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Small mesoscopic particles in dilute and semidilute solutions
of nonadsorbing polymers

E. Eisenriegler
Institut für Festkörperforschung, Forschungszentrum Ju¨lich, D-52425 Ju¨lich, Germany

~Received 3 May 2000; accepted 26 June 2000!

Polymer-induced interactions between two small mesoscopic particles of radiusR and between a
particle and a wall are investigated for dilute or semidilute embedding solutions of long flexible
nonadsorbing polymer chains with radius of gyrationRg . Asymptotically exact predictions are
obtained using a ‘‘small radius expansion,’’ to express the interactions in terms of properties of the
polymer solutionwithout particles. The nonmonotonic dependence of the second virial coefficient
B2

CC of a dilute suspension of particles on the interchain overlap is discussed in detail. The
magnitude of the minimum ofB2

CC/R3 increases as a power law inRg /R. The exponent and
amplitude are quite different from the earlier prediction of an integral-equation approach. For dilute
polymers in two dimensions outside two circular disks in contact, exact results are given for the
monomer-density depletion profile, the pressure variation along the perimeter of, and the
polymer-induced force between the two disks. ©2000 American Institute of Physics.
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I. INTRODUCTION

Colloidal particles embedded in a solution of nonadso
ing polymer chains experience a depletion interaction.
entropic reasons the chains avoid the space between
close particles, leading to an unbalanced pressure from
side which pushes the two particles towards each other.
mechanism is believed to be important for a variety of int
esting colloids such as casein micelles,1 red blood cells,2 and
globular proteins.3

Consider spherical particles of mesoscopic size d
solved in extreme dilution in a monodisperse solution of lo
flexible nonadsorbing polymer chains in a good solvent.
mesoscopic length scales and disregarding long range fo4

the system is equivalent to a model containing only partic
and chains in which the interactions both between a ch
monomer and a particle and between two chain-monom
~belonging to the same or to different chains! are of pure
excluded volume type.5,6 The polymer-induced depletion in
teraction between the particles has a rich structure wh
depends on the ratio of the particle and chain sizes7 and on
the degree of overlap between the chains, i.e., on whethe
polymer solution is dilute or semidilute.8

For large particle size the depletion interaction clos
resembles that for planar walls.9,10 Here the focus is onsmall
spherical particles whose radiusR, though large on a micro
scopic scale, is much smaller than the radius of gyrationRg

of an isolated chain in the dilute solution or the Edwar
screening length~or ‘‘blob’’ size!5,6 j in the semidilute so-
lution. At a first glance the small particle case looks comp
cated, since it is dominated by configurations in which
chain coilsaround the particle and approximations treatin
the chains as nondeformable9 fail completely. Probably this
is one of the reasons why previous theoretical investigati
concentrated more on the case of large particles. Howe
5090021-9606/2000/113(12)/5091/7/$17.00
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for understanding, e.g., the role of polymers such as poly
ylene glycol in the precipitation and crystallization o
proteins,11 the small particle case is also of interest.3

Asymptotically exact results can be given for partic
radius R much smaller than the other relevant mesosco
lengths, since the particle can be viewed as a weakly re
sive point-perturbation for chain monomers. With the cen
of the colloidal particle atrC this leads12,13 to a reduction
factor

WC512AgRd21/n R g
1/nu~rC! ~1.1!

in the Boltzmann weight for chain configurations. HereAg is
a dimensionless amplitude discussed below,d is the spatial
dimension,14 n is the Flory exponent,5 Rg is the radius of
gyration of a single chain in dilute solution as introduc
above, and

u~r !5(
P

1

N (
j 51

N

d~r2r P, j ! ~1.2!

is the configuration-dependent number density of chains.
sum(P runs over all polymer chainsP in the solution,r P, j is
the position of monomerj in chainP, andN is the number of
monomers per chain. Integratingu over a volume elemen
dr , the contribution of each chainP equals the fraction of its
monomers which, in a given configuration of the chains,
found insidedr . Unlike N this fraction is independent of th
precise definition of the monomer. The configurational av
age ofu in a solution without particles equals the usual nu
ber densityn of chains in the solution. The dimensionle
amplitudeAg in Eq. ~1.1! is universal, i.e., independent o
details of the long flexible polymer chains, in the same se
as the Flory exponentn. For chains in good solvent ind
53 spatial dimensions,15

Ag'18.4; d53, good solvent. ~1.3!
1 © 2000 American Institute of Physics

 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



al

th

lk
m
e

l

n

fo
n
.
o

. I
ca
S

n
ng
lu

te
t-
p-

e

um

er
d

r

ar

-

he

an
on
ial

t

he

q.

h

-

-

mall

co-
h

h

5092 J. Chem. Phys., Vol. 113, No. 12, 22 September 2000 E. Eisenriegler
Equation~1.1! describes the effective repulsion of the sm
particle quantitatively. For example, the free energyF1 it
costs to insert one particle in the bulk solution takes
form12,13

F1

kBT
5AgRd21/nnR g

1/n , ~1.4!

where n is the number density of chains in the pure bu
solution introduced above. This result, which follows fro
Eqs. ~1.1! and ~1.2!, applies for arbitrary values of th
overlap6

s5nR g
d ~1.5!

between chains. In the semidilute limit in whichs→` with
the monomer density}nR g

1/n kept fixed at some smal
value, the screening lengthj remains finite, andAg provides
the numerical value of the amplitudea in the result of de
Gennes16 F1 /kBT5a(R/j)d21/n, sincea/Ag equals the well
known amplitude R g

1/nnjd21/n of a semidilute bulk
solution.5,6 For the case of a good solvent in three dime
sions, the exponentd21/n in Eq. ~1.4! equals 1.3, andF1

decreases more rapidly with decreasingR than the prediction
F1}R of mean field17 or integral equation8 approaches.

In this paper we derive asymptotically exact results
other interesting properties of small particles dissolved i
polymer solution with arbitrary overlaps between the chains
In Sec. II we consider the polymer-induced free energy
interaction ~or potential of mean force! dF2 between two
particles. For two spheres in contact we discuss in Sec
the depletion profile of the monomer density and the lo
pressure which varies along the surface of the spheres.
tion IV presents results for the second virial coefficientB2

CC

of a dilute suspension of colloidal particles. The seco
virial coefficient, which can be measured by light scatteri
is of particular interest, since in protein suspensions its va
appears to be correlated with the success of pro
crystallization.18 We make contact with the results of Cha
terjee and Schweizer,8 based on an integral equation a
proach for arbitrary overlap and with the results of Sear19 for
the semidilute limit. Our quantitative results confirm th
qualitative behavior of the dependence ofB2

CC on polymer
concentration with a minimum atn(4p/3)R g

3'1, as pointed
out in Ref. 8. However, the dependence of the minim
value of B2

CC on Rg /R differs significantly from Ref. 8, as
discussed in Secs. IV and VI.

In Sec. V the overlap-dependence of the polym
induced interaction of a particle with a wall is considere
Section VI contains a summary and concluding remarks.

II. POTENTIAL OF MEAN FORCE BETWEEN TWO
PARTICLES

If two particlesA and B are immersed in the polyme
solution with their centers atrA and rB , the Boltzmann
weight of each polymer configuration is reduced byWAWB .
This factor is the product of reduction factors for single p
ticles, each of which has the form~1.1! if the particles are
small, i.e., if R!r AB ,Rg ,j with the center-to-center dis
tancer AB5urA2rBu. The free energyF2 of immersion of the
Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject to AIP
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two particles is the difference in polymer free energy in t
presence and absence of the particles, i.e.,F2

52kBT ln^WAWB&, where the angular brackets denote
average over all chain configurations in the bulk soluti
without particles. The free energy of interaction or potent
of mean force between the two particles

dF252kBT ln
^WAWB&

^WA&^WB&
~2.1!

is the difference betweenF2 and the sum 2F1 of the free
energies2kBT ln^WA& and 2kBT ln^WB& for immersingA
without B andB without A. ClearlydF2 depends onr AB and
tends to zero forr AB→`. On expandingdF2 in terms of
WA21 andWB21 for small particles, the self-terms of firs
and second order drop out, and

dF2

kBT
52@^~WA21!~WB21!&2^WA21&^WB21&#

52S F1

kBTnD 2

K~r AB!, R!r AB ,Rg ,j, ~2.2!

where

K~r AB!5^u~rA!u~rB!&2n2 ~2.3!

is the normalized polymer density correlation function in t
solution without particles. Hereu is defined in Eq.~1.2!, and
Eqs.~1.1! and~1.4! have been used in the second step of E
~2.2!. Equations~2.2! and ~2.3! generalize Eq.~8! of Sear,19

valid for the semidilute limit, toarbitrary overlap and pro-
vide the missing prefactor in this relation.

If the distancer AB between the two particles is muc
smaller thanRg andj, the quantityK in Eq. ~2.2! is given by
the density correlation deep inside asingle polymer coil,6

and13

K~r AB!→n
sg

R g
1/nr AB

d21/n
; r AB!Rg ,j ~2.4!

increaseslinearly with the chain densityn throughout the
whole dilute to semidilute concentration range. Heresg is a
known universal amplitude with the value15

sg'0.069; d53, good solvent. ~2.5!

In the limit of a dilute polymer solutionK(r AB) reduces to
nC2(r AB)/R x

2/n , with C2 the n-independent monomer den
sity pair correlation function introduced in Eq.~1.17! of Ref.
13.

For distancesr A,B between the two particles in the re
gime ~2.4!, the ratioF2(r A,B)/F2(`) deviates from 1 by an
amount proportional to2(R/r A,B)d21/n, which is indepen-
dent ofRg andj ~and thus independent of the overlap! and
suggests that the range of the interaction between two s
spheres is of the order of their radiusR. However, this power
law is not integrable. Integrals such as the second virial
efficient given in Eq.~4.1! below are dominated by muc
larger distancesr A,B of the order ofRg or j and have a
nontrivial overlap-dependence.

Strictly speaking the expression in Eq.~2.2! only applies
to distancesr AB between the two particles which are muc
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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5093J. Chem. Phys., Vol. 113, No. 12, 22 September 2000 Mesoscopic particles in polymer solutions
larger than their radiusR and should be compared with th
potential of mean force (dF2 /kBT) r AB52R for the smallest
possible distancer AB52R, i.e., for two spheres incontact.
This has the form

S dF2

kBTD
r AB52R

52~22m!
F1

kBT
, ~2.6!

where mF1 is the free energy of immersion of a pair o
spheres in contact.20 The value ofm for polymers in good
solvent equals (p/2)2/3 in d52 while near the upper critica
dimension5 in d542e it follows20 from thee-expansion of
the energy density profile in a critical Ginzburg-Land
model between parallel plates21 as

m

mid
511

e

4 S ln
p

2
2

1

4D5110.0504e. ~2.7!

Here mid52(12232d)z(d22) is the value ofm for ideal
polymers withz the Riemann zeta function. Enhancement
m due to monomer-monomer repulsion as implied by E
~2.7! is also found for the cased→2 (e→2) in which
m/mid→m51.35.

Extrapolating expressions~2.2! and ~2.4! to r AB52R
also leads to the form~2.6!, with 22m replaced by
Agsg /2d21/n. Comparison of the two amplitudes shows th
for three dimensions and good solvent the extrapolation
proximates the amplitude 22m'0.5 in Eq.~2.6! rather well.

III. POLYMER DENSITY, PRESSURE, AND FORCE
FOR TWO PARTICLES IN CONTACT

The depletion effect leads to a monomer density pro
that decreases on approaching the surface of a particle w10

the distance from the surface to the power 1/n. The prefactor
of this power law is proportional to the local pressure wh
the polymer solution exerts onto the surface element con
ered. For two spherical particlesA,B the pressurep acting on
a surface elementdSA of A is determined by22

Bg

p

kBT
5

R g
1/n^u~r !&A,B

(as)

~ ur2rAu2R!1/n
~3.1!

with the densityu from Eq.~1.2! andBg a universal density-
pressure amplitude.15 Here ^ &A,B denotes an average ove
chain configurations in the presence of the two particles
the superscript~as! means thatr is—within the scaling
regime—asymptotically close to the surface. The pressu
p5p(cosq) depends on the projection cosq of the inward
pointing surface normal onto the center-to-center dista
vectorrB2rA . Since this is the direction of the total forcef
pushing particleA towards particleB the magnitudef of the
force is

]F2 /]r AB5 f 5E dSA cosq p

5~2R!d21Vd21E
0

`

dt~12t2!

3td22~11t2!2dp. ~3.2!
Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject to AIP
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The explicit form of the integral over the surfaceSA as given
for general dimensiond in the last expression of~3.2! in-
volves

t5tan~q/2! ~3.3!

and the surfaceVd2152p (d21)/2/G((d21)/2) of the sphere
with radius 1 ind21 dimensions.

The density-pressure relation~3.1! applies to situations
with arbitrary ratios of mesoscopic lengthsR/Rg ,r AB /Rg ,
and arbitrary overlaps. We now consider the limitRg→`
with R,r AB , ands fixed in which the normalized monome
density MA,B(r )[^u(r )&A,B /n and thus p/(nR g

1/n) and
f /(nR g

1/n) becomeindependentof Rg ands. This is consis-
tent with the corresponding behavior~2.2!–~2.4! of dF2 . In
this limit MA,B can be obtained from the energy-dens
correlation function at the critical point of the correspondi
field theory and by conformally mapping the outer space
the two particles onto simpler geometries.22 For two spheri-
cal particles incontactthe outer space can be mapped on
the space between two parallel walls. For chains in two
mensions d52 outside two circular disks and with
monomer–monomer repulsion we now exactly calcul
MA,B from the known23 energy-density correlation functio
with the result

MA,B~r !5S p2

4r2 cos~pr i /r2!
D 2/3

8p

45A3

1

k

33F2S 1

3
,
2

3
,
7

3
;
11

6
,2;2

1

4k D . ~3.4!

Here the contact point of the two disks with radiusR is the
origin of the r coordinate system andr iR and r'R are,
respectively, the components ofr parallel and perpendicula
to the line connecting the contact point with the centers
the disks~so that the centers are located atr'50 with r i

561), r25r i
21r'

2 , and

4k5
Cosh2~pr' /r2!

cos2~pr i /r2!
21. ~3.5!

The hypergeometric function3F2 has a convergent serie
representation for 4k.1 and is defined for 4k,1 by ana-
lytic continuation.24

Far from the two disks the density tends to its bulk val
and thek→0 behavior24 in Eq. ~3.4! implies a leading cor-
rection

12MA,B→~p/2!2/3Agsg~R/r !2/3 ~3.6!

which is isotropic and is by a factorm(d52)5(p/2)2/3

larger than for asingledisk. The quantitym is the same as in
Eq. ~2.6!.

The upper and lower curves in Fig. 1 show the behav
of MA,B in Eq. ~3.4! along the linesr i50 andr'50, re-
spectively. On approaching the perimeter of diskA,
cos(pr i /r2) in Eqs.~3.4! and ~3.5! approaches zero,k ap-
proaches infinity, and one finds from Eq.~3.1! with n(d
52)53/4 and from Eq.~3.3! the explicit expression
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



im
s

-
re
n

-

rc

er

n

he

l in
is-

s-
r-

r-

f

n-

al

n

line
ers

5094 J. Chem. Phys., Vol. 113, No. 12, 22 September 2000 E. Eisenriegler
Bg

p

kBT
5nS Rg

R D 4/3 F 11t2

Cosh~tp/2!G
2 p11/3

45A321/3
~3.7!

for the q-dependence of the local pressure. Near the per
eter pointr'50, r i52, whereq50 and the pressure i
maximal,p is proportional to 120.117q2, while p becomes
exponentially small near the contact point whereq5p. An
integration over the perimeterSA as in Eq.~3.2! yields15

f

kBTY FnRS Rg

R D 4/3G5
1

Bg

16p8/3

135A321/3
'1.34 ~3.8!

for the magnitudef of the total force on diskA. Approximat-
ing the force at contact by extrapolating Eqs.~2.2!, ~2.4!
down to r A,B52R would lead ind52 to an approximate
valueAg

2sg /(22/33)51.98 for the left-hand side of Eq.~3.8!
which overestimates the correct value by about 50%.

The results~3.7! and~3.8! for the polymer-induced pres
sure and force for two disks in contact should be compa
with corresponding results for two spheres in four dime
sions in which case one finds~apart from logarithmic correc
tions! the ideal chain behavior5 with22

Bg

p

kBT
5nS Rg

R D 2 p4

26

~11t2!4

t2

Sinh2~tp/2!

Cosh4~tp/2!
~3.9!

and15

f

kBTY @nRR g
2#5p2S p2

6
21D56.36. ~3.10!

Here p is proportional to 120.028q2 nearq50. Note the
different dimensions ofn in Eqs.~3.8! and ~3.10!.

In the case of ideal chains the amplitude of the fo
between small spheres vanishes asd→2. For two touching
spheres in three dimensions we thus expect that the univ
amplitudef /(kBTnRd2121/nR g

1/n) for polymers in good sol-
vent islarger than the value13 (ln 22 1

4) (4p/3) 51.86 of the
corresponding amplitudef /(kBTnR g

2)for ideal (Q2! poly-

FIG. 1. Normalized monomer densityMA,B(r ) for polymers in two dimen-
sions outside two small circular disks in contact. The variation ofMA,B with
distancerR from the contact point is shown along the common tangent
of the two disks~upper curve! and along the line passing through the cent
of the disks~lower curve!. MA,B approaches 1 for larger.
Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject to AIP
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mers in d53. A more quantitative estimate would follow
from a 42d expansion of the energy-density correlatio
function between parallel walls.

IV. SECOND VIRIAL COEFFICIENT

Consider the contribution

b2
CC5

1

2E(r AB.2R)
drABF12expS 2

dF2~r AB!

kBT D G ~4.1!

to the second virial coefficientB2
CC5B2

(HS)1b2
CC of a dilute

suspension of colloidal particles which arises from t
polymer-induced potential of mean forcedF2 . The hard-
sphere contributionB2

(HS) equals 16pR3/3 in three dimen-
sions. For small particles we may expand the exponentia
~4.1! and disregard the contribution from interparticle d
tancesr AB of orderR. From Eq.~2.2! we obtain

2b2
CC→2S F1

kBTnD 2E drABK~r AB!. ~4.2!

On using the compressibility sum rule6 for the density cor-
relation function

E dr K~r !5nY S ]

]n

P

kBTD ~4.3!

and the scaling form

P

kBT
5n@11P~s!#, ~4.4!

whereP is a universal scaling function for the osmotic pre
sureP of the monodisperse polymer solution without pa
ticles, one finds

2b2
CCR g

d

~F1 /~kBTn!!2
52

s

11d@sP~s!#/ds
[B~s!. ~4.5!

Note that then-dependence of the left-hand side of Eq.~4.5!
comes exclusively fromb2

CC. Equation~4.5! expressesb2
CC

in terms of the particle radiusR, the amplitudeAg in Eq.
~1.1!, and properties of the polymer solution without pa
ticles. An accurate expression forB in d53 is available, see
P(s)5P* ( ŝ,@m#) and d@sP(s)#/ds5Jc*

21( ŝ,@m#)21 in
Eqs.~17.52! and~17.53! of Ref. 6 with ŝ53.584s. Figure 2
shows B(s) for three dimensions as a function o
n(4p/3)R g

35(4p/3) s, see Eq.~1.5!. B(s) approaches2s
for small s, is proportional to2s/s1/(dn21)52s20.31 for
large s, and displays a minimum at (4p/3) s'1, where the
chains ‘‘begin to overlap,’’ andj is of the order ofRg . This
implies a nonmonotonicn-dependence ofb2

CC, qualitatively
explained8 by Chatterjee and Schweizer as follows: On i
creasing the chain densityn within the dilute regime (s
!1), the coefficientb2

CC drops, since the attractive potenti
of mean forcedF2 is proportional ton, see Eq.~2.2! with
K}n as mentioned below~2.5!. After the chains begin to
overlap, the range ofK is determined byj and decreases o
further increasingn so thatb2

CC rises.
The value of the minimum ofB is 20.049 and implies

the relation
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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~b2
CC!min /B2

(HS)520.50~Rg /R!0.401 ~4.6!

for the coefficientb2
CC at the polymer concentration where

is minimal. The exponent 0.401 is the value of (2/n)2d in
three dimensions. This should be compared with the re
20.066(Rg /R)1 for the left-hand side of Eq.~4.6! which
follows from Eq.~43! of Ref. 8 and is based on an integr
equation approach. The exponents differ by more than a
tor of 2 and the amplitudes by a factor of roughly 1/10. Th
the asymptotically exact result~4.6! for the minimum ofb2

CC

of small colloidal particles (R!j,Rg) in a good solvent so-
lution of long flexible chains close to their overlap conce
tration crosses the integral-equation based result at a v
'29 of Rg /R and leads to a minimum which is less de
~deeper! for Rg /R larger ~smaller! than this value.

V. INTERACTION BETWEEN A PARTICLE AND A
WALL

Experiments measuring the polymer-induced force
individual colloidal particles have been performed both fo
single pair of interacting particles25 and for a single particle
interacting with a wall.26,27 The free energyF1,hs of immer-
sion of a small particle in a polymer solution in a half spa
~hs! bounded by a planar wall can also be obtained by us
Eq. ~1.1!. As in Sec. II, the free energy of a particle with i
center at a distancezC from the wall

F1,hs5F1M~zC!, R!zC ,Rg ,j ~5.1!

is determined by the bulk-normalized monomer density p
file

M~z!5^u~r !&hs/n ~5.2!

in the solution in the half-space without the particle. He
^ &hs denotes an average over all chain configurations in
half space. The quantityM(z) is independent of the compo
nentr i parallel to the wall of the position vectorr5(r i ,z) in
Eq. ~1.2! and approaches 1 forz→`.

FIG. 2. Nonmonotonic overlap-dependence of the second virial coeffic
b2

CC. Shown is the universal combinationB in Eq. ~4.5! for three dimen-
sions as a function ofn(4p/3)R g

3 .
Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject to AIP
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The dependence ofM on z, Rg , j in the scaling regime
is quite complex, in general, and we only consider spe
cases. Particularly transparent is the case of smallz, in
which10,20

kBTnR g
1/nM~z!→BgPz1/n, z!Rg ,j ~5.3!

with the bulk osmotic pressureP introduced in Eq.~4.4! and
the universal density-pressure amplitudeBg has the value15

Bg'1.07, d53, good solvent. ~5.4!

In the free energy formula~5.1! the relation~5.3! may
only be used for the regimeR!zC!Rg ,j, while for a
spherical particletouchingthe wall, i.e., for the smallest pos
sible distancezC5R,

~F1hs!zC5R5AtsPRd ~5.5!

with a universal amplitudeAts introduced in Ref. 20. The
value ofAts for polymers in good solvent equals1

3p
3510.3

in d52 while in d542e one finds

Ats

~Ats! id
5

d22

d21/n S 11
e

48D ~5.6!

to first order ine with (Ats) id52pd/2(d21)z(d)/G(d/2) the
value ofAts for ideal chains. Equation~5.6! follows from the
known28,29 e-expansions of the quantitiesD and CT in Eq.
~6.12! of Ref. 20 and suggests thatAts'23.7 in d53. Ex-
trapolating Eqs.~5.1! and ~5.3! down to zC5R leads to
Eq.~5.5!, with Ats replaced by the productAgBg . In d53
this underestimates the amplitude in Eq.~5.5! by about 20%.

The free energy~5.5! it costs to immerse the small pa
ticle close to the wall, i.e., in a region which is already d
pleted from polymers, is smaller by a facto
}(R/Rg)1/nP/(kBTn) than the free energy~1.4! of immer-
sion in the bulk of the polymer solution. The factor is pr
portional to (R/Rg)1/nand (R/j)1/n for dilute and semidilute
polymer solutions, respectively. This can be understood
terms of the effective pressure which the polymers exert
the surface of the particle. The pressure is proportional to
monomer density near the particle surface,10,22 compare Eq.
~3.1!, and determines the derivative of the free energy
immersion with respect toR. For the small particle in the
bulk solution the pressure is22 proportional to
kBTn(Rg /R)1/n and is much larger than the pressure}P
acting on a wall or a small particle close to a wall.

The variation ofF1,hswith particle wall distancezC has a
point of inflection, since the upward curvature}zC

1/n5zC
1.70 at

small distances is followed by a downward curvature at la
zC so thatF1,hs approaches thezC-independent bulk free en
ergy F1 for zC→`. Thus the magnitude]F1,hs/]zC of the
polymer mediated mean force between wall and particle
a maximumat a distance of orderRg or j in a dilute or
semidilute polymer solution.

VI. SUMMARY AND CONCLUDING REMARKS

We have discussed the polymer-induced depletion in
actions between two particles and between a particle an
wall for dilute and semidilute solutions of long flexible poly
mer chains in a good solvent and mesoscopic spherical

nt
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ticles with a small radiusR. In particular we consider the
attractive free energy of interaction~potential of mean force!
dF2 between two particles, the resulting contributionb2

CC to
the second virial coefficient of a dilute suspension of p
ticles, and the free energyF1,hs it costs to immerse a particl
at a distancezC from a planar boundary wall of a polyme
solution in the half-space. For two spherical particles in c
tact the depletion of the monomer density and the varia
of the local pressure along the particle surfaces have
been investigated. Results for these universal quantities
presented which contain no free parameters or unkno
prefactors and apply for arbitrary interchain overlap rang
from zero~dilute solution! to infinity ~semidilute limit!.

Using small radius expansions~which are similar to
‘‘short distance expansions’’ in field theories! we have
shown that the overlap dependence of bothb2

CC andF1,hs for
a particle close to a wall can be expressed in terms of
overlap dependence of the osmotic pressureP of the poly-
mer solution without particles and walls. The dependence
b2

CC is determined by the compressibility of the polymer s
lution, see Eq.~4.5! and Fig. 2. The minimum value of th
reduced virial coefficientb2

CC/R3 at the polymer overlap-
concentration depends onRg /R, with Rg the radius of gy-
ration of one chain in dilute solution, as a power law, with
exponent and amplitude quite different from the predictio
of an integral-equation approach,8 see Eq.~4.6!. For Rg /R
larger~smaller! than'29 the minimum is less deep~deeper!
than the minimum in the integral-equation approach.

We have also calculated the free energy of interact
and the force for two particles~and for a particle and a wall!
in contact. In the case of three dimensionsd53 we estimate
the free energy amplitudes frome-expansions, compare Eq
~2.7! and ~5.6!, and conjecture an inequality for the forc
between two particles, compare the last paragraph in Sec
In the case of two dimensionsd52 and for two particles
~disks! we derive exact results for the monomer-dens
depletion profile, the surface pressure, and the force betw
the particles; compare Eqs.~3.4!–~3.8! and Fig. 1. These
results for contact-situations cannot be inferred from sm
radius expressions such as Eqs.~2.2!, ~2.4! or ~5.1!, ~5.3!
which are obtained via Eq.~1.1! and are valid for particle-
center to particle-center distancer A,B ~or particle-center to
wall distancezC) much smaller thanRg ,j, but much larger
than the particle radiusR. Extrapolating these expression
down tor A,B52R ~or to zC5R) in general overestimates th
magnitude of the free energy of interaction and the force
two particles in contact. It also underestimates both the
energy to insert a particle in contact with a wall and the fo
on this particle. Compare the force between two disks
contact which is overestimated by about 50% as discus
below Eq.~3.8! and the free energyF1,hs it costs to insert a
sphere in contact with a wall in three dimensions which
underestimated by about 20% as discussed below Eq.~5.6!.

Equations such as~2.2!, ~4.2!, and ~5.1!, which relate
properties of small particles in the polymer solution to pro
erties of the solution without particles, are expected to ap
even beyond the asymptotic good solvent scaling reg
~excluded-volume limit!. In a simplified description of the
crossover from theta to excluded volume behavior in wh
Downloaded 21 Dec 2006 to 134.94.122.39. Redistribution subject to AIP
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chains at the theta point ind53 are modeled as ideal, ran
dom walk chains, the relative reduction 12WC of the Bolt-
zmann weight of chain configurations due to the presenc
the particle in Eq.~1.1! can again be written as a product
the configuration-dependent chain number densityu in Eq.
~1.2! and a configuration-independentfactor depending on
the particle radiusR. This factor now also depends on th
strength of the excluded volume interaction between ch
monomers,30 and for weak interaction, corresponding to
solution close to the theta point with a large crossover len
l, crosses over from ideal chain behaviorAg

(id)Rd22Rg, id
2 for

R!l to the excluded volume behaviorAgRd21/nR g
1/n of Eq.

~1.1! for R@l. This complicated factor drops out of th
ratios dF2 /F1

2, b2
CC/F1

2, and F1,hs/F1 , which for arbitrary
R/l are completely determined by crossover-properties
the polymer solution without particles according to Eq
~2.2!, ~4.2!, and~5.1!.

It would be interesting to compare these new predictio
with computer simulations31 in the appropriate region of me
soscopic length ratios and with real experiments.3,4,25–27
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