have been used. The advantage of the system �s ,x ,y� is in
the easy separation of the anisotropic turbulent dynamics in
parallel and perpendicular parts and in the simple expression
for the parallel derivative. The subsequent transformation
into the system �� ,� ,�� allows a considerable simplification
of the perpendicular operators with respect to numerical pur-
poses because g��=0, whereas gxy �0.

APPENDIX C: SCALING AND PARAMETERS

For the sake of better readability, more convenient nu-
merical implementation and to point out the basic parameters
guiding the dynamics of the turbulence model used in this
paper, a proper scaling is introduced to obtain the dimension-
less form Eqs. �11�–�15�. This scaling is guided by

� → r0 + 
s�; � →
q0
s

r0
� ,

� →

sTe

eL�

�; n →

sn0

L�

n ,

A →

s

2q0R0�B0

L�
2 A; u →


sq0R0cs

L�
2 u ,

�C1�

J →

sq0R0en0cs

L�
2 J; t →

L�

cs
t ,

��
2 →

��
2


s
2 ; �� →

��

q0R0
,

K →
K

B0L�
s
; B → B0B ,

where

� =
�0n0Te

B0
2 ; 
s =

csmi

eB0
, �C2�

cs =�Te

mi
; �e =

e4n0 ln �

3�2��3/2�0
2me

1/2Te
3/2 �C3�

such that the basic parameters of the model are given by

�̂ = �q0R0

L�

�2

; �̂ = �̂�; �̂ = �̂
me

mi
, �C4�

Ĉ = �̂
L�

cs

�e

1.96
; 	B = 2

L�

R0
. �C5�

The quantities n0 and q0 represent a density and pitch param-
eter at the reference radius r0. The parameter L� denotes a
typical background radial gradient length.
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