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The effective radial heat conduction �eff in a plasma configuration with nonoverlapped magnetic
island chains is assessed by applying an “optimal path” method. This approach implies that heat is
transported predominantly along paths rendering the minimum temperature variation and is related
to the principle of minimum entropy production. Paths combined of up to three radial sections and
two segments aligned along magnetic field lines are considered. It is demonstrated that the
enhancement of �eff over the level of perpendicular heat conduction �� arising due to flows along
magnetic field lines is controlled only by the Chirikov parameter and by the value 4br

2�� /��, where
br is the relative amplitude of the radial field resonant harmonic and �� is the parallel heat
conduction. © 2008 American Institute of Physics. �DOI: 10.1063/1.2896576�

Magnetic islands are a well known phenomena in hot
fusion plasmas generated by resonant perturbations of the
magnetic field. The latter arise from different sources such as
MHD instabilities developing spontaneously when some pa-
rameters approach a critical level, e.g., neoclassical tearing
modes,1 or special coils introduced in order to control the
plasma behavior.2–5 Recently such coils have been success-
fully used for mitigation or even complete suppression of the
edge localized modes in DIII-D �Refs. 6 and 7� and JET
�Ref. 8� tokamaks.

The magnetic field perturbations can be represented as a
series of Fourier harmonics,

B̃ = �
M,N

B̃M,N sin � , �1�

where �=M�−N� is the harmonic phase with integer mul-
tiplicities M and N in the poloidal and toroidal directions �
and �, respectively. It is essential that such perturbations

have radial components B̃M,N
r which are not present in the

main tokamak field composed of the poloidal and toroidal

components B� and B�, respectively. Due to B̃M,N
r field lines

deviate in the radial direction. This is especially pronounced
in the vicinity of the so called resonant magnetic surfaces
�RS� where the safety factor q�B�r / �B�R�, with r and R are
the minor and major radii of the surface, is equal to the ratio
M /N. Here the corresponding Fourier harmonic is constant
along field lines. However due to nonzero magnetic shear
ŝ=r /q�dq /dr the resonance with the perturbation weakens
with the distance from the RS.

By integrating the line of force equation dl�B=0, one
can demonstrate that in the plane r ,� the behavior of per-
turbed field lines is governed by the equation,10

y2 −
cos �

2
= C . �2�

Here y is the deviation from the RS measured in

�=2�brRr0 / �ŝN�, with br= B̃M,N
r /B�; � is the maximum dis-

tance between RS and the surface described by Eq. �2� with
C=1 /2. The latter is called separatrix since it separates the
regions of qualitatively different behavior. For C�1 /2 the
perturbation do not change the topology of original magnetic
surfaces and waves them slightly in the radial direction; for
C�1 /2 the topology is changed so that magnetic surfaces
encircle the short-circuited field line passing through the
point �=0 on the RS. The cross section of the separatrix by
the plane r, � looks like a chain of M magnetic islands with
the radial width w=2�, see Fig. 1.

The deviation of lines of force from unperturbed mag-
netic surfaces results in an enhancement of the effective par-
ticle and heat losses from the plasma; radial gradients of
plasma parameters have nonzero projections along such lines
and drive parallel particle and heat flows which contribute to
the normal perpendicular transport. In this paper we propose
a model in order to assess the effective radial heat conduc-
tion in a configuration where the heat flux from the plasma
core comes through nonoverlapped island chains. On the one
hand, compared to previous analytical studies9,10 the present
approach treats on the same foot cases with arbitrary param-
eter 	=4��br

2 /��, where �� and �� are the heat conduction
components perpendicular and parallel to the magnetic field.
The parameter 	 is equal to �w /wc�4 with wc being the criti-
cal island width introduced in Ref. 10. There the limit cases
of “small,” w�wc�	�1�, and “large,” w�wc�	�1�, is-
lands have been considered analytically. On the other hand, it
illustrates in a more transparent way than a pure numerical
approach11,12 what parameters are of concern for the effec-
tive transport characteristics, and provides a computationally
economical method to find the dependencies on this param-
eters.

The “optimal path” method applied below was used in
Ref. 13 for assessment of transport characteristics in a sto-
chastic magnetic field. It asserts that in a region where heat
sources are negligible, in particular, at the plasma edge, the
heat supplied from the plasma core is transferred predomi-
nantly along paths providing the minimum temperature
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change. There is a direct relation between this approach and
the principle of minimum entropy production.14 Under con-
ditions in question, i.e., for zero heat source, the entropy
production rate per unit volume, 
, is given by the relation

=� ·��1 /T�,15 where � is the heat flux density. By apply-
ing this relation to a toroidal shell between two close radial
positions, r1,2, so that r2−r1�r1,2, one gets for the total
entropy production rate in this shell,

	 
dV =
P�T

T1T2
�3�

with P being the total power transferred through the shell,
T1,2 the averaged temperatures on its boundary surfaces and
�T=T1−T2. Thus, the minimum entropy production rate ac-
cords to the minimum temperature change �T.

Henceforth we consider the case of M�1 so that br is
not very different for the adjacent RS and the islands have
close dimensions in the radial and � directions. All heat
paths can be combined from elementary sections connecting
the symmetry plane and the RS of one of the island chains,
see Fig. 1. The dimensionless distance between these two
surfaces, y0, is equal to 1 /�Ch where �Ch is the so-called
Chirikov parameter.4 The situation with nonoverlapped is-
land chains considered here corresponds to �Ch�1. Hence-
forth we take into account only heat paths which are com-
posed from sections aligned either in the radial direction or
are parallel to the magnetic field. In the former case the
radial flux with the density 
r is mostly transported by the
perpendicular heat conduction,


r 
 − �� � T/�r �4�

and in the latter one, by the parallel one,


r 
 − �����T�Br/B = − ��br
2 sin2� � T/�r . �5�

We consider paths including one or two parallel sections
which can be placed either inside or outside the island, see
Fig. 1. The initial and final positions of these section are
varied in the whole space from the symmetry surface to the
RS and optimal paths with the minimum total temperature
change are selected. The selection procedure does not ex-
clude sections of zero length. Therefore, depending on the
perturbation strength and initial phase of the path at the sym-
metry surface, the optimal one can be a combination of up to
two parallel and three radial segments. The approach can be
straightforwardly generalized on a larger number of parallel
sections. This leads to a noticeable increase of computation
time but, presumably, does not provide any significant im-
provement, as it follows from comparison of results obtained
for paths with one and two parallel segments.

The total temperature change along all radial sections of
such a heat path follows from integration of Eqs. �4�. With
constant �� one gets

��T =

rw

2��
�y0 − �

j=1

jmax

�yb
j − yt

j�� ,

where yb,t
j are the distances from the RS of the beginning and

terminating points of the parallel section j and jmax=1 or 2 in
this study. By using the relation �2� we get from Eq. �5� for
the parallel path sections,

��
jT =


rw

8��br
2� j

with
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FIG. 1. Schematic view of nonoverlapped magnetic island chains with an
elementary section of a heat path.
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FIG. 2. The ratio of the effective radial heat conduction to the perpendicular
one as a function of the parameter 	=4��br

2 /�� computed for different mag-
nitudes of the Chirikov parameter �Ch: �Ch=0.9 �solid curve�, 0.8 �dashed
curve�, 0.6 �dashed-dotted curve�, and 0.3 �dotted curve�.
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� j =
1

2a
ln

�a + yb
j ��a − yt

j�
�a + yt

j��a − yb
j �

+
1

2c
ln

�yb
j − c��yt

j + c�
�yt

j − c��yb
j + c�

for a section inside the island and

� j =
1

2a
ln

�a + yb
j ��a − yt

j�
�a + yt

j��a − yb
j �

+
1

c

arctan

yb
j

c
− arctan

yt
j

c
�

for that outside.
Here

a =�1 − cos � j

2
+ �yb

j �2

c =��1 + cos � j

2
− �yb

j �2� ,

where � j is the initial phase of the j path parallel section; the
initial phases of consequent sections are related as follows:

cos � j+1 = cos � j + 2��yt
j�2 − �yb

j �2� .

Optimal paths are selected by varying yb,t
j=1,. . .,jmax in the

whole range �0,y0� and looking for the minimal total tem-
perature change �T=��T+� j=1

jmax��
jT. The effective radial

heat conduction of the optimal path, �eff, is defined according
to the relation,


r = �eff
�T

wy0/2
.

After averaging over the path initial phase at the symmetry
surface we finally get

��eff�
��

= 	
0

� d�1/�

1 − �
j=1

jmax

�yb
j − yt

j − � j/	��Ch

�6�

with the definition y0=1 /�Ch taken into account.
Thus 	=4��br

2 /�� and �Ch are the only parameters
which characterize the enhancement of �eff and ��eff� over
��. Figure 2 shows the 	-dependence of the ratio ��eff� /��

for different magnitudes of �Ch computed for paths with up
to 3 radial and 2 parallel sections. One can see that the par-
allel transport contributes to the perpendicular one, i.e., op-
timal paths include fractions along field lines, if 	�4. The
enhancement level saturates when 	 exceeds 103−104, de-
pending on �Ch. In this case the temperature change in the
island approaches zero in correspondence to the “large” is-
land approximation of Ref. 10.

The optimal paths, beginning with different phases at the
symmetry plane, found for different strength of perturbations
and �Ch=0.9, are shown in Fig. 3. One can see that such
paths can be all possible combinations of radial and parallel
sections. With increasing perturbation level and approaching
the “large” island limit, the parallel sections approach closer
and closer to the separatrix. However the final parallel sec-
tion is always inside the island because �i� at the separatrix
the parallel transport becomes less and less efficient by ap-
proaching to the X-point and �ii� beyond the island all par-
allel segments terminate at a finite distance from the RS, i.e.,
the heat path has to be finished with a radial section contrib-
uting strongly to �T for 	�1.

Finally, in Fig. 4 we compare the transport enhancement
obtained by considering paths with maximally one and two
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FIG. 3. Optimal paths beginning at the symmetry surface with the initial
phases 0.1 �solid curves� and 1 �dashed curves� found for 	=10 �a� and
	=104 �b� with �Ch=0.9.
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FIG. 4. The ratio of the effective radial heat conduction to the perpendicular
one as a function of the parameter 	 computed for different magnitudes of
the Chirikov parameter by taking into account heat paths with up to two
�solid curve� and one �dashed curves� parallel sections.
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parallel sections. One can see that the difference between
two approaches is not very significant. This is an indication
that further increase of the number of parallel sections taken
into account, which would lead to a significant rise of com-
putational time, will not noticeably change the results.

This study has been partly performed within GRK1203
of the German Research Society.
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