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Summary 

After outlining the principles of some recent 

developments in parameter estimation, a sequen­

tial numerical algorithm for generalized curve­

fitting applications is presented combining 

results from statistical estimation concepts 

and spline analysis. Using Bayes recursive esti­

mation theory cubic cardinal splines are applied 

as a flexible linear model, which is designed 

as a very suitable tool for scientific data­

processing problems. Due to its recursive na­

ture, the algorithm can be used most efficient­

ly in online experimentation: on the one hand 

the resulting experimental information can be 

easily updated after each new observation, on 

the other hand the recursive procedure allows 

to control the experiment by means of sequential 

experimental design techniques. In addition, 

the algorithm is numerically stable since ma­

trix inversions are avoided. Using computer sim­

ulated and experimental data, the efficiency 

and the flexibility of this sequential estimation 

procedure is extensively demonstrated. 
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1. Introduction 

We assurne that the rn-dimensional sampIe vector z consists of 

statistically independent observations of a stochastic process 

at the experimental variables xi' i=1, ... ,m, where the sta­

tistical behaviour of the stochastic variables z. is described 
1 

by some specific probability distribution p(z.), and the 
1 

variance of z. may be given by a? The problem which we are 
1 1 

interested in and which frequently occurs in experimental data 

processing is stated quite generally by the fact that this 

experimental sampIe z is to be approximated by a function 

(1.1 ) <P (x; e) = J g (x, x') f (x' ; e) dx', 

according to some optimality criterion yielding a statistical 

estimate /1,2/ of the n components ev ' v=1, ... ,n of the para­

meter vector 0. 

The kernel g(x,x') is a given non-random function which may be 

determined either by the experimental device or by some basic 

theoretical aspects /3/. In the special case where the kernel 

is equal to the o-function, the approximation procedure is 

equivalent to a simple curve fitting problem. The function 

f(x;0) may represent the fundamental theoretical relationship, 

which may be the main interesting information to be confirmed 

by experiment. The functional form of the model function fex; 0) 

is assumed to be known explicitly, while the unknown parameter 

vector 0 has to be explored from the experimental data by an 

appropriate estimation method /4/. 

The problem therefore is to select an estimator for these para­

meters optimal according to a certain criterion. In this report 

we make an attempt to solve this problem by combining new 

results from statistical estimation theory and numerical ana­

lysis. Especially, we try to realize an effective union of the 
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following concepts: 

(i) Bayes estimation, 

(ii) sequential algorithm, 
(iii) cubic splines as linear model. 

In chapters 2 and 3 the fundamentals of estimation theory, in 

particular of maximum likelihood and least squares, are out­

lined and the principles of Bayes methods /4/, the concept of 

cost functions and prior information, are introduced. Under 

quite general assumptions the maximum a-posteriori estimator 

is deduced as the optimal solution taking account of the 

available a-priori information in a most appropriate manner. 

In chapter 4 the characteristics of sequential estimation 

algorithms /5,6/ are presented yielding the recursive equa­
tions which are equivalent to a special case of the well-known 

Kalman-Bucy filter equations /4/. In chapter 5, Nilson's rep­

resentation of cubic cardinal splines on uniform meshes /7/ 

is extensively discussed and adapted as an efficient tool to 

the requirements of sequential Bayes estimation algorithms for 

linear models. The spline formalism comprises nonperiodic 

cardinal splines with certain boundary conditions and per iod­

ic cardinal splines. In chapter 6 computer simulations are 

used to demonstrate the efficiency of the developed algorithm 
in different applications. 
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2. Principles of Estimation 

Unfortunately, the problem of fitting a curve to a set of ex­

perimental data is often looked at from the point of view of 

mathematical approximation theory defining the "most general 

least-squares problem" as the jOb to find the minimum of the 
expression 

(2.1) 
m 

Q = L 
i=1 

with respect to the parameter vector 0, where zi' i=1, ... ,m 

represents the set of experimental data at "positions" Xi and 

~(x;0) is equivalent to some model function assumed to describe 

the course of the underlying process in some theoretical sense. 

The weights wi>o, i=1, .. ,m may be chosen arbitrarily within 

approximation theory and are used to represent some kind of 

relevance of the respective experimental data. 

Thus formulated this problem, of course, is just a special case 

of (nonlinear) optimization with no relationship to any sta­

tistical interpretation. Defining zl = lWi zi and 

~l = -(Wi ~(xi;0), we obtain the minimization problem connected 
with (2.1) as a specialization of the Lp-approximation 

(2.2) 

which for p=2 coincides with minimizing the Euclidean norm and 

for p=oo results in the Tchebycheff approximation 

0T : Min Max 
{0} {i} 

+ +1 1 z. -~. . 
1 1 

The approximation procedure yields a parameter vector 0L which 

is optimal in some postulated sense but which does not necessari-
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ly take into account any statistical properties of the experi­

mental data. 

From the point of view of mathematical statistics the procedure 

to draw conclusions from experimental data on the quantitative 

behaviour of the underlying process is a problem of statistical 

inference /8/. With this respect, curve fitting is equivalent 

to the method of point estimation /1/. In terms of statistics, 

the set of experimental data {zi' i=l, ... ,m} is called a 

statistical sampIe obtained by experiment out of the sampIe 

space or pOpulation of the experimental process. The estimation 
A 

procedure defines an estimator 0 which yields an estimate as a 

definite parameter vector, if the estimator is applied to a 

specific sampIe {z}. Thus, an estimator is a random variable, 

and we can assign to it a probability distribution p(0Iz), an 

expectation value, and so on. 

The fact, that the experimental data as a statistical sampIe 

represent in general only a subset of the observation space, 

makes it impossible to take any estimate as the exact value 

describing completely the process under study. As a matter of 

fact, it is very unlikely that both values will coincide 

because of all kinds of chance and random effects. Nevertheless, 

in the long run, experimental data sampled at random should 

reflect the characteristics of the experimental system. How­

ever, the practice of experimentation usually cannot afford 

for "the long run"; decisions and inference have to be made in 

spite of limited experimental evidence. 

It is important to know how to use the available experimental 

data in the best possible ways to infer the characteristics of 

the underlying process. Therefore general principles for sta­

tistical estimation have been developed /2,4,9,10,11/. 

There are several properties that have turned out to be 

desirable for a procedure to show in order to represent a 

"good" estimator of some parameter or parameter vector involved 
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in the probabilistic description of an experiment. Four of these 

"optimal" properties are comprised by unbiasedness, consistency, 

efficiency, and sufficiency /9,10/. 

If 0 is adefinition of an estimator for the parameter 0, un­

biasedness is described by thc equivalence 

A 

(2.4) E (0) =0 , 

where E represents the operation of generating the expectation 
A 

value of the random variable-0 /4/. 

For an estimator 0 to be a "good" one, the sampIe estimator 0 

should have a higher probability of being close to the true 

value 0 the larger the sampIe size m. Statistics /11/ which 

have this property are called consistent estimators. Morefor­

mally, the estimator 0 is a consistent estimator of 0, if for 

any arbitrary positive E 

A 

(2.5) lim P( !0-0!<E)= 1, 
m-+oo 

where P means probability. 

It should be noticed that there is an important distinction 

between unbiasedness and consistency: whereas unbiasedness is 

a fixed-sample property, consistency is an asymptotic property. 

If we restriet our considerations to unbiased estimators, 
.... 

efficiency of an estimator 0e means that the (generalized) 

variance of this estimator of 0 is minimal with respect to all .... 
other unbiased estimators 0 of 0 based on the same sampIe. 

SUfficiency is a concept of great importance in estimation .... 
theory. An estimator e is called a sufficient estimator of the 

.... 
parameter 0 if 0 contains all of the information available in 



6 

the data about the value of 8. A sufficient estimator 8 is a 
A 

"best" estimator of 8 in the sense that 8 cannot be improved 

by taking into account any other aspects of the sample data not 
A 

yet included in 8 itself. A formal definition of sufficiency is 
A 

given by the following. Let 8' be any other estimator based on 

the sample. Consider the conditional probability distribution 
A A 

of 8' given the value of 8. If then the conditional distribution 
A A A 

of 8' given 8 does not depend in any way on the value of 8, 8 

is a sufficient estimator. 

It should be stated that it is generally not possible to find 

a "best" estimator for any particular situation. The methods 
of estimation theory will not determine "best" estimators, but 

they represent alternatives possessing some of the desirable 
properties; it is up to the statistician or experimentalist to 

decide if these properties are satisfactory for the specific 

problem at hand. Many aspects will enter into this decision 

like complexi ty or time consumption wi th respect to the compu­

ting of the individual estimate. 

One of the most important estimation methods is based on the 

principle of maximum likelihood which provides a general stra­

tegy for such decisions. Let us suppose that a random variable 

z is controlled by a probability distribution that depends upon 

some parameter 8, only. The analytic form of the density func­

tion is assumed to be known, whereas the value of 8 is unknown. 

By experiment a statistical sample {zi' i=l, .. ,m} of m inde­

pendent observations may be obtained. Let L(zl""'ZmI8) be 
the so-called likelihood function of this specific sample which 

is equivalent to the probability density function for Z given 

8. In general, the likelihood function related with adefinite 

sample set {zi} will be different for each possible value of 8. 

Then: the principle of maximum likelihood requires to accept as 

the estimate that particular value of 8, if it exists, which 

makes L(zl"",zm I8 ) a maximum value. This maximum-likelihood 

estimate is that parameter value which "would have made the 

sample actually obtained have the highest probability" /9/. 
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As an example for a maximum-likelihood estimator, let us suppose 

that a statistical sampIe {zi' i=l, ... ,m} is drawn from a 

normally distributed population with known covariance matrix 

Vz where the underlying theoretical model is assumed to be 

linear in the n-dimensional parameter vector 0 

(2.6) r; = H0, 

where r; is the rn-dimensional random vector and H the mxn mea­

surement or modulation matrix, m~n. Under these assumptions, 

the corresponding likelihood function takes the form /4/: 

(2.7) 
-1/2 

L(zI0)= {(27T)m IVz [} 1 T-1 exp {-2 (z-H0) Vz (z-H0)}, 

where I· 1 means the determinant. The maximum-likelihood estima­

tor is defined by 

(2.8) 

which yields 

(2.9) 
A T 1 -1 T 1 
0ML =(H V~ H) H V~ z. 

The principle of maximum likelihood is quite useful in theore­

tical statistics and applications, since general methods exist 

for finding the value of 0 that makes the likelihood function 

of a specific sampIe a maximum. This maximum-likelihood esti­

mator turns out to have important sufficiency and large sampIe 

properties. Further, maximum-likelihood estimators show certain 

invariances /9/. On the other hand, maximum-likelihood estima­

tors are not always unbiased. 

Nevertheless, the maximum-likelihood principle has proved a mast 

important concept in mathematical statistics theory and appli-
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cation; it is in the spirit of heuristics running throughout 

the methods of statistical inference. Its point of view is that 

good methods should make empirical results likely. 

Whereas the method of maximum-likelihood requires the knowledge 

of the explicit functional form of the probability density 

which is hard to be realized in a large number of experimental 

situations, the well-known method of least squares requires 

only the existence of the covariance matrix Vz corresponding 

to z /12/. It is important to note that the related estimator 
A 

GLS obtained from the principle of least squares, i.e. from 
minimizing 

(2.10)' Q = (z-H0)T V~1 (z-HG) 

with respect to G, is equivalent to (2.9), where the covariance 
matrix of the estimator 0LS is represented by 

(2.11) 

Least-squares estimators turn out to be unbiased; finally, they 

are optimal in the sense that they provide estimates with mini­
mum variance /4/. 

The estimation methods outlined so far are based on the pro ba­

bility distribution for z with parameter G and on the experi­

mentally obtained statistical sampIe as the only information. 

Let us now turn to a concept which allows the implication of 

a-priori knowledge and of aspects of costs generated by wrong 
conclusions drawn from any sampIe. 
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3. Bayes Estimation 

The excursion into the field of the "classical" principles of 

estimation theory based on sampIe evidence only was undertaken 

in order to get a better understanding of a second approach to 

statistical inference and decision which is different from the 

classical methods of maximum likelihood and least squares with 

respect to the formal utilization of other than sampIe infor­

mation. In this approach, sampIe information is used together 

with other available information. The basis of this combination 

of infirmation for inferential and decision-making procedures 

is provided by Bayes' theorem from which the general characteri­

zation of these methods has been adapted as "Bayesian" /8,13/. 

Of course, the intention for Bayesian methods comes from the 

essential need to base inference and decision on any available 

information whether it might be of experimental or some other 

nature. 

Erroneous decisions may be quite costly; therefore it will not 

be acceptable to ignore some kind of information on the process 

in question just because it is not considered objective in the 

classical sense. 

In order to express the total available information in probabi­

listic terms, Bayesian statistics follows the "subjective" 

interpretation of probability /8/, where probability is inter­

preted as the "degree of believe". Since Bayesian statistics 

utilizes experimental evidence, represented by a statistical 

sampIe, and other information, the Bayesian approach must be 

understood as an extension of the classical procedures more 

than areplacement. 

With respect to estimation theory the new aspect arising with 

the Bayesian approach consists in a probabilistic description 

of the parameters which are now considered as statistical 

variables, too, in the sense of subjective probability theory. 
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Thus, in addition to the so far used probabili ty densi ty of the 

process z with parameter vector 0, a new density function p(0) 
for the parameter vector 0 is introduced which describes the 

prior information about 0. 

According to Bayes' theorem /8/: 

(3.1) p(elz) = p(0) p(z)e) , 
p(z) 

which can be derived from the equivalence of the joint probabi­

lities of z and 0: 

(3.2) p(z,0) = p(z) p(0Iz) = p(0) p(zI0), 

the posterior probability function for the parameter vector e 
after taking a sampIe z, p(e!z), can be determined. This may be 

an extremely complex procedure. 

The method of maximum likelihood has been rernarkably successful 
in practice mainly because of its simple applicability: once 
p(z)0) is known, straight-forward application of (2.8) yields 

the parameter estimate which is optimal in the previously dis­
cussed sense. In general, this simplicity can no longer be 
expected with Bayes estirnation. 

To establish an optimality criterion, a new concept has been 

introduced by means of functions which are known as loss or 

cost functions C(e-e) /2,4/, where 0 is assumed to be the Bayes 
estimator which now depends on the choice of the cost function. 

The meaning of the cost function is very realistic, and from 

its defin~tion some necessary properties should be satisfied 

by any C(8): If a "wrong" estimation is made this may cause 

some loss or costs;if the "correct" estimation 0 is made, no 
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eosts arise whieh leads to C(O)=O. It is eommon to postulate 
/2,4/ that: 

C(l (8 +8 » < 1 {C(81 ) + C(82 )}. 212 - 2" 

In addition to this eonvexity property, C(8) will be assumed to 
be symmetrie: 

(3.4) C(0) = C(-8). 

For the Bayes optimum estimator to be obtained here, another 

special eondition eoneerning the probability density p(elz) 

will be needed: p(8Iz) should be symmetrie with respect to a 

eertain value 8M (which then neeessarily has to be the condi­

tional mean value /4/ for given z): 

- -
(3.5) p (8Iz) = p(-8Iz), 8 = 8- 8M. 

The most general formulation of the Bayes optimum eriterion is 

now stated as: 

(3.6) 8 Min ff C(8'-8) p(8' ,z) d8' dz. 
{8} 

This double integral is referred to as the Bayes risk. It can 

also be written as: 

( 3.7) 8 Min f p ( z) {J C (0' -8) p (8' I z) d8' } dz, 
{ 8} 

and, sinee the total integrand is always greater than or equal 

to zero, and p(z) independent of 8, the alternative form 
results: 
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Min f C ( 8 ' - 8) p ( 8' I z) d8', 
{ 8} 

i.e. the optimal Bayes estimator will minimize the eonditional 

Bayes risk. This formulation is rather general to be useful for 

special applieations. With assumptions (3.3) - (3.5), however, 

a large elass of estimation problems ean be solved as will be 

shown /4/. That means we require that the eost funetion -
C (8) be eonvex and symmetrie, not neeessarily eontinuous, and -
that the eonditional probability density P(8!z) be symmetrie in 

e=8-8M· 

With: 

B(8I z ) = f C(8'-8) P(8' Iz) d8', 

substituting 8 t = (8M + 8") and using the postulated equiva­

lenee of the conditional probabilities for 8' and 8"/4/ we find: 

(3.9) B(8Iz) = f CC8"+8 -8) p(8"lz) d8" (i) M 

= J C(-8"+8 -8) p(8"lz) d8" Cii) M 

= j C(8"-8 +8) p(8"lz) d8" (iii) M 

= f1: 
2 {CC8"+8M-8)+CC8"-8M+8)}PC8"lz)d8". (iv) 

step Cii) follows from C3.5), step (iii) follows from (3.4), and 

(iv) is equal to ~{(i)+Ciii)}. If we write A=8
M
-8, then from the 

eonvexity eondition (3.3) we have: 

C3.10) i{CC8 11 +A) + C(8"-A)}.::. C(8"), for all 8". 

Inequality (3.10) inserted into (3.9) yields: 
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In (3.3) we have also admitted the equal sign in order to allow 

the cost function to have piecewise linear (or constant) parts 

over its range of definition. But since (3.10) is valid for all 
8", we conclude that: 

(3.11) 

where we exclude the trivial case of a totally constant cost 
function. 

We obtain the important result that the solution of (3.6), with 

assumptions (3.3)-(3.5), is given by: 

(3.12) 

This result can be put into another form, if a further condition 

is satisfied by the probability density p(8jz): 

(3.13) p ( 8
M 

I z) > p ( 81 z) , 

which means that at the conditional mean value of 8 with respect 

to p(8Iz), p(8Iz) also assumes its maximum value. Then, the 

re~ult (3.12) as the solution to (3.6) is equivalent to the 

solution of the problem: 

(3.14) 8 Max p (81 z) . 
{8} 

For the general class of cost functions satisfying (3.3), (3.4), 

and for the general class of posterior probability functions 

satisfying (3.5), (3.13), the optimal Bayes estimator is given 

by the maximum a-posteriori estimator of 8 with respect to 

p(8Iz). It should be noted that (3.14) has a striking similarity 

to the maximum-likelihood estimator (2.8). 
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Formula (3.14) can be derived in a different way /4/, /14/, less 

restrictive because conditions (3.5) and (3.13) are no longer 
needed, but more restrictive in that a special type of cost 

function is chosen: 

(3.15) ={:, 11 0 11 < € -C (0) with € -+- Q. 

11 0 11 > € 
€' 

ThiRspecial cost function is based on the philosophy that any 
estimate which will not provide the true value of the parameter 
causes the same amount of cost no matter how large the deviation 
in fact might be. Since for the applications to be discussed 

here conditions (3.5) and (3.13) will be automatically fUlfilled, 

the two derivations lead to the same result and both aspects can 
be assumed (see also the discussions in /4/, p. 182, and in 
/15/). 

Since the probability density p(z) is not dependent on 0, we 

may, instead of maximizing the a-posteriori density, maximize 
the joint probability density: 

(3.16) o Max p(0,z). 
{0} 

This formula will be used in the following. 

From now on we shall always assume a linear model as in (2.6), 
and Gaussian distribution for the statistically independent 

data zi with variances ai, where the (diagonal) covariance 

matrix related with z is defined as Vz=Diag (a~). We then have: 
• 1 

p(zI0) = L(zI0) wlth L(zI0) from (2.7). We further assume that 
the a-priori distribution p(0) is also Gaussian with mean ~ 
and covariance matrix V : 

~ 

p(0) 
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To maximize the joint probability density according to (3.16) 
is then identical with: 

o 

The expression to be minimized is a quadratic and positive 

definite function Q(0), which may be written as: 

(3.19) Q(0) '" T -1 A 

= (0-0) V0 (0-0) + Qmin' 

with 

(3.20) 

The matrix V0 is the covariance matrix for the parameters, com­

bining the a-priori and the measurement information: 

(3.21) V0 = E{(0-E(0)) (0-E(0))T}, 

where the expectation values have to be taken with respect to 

p(0,z). 

The optimal Bayes estimator for the linear model is obtained 

from (3.18), yielding with (3.20): 

(3.22) z + 
-1 

V ll}. 
II 

If no a-priori information is available, one has to put V-i = 0 
II 

in eqs. (3.20) and (3.22), and the Bayes estimator reduces to 

the maximum-likelihood estimator (2.9). If available, prior 
information concerning the covarianc€ matrix V usually reduces 

II 
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to the variances of the parameters, i.e. V is assumed to be 
~ 

diagonal, the parameters being uncorrelated before any observ-

ations are taken. 

Numerically, the addition of a positive definite diagonal matrix 
to the original least squares matrix according to (3.20) has a 
stabilizing effect with respect to the inversion, as is well­

known from the Levenberg-Marquardt-Morrison method for non­
linear least squares problems /1,16/. If a-priori information is 
to be neglected, its formal influence in (3.22) is reduced by 
choosing comparatively large variances for the parameters ~; 

yet, the advantage of inverting more stable matrices is 
preserved. 

Bayes estimation techniques find their main field of applica­
tions, where the prior information is of great significance, as 
in the social sciences /8/. For our purpose, the essential ad­
vantages, besides those already mentioned, will become apparent 
when dealing with sequential estimation as derived in the fol­
lowing chapter. 
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4. Sequential Bayes Estimation 

In principle the bulk estimation procedures discussed so far 

impute that the experimentalist behaves in some unnatural way 

since they expect that he will not try to analyze his data be­

fore having completed his experiment. Of course, a natural 

behaviour would involve the permanent judgement of the actual 

state of his experimental results with respect to the objectives 

of the measurement by accumulating and updating the information 

with every new observation. This purpose is achieved by the 

sequential estimation techniques /4,5,15,17/. 

In this chapter we shall give a short derivation of the recur­

sive equations governing the Bayes sequential estimation scheme, 

which turns out to be a specialization of the general linear 

Kalman-Bucy filter equations. These filter equations are rather 

involved and would require a detailed discussion of filter and 

control theory, which would exceed the range of applications 

covered in this report (the reader is referred to /4,15/ for an 

extensive analysis,and for an introduction into this field to 

/18/ or /19/). The derivation of the sequential algorithm pre­

sen ted in this report will be restricted to the problem of 

estimating time-independent parameters within the framework of 

linear Bayes estimation as put forward in chapter 3. The genera­

lization to KaIman filter theory will be discussed only quali­

tatively. 

In the following we assurne a model linear in the unknown para­

meters 0 , v=l, ... ,n: v 

(4.1) 
+T f(x;0) = h (x)0, 

+ where the components of the vector h (x) constitute a set of 

n functions, which yields from (1.1): 

(4.2) 
T 

~(x;0) = h (x)0 , 
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with 

hex) + = Jg(x,x') h (x') dx'. 

Under the assumption that the observation vector z with statisti­

cally independent components is normally distributed: 

P(z18) = L(z18) with L(z18) according to (2.7), and that the 
a-priori information with respect to the parameter vector 8 can 

be described by a normal distribution: p(8) according to (3.17), 
Bayes estimation maximizing the a-posteriori probability 
distribution for 8 leads to the minimization with respect to 8 
of the quadratic form (see also (3.18)): 

(4.4) 

with ~, V the a-priori mean and covariance matrix, respectively, 
~2 

Vz=Diag (oi)' and 

(4.5) v=l, ... ,n, i=l, .•. ,m. 

The sUbscript m of Qm(8) indicates that m measurements 

volved. The minimization of Qm(8) yields the parameter 
which is optimal in the Bayes sense. 

are in-

vector 8 

The sequential estimation proceeds as folIows. We assume that k 
A 

values have been measured, and the optimal parameters 8(k) with 
corresponding covariance matrix V

8
(k) have been obtained from 

Qk(8) according to (4.4). One further measurement is performed 

~ith the result zk+1. The aim is to derive expressions for 
8(k+1),V8 (k+1) directly from the optimal values at stage k, and 
not to reminimize the total Qk+1(8). 

We write for brevity ° for 0k+1 and h for the vector h(x
k

+
1

). 
With the convention that H stands for the kxn matrix H. from 

~v 
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(4.5) and z and V correspond to the data vector and covariance z 
matrix at step k, we obtain from (4.4) with m = k+1: 

(4.6) 

~ith V8 (k+1) as the covariance matrix of the parameter vector 

8(k+l) after (k+1) observations, expression (4.6) can be written 

analogous to (3.19): 

Qk + 1 ( 8) = ( 8 - e ( k + 1 ) ) T V8~ 1 (k + 1 ) ( G - e (k + 1 » + Q k+l,min· 

If Qk(G) in (4.6) is also expresse~ as the corresponding expan­

sion around the minimum parameter G(k): 

(4.8) 
A T 1 AlT 2 

Qk+l(G)=(8-8(k» V8~ (k) (G-G(k»+Q . +-- (zk+l-h G) , k,mln 0'2 

a collection by powers of G yields, when equating (4.7) and (4.8): 

(4.9) GT{V~1(k+1) _(V~l(k) + ~hhT)}G 
0' 

-2{V~1(k+1)e(k+1) - (v~1(k)e(k)+ ~ zk+1·h)}TG 
0' 

Since this identity has to be valid for all G, we find the 

following three equations to hold, assuming that the matrix 

inversion of V- 1 (k+1) can be performed: 
G 



(4.10a) 

(4. lOb) 

(4.10c) 
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= {V~l(k) + ~ hhT}-l 
(J 

o ( k + 1) = V 0 ( k + 1 ) {V ~ 1 ( k ) e ( k ) + ~ zk + 1 h } 
(J 

Q . =Qk . +0T(k) V-0
1 (k)0C k )+ 2

1 
zk+l-k+l,mln ,mln cr 

This system of equations for k=O,l, ..• ,m-l together with the 

initial values 

(4.11) v , 
11 

" 0(0)=11, 

establishes the sequential algorithm. The order in which the 
solution of (4.10) has to be obtained, is strictly determined: 

First solve the matrix equation (4.10a) for the covariance 
matrix, then the vector equation (4.10b) for the parameter 
vector, and finally the scalar equation (4.10c) for the minimum 

value of Qk+l(0). This has certain consequences: If we are not 
interested in the minimum value of Qk+l(0), we can solve system 
(4.10) ignoring equation (4.10c); if we were only interested 

in the covariance matrix the solution of system C4.10) reduces 

to the solution of equation C4.10a) which is not coupled to 
(4.10b) and (4.10c), thus the covariance matrix is independent 

of the actual value of the measurement zk+l and only depends on 

the variance cr~+l and the experimental variable xk +l . For this 
reason the linear sequential algorithm proves to be a powerful 

tool for sequential experimental design /20,21/. In general we 

want to obtain the estimate of the parameter vector 0; thus, the 

corresponding recursive scheme to be solved will consist of 

equations (4.10a) and (4.10b). 

Usually, a more elegant version of equations C4.10) is found in 

the literature which leads to a better insight into this up­

dating process. To this end we first give a short outline of the 
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so-called matrix inversion lemma following the derivation given 
in /4/ or /17/ (a more fundamental proof can be obtained when 
applying the eigenvalue decomposition to the matrix (I+aaT)-1 
for any n-dimensional vector a). We start with: 

(4.12) V~1(k+1) = V~1(k) + ~ hhT, 
(J 

and multiply this by Ve (k+1) from left and Ve(k) from right: 

(4.13) = Ve (k+1) + ~ Ve (k+1) hhT Ve(k). 
(J 

Next, another expression for the matrix Ve (k+1) hhT Ve(k) is 
derived. To do this we multiply the vector h by equation (4.13): 

(4.14) Ve(k)h = Ve (k+1) h + ~ Ve (k+1) hhT Ve(k) h 
(J 

= Ve (k+1) h{1+ --1 hT 
2 Ve(k) h }. 

(J 

Since V (k) is a covariance matrix, which is always positive e 
definite, the scalar quantity «(J2+hT Ve(k)h) will also be 
positive. To obtain the alternative expression for 
V (k+1) hhT V (k) the dyadic product of vector equation (4.14) e e' 
with the row vector hT Ve(k) yields: 

(4.15) ~ V
e

(k+1) hhT Ve(k) = «(J2+hT Ve (k)h)-1 Ve(k)hh
T 

Ve(k). 
(J 

This inserted into (4.13) leads to the matrix inversion lemma: 

and this inserted into (4.10b): 
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- (02 + hT V
e

(k)h)-l ~ zk+l Ve(k) hh
T 

VeCk)h 
o 

= 0(k) + (02+hT V
e

(k)h)-l Ve(k)h{ ~ zk+l (02+hT Ve(k)h) 
o 

1 T TA Z h v (k) h - h e (k)} , 
- 02 k+l e 

An alternative expression for equation (4.10c) can best be found 
'" 

when considering equation (4.8) for e=e(k+l): 

Qk+l,min=(0(k+l)-0(k»T V~l(k) (0(k+l)-0(k»+ ~ (zk+l-hT0 (k+l»2 
o 

+ Qk .. ,mln 

A A 

Taking (e(k+l)-e(k» from (4.16b) one finds: 

Qk+l)min=~~in+(02+hTVe(k)h)-2 (zk+l-hTeCk»2 hT VeCk) h 

1 TA 2 T 
+ ~{(zk+l-h e(k»-(o +h Ve (k)h)-l(z -hT0(k»hTV (k)h}2 

o - k+l e 

=Qk,min+ 0~(02+hTVe(k)h)-2(Zk+l-hTe(k»2 {02hTVe (k)h 

+ (0
2 

+ hT Ve(k)h - hT V
e

(k)h)2 } 

Finally: 

(4.16c) 
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Formulae(4.16) constitute the famous Wiener-Kalman filter 

equations for the special case of time-independent parameters 

/5,6,17/. At this point, a few comments seem to be worthwhile. 

Comparing (4.10a) with (4.16a) it turns out that making use of 

the matrix inversion lemma, equation (4.16a) no longer requires 

an explicit matrix inversion but only a division by a scalar. 

This usually will lead to numerically more stable solutions,as 

discussed in /6/. From (4.12) it can be seen that the matrix 

Ve(k) will decrease monotonically - if this term may be used for 
matrices. More correctly,the quadratic form yTV~1(k+1)Y shows 

a decreasing behaviour with increasing k, since yThhTy~O for any 

y,and V~l(k) is positive definite. Therefore, the estimator 

(4.16b) is statistically consistent /9,10/. 

A problem may arise if measurements with high accuracy are 

processed (if the measurements are "too good"); then the term 

V~l(k) may be negligible compared to hhT/0 2 in (4.12). The 

matrix hhT, however, has rank one (n-1 linearly independent 
vectors y can be found with (hTy)=O and therefore (yThhTy)=O 

in an (n-1)-dimensional subspace), so that the inverse of 

V~l(k+l) does not exist. If on the other" hand equation (4.16a) 

still is used,the covariance matrix Ve (k+l) will no longer be 

positive definite. This can also be seen when forming the vector 

V (k+l)h, which is equal to zero for 0
2 =0. This divergence pro-e 

perty of the filter equations is well-known /17,19/. 

Equation (4.16b) often is written as: 

A A TA 

e(k+l) = eCk) + K(k) (zk+l - h eCk)), 

where 
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is referred to as the KaIman ga in matrix /17/, which in our 

case, when only one additional measurement is processed, 
degenerates to an nx1 matrix. In general, the sequential proce­
dure will work with r data points per step k, then K(k) is an 

" nxr matrix. The new estimate e(k+1) is equal to the old estimate 

eCk) plus a correction term controlled by the gain matrix. 
According to our model (2.6), the expression hT0(k) is, on the 
basis of the information of k observation steps, the prediction 
of the experimental data to be expected at the (k+1)-st measure­
ment step. The correction to this prediction will be significant 
for large deviations between predicted and actually measured 
values, thus represehting the relative gain of information due 
to the new measurement. Hence, the name "gain matrix" for K(k) 
is justified. 

Equation (4.16c) may be interpreted along the same lines as 
(4.16b). Moreover, the minimum value Qk . is seen to be a ,mln 
strictly monotonously increasing function with the number of 
measurements k. 

With the introduction of prior information consisting of ~ and 

V~, compared to the pure least-squares or maximum-likelihood 
case,additional influences affect the estimation of parameters. 
In the limit V~1=O the Bayes estimator is equivalent to the 
least-squares and maximum-likelihood estimator as derived in 
(2.9). Therefore, if only incomplete prior information is 

available the sequential algorithm should start with large dia­

gonal elements of V , the Off-diagonal elements of V being set 
~ ~ 

equal to zero anyway. It is nevertheless possible to treat the 
pure least-squares case sequentially, if equations (4.10) or 

(4.16) are initiated for k=n, since this is the smallest number 

of measurement points to obtain a unique solution for e with a 

covariance matrix Ve(n), which in this case - contrary to the 

case with prior information available from the beginning of an 

experiment - requires the inversion of an nxn matrix according 

to (4.10a). Once this matrix is obtained, the matrix inversion 
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lemma may be applied as before and for observationsk>n no more 
inversions are needed. 

From the algorithmic point of view, the origin of the prior 

information is irrelevant for the sequential estimation proce­

durej in principle there is no difference between prior infor­

mation gained from experimental sampling and prior information 

established by some kind of subjective probability. Of course, 

the sequential estimator will be biased for any finite number 

of observations, if the a-priori expectation of e does not 

coincide with the true value of e. However, with increasing k, 

the disturbing influence of wrong prior information is asympto­

tically eliminated. 

Let us conclude this chapter with a few comments concerning the 

original KaIman filter equations. These equations were derived 

for time-varying systems where k means the sampling point at 

time t k , and t
k

+1>tk . In addition to the model equation (2.6) 

or (4.2), a transition equation for the parameters eCk) is set 

up, where parameters are allowed to vary with time according to 

state transitions, by control, or due to disturbances. There­

fore, one has to distinguish between parameter estimates 
A 

e(k+ll k ) which are optimal estimates obtained immediately 
before the measurement at t k+1 , and parameter estimates 
0(k+llk+l) which are optimal estimates obtained immediately 

after the measurement at t k+1 has been processed. 
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5. Nilson's Representation of Cubic Cardinal 

Splines on Uniform Meshes 

The Bayes estimation theory as presented here requires a linear 

model function, that is a function linear with respect to the 

parameters to be estimated. As model functions we use cubic 
spline functions following the representation given by Nilson 

/7/. These splines are constructed from cardinal splines /22/ 

with N+l equally spaced knots. 

Arederivation of Nilson's results seems to be justified because, 
on the one hand, we feel that a better understanding of these 

splines may be obtained, on the other hand a different repre­
sentation appropriate for the Bayes algorithm will be necessary. 

A basic cubic cardinal spline A(e) is given by pieces of poly­

nomials with degree three or smaller, which are connected at 

the knots with a continuous second derivative, and which are 

zero at the knots except at one knot, where the cardinal spline 

is equal to unity. In the following we assume equidistant knots 

which for simplicity are placed at O,~1,~2, ... , and at the zero 

knot the cardinal spline has the value 1; in addition we 
postulate symmetry with respect to inversion of e: 

(5.1) 
A(v) = 0v,O ' 

A(-e) = A(e). 

These conditions define the construction scheme for the basic 

cardinal spline. We introduce a polynomial R(S) to describe 
A ( e) on [0, 1 J : 
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We have r o =l from A(O)=l, and r 1=0 from A(8)=A(-8) and the 
continuity of the first derivative. With A(l)=O we obtain: 

R( 8) = 1 - (1+r
3

)8 2 3 + r
3

8 , 

or, in Nilson notation with r
3

=a+2: 

(5.2) R( 8) = 1 - (a+3)8 2 + (a+2)83 . 

The constant a will be defined later. 

Next we consider a polynomial representing A (8) on [v, V+1J ' 
v=1,2, .•• : 

T =8-v, O<T<1. 

Since A(v) = A(v+1) = 0, we must have: cn=O and (a1+a2+a 3)=0. 
= ! A"(v) we find: Wi th a

1 
=A t (v) , a 2 2 

(5.3) 

The continuity of the first and second derivatives therefore 

requires: 

A'(v+1) = -2 A'(v) - ~ A"(v) 
(5.4) v=1,2, •••• 

A"(v+l) = -6 A'(v) - 2 A"(v) 

The matrix: 

(

-2 -!) 
L= 

- 6 - 2 

with eigenvalues A1=-2+~ A2=-2-~gOVerns the recursive 



behaviour of relation (5.4): 

(

A ' (v + 1 ) = LV 

A"(v+l) 

A' (1) 

A"(l) 
=1I 
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_1.p, v -A v) 
312 

~(AV+AV) i3 1 2 

or, if we insert from (5.2) A'(l)=a, A"(1)=4a+6: 

(5.5) 

A' (v) =~ [ (a--ß- (2a+ 3)) A~-l+ 

A"(v)'I'3t(a-ff (2a+3)) Ar1
+ 

1 
(a+ 13 (2a+3)) 

1 
(a+ -(3 (2a+3)) 

A' (1) 

A"(l) 

l 

A
V

-
1J 2 ' 

A2 • V-1J 

According to Nilson, "the choice of the constant a is governed 

entirely by considerations of convenience". From the explicit 

representation (5.5) we draw the conclusion that because of 

IA21>1 an arbitrary choice of the constant a would almost 

, 

always lead to a numerically extremely unstable spline represen­

tation for not too small N-values. Therefore, we must postulate 

that the coefficient proportional to A~-l will either disappear 

or, at most, be proportional to cN with 0<c~)A2)-1. This latter 

case will play an important role for periodic cardinal splines 
to be discussed later. 

5.1 Nonperiodic cardinal splines 

For nonperiodic cardinal splines the constant a will be defined 

to eliminate the term proportional to A~-l in (5.5): 

aef3+2) + 3 = 0, 

or: 

(5.6) a = 3 = 3' ~ 1\1· 1\2 
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Then we obtain from (5.5), (5.3), and (5.2), where from now on 
A1=A: 

, 
A" ( v) = - 3 ( A 2 -1) A v-i = - 6 -(3A v 

v=1,2, .•. 

(5.8a) A(S) = 3AV T(8-v), v=1,2, ... 

(5. 8b ) A(e) = R(S), 0< 8<1, 

with 

(5.9a) T(8) = 8- (A+2)S2 + (A+1)8 3, 

(5. 9b ) R(8) = 1-3(A+1)82 + (3A+2)8 3 = 3T(8) + (1-8)3. 

Equations (5.8) together with A(-8)=A(8) define the basic 

cardinal spline; this is essentially one and the same cubic are 
T(8), which for each successive interval is reduced by the 
factor A=-2+P. 

The function fex) to be interpolated by the spline may be given 

on the uniform mesh: 

x. - x· 1 = h, J J-

with function values f(x.)=f. at the knots. Then the interpolat-
J J . / 

ing Spline can be expressed by the N+l cardinal spllnes 7/: 

(5.10) 

(5.11) 

A.(x)=A 
J ( ~h-X') , 

N 
Sex) = E f

J
. Aj(X), 

j=O 

j,k=O,l, ... N, 
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since the SUffi of piecewise continuous polynomials with coinciding 

knots is again a piecewise continuous polynomial with the same 

knots. 

Although expression (5.11) interpolates correctly the function 
fex), no boundary conditions can be prescribed, especially the 

natural cubic spline/231 requiring S"(xo)=S"(xN)=O cannot be 
constructed. In order to satisfy boundary conditions, we notice 

that any cardinal spline having its central peak at xk=xo+kh, 
with k<O or k>N, does not violate the interpolating property 
when added to (5.11). Following Nilson we add two cardinal 
splines with central peaks at (xo-h) and (xN+h) to (5.11), thus 
gaining two free constants to satisfy two boundary conditions: 

(5.12) 
N 

Sex) = t 
j=o 

Bo(x) = 3~ A(X~XO + 1 ), BN(x)= - 3~ A(YX 
+ 1) 

The boundary conditions to be considered here are given by: 

(5.13) 

where ~o' ~N' do' dN are arbitrary. For ~ =PN=d =d =0 we 
o 0 N 

the important case of natural splines. The two equations 

determining the constants bo and b
N 

introduced in (5.12) 
evaluated using 

A"(v) = -6 f3A/ v / + 6 0 
v,o, 

obtain 

(5.13) 

can be 

k=O,l, ... N: 
which follows from (5.7b), (5.9b) and A(8)=A(-8). We obtain for 
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Inserting (5.14) into (5.13) we obtain a system of linear 
equations for bo,bN: 

(5.15) 

hd 3 N • I' 11 = ~ + - r f.(AJ-~ A J- )-
213 h j=o J 0 

D(f -~ f ) 
h 0 0 1 

= hdN + 2 ~ f.(AN-j_~ AIN-j-1I)_ 
2-{3 h j=o J N 

-F( f N-~Nf N-1) . 

The solution of this system is given by: 

(5.16al b o = ~{2~ [do(l-VNAl-dNAN(l- ~~~ 
N ~ . I' 11 N ~o N-j 1 N-j -1' J + 2 r f. (1-~ A) (AJ-~ A J- )-A (1--r)(A -~NA ,) 

h. J N 0 1\ 

J=O 

+ ~t( l-v
n

A l (fo -vo f 1 l+A
N
(l-v~l (fN-vN

f
N-l l] ) , 

(5.16b) b =!{~ [d AN(1- ~N) - dN(1-~oA~ 
N D 213 0 J 

+ 3 ~ f [AN(l_VNl(Aj-~ A1j - 1I l-(1-V Al(AN-j-vNAIN-j-ll~ 
h.'"' J' A 0 0 ~ 

J =0 

+ ~[-AN(l-V:l<fo-Vofll+(l-VoAl(fN-VNfN-ll]}' 
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With the explicit dependence of bo and bN on f j we now have a 

representation of (5.12) appropriate for the Bayes algorithm, 

in which the function values f j , j=o, ..• N are treated as para­
meters 0v to beestimated, where v=j+1 and n=N+1 from chapter 4. 

To obtain the Bayes representation of (5.12) for each interval 

[Xk ,xk+1], k=o,1, ... N-1, we need to specify the cardinal splines 
Aj(X) according to (5.8) and (5.9). It may be verified that the 
Aj(x) have the following representation on 

k=O,1, ... N-1, 

(5.17) 

X-Xk S= -h-

j < k 

A.(x) = 3Aj - k- 1 ·T(1-S) + 83 .0 
J j,k+1' j~ k+1. 

Insertion into (5.12) gives the expression: 

(5.18) 
k 

S(x)=3T(S) r f.A k- j + 3T(1-8) 
j=o J 

N 
r 

j=k+1 

With the auxiliary function e~ defined by 

k 

,j-k-1 f. 1\ 

J 

e. = 1 for J' < k 
J ' 

k 
e j = 0 for j > k, 

a collection of all terms proportional to f. can be easily 

formed resulting in the final Bayes represe~tation of Sex) 
xe: [ xk ' xk + 1J' k = 0,1 , ... N -1 : 

per­

for 



Sex) 

N 
+ L 
j=o 

(5.19) 

x-x 
with: e = ~, 
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and: T(e) = e - (A+2)e 2 + (A+1)e 3 . 

The spline mOdel is a linear model with respect to the unknown 

parameters f. plus, in general, a constant term which vanishes 
J 

for do=dN=O. 

In case that the parameters f. are known, i.e. only the inter­
J 

POlating property of the spline is of interest, a very efficient 

algorithm due to Nilson /7/ can be obtained from (5.18). 

Defining 

k 
f . A k-j O'k = 3 E , 

j =0 J 

(5.20) 
N 

f.A j - k , Lk = 3 E 
j=k J 



a recursive evaluation of 0k' Lk is possible: 

°0 = 3 f o , 

°k+l = AO k + 3 f k+1 , k=O,l, ... ,N-l, 

LN = 3 f N , 

Lk- 1 = ALk + 3 f k- 1 , k=N,N-l, ••• ,1. 

Equation (5.18) then reads: 

(5.21) 

with 
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The calculation procedure then is as folIows. Given the set of 
f t · 1 f . -0 k unc lon va ues j' J- ,1, ... N, calculate A ,crk,Tk , k=O, ... N, 
and bo,bN. This is the initialization step. To compute the 

actual spline value at x, determine first the interval k with 

xk~x<xk+3. With 8=(x-xk )/h the four function values T(8), 
T(1-8),8 and (1-8)3 have to be evaluated, multiplied by the 

corresponding factors and added up. 

If we compare this procedure with the amount of computational 

effort necessary for the B-spline representation /3,23/: 

N 
Sex) = E c. B.(x), 

j =0 J J 

we find, that once the set of coefficients c j is determined 

initially, and the interval of the actual point x is known, 

again four B-splines have to be evaluated, multiplied by Cj' 

and summed up. 

The significant difference of the B-spline method has its origin 

in the computation of the coefficients c j which are the solution 

of a system of linear equations of the form: 

(5.22) 

The parameters c. of the B-spline model therefore cannot immedia­

tely be interpre~ed as a prior information concerning the func­

tion f(x;e),unless the tridiagonal matrix of (5.22) has been 
inverted. (This is especially of disadvantage when estimation 

problems are considered, where special conditions, e.g. symmetry 



properties given by physical arguments, have to be implied which 

most easily can be expressed by some relations holding between 

the f k .) On the other hand, the B-splines have a strictly limi­

ted range of four intervals (splines with finite support), 

whereas the cardinal splines, although decreasing exponentially 

with increasing distance from the central peak, have an infinite 

range (Fig. 1). This will be more time-consuming, if problems 

of type (1.1) are considered, where long-ranging kerneIs g(x,x') 
are involved. 

5.2 Periodic cardinal splines 

A periodic cubic spline must by definition fulfil the boundary 
conditions /22/: 

(5.23) r=O,1,2. 

As in the nonperiodic case, we shall first derive formulae for 

a periodic basic cardinal spline with knots at v=O, ~ 1, ~ 2, ... 

and centered at v=O, i.e. which satisfies conditions analogous 
to (5.1): 

(5.24a) A(v) = öv,o ' v = 0, + 1, + 2, ••• ,.:!:..M. 

(5.24b) A(-e) = A(e). 

Here M has the following meaning: If the total number of knots 
is N+l, then: 

N=2M, 

N=2M+1, 

In addition we require: 

N even, 

N odd. 
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(5.25a) A' (M) = 0, N even, 

(5. 25b ) A' (M + ~) = 0, N odd. 

Because of (5.24b) the second derivative is an even function of 
8 and therefore: 

A(r)(-M) = A(r)(M), r=0,1,2, N even, 
(5.26 ) 

A (r) ( - M _1) = 
2 A (r) (M+i), r=0,1,2, N odd. 

Adding periodic replications of A(8) defined on the intervals 

[-M,M], [-M-~,M+~ ],respec ti vely, a periodic basic cardinal 
spline in the sense of definition (5.23) is obtained, where Xo 
may be chosen arbitrarily. 

This periodicity property would also have been obtained by 

satisfying, instead of (5.25), the condition: 

A(v) = ö v modeN) ,0' 

The nonperiodic spline was constructed by cancelling terms pro­

portional to A
2

v- 1 in (5.5). This selection was not unique 
because other a-values making this term small might have been 
chosen as weIl. Conditions (5.25) for the periodic spline make 

a unique choice of a necessary. We rewrite (5.5): 

(5.5' ) 
A' (v) = _1_ [ a. (A~-A~) 

2f3 

A"(v) = 



(5.27a) = 3-
A _A 2M- 1 

1 1 

1_A 2M 
1 

, 

We calculate A'(M+i) from (5.3) and (5.5'): 

A' (M+i)={ A' (M) + fr An (M) 

M>O, N=2M. 

1 

= 8ß- {a [(1-13)A~-(1+13)A~] -3 +l-ß)A~-l-(1+13)A~-J) . 

Using 1-fl = 
1+13 

and A'(M+~)=O yields: 

(5.27b) a= 3 -
A _A 2M 

= 3 _ 1 1 
1_A 2M+1 ' 

1 

M.:. 0, N=2M+1. 

Therefore both cases (5.27a) and (5.27b) give the same solution: 

(5.28) , 

and N even or odd need no longer be distinguished. 

A(e) can now be calculated from (5.3) and (5.5) for e~1, and 
from (5.2) for 0<8<1. With: 

(5.29a) 1 1 a- -- (2a+3) = -- (Aa-3) 
f3 l{3 
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(5.29b) a + -1 (2 a + 3 ) = -1. (-1.a + 3 ) = 
13 lj3A 

an adequate collection of terms results , because of A-{-=2"(3, in: 

( 5 . 30 ) A ( 8) = -r; {( A _1. ) A v . ~ [( T - T 3 ) -13 (T 2 _ T 3 )1 
1-A A J 

-CA-f)·A
N

-
V ~ [CT-T 3)+13 CT 2-T 3) J} 

= 1-~ NO. v. [T-1'3T2 - (1-1'3h 3 J-)N-V . [n ßT2- (1+ ßh3 ] ), 

where T=8-v, v<8<v+1 v > 1. - - , 

From (5.9a) we have: 

TC T) = T - f3 T 2 - (1-13) T 3 , 

T( 1-T) = (2-1'3h+ (21'3-3 h 2 + (1-1'3h3=-,o [T+ 1'3 T2_ (1+ 13) T~ • 

Therefore, (5.30) yields: 

and by direct calculation from C5.2): 

(5.31b) A(8) = (1-8)3 + ~.[T(8) + AN- 1.T(1-8)] , 
1-A 

0<8<1. 

Before the computing procedure for periodic splines will be 

derived, two remarks seem to be useful at this point in order 

to characterize some interesting features. 

Firstly it is seen from (5.29b), that the coefficient proportio-
v 1 N I I I /-1 nal to A2- of the system (5.5) is of O(A ) with A = A2 <1. 
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Hence the cardinal spline remains bounded for any N. 

Of special interest is furthermore the spline behaviour near 

the boundary. For v=M the periodic basic cardinal spline is 

given according to (5.3ia): 

(5.32a) A(e) 
__ 61{3 M 2 N=2M, M~e~M+i, 
- i-AN 

A T (i-T), 

(5.32b) A(e) 3( 3-13) M N=2M+i, M<e<M+1. = 
i-AN 

A T(l-T), 

As would have been expected the spline with even N satisfying 

(5.25a) has a stationary point at e=M, whereas the odd spline 

degenerates to a polynomial of second degree on [M,M+1] .. 

The representation of a function fex) with fj=f(x j ), fN=fo ' at 
the equidistant knots Xj' j=o,l, ... N, will be given by periodic 
cardinal splines as defined in (5.31) and (5.10): 

(5.33) 

with 

N 
Sex) = r 

j =1 
A.(x)f. 

J J 

j ,k=O,l, ... N. 

The term for j=O is omitted in (5.33) because the periodicity con­
dition yields two peaks for the spline Ao(x) at Xo and xN. 

Expression (5.33) has already the form needed for the Bayes 

algorithm, since all free parametersf j do occur explicitly. For 

computational purposes the specification of A.(x) in each inter-
J 

val fk' xk+~ analogous to (5.~7) is advantageous. For 
XE [xk'Xk+~' k=Q,1, ... N-1 and J=1,2, ... N with the exception of 
the case k=o and j=N, we have with e=(x-xk)/h: 
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(5.34a) 

On the interval [XO'XN]' the only cardinal spline of (5.33), 
which has two peaks equal to unity, is AN(x) with peaks at Xo 
and xN. Therefore additional to (5.34a) a further requirement 

is necessary. For XE[XO'X1] : 

(5.34b) AN(X)=~ [T(6)+AN- 1 T(1-6)l+ (1-8)3 = Ao(x). 
1-A J 

Insertion of (5.34) into (5.33) yields for XE [Xk' xk+ lJ' k= 1, ... 
N-l: 

(5.35a) 

+_3_ T(1-6)r ~ f.A N- k+j - 1+ ~ f.>.j-k-l]+ 
i-AN lj=l J j=k+l J 

3 8 f k +1 , 

which is equivalent to formula (5.35a) for k=O because of fN=fo ' 

Next we develop an expression analogous to (5.19). Again the 

auxiliary function e~, which is equal to one for j~k and zero 

else, will be used. ihen both (5.35a) and (5.35b) can be put 

into the form: 
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+ _3_ T(1-e) [AN- k+j - 1 e~ + Aj-k-1'(1_e~)l) 
1-AN J J J 

+ (1-8)3 O. k + 83 o. k+1}r., 
J , J , J 

which is valid ror xe [xk'~k+1J' k=O,1, ... N-1. 

Finally a rast algorithm similar to (5.21) is presented /7/ 

which will be used when the r j are known. 

With 

all sums 

(i) 

(ii) 

(iii) 

Ci v) 

k 
r.Ak- j , 

N 
°k = 3 r Tk = 3 r 

j =0 J j=k 

appearing in (5.35) can be replaced: 

k 
3 E 

j =1 

N 
3 r 

r.,k-j = ~k-3r ,k, 
JA v OA 

r AN-j+k_Ak _AN 
j=k+1 

j - oN 0k' 

3 ~ r.AN- k+j - 1 N-k N = A T1-A Tk +1 , 
j =1 J 

N . k 
3 r r.A J --1 = Tk +1 • j=k+1 J 

r.A j - k 
J 



Therefore: 

Whereas (5.36) is the periodic cardinal spline for the Bayes 

representation with f j as parameters to be estimated, (5.37) is 

used for fast computation with f. known. 
J 
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6. Applications 

In the first chapters we have derived the Bayes estimation pro­

cedure, especially for models linear in the parameters, and in 

the preceding chapter the explicit form of such a linear model, 

the representation of the physical relationship by cubic 

splines, has been developed. 

Whereas in the notation of the previous chapter the knots of 

the spline have been assigned to xk ' throughout this chapter, 

the knots of the spline will be denoted by ~k' 

The model function (5.19) ean be written as: 

N 
( 6 • 1 ) sex) = L S.(x)f. + S (x). 

j =0 J J e 

The Sj(X) represent a superposition of the cardinal splines 

Aj(x) and coineide with these, if the additional splines Bo(x) 

and BN(x), which were introduced to satisfy boundary conditions, 
are neglected, sinee then (6.1) reduees to the representation 

(5.11). Usually the Sj(x) do not differ very mueh from the Aj(x) 
exeept for a few splines near the boundaries (Fig. lb). The term 

Sc(x) in (6.1) is a eonstant with respect to the free parameters 

f j and will be zero for natural splines (more generally for 

do=dN=O in (5.19» and in the periodie ease. In the fOllowing 
discussion this term will not be taken into aeeount. 

6.1 Curve fitting examples based on nonperiodie splines 

The first and probably most important application of the Bayes 
coneept developed here will be the problem of eurve fitting with 

eubie splines. Given a set of experimental data zi at measure-
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ment positions xi' i=l, ... m, a smooth curve through the data, 
or even a smooth first derivative of the data, is wanted with­
out the explicit knowledge of the function type of the physical 
relationship, as e.g. a sum of Gaussians, or Gaussians folded 
by some resolution function. The limitation to a particular 
function type, i.e. the usual least-squares problem, can be 
relaxed by representing the physical relationship by a sum of 
piecewise cubic polynomials joint at a uniform mesh of knots 

at ~k=~o+k.h, k=O,l, .•. N, or, after relabelling, at ~v' v=l, .•. n. 
Then the underlying model contains the total flexibility of 
cubic splines with their corresponding optimality properties. 

The variability of the model with respect to the parameters in 
the estimation sense is represented by the number of knots. 

Usually, data smoothing with cubic splines results from a con­

strained variational problem /3,24/: 

A 

(6.2) 8: Min 
{0,>"} 

where the knots ~i coincide with the measurement points xi' A 
is a Lagrange multiplier and D is the so-called smoothing para­
meter. The parameter vector 0 contains the coefficients of the 

B-spline representation. Relation (6.2) is a compromise between 

smoothing achieved by the integral term - its minimum value is 
zero for Sex) equal to a straight line - and aweighted least­
squares term taking into account the statistical errors via the 

parameter D, which should be of the order of 1 for Gaussian pro­
bability distributions. For D»l the spline will approach a 
straight line whereas for D=O the spline interpolates the data. 
A difficulty with smoothing splines obtained according to (6.2) 

arises, when sharp peaks have to be fitted, since in this case 
the minimization of the second derivative tends to round off the 

peak structure, thus influencing the measured information in 

an undesired way. 
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In order to apply the Bayes criterion (3.18) to obtain an 
optimally fitted curve, we have to set up the measurement matrix 

for our model, given by equation (5.19): 

(6.3) i=l, ... ,m, v=l, ... ,n. 

As next step, one has to make certain assumptions about the 

prior mean value ~ of the parameters, which is an easy task in 
the curve-fitting case, since a convenient choice of the compo­

nent ~ is given by interpolating between the data points 
v 

adjacent to ~ . Finally, assumptions for the prior variance of v 
the parameters are needed. As usually nothing is known about 
the correlations between the parameters, the off-diagonal 

elements of V will be set equal to zero. The diagonal element 
~ 

representing the variance of ~ may be chosen proportional to v 
(cr~ + cr~+l)' where cr~ is the known variance of the measurement 
111 

Zi' The proportionality factor can be used as a measure of un-

certainty of the prior mean values, thus reducing an undesirable 
influence of an incorrect prior information. In any case this 
factor should be of the order of 1 or greater in order to 

avoid a long-lasting pinning to the a-priori solution regard­

less of the information gained by the measurements. 

Once all these quantities are given, the optimal Bayes para-
~ 

meters e are obtained according to (3.22) with covariance 

matrix Ve according to (3.20). With f v =.0
v

+
1 

the optimal spline 
is represented by (6.1). As an example, a spectrum of scattered 
neutrons 125/ is fitted using two different numbers of knots 
(Figs. 2a,b). 

Next, we discuss an example which is based essentiallyon the 
sequential character of the estimation procedure given by (4.16). 

This example is taken from /21/: three (Gaussian) peaks corrupted 

by noise with standard deviation 0=0.1. The a-priori approxi­

mation is set intentionally to twice the theoretical solution. 

The diagonal elements of the covariance matrix V are chosen large 
~ 
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enough to allow for convergence to the true solution if measure­
ments are processed. Figs. 3a~ show the state of the experi­

ment after 1, 26, and 300 simulated measurements, where each new 
position has been selected at random. The plots include the 
measurement points, the true sOlution, the actually estimated 
solution and its corresponding error band, which is defined as 
in the usual least-squares case: 

(6.4) 

where the vector hex) has components h (x)=S (x) and v v-i 
is the covariance matrix after k measurements, updated 
to (4.16a). The actual error band is given by ~ a

f
. 

Ve(k) 
according 

The evolution of this experiment clearly shows convergence to 

the true solution. This effect is coupled with a reduction of 
the error band at those regions where experimental data have 
been taken. 

As the positions of these simulated measurements are randomly 

distributed,this particular experiment could by no means be 
regarded as optimal in the sense of statistical experimental 
design /26, 27/. Following the idea of Wynn /20/ the new point 

to be measured is to be placed where the actual error band has 

its maximum value. Figs. 4b and 4c give an impression of such 
an optimally planned experiment, where the same prior assumptions 

have been made as in the experiment shown in Figs. 3a-c. The 
positions of the observations concentrate at points ca lIed 
D-optimal points /20/. A D-optimum experimental design minimizes 

the determinant of the covariance matrix Ve. As can be seen from 
Fig. 4c, the sequential D-optimum experimental design applied to 

the linear spline model (5.19) reveals, that the corresponding 

D-optimal points are close to the knots of the spline (in our 
case 26 knots have been used). Moreover, these 26 optimal posi­

tions are attained in cycles of length 26, i.e. during the first 

cycle all positions are found once (Fig. 4b) (some minor devi-
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ations arise because the starting point is selected at random 

and the maximum of the error band is determined only by a grid 

search). After the first cycle, again all 26 positions are 

attained in one cycle, however in a somewhat different order, 

and so on. This phenomenon was also observed by Wynn /20/. 
Comparison of Fig. 4b with Fig. 3b shows most significantly the 
completely different distribution of experimental information 

over the total range of measurement. 

This interactive performance of an experiment represents a 
typical example for sequential estimation /21/. 

6.2 An example based on periodic splines 

This section deals with an example which looks rat her special, 
but for which the present algorithm turned out to be very 

successful on the one hand, and very instructive on the other 
hand. Suppose neutrons are scattered from a single crystal with 
corresponding symmetry /28/. Then the data should reflect, as 
a function of the scattering angle x, this symmetry in the 

average. Therefore, the problem will be to fit some model to the 

measured data and, simultaneously, to satisfy certain symmetry 
conditions. More precisely, in our case a cubic spline Sex) is 
to be constructed with 

(6.5a) S(X+1T) = Sex), 

(6.5b) S(1T-X) = sex). 

The conditions imply: 

(6.6a) S'(O) = 0, 

(6.6b) SI(;) = o. 

In the fOllowing, we assurne that the data are accumulated within 
[O,1TJ, where ~o=O and ~N=1T. 
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Ifa natural spline is fitted to the data, the above conditions 
would not necessarily be realized. Also any nonperiodic spline 
satisfying the more general boundary conditions according to 
(5.13) cannot be used, since (5.13) affects the second deriva­
tives only. Therefore, we try to fit a periodic spline as defined 
by (5.23). However, because of the statistical character of the 
data, a periodic spline will only fulfil the periodicity con­
dition (6.5a), whereas conditions (6.5b) and (6.6) will be true 
only approximately or, better, in the average. 

The symmetry condition (6.5b), which indicates a point of re­
fleetion at x=; , suggests the following procedure: All data 
points corresponding to x-values within [; ,TI] will be reflected 

symmetrically to x=~ into [0, ~J ' and vice versa with the data 
originally related to [0, ~J . Then each interval, [0, ;] and 
[~ , TI], will contain the complete measured information. With 
this set of data a fit has been performed with a natural spline 

in the region [o'TIJ (Fig. 5a). This spline function satisfies 
conditions (6.5b) and (6.6b). 

At this stage, an important observation can be made: Although 

the first derivative is zero at x=; (Fig. 5b) as postulated from 
the symmetrization of the data, its error band differs from zero 

at x=~. At first sight this effect seems contradictory, because 
the symmetrization forces the derivative to be zero, and hence 
the error band should be degenerated to zero at this point. But 
the explanation of the finite variance is again the statistical 
nature of the data. The algorithm does not know the history of 
the origin of the data and assumes all measurements to be 
stochastic,i.e. when processing a measured point, this is always 
considered to have statistical fluctuations. Therefore, only 

incidentally condition (6.6b) is satisfied. 

A further step towards the solution to the posed problem is 
achieved when fitting a periodic spline through this assembly 
of artificially symmetrized da ta (Figs. 6a,b). In this way, all 

conditions (6.5) and (6.6) are strictly satisfied, but again, 
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as all data are considered to be statistical, the error band of 

the first derivative does not vanish at x=o and x=; • It should 

be noted that a periodic spline does not imply a horizontal 
derivative at ~ and ~ . This condition is only realized here 

o N 
on account of the specific character of the data: The spline is 
symmetrical and periodic, therefore a nonvanishing first deriv­
ative at x=o would lead to a discontinuity in this derivative. 

In reality, one certainly should not proceed as described here. 

The true statistics inherent in the experimental data is no 
longer conserved when doubling the experimental results as was 
done above. Therefore, only the symmetrized data of one half of 

the total interval, say on [0, ;] , should be processed. A 
symmetrical spline is obtained by treating all 8v with knots ~v 

in [0, ;] as free parameters, and setting the parameters on 

[;,TI] equal to the corresponding 8v on [0, ;J . Formally, this 
means that the fOllowing modified linear model will be used: 

z;;. = 
l 

n/2 
r 

v=l 
(H. + H. ) 8 l,V l,n-v+l v' 

(n-l)/2 

n even 

z;;. = 
l r (H. + H. )8 +H. 8 v=l l,V l,n-v+l v l,(n+l)/2 (n+l)/2' 

n odd. 

We note that with ~ =0 and ~ =TI the knots are symmetrical with TI 0 N 
respect to x=2 . The calculation of the matrix elements of (6.7) 
from a nonperiodic natural spline yields a zero derivative and 
a corresponding zero error band for the derivative at x=TI 

(Figs. 7a,b). Finally, if a periodic spline is used for ~he cal­
culation of H according to (6.7), in addition, at x=o a zero 

derivative with zero error band is obtained (Figs. 8a b) thus 

satisfying all conditions (6.5) and (6.6) in a statis~iC~llY 
consistent way. The error band is zero at the relevant points 
because conditions (6 5) and (6 6)· ' . . . . are fulfllled by construction, 

and not lncldentally. 
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6.3 Deconvolution of experimental data 

Frequently the problem of deconvolution occurs in experimental 
science where the theoretically interesting information f(x;0) 

cannot be measured directly, but is hidden in the data due to 
a convolution with some given "resolution function". Mathemati­
cally, a special relation of the type (1.1) holds: 

00 

(6.8) <P ( x; 0) = J g ( x-x') f ( x' ; 0) dx' , 
-00 

where g(x) is the resolution function - assumed to be known 
explicitly, and f(x;0) involves the scientific relationship to 
be investigated. From a mathematical point of view the solution 

of an equation of type (6.8) is not a real problem as, for in­
stance, Fourier transform can be applied /29/. Since, however, 

<P(x;0) is in fact represented by the stochastic quantity z as 

discussed in the previous chapters, the purely mathematical 

solution of (6.8) turns out to be one of the well-known "in­

correctly posed" problems /30/. 

The numerical solution f(x;0) is extremely sensitive to the 
mathematical procedure and the data. Therefore, statistical 
principles have to be applied to such problems in order to obtain 

scientifically reasonable and consistent results out of any 
mathematical procedure. In those cases where the function type 

f(X;0) is given explicitly, the problem is reduced to the 
determination of parameters by some estimation technique dis-

cussed above. 

In some applications solutions of the convolution problem have 

been developed using the spline concept (6.2) /3/ and the 
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Bayes concept (3.18) with a linear model stair-case approxima­

tion to f(x;0) /14/. Extensive literature in this field can be 

found in these references. 

In the following we shall apply the new formalism developed in 

the previous chapters which represents an efficient synthesis 
of advanced statistics and estimation theory - Bayesian methods 

and sequential algorithms - with the flexible features of splines. 

It is assumed that f(x;0) can be represented by (6.1) with 
Sc(x) =0: 

(6.9) 
n 

f(X;0) = L Sv_l(x) 0v ' 
v=l 

with fes ;0) = 0 at the knots according to a natural or period-
II II 

ic cardinal spline expansion. Expression (6.9) inserted into 
(6.8) yields: 

(6.10) 1;. = 
]. 

n 
L 

v=l 
o v 

00 

J g(x.-x') S l(x') dx'. ]. v-
-00 

This preserves the linear model with the measurement matrix: 

00 

(6.11) H. = 
].v 

J g(x.-x') S (x') dx'. ]. v-l -00 

Hence, the same arguments hold as in the pure curve-fitting case 
of 6.1 and 6.2. In addition to the estimate of the SOlution 
f(X;0) error bands are obtained from the statistical variances 
for the course of f(X;0) and its higher derivatives. If no 

prior information is available (V-1 = 0), this method reduces 
II 

to the usual least-squares SOlution with the linear model 

representing f(X;0) as a superposition of n cubic splines. Con­
sequences of this model will be illustrated later. 

For numerical purposes it should be noted that usually a 

realistic resolution function g(x) can be truncated for large 
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lxi, so that its range of definition is [-A,BJ with two positive 
constants A,B. For a Gaussian type resolution function as kernel 

of the integral equation (6.8), for instance, these constants 

may be chosen equal to 3 crG, where cr G is the standard deviation 
of the Gaussian function. If the observations z. are taken 

1 

within the experimental range x < x. < xb ' then the knots should a - 1-

be placed such that ~o and ~N are outside the range of measure-
ments by at least the corresponding widths of g(x) in order to 

avoid disturbing truncation effects /3, 31/. 

Whenever use is made of the sequential algorithm, the prior in­
formation with regard to e and Ve must be supplied. In the ex­
amples discussed below we have always chosen ~v from interpola­

tion between z. and z. 1 with x· < ~ < x· 1. This choice, in 1 1+ 1 - V - 1+ 
general, will produce a bias; in order to reduce the biasing 
effect as much as possible, reasonably large values for the dia­

gonal elements of V-i should be used. 
~ 

In the following, the influence of certain quantities of interest 

will be studied, where the model function fM(X) is assumed to be 
known in order to get an understanding of what one could expect 
from the present algorithm when applied to realistic problems. 

The procedure always follows the same line: A particular model 
function f (x) is folded with a given resolution function g(x) 

M 
-g(x) is assumed to be known also when dealing with real life 
problems - then the integral ~ (x.) resulting from (6.8) for a M 1 

specific measurement point xi' is corrupted by some Gaussian 
noise E. with zero mean and given variance crf . The resulting 
data z.l= ~ (x.) + E. are then processed according to formulae 

1 M 1 1 . ' . th 
(6.9), (6.10), (6.11). The estimate of the spl1ne solut1on W1 
its error band can be compared with the theoretical model ori-

ginally inserted. 
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6.3.1 The effect of increased smearing 

The most typical kind of convolution problem is involved with a 

resolution function g(x) of aaussian type, with cr a as a measure 
of its width; the model function fM(X) mayaiso be represented 

by a (normalized) aaussian with width cr M. Then the integral 
~ (x) can be calculated explicitly yielding with fM(x) centered 

M 
at 11=2: 

(6.12) 
2 (X-ll) 

J . 

The following set of parameters was chosen: cr M=0.25, m=150 as 

number of observations z. sampled with randomly generated 
l 

abscissae xi on [1,3J ' normal probability distribution for zi 
with relative standard deviation cr=O,Ol, n=20 as number of knots 

with ~o=0,5, ~N=3.5, With this set, three simulation experiments 
were performed, where the width of the resolution function had 

the values cr a =0,10, cr a =0,15, and cra =0,20 respectively (Figs. 9a 

~). For higher values of cra a solution f(x;8) was no longer 
meaningful. To achieve a smoother curve f(x;0) for 0a=0.20, one 

may reduce the number of knots (Fig. 10a). With further reduction 

of the number of parameters, the spline will start to deviate 

systematically from the physical model fM(x). A reasonable impro­

vement may be obtained by increasing the statistical accuracy, 

say 0=0.0001 (Fig. lOb), or by an equivalent increase of the ex­

perimental sampie. 

6.3.2 Dependence on the number of knots 

Probably of most importance is the reasonable choice of the 

number n of knots- or free parameters in the estimation sense. A 
general rule might be established from the sampling theorem /32/. 
In the cases discussed here the right number was found by 

arguing with the structure of the function in question, and by 
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trial, since the number or necessary knots depends on the 

structure inherent in the scientiric problem. Because of the 

equidistance of the knots, any pronounced peak may require an 
adequately large number of splines over the whole range of 
interest. 

This dirficulty becomes apparent, when the extreme cases of 
small and large n are considered. If the interval between the 
knots is large with respect to the fine structure of the under­
lying process, the smoothing property of the splines will be 
dominant and essential features of the physical structure will 
not be reproduced. If on the other hand the number of splines 
becomes comparable to the number of observations, the minimizing 

least-squares criterion is superior, and the splines may follow 
too closely the statistical fluctuations. The consequences of 
insufficient knots are illustrated in Figs.lla-c , which in 

this special example reveal,that only for about 35 and more 
splines the physical details will be reproduced. The theore­
tical curve,which this example is based on, is an experimentally 

verifiedcurve representing a compton profile of y-rays to be 
scattered by electrons in copper, which is folded with a hypo­

thetical resolution function of Gaussian type /33/. 

Aremark concerning the error band seems quite useful at this 
point. It is not a contradiction that the error band for knots 
less than about 35 (Fi~. lla,b) does not completely contain the 

true solution; at rirst glance, one might expect that in cases, 
where the spline solution deviates appreciably from the true 
solution, the error band should be correspondingly large. But, 
on the one hand the error band maps the course of the standard 
deviation corresponding to the solution,and therefore the theo­

retical function can be expected to be contained within the 
error band up to about 60% only because of statistical reasons. 

On the other hand, if the variances of the data zi are small, a 
narrow error band will always result, regardless of the under­

lying model. A signiricantly weak agreement of solution and 

theoretical curve indicates in any way, that the small number 
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of knots is a "wrong" model in the estimation-theoretical sense; 

however, a statement in this direction would be the subject of 

hypothesis testing or decision theory /21, 34/. 

Another sequence of examples (Figs. 12a-c) with a hypothetical 

compton profile consisting of two joint parabolas demonstrates 

that, depending on the model and the statistical quality of the 

data, the range of the optimal number of knots can be strongly 

limited. In any case, again one has to perform an adequate 

statistical hypothesis test in order to establish the validity 

or failure of the model. 

6.4 Integral equations of non-convolution type 

Equation (6.8) can be regarded as a linear stochastic integral 

equation of the convolution type. With the developed formalism 

it is no problem to generalize the range of applicability of 

the present estimation concept to the following type of equa­
tions: 

00 

(6.13) r.p (x; e) = f g ( x') f (r ( x, x' ) ; e) dX', 
-00 

where r(x,x') is some given monotonous function of the distance 

between x and x'. Physical examples are known from the field of 

small-angle scattering, where the distortion effect in the 

scattering law is due to the finite cOllimation of the beam and, 

especially in the case of neutron small-angle scattering, also 

due to the polychromatic wavelength distribution. The three 
cases of interest /3/ include: 

r(x,x' ) = x-x' , slit-width correction 

(6.14) r(x,x' ) = (x2+x,2)1/2 , slit-height correction 

r(x,x' ) = x/x' wavelength correction. , 
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These types of equations have already been investigated in de­

tail /3,31,35/. It should be mentioned here that the Bayes al­

gorithm has been applied to these problems, in general providing 

good results as far as the relative experimental error does not 

exceed 1%. 

A special example for a slit-height correction is shown in 
Fig. 13 where a theoretical model fM(x), the hardsphere scattering 

function /3/ with radius R=10 and So=10~ was used: 

(6.15) [
3 (sin u - u cos u) J 2 , 

= S 3 u=Rx. o u 

The kernel of the integral equation was a step function for 

XE [0,2J ' leading to the following relation: 

(6.16) 
2 

= J 
o 

The final example (Fig. 14) involves the wavelength smearing 

effect, again using the hardsphere model (6.15): 

(6.17) 
00 

= C J 
o 

exp f
M 

(x/x') dx' 

. t al1.·ze the kerneIon with 0G=0.2, n =1.0, and C 1.S chosen 0 norm 
ff t d by "long wave-

O~x<oo. Due to the strong distortion e ec cause 
lengths" and due to the rat her large random noise with a relative 

error of 2%, the model can be reproduced by the estimation 

algorithm up to the second minimum only, which nevertheless 

1 progress with respect to practical 
represents a remarkab e 

applications. 
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7. Conclusions 

We have developed a numerical technique based on Bayes se­

quential estimation theory, which gives optimal cubic car­

dinal spline functions smoothing normally distributed exper­

imental data. Especially, this algorithm allows the 
performance of online data processing, where experimental 

information is updated after each new observation; addi­

tionally, as a result of this possibility, the control of 

the further development of the experiment according to sta­

tistical criteria from the theory of experimental designs 
can be realized. 

Further applications include the calculation of smooth 

derivatives of stochastic data, the use of periodic cardi­

nal splines, and the (generalized) deconvolution of exper­
imental data. 

The efficiency of the algorithm has been demonstrated uti­

lizing computer simulated and experimental data in a great 

variety of important examples from scientific practice. 

This sequential technique may prove to be of great use in 

different fields of experimental data processing. We would 

like to emphasize the fact that the computer program based 
on the algorithm which has been developed in this report 

is extensively used in solid state and scattering research. 
The program may be obtained from the authors by request. 
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Appendix 

Functional Characteristics of the Computer Program BAYSIC 

In its original version, the computer program BAYSIC contains 

15 subprograms. It allows to handle the pure curve fitting case 
(ITYP=O) and different types of integral equations (ITYPfO). 

Both cases can be applied to computer simulated data (IDATA=O) 

and to experimental data (IDATA;O). Since curve fitting problems 

arise very frequently, the version BAYSIC/O containing only 6 
subprograms has been coded separately. Abrief description of 
this latter program will be given first. 

Al. Input information for BAYSIC/O 

Only the meaning of the most important input parametercl will be 
given here, for details the program description should be 
consulted. 

MZ data points Z(J) with abscissae Y(J) are read in with 

variances VZZ(J)=Z(J) if IDATA=l, and VZZ(J) also read in if 

IDATA>l. IPER=l must be set in order to fit a periodic cardinal 

spline, for IPER=O a nonperiodic natural spline (KOND=O) or 

general spline satisfying condition (5.13) with given DO, DN, 

MUNU, MUN (KOND=l) will be used. NP AR denotes the number of 

knots of the spline, XO and XN correspond to the knots ~ and 
o 

~N' respectively. The a-priori information FEST(I) and VNULL(I), 
I=l,NPAR, i.e. the parameter vector ~ and the variances given 
by the diagonal elements of V , will be read in if MPRIO=O, or 

~ 
calculated by SUBROUTINE (S.R.) APRIL if MPRIOfO. The actual 

value of MPRIO then is a proportionality factor for VNULL(I). 
In order to perform the interpolation correctly, S.R. APRIL 

requires an ordered sequence of the data (Y(J)<Y(J+l)) there-- , 
fore, if the abscissae are not in ascending order, ISORT=1 will 
cause the sorting, otherwise ISORT=O. 
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The output is controlled by the following input parameters. NYP 

gives the number of spline points to be calculated equidistant­
ly between YPN and YPM. The calculation of the spline and/or 

its higher derivatives is determined by the logical variables 

LO, L1, L2, L3, where .TRUE. means calculation. IPRINT allows 
various options for printing the data, the spline, and its 

higher derivatives. IPLOT=O means that plots are produced for 

all cases which are marked .TRUE., IPLOT<O means no plot. 

A2. The program structure 

The MAIN-program consists of preparatory calculations including 

the call of S.R. APRIL, the main ca 11 of S.R. BAYSAL, and some 

concluding calculations for the output. 

S.R. BAYSAL refers first to S.R. BASEST (see below), which 
performs the complete estimation procedure yielding F(I), I=1, 

A 

NPAR, as optimal parametere0 of eq. (3.22) and calculates the v 
error bands for the spline and its higher derivatives given by 
VS(M), VS1(M), VS2(M), VS3(M), M=l, NYP, according to eq. (6.4). 
As next step, since the F(I) are known, the spline SeM) and all 

its derivatives Sl(M), S2(M), S3(M), M=l,NYP, can now be cal­
culated using the fast algorithms (5.21) or (5.37), which are 

coded in S.R. SPLESH. Hereafter, S.R. BAYSAL returns to the 
MAIN-program, where finally the curves to be plotted are given 

by SeM) S(M)+SQRT(VS(M)) for the spline and its error band, , -
and analogous expressions for the derivatives. 

S.R. BASEST essentially consists of two parts: a) the execu­
tion of the sequential estimation procedure, b) the calculation 

of all relevant error bands. 

In part a) the vector hex) of (4.16) determined by the linear 

model is calculated for a single observation point Y(J) in 
S.R. HAMAT, which is based on the expressions (5.19) and (5.36) 

for the spline models. The components of hex) are stored in 
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HAMA(1,l,l), 1=l,NPAR. With these elements, together with the 
observation value Z(J) and its variance VZZ(J), the updating 
scheme (4.16) is applied in S.R. BAYEST to XK(1) and VK(1,L), 

1,L=l,NPAR, defining the quantities eCk) and Ve(k) of (4.16a) 
and (4.16b), which yields XK1(1) and VK1(1,L). For J=l we have, 
of course, XK(1)=FEST(1), VK(1,1)=VNULL(1). After J=MZ observ­
ations are processed, the sequential estimation is completed. 

Part b) of S.R. BASEST calculates the corresponding error 
bandsaccording to eq. (6.4). The array YPOST(M),M=l,NYP, which 
is equal to YP(M) of the MA1N-program, designates all points x 
at which the spline SeM), t~e derivatives Sl(M), S2(M), S3(M), 
and therefore also the error bands are to be calculated. The 
expressions for VS(M), VS1(M), VS2(M), VS3(M) require the know­
ledge of the vector hex) and its derivatives at positions 
YPOST(M). This is achieved by calling S.R. HAMAT yielding 

HAMA(1,l,K), 1=1, NPAR and K=1,4. Hereafter, return to the MA1N­
program ends the curve fitting procedure as performed by 
BAYS1C/O. 

A3. The general program BAYS1C 

The principle structure as described so far remains unaltered 
when treating the general problem (6.13). The only changes 

consist in generating the simulated data, and computing the 
modified matrix elements (6.11) or equivalent expressions from 
(6.13) and (6.14). 

The simulation of the experimental data requires a model function 

fM(x), which is computed in FUNCT10N FUNC, where LFUNC selects 
between different models. The three arguments r(x,x') of (6.14) 
are calculated in FUNCT10N GG, here 1TYPfO is used to choose 

between these argument types. FUNCT10N SKERN allows to apply 
different kerneIs g(x) of (6.13) depending on 1KERN, with 81G, 

S1G1, S1G2, S1G3 as characteristic parameters for special kernel 
types. FUNCT10N F1NT, the total integrand of (6.13), is used as 



external function for the integration routine S.R. DQUADR of 
KFA-library FORTK which also needs NQU, KQU as number of steps 
for a specific Newton-Cotes quadrature and AANF, BEND as the 
integration limits, i.e. beyond which the kernel is truncated 
to zero. The resulting FUNCTION FANC, which is ~ (x.) of M l 

section 6.4, is corrupted with Gaussian noise from S.R. RANDN 
(this is identical with GAUSS of the IBM scientific subroutine 

package SSp) with standard deviation WVARN yielding the 

simulated data Z(J) at position x. stored in Y(J). 
l 

To apply the Bayes a.lgorithm it is necessary to evaluate the 
new matrix of the modified linear model (6.13). This implies 

to replace, in part a) of S.R. BASEST, the call of S.R. HAMAT 
by a call of S.R. HAMAST; part b) remains unchanged, because 

there S.R. HAMAT refers to the solution. For a measurement 
position Y(J), S.R. HAMAST returns the vector HAMA(I,1,1) of 
NPAR integrals according to (6.11) or from (6.13). The integ­

ration itself is performed with S.R. QUADA, a modification of 
S.R. DQUADR, which allows for the fact that several integrals 
must be calculated at one call. Like S.R. DQUADR, S.R. QUADA 
needs the integrands as external functions. These are calculat­

ed in FUNCTION FCT and consist of the products 

where g(x) is equivalent to FUNCTION SKERN(X), and the spline 
MAT t " . t . " S (r(x.,x)) is obtained by calling S.R. HA a POSl lon 

G~(X) ~here the actual measurement position Y(J) is supplied 
to GG(X) via a COMMON-statement. Once the new matrix elements 
are known, S.R. BASEST continues as described above for BAYSIC/O. 
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A4. Storage requirements 

The standard versions of BAYSIC and BAYSIC/O use arrays dimen­

sioned such that 

MZ < 999, NPAR < 40, NYP < 200. 

There are 4 single precision vector arrays of length 999, 12 

vector arrays and 2 matrix arrays of dimension 40, most of these 

arrays in double precision, and 17 single precision vector 
arrays of length 200. In most cases it should be possible to 

reduce the total length drastically, if necessary. 
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Figure Captions 

Fig. 1a: 

Fig. 1b: 

Fig. 2a: 

Fig. 2b: 

Fig. 3a: 

Fig. 3b: 

Fig. 3c: 

Fig. 4a: 

Fig. 4b: 

A complete set of B-splines for the class of 

natural cubic spline functions with the knots 
(0,1, ... ,5), in the upper part. 

A complete set of cardinal splines for the class 
of natural cubic spline functions with the knots 
(0,1, ... ,5), in the lower part. 

Typical curve fitting example for a spectrum of 
scattered neutrons by a natural cardinal spline 
with 20 knots, in the upper part. 

The same as Fig. 2a, with40 knots, in the lower 

part. 

Simulated sequential experiment after one observ­

ation with the true model (full curve), the a­
priori information and its error band, in the 

upper part. 

State of the experiment of Fig. 3a after 26 
randomly selected observations, in the middle. 

The same as Fig. 3b, after 300 observations, 

in the lower part. 

Simulated sequential experiment after one observ­

ation with the true model (full curve), the a­

priori information and its error band, in the 

upper part. 

State of the experiment of Fig. 4a after 26 

observations selected along the rules of a D­
optimum sequential experimental design, in the 

middle. 



Fig. 4c: 

Fig. 5a: 

Fig. 5b: 

Fig. 6a: 

Fig. 6b: 

Fig. 7a: 

Fig. 7b: 

Fig. 8a: 

Fig. 8b: 

Fig. 9a: 

Fig. 9b: 
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The same as Fig. 4b, after 300 observations, 

in the lower part. 

Natural spline with 12 knots fitting a set of 
symmetrically reflected datä of scattered neu­

trons, in the upper left. 

The first derivative of the spline of Fig. 5a, 

in the lower left. 

The same as Fig. 5a using a periodic spline, 

in the upper right. 

The first derivative of the spline of Fig. 6a, 

in the lower right. 

Symmetrized natural spline fitting the left half 

of the data of Fig. 5a, in the upper left. 

The first derivative of the spline of Fig. 7a, 
in the lower left. 

The same as Fig. 7a using a symmetrized periodic 
spline, in the upper right. 

The first derivative of the spline of Fig. 8a, 
in the lower right. 

Deconvolution of a Gaussian model function with 

width aM = 0.25 from simulated measurements 
with a relative error of 1% obtained from a 
convolution with a Gaussian kernel of width 

aG = 0.10. The solution (with 20 knots) and 
its derivative are shown separately in the 
upper part. 

The same as Fig. 9a, with aG=0.15, in the middle. 



Fig. 9c: 

Fig. 10a: 

Fig. lOb: 

Fig. lla: 

Fig. llb: 

Fig. llc: 

Fig. 12a: 

Fig. 12b: 

Fig. 12c: 
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The same as Fig. 9a, with aG = 0.20, in the 
lower part. 

The same as Fig. 9a, with aG = 0.20 and 15 knots, 
in the upper part. 

The same as Fig. 9a, with aG = 0.20 anda rel­

ative error of 0.01%, in the lower part. 

Deconvolution of an experimentally given compton 
profile from simulated measurements with a rel­
ative error of 1% obtained from a convolution 
with a Gaussian kernel 10 times smaller in 
width than the physical model (20 knots), in 
the upper part. 

The same as Fig. l1a, with 30 knots, in the 

middle. 

The same as Fig. lla, with 35 knots, in the 

lower part. 

Deconvolution of a hypothetical compton profile 

of two parabolas from simulated measurements 
with a relative error of 0.1% obtained from a 

convolution with a Gaussian kerne 1 of width 

0.42 times the width of the physical model. 

The solution and its derivative for 17 knots 
are shown at the upper left and the upper right, 

respectively. 

The same as Fig. 12a, with 20 knots, without 

derivative, in the lower left. 

The same as Fig. 12a, with 22 knots, without 

derivative, in the lower right. 



Fig. 13: 

Fig. 14: 
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Slit-height correction for the hardsphere scat­

tering function with simulated data of 1% rel­
ative error (25 knots). Range of experimental 

data: 0 ~ X ~ 2.0, range of knots: 0 ~ X < 2.2. 

Wavelength correction for the hardsphere scat­
tering function with simulated data of 2% rel­
ative error (22 knots). Range of experimental 
data: -0.2 < X < 2.0, range of knots: 
-0.2 < X < 2.2. 
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