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Abstract 

We treat the break-up of the deuteron in the field of a heavy 

nucleus. Our theory is based on the post formalism of the 

DWBA, which is discussed in detail. In particular we con-

sider the case where the energy of the incoming deuteron is 

below the Coulomb barriere This subcoulomb break-up permits a 

test of the DWBA by comparing experimental data with the theory. 

Small effects are investigated in th~ context, and other treat­

ments of this process are reviewed critically. To give an in­

tuitive picture of the break-up process we introduce a semiclas­

sical model. 

In the second part the theory is extended to stripping reactions 

to unbound (resonant) states. We show that this reaction which 

interferes with the direct break-up process, can again be weIl 

described in the post-form of the DWBA. Using simple models we 

discuss the most important features of such reactions. Particu­

lar attention is paid to the "l-enhancement", "parallelism" and 

the influence of the specific wave functions on resonance line 

shapes. A survey and comparison of various theories of strip­

ping reactions to unbound states is given and finally we discuss 

possible future developments. 
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1. Introduction 

The problem of the break-up of the deuteron in the field of a 

nucleus is very old and basic in nuclear physics. The first 

speculations about this process were made by Oppenheimer and 

Phillips [IJ as early as 1935. They tried to interpret the 

preponderance of (d,p)-reactions over (d,n)-reactions by a 

virtual dissociation of the deuteron in the Coulomb field of 

the nucleus before the actual nuclear interaction takes place. 

Because of the Coulomb repulsion of the proton this would ex-

plain the afore mentioned dominance of (d,p)-reactions. In 

this context, Oppenheimer [2 J also tried to treat the real 

break-up of the deuteron in the Coulomb field of a nucleus. 

It was not before the important work by Butler [3J that strip­

ping reactions became accessible to theoretical treatment. La-

ter on Butler's theory was superseded by the more complicated 

distorted-wave-born-approximation (DWBA), yielding a quantita-

tive description of stripping reactions to bound states. (For 

a detailed and excellent review of this topic, see e.g. ref. [4]). 
In most treatments up to now the influence of the actual break-

up of the deuteron on stripping reactions has been neglected. 

There are theoretical arguments [5] that it is a small effect, 

but the problem actually involves all the complications of a 

three-body rearrangement collision. In an approximate way 

Johnson andSoper have shown [61 how to include virtual break-up 

effects in the deuteron optical model potential. 
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The question of the real break-up of the deuteron, on the other 

hand, has been considered in an important paper by Landau and 

Lifshitz [7 J They used boundary condition methods, similar 

to the ones introduced later on by Butler [3] The result 

obtained by these authors is equivalent to the zero-range-DWBA 

result. Their paper has been critically discussed by Breit [8J . 
Some numerical results based on the formulae of Landau and 

Lifshitz have been reported by Ketchum [9]; extensive inve-

stigations of the corresponding DWBA expressions were given by 

the present authors [lOJ. The appealing result of Landau and 

Lifshitz was also rederived by Butler and Austern [11] . 

The ideas of Landau and Lifshitz did not receive the attention 

which they deserved. Instead, theorists pursued different ways 

of investigation. Attempts were made to treat the deuteron 

break-up in a p&rturbation approach which completely neglected 

the fact that the center-of-mass of the proton-neutron system 

in the final state is not moving on a Rutherford trajectory. 

The first paper along these lines by Mullin and Guth [12J ap­

peared in 1951. They consideredthe deuteron break-up as a 

Coulomb excitation process into the continuum. In 1963, more 

extensive numerical calculations, based on the same model, were 

made by Gold and Wong [13 ] e During that time numerous experi­

ments on the deuteron break-up reaction were also performed. 

After the early measurements of the (d,p)-reaction in the me-

dium energy region by Cohen and Falk [14J and Aschenbrenner [15] , 
extensive coincidence measurements of the deuteron break-up re­

action were performed by the Pittsburgh group [16-18J by Udo 

and coworkers [19-2 ~ and by Nemets et ale [22]. Later, very 
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accurate coincidence measurements were performed by J. Lang, 

L. Jarczyk et ale [23-29. 

The accuracy of these measurements allows to test the different 

existing theories. In 1972, Rybicky and Austern [27] compared 

extensive numerical calculations based on their theory, which 

incorporates nuclear interactions in the model of Mullin and 

Guth [12J ' with experiment. Finding no agreement they inter­

preted the failure as a consequence of the poor description 

of the final state. 

In this work we want to describe a post-interaction DWBA ap-

proach to the problem of deuteron break-up, which overcomes these 

short-comings and is able to quantitatively explain the experi-

ments. This report is based on (and in part reviews) our ear­

lier investigations [28-32}. Furthermore, we study small 

corrections, like the deuteron D-state, "polarization", and spin-

orbit interactions, which may be important in the break-up re-

action. Particularly instructive is the "subcoulomb" break-

up,where the energy of the incoming deuteron is below the 

Coulomb barriere In this case ambiguities due to optical model 

parameters are absent and hence the investigation of the break-

up process allows for a clean test of the DWBA. Furthermore, 

the semiclassical limit can be derived and thus an intuitive 

picture of the process as weIl as an accurate approximation are 

provided. Our approach to the break-up reaction lends itself 

very easily to the more particular problem of stripping re-

actions to unbound states. Indeed, in the experimental study 

of transfer reactions not only the usual type of stripping re-
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actions to bound states is observed (see e.g. ref. [41), but 

occasionally resonant states are also populated. Early observa­

tions of this type were made by Alty et ale [33]. A particularly 

careful study of transfer reactions into the continuum, measu-

ring resonant as well as background contributions, was made 

by Fuchs et ale [34,3S]. They established an interesting rela­

tion between transfer reactions to unbound states and the ela-

stic scattering of neutrons. 

Theoretically, the problem of stripping reactions to unbound 

states was first studied by Friedmann and Tobocman [36] , who mo­

dified the old Butler theory of stripping reactions to treat the 

case of stripping to unbound states also. We will show that 

this simple theory can explain many experimentally observed fea-

tures of such reactions [34,3S,37J • 

by Huby and Mines [38J ' and later on 

Further progress 

by Vincent [3~. 

was made 

They sol-

ved the convergence problem of the postform expression of the 

DWBA. A formal discussion of this DWBA expression was given by 

Levin [40, 4.1J and a complex integration metheod to calculate 

numerically the slowly convergent radial integrals occurring in 

this DWBA treatment was described by Vincent and Fortune [42J • 

Their powerful method allows an easy calculation of stripping 

reactions to unbound states. On the other hand, 

different models were introduced into the theory of con-

tinuum stripping reactions in order to avoid the calculation of 

these slowly convergent integrals, namely the theories developed 

by Bang and Zymany [43J ' by eoker [4~, by Bunakov et ale [4S-48] , 

by Schlessinger and Payne [49] , by Lipperheide and MÖhring[SO-S2] , 
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by Noble [53] ,by Sharaf [541 and by Dolinsky et ale [55-57] . 
A short review of all these theories is given in this paper. 

Although it is possible to analyze the experimental data in the 

framework of the DWBA by using the integration technique of 

Vincent and Fortune [58-60] , it does not give an easy insight 

to the physical mechanism of such transfer reactions into the 

continuum. Nevertheless, in same special cases intuitive inter-

pretation is possible. Therefore, we will discuss here in par-

ticular the subcoulamb case and the plane-wave limit which still 

contain most of the interesting features of such processes. 

Finally, we will discuss some of the possible future experimental 

and theoretical investigations. 

2. General Theory 

The process we want to describe is of the type 

d+ R --. p+ n + R (2.1) 

where a particle d (typically a deuteron) upon hitting the target 

nucleus A breaks up into a particle p (proton) and a par-

ticle n (neutron). We are mostly interested in the special 

case where A remains unexcited, i.e. we do not ascribe any 

internal structure to A. 
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One can think of various rnechMdms leading to this final state. 

Firstly, the proton-target and the neutron-target interaction; 

characterized by optical potentials Vp~ and VrrA respectively, 

can directly lead to a disintegration of the deuteron. This pro-

cess, which we want to call direct break-up, will be the subject 

of chapter 4. Secondly, we can also imagine that either the 

proton or the neutron, or even the deuteron, will form a reso-

nant state with the target nucleus (resonances that may not be 

accounted for by the energy averaged optical potentials vr~ 

and Y~R mentioned above). The subsequent decay of the reso-

nance will then again lead to the three-body final state p+n+A 

of eq. (2.l), i.e. 

p+n+R (2.2) 
• 

It is worth considering the energetics of the various reaction 

mechanisms of eq. (2.2) : for a given incident deuteron energy 

E the resonant states (n+A) and (p+A) can be reached by d res res 

sharing the total energy between the outgoing proton or neutron. 

Thus a sharp energy E 
P 

(within the width of the resonance) is 

associated with the formation of the resonance in the neutron chan-

el (n+A), and a sharp energy E 
n corresponds to the formation of 

a resonance in the channel (p+A). Note that in this case the energy 

of the emitted proton will be spread out due to recoil effects. 

The (d+A)res state can of course only be formed for a selected 

energy E
d

• In this case, boththe neutron and proton final 
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state energies will be spread out due to recoil effects. Of 

course, all these processes cannot be distinguished fram each 

other. The various amplitudes will have to be added coherently. 

In general, the resonant states can also decay into other fragments 

than A+p+n. This means that one has to consider the internal 

structure of A. 

In the following, special emphasis is put on deuteron and heavy 

ion induced reactions with energies comparable to the Coulomb 

barriere 

Since the reactions we want to describe are characterized by a 

three-body final state, we want to review briefly the pertinent 

kinematics (for further information we refer the reader to the 

literature, see e.g. ref. [61, pg 550 ff.] or ref. (621 ). The 

'banonical"parameters are introduced as shown in fig. 1. (Here-

by we use a notation which is suggestive of an A(d,pn)A reac-

tion, though, of course, d=p+n may denote any particle). 

The masses of the three particles are denoted by lltA ,'tl1p and 

~~ , their coordinates in an arbitrary frame of reference are 
-.. ~ iIt -+..... ..... 

given by 'RR , 'R'P and 1\"" their momenta by PA, Pp and f". The 

total kinetic energy is given by 

(2.3) 
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In the center of mass frame which is defined by 

(2.4) 

we have 

::s 0 . 
(2.5) 

Let us now consider the subsystem p+n and describe the motion 

of A with respect to the center of mass of this subsystem. 

We introduce the relative vector between particles i and j by ......... ~ 
Xlj .:: 'Rj -'Rt and the distance of particle k form the center 

of mass of particles i and j by 

) 

where 

.... 
The momentum conjugate to ~~ is then given by 

with the reduced mass 

'mk (lYIi 1" nu) 
M 

The momentum conjugate to ~Ä is given by 

(2.6) 

(2.7 ) 

(2.8) 

(2.9) 
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-+ • ... --. 
rrh~' - rn· ~i PZj = 'YYltj XtJ - ~ (I ) 

nn +'mj 
(2.10) 

with 

rn·rn-
n1'j - , J 

'l'YI. -+ mJ (2.11) 

To describe the initial bound state of p+n (=d), we introduce -- -.. the convenient coordinates }(np and gft together with 

their conjugate momenta. The kinetic energy in the center of 

mass system is then given by 

~iY1 - J (2.12) 

-+ --In the exit channel we choose the coordinates XnA and .9
p

• 

The kinetic energy is then written as 

) (2.13) 

where 

-
.. -

Alternatively, we could have chosen the coordinates XrA and fn • 

In this case we have 

Ql. 
n + (2.15) 

These kinematical relations allow us to calculate the phase 

space factor ~ (phase) (the tldensity of final states tl ) which 

enters into the quantum mechanical expression for the cross 

section : 
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(2.16) 

where -rfL is the corresponding T-matrix element. We assume 

that the plane-wave solution of the wave functions entering 

into the T-matrix is normalized as 

._~ 

U~ el, p" 
I 

(2.17) 

where u~ is a spinor of rank s (the spin). Then we have 

the following normalization : 

(2.18) 

The space factor ~(phase) can be evaluated by using the fact 

that the total number of states for the three final particles 

is given by ceqA (t'PMP / /,.6 • Following ref. ~2 J ' and writing 

the phase space factor as the following integral 

!?(pho. •• )(EH ) dEn d.Q. dUp ~ ~. ~d·p.. d'f'r dar. . 
(2.19) 

. 8(i-~-PM-PP)·g (E -EA-[n-Ep) ) 

where ;p is the total momentum (=0 in the center of mass sy­

stem) and E is the total available kinetic energy, we easily 

get : 

(2.20) 
• 
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For the ease lOR >'> lYlYlJYnp to be eonsidered in the following 

the phase spaee faetor ean safely be approximated by 

(2.21) 

In this asymmetrie ease it beeomes more eonvenient to introduee 

We idealize the problem of the break-up reaetion to a three par-

tiele problem and write the total Hamiltonian in the following 

way : 

(2.22) 

and TA denote the kinetie energy operator of 

p, n and A, respeetively. The neutron-proton interaetion 

Vnp (~p) is weIl known for our purposes in the low energy region. 

In the triplett state there exists a bound-state - the deuteron -
t..2 2. 

with a binding energy of 'Bol =. ~ = 2.2246 MeV. This 
2.ll'Il'Ip 

defines the quantity ~ used later on. The neutron- and proton-

target int.eraetions V~R (Y:t~) and VrA (r;n) are given by their 

appropriate optieal potentials. 

As a side remark we mention here that effeets due to the proper 

antisymmetrization of the target- and projeetile-nueleons (not 

eonsidered in our model) have been studied in various papers by 

Gambhir and Griffin [63-651. These so-ealled "Pauli break-up" 
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terms seem to be "neither large nor unusual" (see ref. [66]). 

The free Hamiltonians of the deuteron- and of the break-up 

channel (in- and outgoing channel) are given by 

t-h :::. T~i .. * V~p 
and 

l:ln 
(2.23) 

Uf =-

where T . is total kinetic energy. 
~IVI 

The initial and final state interactions are given by 

and (2.24) 

Vt = H - \~~,::; VV\'H + VPQ --+ VV\? 

According to Gerjuoy [67J the transition matrix element in the 

"prior representation" is given by 

) (2.25) 

where is the full solution of the Schrödinger equation 

with only ingoing neutron and proton spherical waves. 

'!!' 7) can be defined by [39] 

11~) ~-+ 
-1 V., ~ == 

E - LE - H ) 
(2.26) 

with 

-+ ~ -- ... 
~ 

i. ( (tn YVl~ -+ ~r rpl'l) - e 
• (2.27 ) 

.. 
In the following part of this chapter, A is assumed to be 

infinitely heavy. 



- 15 -

The wave function g'. denotes a free deuteron incident in di-

rection ~: 
...... ~ 

~ - ~ol (rnp ) e l ~ rdA (2.28) 
I 

where ~ utp) is the internal deuteron wave function. 

The corresponding "post representation" of the T-matrix is for-

mally written as 

(2.29) 

where ~~+) is again the full solution of the Schrödinger equa-
l 

tion with the boundary condition for an outgoing deuteron. It 

was argued by Gerjuoy [67] that this expression is divergent and 

therefore should not be used. Later on, however, Vincent [39J 
introduced an exact formulation of the post-expression by taking 

the following limit 

T C1-) L' <'V~) I - eS YnR \/ (~)!11}+» 
l.fl = lm Nf e lnp 'Vlp J.i • 

C"'O+ (2.30) 

This exact expression may be regarded as an interpretation of 

the non-convergent form 

.,-l1-) 

Iti - (2.31) 
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which results from a purely formal derivation. {For the deriva­

tion of eq. (2.30) we refer the reader to the literature [39J}. 

By deriving eq. (2.30) the Gell-Mann-Goldberger relations were 

used (cf.ref [68J ) to replace the full interaction in the break­

up channel, \-f-V'hp"t "'(IR +VpR , by VYlP • The remaining potentials 

VpA+Vl'IR were used to "distort" ~ into x:: : 
X(-> 

f =- Jt + (2.32) 

which is an exact solution of the Hamiltonian 

(2.33) 

A detailed and more suggestive derivation of eq. (2.31) with the 

help of wave packets is given in ref. [4] . 

Naturally, the Gell-Mann-Goldberger relation can also be applied 

to the "prior-representation". For this reason a potential Vd.R 

acting only on the center of mass of the neutron-proton system, 

is introduced. This potential gives rise only to elastic deu-

teron scattering, and leads to 

T, rl fL - (2.34) 

.yC+) 

where /\'i, describes a deuteron, whose center of mass motion 

\ I (.+) 
is given by a distorted wave in the potential VdA Thus)Ct 

is a solution of the initial state Hamiltonian 
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(2.35) 

We note here that the derivation of the prior form presents less 

difficulties than the corresponding derivation of the "post-type" 

transition matrix elements, since in the former one no divergence 

problems arise. However, as we will see later, the post-form is 

much more useful for practical purposes. This is due to the fact 

that VYlP is of shorter range than VpA .... V"ij - VaR 

3. DWBA Treatment of the Break-Up Reaction 

The computation of the exact T-matrices eqs. (2.30) or (2.34) re-

quires a treatment of the full quantal three-body problem. There 

is an exact theory available, the Faddeev theory; however, this 

method is very hard to realize in practice. This leads us to 

consider the DWBA theory of stripping, which has successfully been 

passing the test of stripping experiments to bound states during 

the last two decades. 

3.1 DWBA-T-Matrix -----------------

lt,tt: ) In the DWBA the exact solution ~w ,which enters into the 

post-form matrix element (2.31), is approximated by the di-

X(+;) 
storted wave ~ introduced previously. In general, this 

approximation can be expected to be good if inelastic processes 

are weak*, i.e. 

*Possible rescattering effects, which are not included in the DWBA , 

were studied by Friedman [69]. 
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(3.1) 

A s~ilar approxLmation, whose quality depends on the weakness 

of Vnp in the break-up channel, can be introduced in the 

* prior form of the DWBA : 

(3.2) 

This leads to the prior form of the DWBA. It can be shown ~8,391 
that the post and prior form of the DWBA are identical, i.e. 

"r~-.)('1\\ftQA) - ~)('l'\lrfQn) 'T" ,"",w.() - 'fi \lJ\I\I-D n ) 
(3.3) 

t-) '/ 'x(:-) \ -&l'i.A V, \ -y(f) > 
lt~ Cj)\J"~R) = ~rn " f e Ylp I\.t I 

E:~O+ 

(3.4) 

and 

(3.5) 

•• 
Quite analogous tothe case of bound state stlipping, the usual 

definition of the optical potential YpA leads to terms in addi­

tion to VYlP (see ref. [4, P9.lS9ff.]). We assume that these 

correction terms are negligibly small. 

.- -
If A is not considered infinitely heavy the difference between 

~ 

and- gp leads to correction terms of the order of 1/A, which are 

neglected in the following. 
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From a historica1 point of view it is worth noticing here that 

this equiva1ence was first stated by Huby and Mines [38J in 

1965. They performed a partial wave decomposition of the prior 

DWBA matrix element ~r) *) and showed that each partial wave 

matrix element is identical to a corresponding partial wave 

matrix element in the post representation. Thus, in their treat-

ment, convergence of the post-form matrix element was introdu-

ced not by a 1imiting process, but rather by a special order of 

the integration which is imp1ied by the partial wave decompo-

sition. 

After having established the DWBA amplitudes (3.4, 3.5) it is 

a technica1 problem to ca1cu1ate these T-matrices. In practice 

this means that we have to introduce a partial wave expansion 

for the distorted waves which may be written as 

= (3.6) 
) 

(3.7) 

Here we have restricted our consideratio~ to optica1 potentials 

which conserve orbital angular momentunl. Eq. (3.7) satisfies 

the time reversa1 relation 

• 
From now on we neg1ect the specification "DWBA" for the T-matrix. 
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(3.8) 

In the case of no spin-orbit inter action eq. (3.6) reduces to 

(3.9) 

where the asymptotic form of X~(~Jr) is given by 

(3.10) 

The Sl,. are the usual S-matrix elements and 1-1-(..( 'YJ) ~r) is 

related to the regular and irregular Coulomb functions fcX, ,str) 
and GI, (~l <;tr) by 

(3.11) 

The Coulomb parameter ~ is defined by 

) (3.12) 

while O"L(ll) <= a~ rCl+1t~~) is the Coulomb phase shift and Z de-

notes the product of the charges of the two colliding particles. 

In general, we use the same expansion (3.7) for the outgoing neu-

tron. We then will denote the radial neutron wave function by 

(3.13) 
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In the special case, however, where the neutron is captured in 

a resonance state B = (A+n) , a more general neutron wave func-res 

tion has to be used, namely [40 J 
%in cr;,,, i JA IM~) Vf } - 4-i" 2.-- Li <JRMAj/tL/IJ8Ma><L'm'i~'Jf)' 

~~j/r'L~ . <Lm ~v' i 13><J~RRjt;t1 JaMB)· 
Lm'JgHAMn 

~ 1- (3.14) 

. Yt.nt (~A)Yl.'ml (4") Li ~ 
;t JA r J.s,JA ( ) 
~t1Q . t j.~'lll' ~11/tnA ) 

where now the wave function rJa I~~ (0 "'" a) has to be determined by i j j', u! 1", I \11'0 

a coupled-channel calculation. The internal wave function of 

the core A, which is assumed to have spin and magnetic quantum 

numbers :J~ and MR is denoted by ~~R Of course, in this 

case, we also have to introduce the wave function ~~ , des-
HR 

cribing A in its initial state, into the T-matrix and to integrate 

over the internal coordinates of A • 

The internal wave function of the deuteron is given by 

(3.15) 

where 
I 

anat Sc.( = Set -1 

(3.16) 

Of course, the deuteron wave function can be represented in a 

different basis, more convenient for the description of other 

projectiles : 
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(3.17) 

-o(y/ 

The radial deuteron wave functions uJ~(r) behave like e /r 

for r~ 00 , with ~ = 0.23l7fm-l • Several choices for these 

radial wave functions are known in the literature. In most ca-

ses we will use the wave functions proposed by Hulth~n and 

Sugawara [701: 

(3.l8a) 

and 

_ . icxr~ -t'2.(r-rc.)).2(1 ~(4-e~)+ 3(~-e~'')1.).EKr-rc.) 
U12(r)-NSIYIE~r\.~-e '1+ o<.r o(~r3. (3.l8b) 

where we have used the step-function, defined by 

o 
-1 

X<.O 

X~O 

J 

(3.19) 

The normalization constant N is related to the effective range 

gt obtained from neutron-proton scattering : 

(3.20) 
J 

and ~ is the mixing parameter in the deuteron ground state. 

The parameters ~o) ~4 and ~~ are connected with the hard 

core radius ~ , the D-state probability 1; and the effective 
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range ~t. For the corresponding values see ref. [70] • 

In the special case where we are only considering the S-state 

of the deuteron (e~= 0) we will chooS! eq. (3.l8a) with 

rc = 0, f:A'0~ 5.39 0( and 

(3.21) 

Inserting all these wave functions into the DWBA express ions 

(3.22) 

with 

where we have neglected spin orbit interactions in the optical 

potentials and where 11 denotes the corresponding potentials 

occurring in the post or prior T-matrix element, respectively. 

All observable quantities can be expressed in terms of these 

matrix elements, e.g. the cross section where the neutron is 

not observed is given by : 
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(3.24) 

where we have used the approximate phase space factor (2.21). 

Equivalent formulae were given in ref. [40] (c.f. the analogous 

expressions used in bound state stripping reactions [4, 71, 72]). 

After the principal problem of the convergence of the post-

form matrix element has been removed, there still remains the 

difficult numerical problem of calculating the occurring radial 

integrals in the partial wave decomposition. The radial inte-

grals are,in the zero-range approximation,of the type 

IX) 

I dr XLl~J r) tj.l. (Cf"/) Xlr (1fr, y) • 
o 

(3.25) 

Due to the asymptotic behaviour (3.10) of the wave functions, 

convergence is ensured by the oscillations at infinity. But nume-

rically, this convergence is not attained even at upper integra­

tion limits of, say, 400 fm. Huby and Mines proposed [38] to 
-Er 

introduce a convergence factor e into the radial integrals 

(3.25) and to evaluate the limit 'Rktt.v.lp(e~O) • However, this 

method turns out to be rather impractical. Many calculations of 

~killilp CE:) with rather small values of E. are needed in order 

to obtain a reliable extrapolation to c+o. The much more ele-
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gant complex integration method was introduced by Vincent and 

Fortune [42]. In their method the range of integration is di­

vided into an inner part 0-' r' rot and an outer part ~~r'oo with 

~ chosen such that the nuclear potentials become negligible in 

the outer part. The integralover the inner range is evaluated 

by a standard program, while in the outer range the asymptotic 

wave function fJ~ is spli t into H* and H parts. These parts can 

be integrated along a line parallel to the imaginary axis. Due 

to the kinematical condition 

) 
(3.26) 

following from energy conservation, this integrand converges 

rapidly in this direction. Using Cauchy's integral theorem, 

it can be shown furthermore that the integral then can be com-

pleted by a circle with infinite radius giving a vanishing con-

tribution. Since there are no contributions from poles of the 

integral in the outer region, the evaluation of the whole inte-

gral can therefore be done quite easily, and the post-form of 

the DWBA can be used for our further analysis. 

3.2 Pure Coulomb-T-Matrix -------------------------

The case of the sub-Coulomb deuteron break-up is especially clean 

and important. By definition sub-Coulomb means here that the 

optical model wave function of the deuteron incident on the 

target A may be replaced by a pure Coulomb wave function 
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This occurs when the energy of the incoming deuteron is below 

a "safe bombarding energy" which is slightly smaller than the 

usual energy of the Coulomb barriere This choice of the energy 

of the deuteron implies that the wave function of the outgoing 

proton may 

function 

be, a fortiori, replaced by the corresponding Coulomb 
ctyc-) ( ... ) 

A. ~f" rp~ This is justified because the proton 

energy is always smaller than Ed-ld. This fact is very impor-

tant for the discussion of sub-Coulomb break-up reactions, compa-

red to bound state stripping, where the mostly positive Q-value 

(~Ep-E~) of the reaction leads to a nuclear distortion in the 

proton channel, even at small bombarding energies. Unfortunately,the 

same arguments cannot be used for the outgoing neutron, i.e. its 

"* wave function can never be replaced by a plane wave. Nevertheless, 

we will define a so-called pure Coulomb T-matrix [lOJ by using a 

plane wave for the neutron as 

(3.28) 

which is, in the zero range approximation (c.f. eq. (4.10», 

approximated by 

(3.29) 

The introduction of this "model T-matrix" will be useful in our 

further investigations. 
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4. The Direct Break-Up Process 

As mentioned above, we mean by a direct break-up the process 

where the deuteron disintegrates directly under the influence 

of the nuclear optical model potentials (including the Coulomb 

part) • 

In the prior form of the DWBA we have to calculate the matrix 

element (3.5). In order to illustrate the difficulties in the 

evaluation of this matrix element, let us take a simple example : 

we neglect the neutron-target inter action ~A and restriet our-

selves to pure Coulomb distortions in the deuteron-target and 

proton-target interaction. We obtain the following matrix element 

("pure Coulomb break-up") : 

(4.1) 

We attempt to evaluate this six-dimensional integral by choosing 

~ ... 
rpll and (dA as integration variables. All other choices seem 

less favourable, because it would involve using addition theorems 

for coulomb (or even optical model) wave functions. Now we ex-

llnd 
) 

(4.2) 
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(where we have chosen lnA» mn for simplici ty' s sake). The 

neutron plane wave can most easily be expressed in our integra-

tion variables. By choosing a suitable form of the 

deuteron wave function Ce.g. a Hulth~n wave function for an 

S-state deuteron) a convenient expansion in the integration co-
... -.. 

ordinates ~pA and (dA can be found. The final formula in par-

tial wave decomposition is given by 

Here we have introduced the tensor product of two shperical har-

monics (so-called bipolar harmonics) by 

'V"pLYI 1\" [ V J\ Y ,,] 
T ld mci ( lff J ~") == kplYlp (~p) ® 1.""". (q.n) l.d rtld 

:: L < Lp tnp LrJm"/ltJ WJd > YLp'm'(4,,) tlll1lJ4,,) 
(4.4) 

'WIpm" 

Using the incident-beam coordinate system, in which the z-axis 

-+ ...... 
is defined by the direction of <td. and the y-axis by qct)( ~p 
we have 

(4.5) 

and therefore 
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where Gp and Sn are the scattering angles of proton and neutron 

in the center of mass system and ~ is the difference between 

their azimuth angles. 

(4.7) 

00 

+ b (.li" r",,) f d rfo ~~) ( :1. i 01 r,.) (rdA - rpA) J,. (~. rpo) T.r (~f/jlr') } . 
~ 

The second integral in eq. (4.3), defined as eq. (4.7) but with 

~replaced by ~ , leads to a very small angular dependent finite­

range correction and can therefore be neglected. 

In our numerical attempts we managed to calculate the radial inte-

grals reasonably accurately and fast, but the ensuing sums over the 

L-values turned out to be fraught with difficulties. Partial can-

cellation effects show up, and the convergence is extremely poor. 

We definitely considered such a calculation as too time-consuming 

to be practicable. We want to note that the introduction of 

"distortion" into the neutron wave function can be handled in a 

simple way only in the region outside the nuclear interaction 

(where it is also most important); there a Sawaguri-Tobocman-type 

of addition theorem [73] is available, leading to an expression 

quite similar to eq. (4.3). 
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To overcome the difficulties by calculating the Coulomb part 

of the prior amplitude two approximations have been introduced 

in the literature [12, 13, 27] : firstly a multipole expansion 

for the potential difference in (4.1) is used, giving 

"P(r. ~) = l~ CL - .L} le'J -1 - -1.-} == 
"P I dA - 1 'PA taA::: 1It-l~fl ttA 

- 2 2[1"1('" 2 ) (.k. - J-) (4.8) - e t:1 '''p- rctA rrtp tdA 

4 ~ ~ -L (. e(2rtQ- r!\p> (!!!t'''+ G(r1tp-2rctal ~ L)V,*(J\ )1. (r. )1 + 1T L L .2t.+J1 rci~+" 2./ (r.rkY· ... -i ctA 'tm ~A Lw" "f' 1. 
Il=.f ~=--t 

Expression (4.8) can be approximated, using r~t <4 rdA ' by 

(4.9) 

This so-called "dipole approximation" will be weIl fulfilled 

because the main contribution to the radial integral comes, due 

to the short range character of the neutron-proton interaction, 

from rdA »r"p. Naturally , one can also take into account 

higher terms in eq. (4.8). 

The second and more serious approximation consists of replacing 

the DWBA final state in eq. 'Y(:-) (: -f:-) -.. ~) (,~ 
(4.1) by f\J-;:t rdA) '~tL (rnp) , where ~tdfl) 

~~ ~ 
is now an optical wave functlon for the unbound final deuteron 

moving in the fleld of the target nucleus and ~:)(~r) a neu­

tron-proton scattering wave function (to be used wlth incoming 

wave boundary conditions). This wave function may be interpre-

ted as a Coulomb excitation of the initial bound state of the 

;t.c..-) ... 
deuteron into an unbound scattering state ~cL (r"p) • 

Introducing both approximations in the prior matrix element 

(4.1) we get for the pure Coulomb break-up an expression which 

is very similar to the one given by Mullin and Guth in their 
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perturbation treatment [12]. This approach was followed by Gold 

and Wong [131. They calculated numerous exarnples of break-up 

cross-sections. The matrix-elements occurrir.g in their treatment 

are weIl known in the theory of Coulomb excit~ti~n [74]. Ribicky and 

Austern [27J refined the prior treatment of the break-up pro-

cess by taking into acount all Coulomb and nu~lear interactions 

exactly. Again, the radial integrals occurri~g 1n Coulomb exc1-

tation theory can be used to speed up the n~~er1c3l calculation. 

Although the authors were able to show that the nuclear 1nter-

actions are very important and are never neglig1ble they found 

even in their refined model no agreement between theory and ex-

periment, especially for low deuteron energies. They explain 

this disagreement by the bad descripticn o'f tne final state. 

Indeed, using this prescription the nuclear and Coulomb field 

of the target nucleus act on the center of mass of the neutron-

proton system in the final state, which 1s surely a bad appro-

ximation : while the theoretical results are symmetrie in the 

neutron and proton energy, the corresponding experimental va-

lues show a pronounced asymmetry. 

Finally, we conclude that e1ther the nu."!':erJ.c~l treatment of 

the prior form of the DWBA, using eqs. (4.3 - 4.7), 1s very 

cumbersome or the approximations used to maK~ such a ca l-

culation feasible are too poor to be ~cceiJ"'·:b ..... <-'. 
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4.2 Treatment in the Post Forma11sm of the DWBA -----------------------------------------------

In the post-form of the DWBA the T-matrix we have to calculate 

1s given by eq. (3.4). 

In order to calculate the corresponding matrix element in 8trip-

ping reactions to bound states it is customary to U8e the 80-

called zero-range approximation.: 

(4.10) 

where the zero-range constant lb~ - 123.5 MeV fm3/2 i8 related 

to the asymptotic norma1ization N of the deuteron wave function 

by 

with. ~ = -.iC \[81(;0<-1 
2m.p • (4.11) 

By using this zero-range approximation we get for the T-matrix 

(4.12) 

where the integral has to be understood in the sense discussed 

above. 

Neglecting all spin-orbit interactions in the nuc1ear distor-

(4.13) 

with the radial integral over the nuclear optical model wave 

functions of deuteron, neutron and proton, respectively : 
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00 I dr XI/~Jr) .ft. (~"/) X~/'b-,r) . (4.14) 

These radial integrals can be calculated by using the integra-

tion technique of Vincent and Fortune described above. Never-

theless, due to the large numbers of angular momenta contribu-

ting to the sum the calculation of (4.l3)wou1d be quite cum-

bersome. The computing time can, however, be greatly reduced 

if the T-matrix is split up in the following way : 

Tf~"') = J)o { M pe. + (lf-tt L i lt+ll1+Lp Ld 111 Lf' e t (<iLct(~,{)+6L,.CrJf') 
l.LtflLp 

where the radial integrals 'R~ "'" lf are given by 

= (4.16) 

IIIQ.)( 

is larger than Lx (~10) then the opti-

cal model functions ~lx are pure Coulomb or Bessel functions, 

respectively. Therefore, the terms in the sum in eq. (4.15) 

vanish and we are left with the calculation of the "pure Coulomb 

term" Mpc defined in eq. (3.29). This matrix element also 

appears in the theory of the bremsstrahlung process and was 

expressed by Sommerfeld [75 J and Nordsieck [76] in terms of 

hypergeometric functions and is given byfr,9, 10, 25, 26] : 

) (4.17) 
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with 

I --tliwt :l t~(~)t-1(-i~GtJ-illpj-1j ~CU)} 
pe ~ ..... Ot-

,:; -[ t ~(o) ( dl~) L(-'jdl)p) J. (~-i'l/1-i?pj2 i ~(O)) 

+ (d!~»)~_o .1'. Hl~ ,-i1Jp i 1j ~ (O~} J 

where we have used the fo110wing definitions : 

and 

~(A) = 2· 

J 

~It (~4~p+id§;) -l(q~t A~)(f9;-jje) 
(tt2-l~~-l1q.d)(f+2r~ -J;tqr) 

(4.18) 

(4. 19b) 

(4.20) 

Since 15(0)1 is for many actual cases greater than unity, a 

suitable ana1ytic continuation of the hypergeometrie function 

has then to be used [77 J. (Note that !(O) < 0 ). 

As mentioned above, expression (4.l7) is - mu1tip1ied by ~o 

just the expression given by Landau and Lifshitz in their treat­

ment of the direct break-up reaction [7] (cf. also the critica1 

discussion of this work in ref. [8]). In those days computers 

were not so widespread. Therefore, those authors gave suitable 

approximations for the different possib1e cross sections obtai-

nable from eq. (4.l7) which may be valuable for an estimate of 

the cross section. Using a sadd1e point approximation for the 

hypergeometrie functions in (4 .18) valid for lJct I ~I''» 1 we have 
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accord1ng to Landau and L1fsh1tz : 

(4.21) 

where we have used the fo11ow1ng abbrevlatlons (changlng the 

authors' notation) : 

w1th 

~ ~ 2.' So = -1 Ufc.w.n -lL - 4- Qre Ja.k rv w ~ere v- J3J 
-" 'I-V I Ed ) 

and 

g = 
2.. I 

J. 'IV' (1- 3u-2 
(A+ 11)2. (-i-v) 

Integrating over the ang1es we get : 

} 

(4.23) 

(4.24) 

(4.25) 

(4.26) 

(4.27) 
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and for the energy distribution of the neutron 

3 _ "*Ett S-4 

der 
Ötat ~ (~s,,)~ iEn e = 

dEn ff EJ. ) 

and where the total cross section is g1ven by 

2-
()t;ot; = ~o 

. . 

(4.28) 

(4.29) 

Tables for the total cross section are given in ref. [8 1 
Although our calculations showed that the approximations (4.21 -

4.29) are only fulfilled within 10Sto 50% in general, they 

display the correct dependence on the phys1cal parameters, e.g. 

we obtain from eq. (4.28) for the energy of the neutron, where 

the cross section is maximal 

E opt _ 
11 (4.30) 

Furthermore, we have the possibility to estimate the order of 

magnitude of the break-up cross section due to the Coulomb field 

of the nucleus. 

In the neighbourhood of the Coulomb barrier a simple estimate of 

the influence of the nuclear distortions on the break-up cross 

section is possible by using the so-called diffraction model [4]. 

Applying this model we replace the nuclear wave functions in the 

radial integrals (4.14) by their asymptotic values and simulate the 
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nuclear distortion in the deuteron and proton channel by intro­

ducing the factor V-U ld Qc..p , in the partial wave sum (4.15). 

According to the strong absorption model [78, 79] we write 

a. = I. 

where L stands for Ld and Lp respecti vely • 

J (4.31) 

The parameters t" Lo 
) 

and A may be related in this model to the physical parameters 

entering in the reaction (e.g. 1.0 can be related to the angle 

9c , where the deuteron or proton elastic scattering cross 

section deviates from the pure Rutherford cross section by 

the relation lo=t] c~ ~ ). Since, however, it is not clear 

whether the deuteron or even the proton is a strongly absorbing 

particle [4] we will use this model only for an estimate of 

the nuclear distortions. (Nevertheless, it was shown in 

ref. [29J that the theoretical results based on this model are 

in very good agreement with experiment). Naturally, a careful 

treatment of the break-up reaction above the Coulomb barrier, 

calculating eq. (4.15), should use optical model wave functions 

extracted from elastic scattering experiments •. Such calculations 

were performed by Lang et ale [25] , who use optical potentials 

of the usual Woods-Saxon form 

UCr) = 
(4.32) 

with 

t(xt) = X~= (4.33) 
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and where Uc is the well-known Coulomb potential of a uniformly 

charged sphere. The deuteron optical model parameters they used were 

the ones given by Perey and Perey [80] and for proton and neu-

tron they used parameters given by Wilmore and Hodgson [81] . 
Calculations along the same lines were done in ref. [82J ' where 

also energies far above the Coulomb barrier were considered. 

The calculations at energies close to the Coulomb barrier show 

very good agreement with experiments presented in ref. [251. 
Even at higher energies (17 MeV-deuterons incident on Pb) the 

agreement between exper~ent and theory is quite satisfactory, 

as can be seen in fig. 2 in a typical case. In these calcula-

tions effects of non-locality of the optical potentials were 

taken into ac count just in the same way as has usually been done 

for bound state stripping reactions, i.e.every scattering wave 

function occurring in the radial integral (4.14) is multiplied 

with the corresponding non-local correction function (see ref. 

[4, - pg .114] ). However I i t turned out that this cozrection is 

completely negligible in the energy region of interest. On the 

other hand, including finite zange effects by multiplying the 

integrand in (4.14) with the finite range correction function 

[83, 4] 

A(r) ~ t -1 - ~ (Vf.a (rh V.a (r) - V'dl>(r) + 'Bd) r1 
(4.34) 

gives a small but non-negligible correction, leading to an even 

better agreement between experiment and theory. Furthermore, 

these investigations show that the break-up cross section is 
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quite sensitive to the optical model parameters which have been 

used, particularly to those of the neutron. Keeping the well-known 

optical model parameter ambiguities in mind it is therefoDe neces-

sary to perform experiments in the sub-Coulomb energy region to 

have a clean test of the DWBA approach to break-up reactions. 

As was discussed before, the case where the energy of the in-

coming deuteron is below the Coulomb barrier is of special inte-

rest since this sub-Coulomb break-up allows a clean test of the 

reaction mechanism. 

It is weIl known fram sub-Coulomb stripping reactions to bound 

states that the contributions coming from the nuclear interior 

are largely supressed and we are therefore allowed to use only 

the asymptotic scattering wave functions, i.e. Coulomb wave 

functions [721. Furthermore, we claim that we can also use 

the asymptotic neutron scattering wave function, given by (cf. 

eq. (3.10» 

where the elastic partial wave scattering amplitude 

connected with the phase shift ö)lIl'l'l and the S-matrix 

of the elastic neutron target scattering by : 

(4.35) 

Oj'l1tTl is 

element ~'"l" 
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In order to see how good the replacement (4.35) really 1s, we 

plot in 

GC'R) = • (4.37) 

(For further details see ref. [82]). It can be seen that for 

lower energies (see fig. 3 for E4 = 12 MeV) contribut1ons from 

the nuclear interior are eompletely negligible, wh1le for h1gher 

energies! (see fig. 4 for E d. = 18 MeV), a small but non-neg11g1ble 

contribution from the nuclear interior shows up. Nevertheless, 

even for energies well above the Coulomb barrier (E~~ 20 MeV) 

the contributions are quite small, due to the strong suppression 

by non-locality and fini~range effects. 

For a more accurate treatment of the neutron wave function we ap-

proximate the post-form T-matrix element (3.22) by 

(4.38) 

The great simplification of the T-matrix (4.38) occurs since we 

introduced an approximation first proposed by Dar et ale [84, 8~ 

for sub-Coulomb stripping to bound states. These authors claim 

that the small effects due to the 
"polarization" of the deuteron 

can be simulated by replacing the argument in the elastic scatte-
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(' cv<tt c. 'V (+) 

ring deuteron wave function j\~ Cr;A) by I\.~d (~R) We 

will show later on whether this statement is correct or not and 

use it for the moment as a prescription. For our further cal­

culation we use the general additon theorem of Sawaguri and 

Tobocman [73] for an arbi trary function '- ( ~ + ri) : 
/I(~~) _..!!:. '\ .l"+L2,.-l",, 1\ GL-I t2. ~)(l-i ht)Y, ~ n ,,,-tr2. - m= LL LA l2,.L (E) (") 

ll ... L2 'tri" l1lJ. lrl 0 0 0 L ... nr .. " hlrlz. ti . 
l'I m"mz 

J dl> k' il/kr:.) jt/kli) J (6 j/h) Yt m (r) , (?) 
o 

and obtain (cf. ref. [86] ) 

t 
'5'" L'H 2.L V1< f" V '1t C,.. 1\ 1\ 1\ 

L.M (r~A) = 't1f L i, 'l.- 11 h11rn"\~V&) '~'m2 rfR) L LzLfI 
t:z.lYIl. 

l')l 'm" 

where the radial form factor is given by *) 

with 

00 

AL. O~) = I drllf' r~ JL (ktMp) 'Vr. p (rHp) UL (r"p) 
o 

(4.40) 

(4.41) 

(4.43) 

*) Some word of caution is necessary for the use of the general 

addition theorem (4.40). For "physical" wave functions, regular 

at the origin, this theorem can be weIl applied; however, for 
l+) ) singular wave functions like nL (~nr it can not be used since 

the change of the integration order implied in eq. (4.42) is not 

allowed in this case. 
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Using the Schrödinger equation for the bound deuteron we can 

write 

(4.44) 

where the Fourier transform of the radial deuteron wave funct10n 

is given by 
c:>O 

U
L 

(R)--= ~dr r2 jL.Ckr)u.t..(r) • (4.45) 
o 

The radial form factor (4.42) can be more s1mpl1f1ed by regar-

ding only the s-state of the deuteron. Assum1ng a Hulthlnwave 

function for the bound deuteron we immediately get : 

} (4.46) 

and for the radial form factor we obtain : 

2r.: = (-~~) Ro(o) f r~ (j~,.,..) .JdK ll.1.I.(q.,X)j..('ßXl 
o 

00 

+ i •• Uß 'f1ol J dx X· fj.l, (~" X) t:;~ (j~X) J 
~A • 

(4.471 

For the sake of simplicity we assume for the moment that the 

neutron-target interaction can be described by a complex square 

weIl as given e.g. by Feshbach et ale [87] : 

(4.48a) 

w;tk 

Vrll~" 4-2 Me.V' J ~A· 0.03 ~R alll.t/. 'Rn= -1.4-5 R"4 • (4.48b) 

In this case the neutron wave function for ~ 
~A ""YI is g1ven by 
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) (4.49) 

with 

J (4.50) 

and where now the constant Kt.n and the phase shifts in eq. (4.35) 

are determined by the matching condition at tttR = 'Rn • 

Using this simple wave function in eq. (4.42) gives 

:2 ol'l1 
L j"lw (r",) = Qo (XK ) k'L\1 j Lw (1(", r,A) 

+ ~(lCK) Ktn ~~ ~~:(&{ J~"(iprpA)( kn ~:(IPR")J:&M1?n) 
- l~ k::GßR")J~~(K. ~~ 

and 

r.jnl~ (rpA) = Ao(~Yl} (ittl (~lIrrA) T ~''lLn ~:~ (~M~Q)) 

+ ~o(~.) K,. 'R~ ~ ~ :~ h': Ctflr,.l (K. j .. CißR.) j~ ( ... 'R.) 

- i~ j',:Up.'Rn) Jlrr()("~nY 

(4.5la) 

(4.5lb) 

Neglecting the small correction terms in (4.5lb) and the inte­

rior part of the radial form factor (4.5la) we get the simple 

form factor already discussed in ref. [28J. In this ref. we 

used the asymptotic wave functions from the beginning and we 

obtained with the help of the well-known addition theorem for 

the Hankel function [S81 : 

(4.52) 
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In fig. 5 we have plotted the approximate radial form factor 

used in eq. (4.52) and the exact radial form factor (4.51). 

It can be seen that the approximate form factor agrees very 

weIl with the exact one for t'pA ~ 'Rn . According to our dis­

cussion above only this part contributes to the T-matrix ele-

ment in the sub-Coulomb region. Combining now (4.52) with 

eq. (4.38) we obtain [281: 

(4.53) 

where 

(4.54) 

and 

(4.55) 

Expression (4.53) can be rewritten by splitting up again the 

plane wave part of the neutron scattering wave function as 

"1(+) 

'.f i == 

with 

(4.56 ) 

(4.57) 

This is the extremely simple . 
express~on describing the sub-

Coulomb deuteron break-up. With the help of a Hulth~n wave 

function for the bound deuteron we get, 
according to eq. (4.46): 
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:D: @ (~+od~Lz (:lo (0) Ro (~YI)::= {tii = 
(62 + q! ~+ (~t 

J 
(4.58) 

where 

Roto): ~ (4 d. rh. - 1.ltLt~ ~ ~ 'ftm, + ~ f~ fttft • (4.59) 

For low neutron energies where qn is small, we have Ao(~rr)~~(O) 

and therefore the modification due to the finite-range of the 

neutron-proton interaction is quite small. This gives us fur-

ther confidence in the zero-range approximation used betore. 

Using eq. (4.56) the numerical treatment of the sub-Coulomb 

break-up reaction reduces to the calculation of the three-di-

closed analytical expression for M~1nrl is only 

if Ln = m".:: 0 . In this case we have ~9, 281 : 
fcti' -~(~+Y)p) 

M-+ = • tri (e ~ ~) r (~+~'t1.J r(.-1+Lnp) 
00 l.~n ('f(C~) -~ ,~, 

(4.60) 

J 

with 

• (4.61) 



- 46 -

The use of this simple expression not only reduces the computing 

time further but also gives us a simple description of the beha-

viour of the break-up re action at low neutron energies. Using 

the well-known low energy behaviour of the phase shifts (see e.g. 

ref. [90, vol.I, pg.392] ) : 

J (4.62) 

A 

where q~ denotes the quantity 

(4.63) 

and the expansion [771 

(4.64) 

we see that only the s-wave contributes in the low energy limit. 

Therefore we have 

r, lt-) 
r' ~ 
1 L -

(4.65 ) 

Furthermore, with [77] 

tor (4.66) 

we conclude that for ~~r «4 

Mpc ~ ~ MO fLtr 00 (4.67) 
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From eg. (4.60) one derives the general relation 

. ~-i 
L 2. ,1. M'i' e SIVI 2 00 (4.68) 

where 

(4.69) 

In the l1mi t of ~-+ 0 we therefore finally obtain 

(4.70) 

where Qo is the usual scattering length *). 

If, in general, phase shifts with L~~O contribute to the T-matrix 

element, it is not possible to obtain such an easy closed expres­

sion as eq. (4.60). Therefore, we perform a partial wave expan­

sion in the incident beam coordinate system, leading to 

with 

~+ -
Let L'rJ Lp -

(4.72) 

A similar expansion of M~'rJ'mtl leads to the same expression ex­

cept that 'R + I is to be replaced by 1<;d. t"to ' defined in 
Let III "p ~ 

eq. (4.16) and where 

(4.73) 

*) This result can be compared with the results of the Watson­

Migdal theory [91, 92J • 
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While, in principle, the calculation of the integrals eq. (4.72) 

can be performed by Vincent and Fortune's integration technique, 

an introduction of the methods used in the theory of Coulomb 

excitation [741 leads to a rather drastic reduction of compu-

ting time. In this theory it has been shown that such integrals 

can be calculated exactly by means of generalized hypergeametric 

functions with two variables, so-called Appell functions (931 . 
Writing [77] 

we get 

",-rH ,,~ 
where the integrals LI \., 14 L are defined by 

, P 

= 

and where 

Z; :: ~n + l K with K> 0 

(4.74) 

(4.75) 

(4.76) 

(4.77) 

was introduced to make the integral (4.76) weIl behaved for 
further analysis. 

It is easy to see that no numerical compli-

cation arises from taking the 1" " 
~m~t )<.~ 0 , which is in striking 

contrast to the direct " 
numer~cal integration of (4.72) after 

having introduced such [ ] a convergence factor 38 • 
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The integraäs (4.76) are quite stmilar to the integrals occur­

ring in the Coulomb excitation and sub-Coulomb transfer reac-

tions to bound states (94]. While the first ones are obtained 

by setting e= 0 , the latter are given by ~"= o. Using the 

results of refs. [74, 94, 32J we can write 

Jl-ll--t).~ = -~('1d+'1p) Irf(Ldt~+t~dlIlr(Lp+1+C:!Jp)1 CL L 1-)1 
LdJl,f e (2Ld+~H (2Lp+1)~ ct+ p+ tl. 

( )
n-2. {)ltJ. )t.p.l.d +lp-n+l 

• ~cl-~p+:r: X (-\1 L (4.78) 

with 

x= ) • (4.79) 

The F
2
-function can for IXI+'~1<1 be calculated by its power 

series : 

(4.80) 

Since, due to the kinematical condition (3.26), this power se­

ries does not converge, we must use a suitable analytic conti­

nuation. This can be done in an especially simple way if 

, . 1 ents") In this case ld=Lr ± n (so-called "maximal matrl.X e em • 

we get (for further details see refs. [74, 94, 3~) : 
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with 

(4.82) 

and 

(4.83) 

Expression (4.81) is we11 suited for a numerical treatment since 

the first F2- function is only a po1ynomia1 and the other F2-func­

tions can easi1y be computed from their series expansion (4.80). 
"rf -ll-~ I i~ 

The othe r "maximal matrix elements" U\'tp-rz} lp can be obtained 

from eq. (4.81) by the general symmetry relation: 

(4.84) 

In some special cases other analytic continuations may woik even 

better, e.g. using Olson's Fp-function [95, 96J ' as was shown 

in ref. ~2 ] • 
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If n"O (Lc(=Lp-L) eq. (4.81) can be considerably reduced further, 

leading to the important special case [94, 32J : . 

J(~-t~lt:= Ir<L+~+inJ)lIr(Lt,,+c~p)1 (Xoi'. f- ~-q.p-r V~p(~+~P+'2 -Y~cJ 
I (;2 L+~)! \ ~ t qf -2 J 9,1-~r -"l: J 

_Is:. (4.85) e z.S ~ 

where 

---':;"'-.2.-2- 2.+04 (l"t1-[~d) L+1+i~p j 2L-t2 jXo) J 

(qd +q.,,) - 2 

Xo -= 
(4.86) 

In ref. [32 J we have shown in detail how the "non maximal matrix 

+ 
elements" necessary for the evaluation of 'K/.d Ln tp using eq. (4.79") 

can be calculated with the help of recursion relations. All 

these recursion relations are contained in the general relation 

Xo4 CI,p+1 lld"lp-i-1 + Xz Cld tLd--f/lp - X3 Cl.d+~ t:Ld-t-f}f -XItCtp t: ld ,Lp-1 

(X-1 ~ + X2. ~ -X?, ~ -x't~) C 
00 ld L<tt1 ~f I,d,Lp (4.87) 

= (~+ X,,) i dr Ul.d. (1J~1 ~r) etkCr) Ut.r(~PJ ~"r) 
o dr 

oe 

+ (X. (Lp +~) + X1 kJ - X3 (1,1+ 1) -X* tp) J dr U,t (~~, !/.lr) t~ \p ( '1 p /irr) ) 
o 

with 

00 

~ cLr U",J (~d/fJ.r) k(r) Ulp (~p) ~pr) J (4.88) 
o 

where U"('l1..
1 

qrJ is the regular or irregular Coulomb function or 

a linear combination of them and h(~ is any analytic function 

so that the integral (4.88) is convergent. 

Furthermore, we have used the definition 
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with l>=.d,p (4.89) 

The Xt are arbitrary quantities, satisfying the condition 

(4.90) 

By giving appropriate values to these numbers we can eliminate 

from (4.87) the unwanted matrix elements and derive numerous 

recursion relations. So we can construct relations for the 

"maximal matrix elements" and other ones which allow the cal-

culation of the "non-maximal matrix elements" from the "maximal 

matrix elements". By using these recursion relations in the back-

ward direction with asymptotic starting values the numerical pro-

cedure is very stable. Since furthermore only four (!) maximal 

matrix elements have to be computed directly in order to norma-

lize the matrix elements obtained from the recursion relations, 

this method allows a very quick computation of all the radial 

integrals necessary to calculate M~'mIt. We do not want to go 

into further details of this procedure but refer the reader to 

Finally, we mention the semiquantal approximation of the T-

matrix eq. (4.56). This approximation consists of replacing 

only the radial integrals in eq. (4.71) by their semiclassical 

limit. 

Using the well-known WKB approximatiom for the Coulomb func-

tions and neglecting rapidly oscillating terms we get : 
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(4.91) 

with 

+00 J 
_ 1- (d w i (~ E si nh 1.0 + ~ w) 

2. J e ~ (1+E~hvJ). 
-00 

Here, we have introduced the quantities 

~J= Qc (~d-q.p) 

e. = \/-1 + I.Cl.+.f) 
Y ~2.. 

) 

tf = Lp - Ld I 

) 
L =- ~ (ld + Lp ) 

(4.92) 

(4.93) 

The integral Ta + 
-~'I11:L 

converges because of the rapid oscillations 

at infinity. From the numerical point of view it is useful to 

change the integration variable tJJ by w + i 7r • Since the inte-
2-

grand has no poles between the two contours we obtain 
i +00 ~J h . ~ 

.1_+ () --~ ( -'leC01 w+~Jw 
c.,,~ E I ~I ~ ) ~) =- ~ e 2. ~ J <i 'Wes (11- iesirdrW)· 

-0<0 

(4.94) 

.~) (~(1+lESI'Y/hw)) (i~inhw+E.-\it:1 Ct>shW1f 
~ • • 1-

~ + LE 5111 ntv • 

The integrand now behaves at infinity like exp (- i (~/_~) E eW
) • 

~I > 0 From the kinematical condition (3.26) it follows that 3 ~ 

from which it becomes obvious that the integral (4.94) converges 

rapidly. The inequality ~J> ~ holds for any reaction where the 

projectile mass is smaller than the target mass, as is usually 

the case. For ~/< ~ , which occurs in the opposite case, the 

contour of the integration has to be suitably deforrned. The 
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divergent case y~~cannot occur for kinematical reasons. 

In fig. 6 we have shown the accuracy of the semiclassical ap-

proximation of the radial integral for a special example. From 

this it can be seen that this method can also be weIl used for 

a fast and rather accurate computation of the T-matrix element. 

After having described in detail how to calculate the T-matrix 

in the sub-Coulomb energy region we are now able to compare cal-

culated theoretical differential cross sections, using the de-

finition (2.16), with experiments. For this purpose we have 

chosen very accurate coincidence measurements by Lang et ale By 

calculating the theoretical cross section only the phase shifts 

of the elastic neutron-target scattering have to be known. It 

is very important that only these model independent parameters 

enter into the sub-Coulomb T-matrix. 

In this context it is interesting to compare this result with 

the plane-wave theory of continuum stripping reactions given by 

Lipperheide [50] • He found that the cross section depends on 

the off-shell scattering amplitude of the neutron-target scatte-

ring. Therefore, the strong Coulomb distortion brings, so to 

speak, the scattering amplitude completely back to the energy 

shell. 

Here, we generate the phase shifts by an optical potential of 
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the Woods-Saxon form, eqs. (4.32, 4.33), given by Becchetti and 

Greenlees [97J. This potential describes very weIl the elastic 

scattering of neutronson heavy nuclei. In addition, our calcula­

tionsffiow that the potential of Villiers et ale [98] which is of 

the Gaussian form gives also nearly the same results. 

As a first example we show the energy dependence of the break-

up reaction on gold. In fig. 7 the energy-integrated coincidence 

cross section is compared with our theoretical results showing 

a very good agreement. Two sets of neutron and proton angles 

h f"l 0 e 0 f\ 0 e 0 ave been chosen, on :: 40, r = 60 and "'n = 40, P = 80 

with a coplanar geometry (~= 0 0
). The predictions of the pure 

Coulomb theory of Landau and Lifshitz are also shown to empha-

size the importance of the neutron-target interaction. Indeed, 

even at very low energies this inter action can never be neglected, 

because it reduces the pure Loulomb cross section by about 25%-

50%. This strong influence of the nuclear interaction is in 

agreement with the results of refs. [25, 27]. In fig. 7 it can 

further be seen that at higher energies the nuclear deuteron-

nucleus interaction shows up and can, around the Coulomb barrier, 

be described in a simple way by the diffraction model approach. 

To show in more detail that our sub-Coulomb theory is able to 

explain the data quantitatively, we have compared in'fig. 8 the 

theoretical angular dependence of the break-up cross section at 

Ed = 10.5 MeV on Au with experiments. Again we see that the 

pure Coulomb theory gives a rough estimate of the cross 

section. Furthermore, the small influence of the deuteron-target 

inter action taken into account by the diffraction model approach 
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can be seen especially at backward proton angles, where the 

deuteron comes nearest to the target. 

Finally, in figs. 9 and 10 the excellent agreement between expe­

riment and theory is shown for two coincidence spectra at diffe­

rent neutron and proton angles for Ed = 12 MeV on Au. Of 

course, a tripIe differential cross section is the most crucial 

test for the T-matrix itself, so that we checked the high accu­

racy of the DWBA predictions. This may be the most important 

reason to study the sub-Coulomb deuteron break-up, since no free 

parameters enter into our expression. Therefore, we are able to 

test both the relative accuracy as weIl as the absolute accuracy 

of the DWBA. This is in contrast to the usual DWBA formalism 

for stripping reaction to bound states, where the so-called 

spectroscopic factor is adjusted by comparing the experiment 

with theory, making an absolute test of the DWBR impossible. 

Keeping in mind that the experimental results may have an abso­

lute error of about la,f15% [26J and that the theoretical calcu­

lation mayaIso have an error of about 5% due to some small cor­

rections (see below), and to the uncertainty of the neutron­

target interaction we have at least the result that the DWBA­

amplitude for deuteron induced reactions is correct within about 

l~20%. This gives further confidence in the extraction of 

spctroscopic factors in stripping reactions to bound states. 

More accurate measurements at even lower deuteron energies will 

lead to a further clarification of these points. 
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On the other hand, taking the accuracy of the DWBA as manifested 

we can extract from sub-Coulomb break-up reactions some new in-

formation on the neutron-target phase shifts. Indeed, as was 

also shown in ref. [25J ' this neutron-target interaction has a 

strong influence on the differential cross section. In fig. 11 

this dependence of the cross section on the optical model para-

meters for the neutron-target interaction is shown. Hereby, we 

have used the complex square well of Feshbach, Porter and Weiss-

kopf for simplicity's sake. As another illustration of this de-

pendence we show in fig. 12 the energy-integrated break-up 

cross section on 197Au and 208pb • Using the optical potential 

parameters of Becchetti and Greenlees [97J the small A-dependence 

there leads to differences of up to 20% in the cross section, 

while the Z-dependence is negligible. This effect does not ex-

plain the characteristic strong variation of the break-up cross 

section for different target nuclei observed for the first time 

by Nemets et ale [221 ' but using a potential which tak~ specific 

shell effects into account will naturally give rise to such lar-

ger differences. 

5. Small Corrections 

As we have seen above, the sub-Coulomb break-up provides us 

, To make such a test more effec-
wl.th a clean test of the DWBA. 

t ' whl.'ch we have neglected in de-
l.ve all the small corrections 

riving eq. (4.56) should be carefully investigated. 
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One approximation which we used in this context was the neglect 

of a spin-orbit force in the neutron-target interaction, which 

meant that the guantity Oe J' (see eg. (4.36» became in-
f\ YI 

dependent of j . Of course, it is not difficult to give up this 
n 

approximation. We have recalculated the differential cross 

sections shown above by adding to the potential (4.32) a spin 

orbit term of the form 

V~O (r) = 
ctfCXso) 

cl x!>o 
(5.1) 

The results, which we do not show explicitly, are practically 

the same as those obtained before. While at large neutron ener-

gies some small influence of Vs.o Cr) shows up, this effect can 

hardly be observed experimentally because the cross section in 

this energy region is very small. 

In the DWBA it is assumed that the internal wave function of the 

deuteron remains unchanged along its path. But, of course, when 

a deuteron comes close to the nucleus, the electric field of that 

nucleus will polarize the deuteron, pushing the pxoton away from 

the nucleus. This causes T = ladmixtures in the internal deu-

teron wave function. Estimates of the magnitude of these admix­

tures were given by Griffy [99] and Drachmann [lOOJ using an 

adiabatic approximation. A more careful investigation in the case 

of sub-Coulomb stripping to bound states by Gibson and Kerman [sJ 

gave much less dramatic effects than what was found in ref. [99J 
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Dar, de Shalit and Reiner claimed in their treatment of sub-

Coulomb deuteron stripping that these "polarization" effects 

"Y(+) ~ '1:> ~ 
can be simulated by replacing .f\,qd (raA) by ''fd, (rpR) . Indeed, 

this "ansatz" describes a deuteron where the proton has a larger 

probability of staying away from the nucleus than the neutron. 

In order to investigate how weIl this "ansatz" takes the pola-

rization into ac count , we write for the full wave function 

According to refs. [5, 101, 102, 84J 

order perturbation theory by 

with 

(5.2) 

is given in first 

(5.3) 

where we have neglected the slight influence of the D-state of 

the deuteron. 

Restricting ourselves to the case of the pure Coulomb break-up 

the T-matrix can now be written as 

~c + 
(5.5) 
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with 

(5.6) 

Instead of solving this six-dimensional integral exactly we use 

the so-called "local WKB approximation" or the "local energy 

approximation" (LEA) which has been shown [4, 103-106} to be a 

highly successful approximate procedure for the finite range in-

tegration in bound state stripping reactions. Thus, we write 
-+ ...... 

- ~ \l" cX'--) C'" ) e tr,. rctR 
cry(-> ..... 
/\,+ er: --~) =: 

~f '"'-R 2 

N e (5.7) 

where we have replaced the momentum operator 
~ vp , differentia-

-- (: VH ... 
ting wi th respect to fdA in A~ (raR)' by the local momentum 

of the wave function at the point ~R 

( 5 . 8 ) 

Assurning that [104 ] 

= 
( 5. 9) 

we have 

(5.10 ) 
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with 

(5.11) 

Hereby we have introduced 

(5.13) 

This integral can be calculated analytically leading to 

Ir ( Q,) = (~'-t Q~) { ~ (:,. ~3 (cx+ n/,o) + /!< 1(~+C(t (3. 'J. (~+nfo) 

1- ((M-O<)! (~+71fo~) - t:d Z~T"t ( ?!.(~) +cx ~ (~))} • (5.14) 

The integrals 

(5.15) 

o 

can easily be expressed by elernentary functions [77 J. Expan-

(5.16) 
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As is shown in fig. 13 the approximation (5.16) is valid in 

the energy-region of interest within 0,5%. 

Assuming that the main contribution to the radial integral (5.12) 

comes from the vicinity of the classical turning point, the in-

fluence of the polarization can be estimated by 

T(+) -:-
6T = fi - lpe 

Tre 
(5.17) 

-- --Since in the no-recoil approximation 'fpr = 0, and thus Q .... = ~ j 

we easily find that in break-up reactions on heavy nuclei the 

contributions of the polarization are always smaller than ~l%. 

To calculate this effect more precisely we can per form a partial 

wave expansion of eq. (5.12) leading to 

and 

(5.18) 

(5.19) 

ld Lp \(~ Ln L)2. 
00)000 

) 

(5.20) 
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'R 
po\; 

Since the radial integral Ld.lnlf' can easily be calculated 

using the methods outlined above, expression (S.19) is well 

suited for a numerical treatment. 

In figs. 14, lS we show some model calculations in the no-recoil 

approximation based on eq. (S.18) for different angles and ener-

gies. As can be seen the polarization is very small and these 

calculations are in good agreement with the approximate formula 

(S.17) • 

Now we want to see if this small polarization effect can be si-

mulated by the ansatz described above. Therefore, we have com-

pared the pure Coulomb break-up cross section (eq. (4.S6) with 

Ojnl'll= 0 ) with (S.S). The two six-dimensional integrals occur­

ring on the right-hand side of eq. (S.S) (c.f. eq. (3.28) and 

eq. (S.6) ) were now calculated by using the LEA-method. Defi-

ning the multiplication factor tr by 

(S.21) 

we find from eq. (S.8) that tr~ 0.2S - 0.7S in the sub-Coulomb 

energy region. The results of fig. 16 where we have again 

plotted the relative deviations of the cross sections show that 

indeed a very good agreement between the two T-matrices eqs. 

(4.S6, S.S) can be achieved if the recoil ist taken approxima-

tely into account in the LEA with tt~O.S. 

In conclusion we have the result that the polarization of the 

deuteron is a small effect and can be approxirnately described 

by the ansatz of Dar et ale [84] • 
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5.3. Influence of the Deute!~~_Q:§~~~~ ---------------------------

At a first glance the D-state of the deuteron seems to lead to 

the most important correction compared to the other " 5mall ef-

fects". The deuteron in the loosely bound D-state might dis-

sociate more easily than in the S-state. 

Having established the high accuracy of the sub-Coulomb T-matrix 

(4.56) this effect can be calculated irnrnediately. Inserting the 

general form factor (4.41) in (4.38) we obtain in the sub-Coulomb 

energy region: 

(5.22) 

For the coincidence cross section we get the result 

(5.23) 

Therefore, including the D-state of the deuteron leads only to 

a simple overall shift of the cross section. This is in agree-

ment with corresponding results in bound state stripping reac­

tions [105, 1061 • 

Naturally, the incoherence of the S- and D-state contributions 

is a consequence of the neglect of any spin-orbit interaction. 

At higher energies where such interactions are not negligible 

both contributions have to be added coherently. 
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ance now the influence of the deuteron D-state has been redu-

ced to the simple factor in eq. (5.23) we will calculate the 

ratio A:2. <q.n)/Roeetn) by using the internal wave functions of the 

deuteron. (The integrals R\...(q,,) are forrnally equal to the cor­

responding expressions defined by Johnson and Santos in ref.[106] • 

We will therefore closely follow their treatment). 

Expanding RL.(qrt) given in eq. (4.44) about <;t11=O we obtain 

(5.24) 

with 
00 

']0 = - tl \j4i ((o(2+~:) Uo (~)\.)' ==r - \~ ~ dr ~o (r) • 
.2Yl1Kp I' qH=O '1th: 0 

(5.25) 

This zero-range constant can be rewritten as 

(5.26) 

with 

(5.27) 

Using the Hulth~n description of the deuteron yields the usual 

(4 11) For the"D-state integral"we zero-range constant eq. • • 

have 

(5.28) 
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with 

--1 

':1)2 - Um (~~ LLo(~n») 112(~Y1) 

and 

-2 
ci. 

(5.29) 

(5.30) 

The constant 02 is roughly related to the quadrupole moment 

Q~ of the deuteron by 

A calculation of 02 using McGee's wave function gives [106] 

2 02 = 0.488 fm. Using eqs. (5.24) and (5.28) leads to : 

(5.32) 

In oIder to check this approximate formula we have calculated 

this ratio exactly by using the Hulth~n wave functions given in 

eq. (3.18). As can be seen in fig. 17, (5.32) is valid up to 

large values of ~~(En). Furthermore, the ratio is quite in­

sensitive to different values of the hard core radius rc and 

the O-state probability ~ • 

In the energy region of interest I 'tt is quite small (Cf.., ~ 0.2) 

and therefore the O-state can be almost neglected, giving on1y 

a 1% shift of the cross section in the most infavourable case. 
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While at energies above the Coulomb barrier this simple treat­

ment of the D-state is no longer valid, it seems reasonable that 

even there the D-state has little influence. 

The energy of the break-up neutrons lies in a range form zero 

to several MeV. It is weIl known that in this energy region 

compound nucleus (CN) formation plays an important role. Here 
IL 

we want to estimate compond nuclear effects on the break-up 

cross section. We write as usual the S-matrix of the neutron-

nucleus elastic scattering as a sum of an energy averaged part 

<S'lll} , described by an appropriate opticayrtodel and a fluc-

tuating part 1ln (with < lYl> = 0): 

(5.33) 

Then we get [30] *: 

Mpc. t" 

(5.34) 

+ ~ L < ~n I:> Tt; ~J ~ 
LYI L~ 

• 

Therefore the CN contributions can easily be calculated by , 

applying the Hauser-Feshbach-Wolfenstein theory ~07, lOS] . 

*) Note that the fluctuating part drops out in the interference 

term. 
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'111 
The statistical assuptions of this theory are generally fulfil-

led for heavy nuclei and neutrons of several MeV. Using the re­

sults of ref. (109] , we can write in the absence of direct re­

actions and for small absorption: 

t" t&! W\,~I &(,1 (5.35) 

2. t .. " 
1," 

Here we have relabelled the fluctuating part of the scattering 

matrix as 1F:~/' where c describes a channel for the formation 

of a compound system with spin and parity denoted by JJand c' 

describes one of the decay channels. Furthermore, we have limi-

ted ourselves to a zero-spin target, for simplicity's sake. The 

transmission coefficients tl, in (5.35) are gi yen by 

tl, = 
) (5.36) 

and the quantity ~~LI is the usual level width fluctuation cor-

t · h ,'I f rec ~on. T e sum over ~ is per ormed over all open channels for 

the decay of a compound nucleus state wi th spin ~ and parity 
i. 

~) . Furthermore, we have assumed that there are no level-level 

and channel-channel correlations. 

Finally, we can write for the positive constribution of the fluc-

(5.37) 

In figs. 18, 19 we have shown the CN-contributions for the reac-

. 208 208 
t~on Pb(d,pn) Pb. As can be seen for Sn= 40 0 , Gp = 600 

the pure Coulomb term dominates and the contribuaon of the CN 

is very small in this case. On the other hand, for ~ = 350 , 
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o 
Gp =-60 the pure Coulomb term is relatively small and nuc-

lear interactions are dominant. Therefore, as expected, the CN 

effeets show up in this ease. Although the agreement between 

our theory and the experimental result is good, more accurate 

data in the lead region are needed to justify a detailed compa-

rison of the theory with experiment. 

6. Semiclassieal Model 

For sub-Coulomb stripping reaetions to bound states a simple 

semielassical description has been shown to work very weIl [94] • 

Therefore, it is tempting to use such a description [110] also 

for our sub-Coulomb theory of break-up reactions. Due to the 

elose analogy of the two processes, it is easy to adapt the 

semielassical formalism describing bound state stripping to 

inelude break-up reactions. 

Using the method developed in refs. [111, 74, 94, 110] the re­

sults of the semielassical approximation can be written in the 

so-ealled foeal coordinate system as 

M~"m,,(ep):::' ~(Pr c't'"(CY)f~nl ... (<tra,r)Y":nt",(r) C~(r) 
(6.1) 

Here the semielassical integral It.Yllt'I" is the same one as de-

fined in eq. (4.92) except that the Hankel function in the in­

tegrand has to be replaced by the full radial neutron wave fune­

tion. In the sub-Coulomb energy region we ean use (4.35). In-
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troducing the integral II,~mll obtained from (4.92) by repla-

cing the Hankel function by a Bessel function, i.e. 

(6.2) 

we get 

(6.3) 

The semiclassical limit (6.1) can be most easily obtained from 

the DWBA expression by using the partial wave expansion (4.71) 

with the semiquantal prescription for the radial integrals. 

The sum over the partial waves is approximated by an integral 

where the spherical harmonics and the Clebsch-Gordan coefficients 

are replaced by their asymptotic values corresponding to large 

values of the angular momentum. This integral is then evaluated 

by using the saddle point approximation. (For a detailed des-

cription of this procedure we refer the reader to the literature 

[74, 94, 1111). 

The semiclassical expression (6.1) can be derived also by using 

a wave packet description of the process. As was shown by 

Broglia and Winther [112] these wave packets then move on a mean 

classical orbit, averaged over the initial and final trajectories, 

where the eccentricity E: is connected with the scattering angle 

of the proton by 

Finally, the symmetrized Rutherford scattering amplitude 

in (6.1) is given by 

(6.4) 
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(6.5) 

Transforming expression (6.1) from the focal coordinate system 

to the incident beam coordinate system we immediately obtain 

for the differential cross section : 

d~3:Q. dEn = It ( ~. Y' 't?;:. ~ I Re,' 11:/ 

./2.J-Ll1t~m.,(en/~)2'( (~O) Ji\1 (i2 2.[ ;r1"9r) (6.6) 
1_ VII-rn I -mrl-ln I I 2-
V1'1 m", m I 

·ILlIW1(E.JY/~"S) r-
This expression can be further simplified by introducing a 

rotation 

(6.7) 

with 
<:os 0( - - S~n erz sin ~ 

(6.8) 
) 

Using eq. (6.7) we get :" 

dgö = lt (2.)4 lfcl. pr mtl !4e !f::}o/Z I {;.1 2 

olSlp oLS2ndEl'l ~ Ci- ~11 q.cL 

. I Z/n Yt. "" (o/,~) Y •• "", (L 'p )L""",(e, U~S{ 
(6.9) 

Ln m" 

This is our final result describing the break-up of the deuteron 

in the semiclassical approximation. We note that the semiclas­

sical description only refers to the charged particles in the 

entrance and exit channels, while the neutron in the continuum 

is still treated quantally. 
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Before applying the semiclassical method to experimental data 

it should be clarified whether or not it gives an accurate des­

cription of the reaction as compared to the exact quantal treat­

ment described above. In ref. [113] it was shown that indeed 

the agreement between the semiclassical and quantal expressions 

is surprisingly good. As an example we show in fig. 20 the de-

viation E(e, CCs)~' I ~,rl) of the semiclassical cross section 

from the quantum-mechanical break-up cross section as a function 

of the Coulomb parameter 1l, for several va lues of g . In gene­

ral, the difference between both methods is less than ~2%. The 

dependence of this difference on the other parameters is rather 

small as was shown in ref. [113] • At a first glance this may 

seem surprising, because e.g. the relative change of mass during 

the re action is ~ -: ~ and not, as had to be asstuned in ref. [112] 

much smaller than 1. But since the relative changes of the other 

parameters (E and l) are also quite noticeable, all these effects 

may roughly compensate so that the notion of an averaged trajec-

tory is still essentially correct. Moreover, if such a mean clas-

sical orbit is not a good approximation, i.e. if the errors of 

the semiclassical description may be large, the cross section is 

very small and therefore the large errors in the semiclassical 

treatment become difficult to observe. 

More formally, the high accuracy of the semiclassical method 

for break-up reactions can be weIl understood by applying the 

"redistribution theorem" of Breit and Daitch [114]. This theorem 

states that the quant i ty 1:': g 
rt is a measure for the accuracy of 

the semiclassical method. Although ~ in our case i5 onlyabout 5, 
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the parameter 9 connected with the neutron energy in the 

continuum is rather small at the maximum cross section where 

E n !:I o. Therefore, 't is also small and the semiclassical 

approximation works weIl (for further details see ref. [113] ). 

Indeed, a recalculation of the coincidence cross sections shown 

in figs. 7 - 10, using the semiclassical model, gives practi­

cally the same results as the quantal treatment (cf. ref. [113] ). 

The accuracy of the semiclassical treatment becomes even better 

if integrated cross sections are considered. This is shown e.g. 

in fig. 21 for the model calculation ~Oi?b(~/pn)~~b)where the 

neutron is not observed. For this case we obtain from eq. (6.9) 

by integrating over en,i: 
d,2.(f 

cln.pdEn 

_ 4- (~)a 11d k!pmYl Q.e I Rol 2 I fc 12. 
t;: Q'l..qYl ~ 

. L I ~n",Jf,O)Il.lII" (E, ':r5' ,sf. 
LlI m ... 

This very simple expression allows a fast calculation 

(6.10) 

of this 

cross section and those obtained from (6.10) by integrating 

over angle or energy. In figs. 22 - 25 we have shown some exam­

pIes for such model calculations. A quantal treatment of these 

cross sections - leading practically to the same results -

needs much more computing time. 

We applied our semiclassical model only to the s~b-coulomb 

Above the Coulomb barrier the well-known dif­energy region. 

ficulties of describing the imaginary part of the optical po-

tential classically may destroy the simplicity and accuracy 

of the semiclassical approximation. 
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Beside the numerical advantages of the semiclassical method, it 

gives us a simple classical picture of the break-up reaction 

the charged particles are moving on classical orbits while the 

neutron is "radiated off" along the trajectory. This classical 

idea is also in good qualitative agreement with the conclusions 

which can be drawn from fig. 24 : from the most probable proton 

(neutron) energy Ei(E'f)one can determine a "break-up radius" 

according to rather crude classical arguments, based on energy 

considerations, given in ref. [lSJ as 

2 e'J. 

(6.ll) 

This should be approximately equal to the average classical tur-

ning point 

(6.12) 

Indeed, for Ed = 9 MeV we find wi th E~ =. 0.75 MeV, that 

lS fm. 

7. Stripping into the Continuum 

7.1 General Considerations --------------------------

The theory of deuteron break-up developed b 1 d a ove en s itself in 

a natural way to a treatment of stripPl.'ng t' reac l.ons into the con-
tinuum (unbound states). I d d 

n ee , such processes are in most ca-

ses practically the same asabreak-up reaction, the presence of 

an unbound state or a 
resonance can straightforwardly be accounted 
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for. According to Wigner [115] , the rapid variation with 

energy in the phase shift of the neutron target scattering 

corresponds to a time delay, i.e. an intermediate state 

is formed for a certain time. 

As discussed above we mean by a stripping reaction into the 

continuum the process 

(7.1) 

where the decay modes of the subsystem :8: R+n are not detec-

ted. We require that the energy of the system B is above the 

threshold for neutron emission*). 

Since only particle p is detected, we have to sum over all 

decay channels of B. This corresponds to the type of "inclu-

sive reactions" well-known in high energy physics. 

Here, we are especially interested in the direct reaction me-

chanism, where the wave function of the transferred particle 

with respect to the target nucleus plays the key role. In bound 

state stripping this essentially means that all the many body 

aspects of the process are hidden in the phenomenologically 

*) Below that threshold, the usual DWBA formalism [4] applies. 

Of course, even in this case of stripping to abound state, the 

system can still be unstable with respect to emission of other 

particles than the transferred one, but this is considered 

irrelevant for the usual DWBA formalism Ce.g. the reaction 

7Li (d,n)8Be, where 8Be is unstable with respect to decay 

into two ~-particles, but stable with respect to decay into 

p +7Li ). 
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introduced spectroscopic factors which are determined in prac­

tice by fitting a theoretical angular distribution to experi-

ment. In the case of stripping to unbound states the relevant 

quantity will be the phase shift of neutron-target elastic 

scattering, which has a direct physical meaning (see also 

ref. [116] ). 

Let us first consider explicitly the case whexethe only open 

decay channel of B is back to A (groundstate) + n. Already 

there most of the important features can be observed. In this 

case we can immediately apply our formalism of d-break-up 

where we assumed A to be inert. The result for the cross section 

in the general multichannel case is proportional to r~, the 

neutron partial width of that resonance, as was shown in ref. [116J. 

It does not depend on the fact that B may decay into channels 

other than A+n. In this chapter we want to discuss important 

limiting cases of the break-up amplitude. 

Starting from the formula for the cross section of the kine-

matically complete process A+d-.A+p+n we obtain the cross 

section d~O-/~~p~E" for the inclusive type of reaction 

A+d-' p+ anything by integrating over the angle of the unob­

served neutron, since there are no other channels present in 

this model. To avoid further complications we introduce the 

zero-range approximation for the moment and assume that the 

radial neutron wave function (3.l~) depends only on j~ and Ln . 



- 77 -

We have 

(7.2) 

with 

(7.3) 

The radial part of the radial neutron wave function is denoted 

again by r, Cr) JrI ~11 Here we find it convenient to divide 

it into three parts 

fjllll1 (t) = G('RrI- r) Uj"l.,.(r)-t-

1- e(r-~l1){j~YI(~Vlr) + q'rll)J ~::(~nr)} J 

(7.4) 

where Rn denotes the distance for which the nuclear potential 

has become negligibly smal1. The first term denotes the wave 

function inside the nuclear potential (see below). The second 

teDm denotes the free wave, the third term is the scattered 

wave which depends only on the phase shift of the neutron-

nucleus elastic scattering. According to this decomposition 

we split the T-matrix into three parts 

(7.5) 
• 

Naturally, in general all three terms will be present, but it 

is interesting to examine qualitatively various limiting cases, 

where one or the other term is dominant. 
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In the case of sub-Coulomb transfer reactions or heavy ion 

transfer reactions generally characterized by strong absorption 

the extreme smallness of the dis tor ted waves in the nuclear in­
~ 

terior makes the contribution due to M~nl\'lWlIt small. Therefore, 

we can neglect it and we are left with a discussion of the 

second and the third term, which depends only on the model-

independent phase shifts. 

The relative importance of M~flm", and Mt,m
lC 

given by the quantity 

V: = I M:mOlI, will depend on the ratio of J' and ~~)_ for those 
""m.. M" ll1 \t .. 

~ .. ~ 
r-values which contribute most to the distorted wave matrix ele-

ment and on the "degree of distortion" of the initial and final 
-v<+) (:-) it 

state scattering wave functions A.fd, and X~r . * In the plane 

wave limit, it is easy to see that M,o wo = 0 (for 'Rn = 0) because 
... "'" 

, which follows from energy and momentum con-

servation. Therefore, we have : 

(7.6 ) 

I 

where (7.7) 

Despite its unphysical features it seems instructive to study 

the case of pure Coulomb distortion. The charge Z of the 

target nucleus measures the"degree of distortion". Treatingonly 

*) Note that in the case of aresonance, the phase shift 

goes through ';;/2., therefore O;'tn is of order uni ty in the 

region of aresonance. 
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the case l'll -= 'm ra - 0 we can use the analytical formula eq. (4.60) 

which leads to 

Voo:::: . ~J I S;I.( 2. 
) (7. R) 

with ~ defined in eq. (4.69). 

In fig. 26 the ratio Voo is given for Ed = 10 MeV and 12.5 MeV, 

respectively, as a function of Z for various values of E.,. 

Voo is zero for Z = 0 and increases with Z , later on it os-

cillates. It is expected that for other values of Ln the zeroes 

of V~~m~ lie at different values of Z. Of course, in realistic 

cases, nuclear distortion has to be taken into account and in 

general the ratio Vt.
lI

lr1n shows a kind of "penetration behaviour" 

for large values of X='1l1r it will tend to unity, whereas for 

X« -1 we have the expansion 

= -

Zll1+-f 
X 

(7.9) 

From this it follows that for small values of x (corresponding 

to low neutron energy) and large values of ~n, Ht,-m,. is com-

o 
plet 1 d i t er M Therefore, the scattered term e y om nan ov (',.'mw • 

dominates, and we have for the partial cross section : 

d2.o- 4"'l1l 
dQp olf Yl 

N 
(7.10) 
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This formula exhibits the "parallelism" of the (d,p) cross 

section with total neutron elastic scattering, as was first 

observed by Fuchs et ale [34, 351 in the reaction lSN(d,P)16N 

(unbound). Later on this parallelism was tested by Huby et ale 

[117, l18J for the reaction l2C(d,p)13C (unbound). Analyzing 

experimental data of Darden et ale [581 they found that relation 

(7.10) is indeed very weIl fulfilled. 

It is very interesting to note that high ln-values are weighted 

more in a stripping reaction as compared to elastic neutron 

scattering. This is easy to understand physically, because the 

neutron is transported through the centrifugal barrier by the 

deuteron with high energy. This fact can be expressed by intro­

ducing the "stripping enhancement factor" [37] in eq. (7.10): 

= 
(7.11) 

with 

(7.l2) 

To get a qualitative feeling for the behaviour of this stripping 

enhancement factor we may express it analytically after intro-

ducing plane waves for ry<.t) ryl.-) 
IV III ' At and the "Butler cut-off 

radius" 'Ro in M~lYIYI to simulate the nuclear distortions : 

) (7.13) 
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This leads to 

(7.14) 

with 
00 

~cit- r
2 

e-f:r j~ .. (~rd r) ~:~ (~rlr) 
'R. .. 

Furthermore, we can write 

where TJ .J.L.II 
-1'1 

and J.~YI 

) 
(7.16) 

denote the real and imaginary part of 

I l : (corresponding to a Bessel- and Neumann-function in 

the integrand). 

It is weIl known from the Butler theory for stripping reactions to 

bound states that the cut-off radius Ro has to be taken larger 

than the nuclear radius and may be Ln-dependent. Applying this 

model to resonances in the reactions 15N(d,p)16N (unbound) and 

24 25 
Mg(d,p) M (unbound) leads - although it is surely very crude -

to a surprisingly good agreement between theory and experiment, 

as can be seen in figs. 27 and 28. In these two figures the in-

fluence of the matrix element M~:mw is also included. Accor-
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ding to the discussion at the beginning of this chapte ~ 

this should be most important for low ~n-values and low 

neutron energies. Naturally this 
(' (0) 

the background phase shift 0 JlILlI 

correction term depends on 

• For the important case 

l' (0) I I,~ 12 

of Q J'n,," ::! 0 the f actor h' 
in eq. (7.14) has to be re-

placed, in the But~er approximation, 

} 
n.2 J - J' /~ 

J n 
where r P

h 
and ]:.1" are 

real, by I~" / - 12" • 

The experimental data of figs. 27 and 28 were taken from 

refs. [1191 and [1201 respectively, where 

given. We note that the correction due to 

portant only for the Ln = 1 case. 

similar f i ts are 

is im-

While"parallelism" seems to be the rule, exceptions to it 

have also been observed (see ref. [35J ). We give three 

possible reasons for this. 

First, in the case where the spin of "core A" is different from 

zero, a mixture of different i~ and Ln va lues may contribute to 

a given resonance. This can easily be seen in the general for-

mula eq. (3.22). There we have 1s -= t"T Tl! -. -. -
and J~ -: L", 1" 1. which '" z 

gives the summation limits of Jl1 and Ln. Because now the quan­

tity 6J"~1\ is weighted with the stripping enhancement factor 

according to eq. (7.11), the stripping cross section d2~/dQpdEn 

may have a different shape as compared to the total elastic scat­

tering cross section ö::::? 6Jnl'rl • 
JVI\'rI 
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As a second reason, there may be interference with the smooth 

quantity M L:lI1n leading to a change in the resonance shape 

(called spectator effect in ref. [37]). Again, this special 

effect can be qualitatively estimated in the framework of the 

"Butler cut-off approximation", as was done in ref. [37]. More 
<. 

generally, we may write, neglecting the part r1j_~~"for the moment 

The first term gives only rise to a structureless background, 

while the two others vary rapidly with energy. To investigate 

in more detail the energy behaviour of the resonance 1ine 

shape we assume that 6j
l1

1m is real for simplicity' s sake and 

for the moment we decompose M~ ,rh, in analogy to eq. (7.16) -

in * . 
M :mll = Mt!mrt -+- i M:m" (7.18) 

Then we can write 

(7.19) 

From this we get, omitting the structure1ess background term 

N 
) 

(7 .20) 

• 0 

*) Of course, Mt"rTm:: M~Ylm" 
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where 

(7.21) 

The term (i"l1 SiYl20~hl changes the "on-she11" form 

the resonance in a Characteristic way. We assume the fo11owing 

formula for the resonance phase shift : 
one-level Breit-Wigner 

) (7.22) 

where rand Eo denote the width and the position of the re-
JYllfl " 

8(0) 

sonance and the background phase shift is given by dn Ln • 

we may write : 

with 

~ (En-b'R) 

Then 

\1hl 'l'l 

(7.24) 

showing in more detail the energy behaviour of the resonance 

line shape. 

It is interesting to compare this energy behaviour with a for­

mula given by Fano. In ref. l1211 he treats the interference 

of a discrete autoionized state with the continuum. This 

gives rise to characteristically asymmetric peaks in the ex-
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citation spectra of inelastic electron scattering on atoms; 

they can be parametrized in the following simple form (cf. 

ref. [121, eq. 21] ) 

) (7.25) 

where ~ can be regarded as areal constant in the energy 

region of interest. Generally , this simple form does not hold 

in continuum stripping but has to be replaced by a slightly 

more complicated expression. Using Cauchy's inequality, it 

is easy to show that the energy behaviour of the resonance 

line shape given by eq. (7.23) can be parametrized as * 

= 
J (7.26) 

i.e. the real quantity ~ in eq. (7.25) has to be replaced by 

the complex quantity 9== I~I elf, which can be eas1ly found by 

comparing eq. (7.26) with eq. (7.23). In the special case of 

the Butler approximation, we have~=O, i.e. the Fano formula 

eq. (7.25) applies. 

Z~!~_Q!22~22!2~_2!_~h~_~gg~!=Q~E~~g~~~_~2!~ 

The third reason for the change of the resonance l1ne shape 

b M < t b neglected In order to d1scuss may e that ~·YlI."m" canno e • 

*) We note that the general form (7.26) can also be ach1eved 

in the more complicated "model-dependent case" (see below). 
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this term, a good knowledge of the optieal model wave fune­

tions in the initial and final ehannel and the neutron reso­

nanee wave funetion is needed. The problem of ehoosing reliable 

optieal model wave funetions is the same as in bound state 

transfer reaetions or in the direet break-up reaetion above 

the coulomb barrier (see above), so we diseuss here on1y the 

ehoiee of the resonanee wave funetion. 

Various different models ean be app1ied to determine wave 

funetions near a resonanee o One method would be the real 

Weinberg formalism, as has been diseussed by eo1e et a1. [122] • 

They eompare,in a suitable interaetion model, their solution 

with the exaet solution, i.e. that of a eoup1ed ehannel methode 

This method will now be deseribed in some detail. The radial 

wave funetion r,J {) 
T JYll'YI),' r defined in eq. (3.14)* is then ex-

(7027) 

where the single partiele potentials V·J 
\ ... { t") 

Jl'I l'Ifl'. and the eoup1ing 

are determined by the speeifie 

*) 
Assuming 

f j~ Ln A 

for simplieity's sake that "I LI and that J": jl1 J l~:: YI 
depends on1y on J = JA. An additional index A. 15 

introdueed to distinguish different ehanne1s with the same 
angular momentum quantum numbers. 



- 87 -

microscopic model chosen. Let us assume that the resonance is due 

to a "bound state embedded in the continuum" (BSEC) (cf. ref. [124]). 

In a simple two-channel model (one closed channel, corresponding to 

the BSEC (Ä=1) and one open channel (A=2» the coupled eqs. (7.27) 

can be conveniently written in matrix-form: 

(7.28) 

where later on f,ü··) has to be identified with the radial wave 
'J 

function f i~ l'tl • The energy Eo is a constant chosen es-

sentially to shift the resonance to the desired position and 

E is abound state eigenvalue in the potential V",(r). Since 

the specific form in which the BSEC is coupled to the conti-

nuum is in general poorly known, we investiga~two extreme 

cases for such a coupling. This will give us a feeling of the 

freedom which one has in the choice of the resonance wave func-

tion. So we assume real square weIl potentials for V~(r) 

v~ (I') = - e ( 'Ro- r> V~ L=-1 2 I • (7.29) 

For the coupling potential we take an extreme "surface" type 

of coupling ("model SC"), defined by 

(7.30) 

and, on the other hand, a "volume" type of coupling ("model VC"), 

i.e. 

(7.31) 

h coupled channel models in closed 
It is possible to solve t ese 

form. The details are worked out in refs. [125, 126] • In the 
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ca se of "model SC" the result can be described in very simple 

terms. While the S-matrix elements for the asymptotic part 

h ' eondl.'tl.'on at r = Ro, are easily found by the mate l.ng 

the resonance wave function for r ~ Ro can be factorized to a 

very good approximation in the following way : 

(7.32) 

The energy dependence of the resonance wave function is de-

termined by 

--, (7.33) 

litl ( 4-(Gn-ERt" T G)!~J 

where ~n is the usual penetrability factor, and the shape of 

the wave function is essentially given by 

Jn (Kn r) 

j'Lt1 l t(n 'Ro) 
(7.34 ) 

Here K~ is the wave number in the nuclear interior, eq. (4.50), 

which is approximately eonstant over the resonance energy re-

gion. We can see that the wave function becomes largest for 

I:n ,.. ~'R, therefore, the contribution of 'MJ~Lnl'rht tends to make 

the resonance line shape symmetrie even if the background 
(0) 

phase shift djML'WI is different from zero. 

As an example we eonsider again the reaetion l5N(d,p)16N(unbound) 

whieh was measured at ErJ, = 12 MeV by Fuchs et ale [34,35] • 

We are especially interested in the behaviour of the resonanee 
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line shape at E n = 3.454 Mev. The corresponding elastic 

scattering shows a resonance line shape which corresponds 

to a background phase shift of • This asymmetrie 

line shape becomes symmetrie in the (d,p)-spectrum if the 

stripping angle is increased from er = 7,50 to er = 300
• 

This can be seen in fig. 29, where also a comparison with 

our model calculations ("model SC") is given. The difference 

between the different model calculations can be seen in fig.30, 

where "model SC" is compared with "model VC". Note that both 

models give rise to the same phase shifts. As a third curve, 

the "cut-off model" is shown, where the contributions arising 

from the term ~'~n lIll'l are entirely neglected. This example 

may serve to show what kinds of conclusions can be drawn 

from the study of resonance line shapes. However, it should 

be noted, that for a careful analysis the zero-range approxi-

mation used here, should be refined in order to take finite­

range effects into account. This can of course be done, e.g. 

in the manner discussed in chapters 4.2 and 4.3. 

1~~_§E~!EE!~g_EQ_Q~EQ~~~_§E2E~~ 

We define the cross section of stripping to an unbound state 

by an integral of dir/dJ2.f eLEn over the energy interval of 

the resonance considered. The smooth background should be 

sUbtracted. This is schematically illustrated in fig. 31. 

Here we assume that we deal with non-overlapping resonances. 

. resonances we refer the reader 
(For the case of overlapp1ng 

to the papers of Vincent and Fortune [116] and Hüfner and 

[ ] assume the Breit-Wigner resonance 
Sevgen 127). Again,we 
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formula (eq. 7.22). The "model-independent case" becomes 

simple, since the phase 0jnl'll(Er.,) is the only rapidly va­

rying function in the energy interval over the resonance. 

Therefore, we can easily carry out the integration over 

the energy. For the resonant partial wave we have 

dffi ~ (' d.2.6J"tYl _ Ce<frttl'!l (na1-r~o(\~rzi)) 
~ = dEn U dE 
dS1.f - dJlpdS" dS2r rr 

(7.35) 

where the smooth part due to the background phase shift 

has also been substracted. Hereby we have used that 

Er+ 6E +00 , . zr . t..~<.D)) '" L- ( .2.(', • z.t~J ) 
dEn \. Sm 0J~ln - Sm Oj)1ll1 - j-tt:n \ San 0J.,h,- Sm iV/lI'! 

_00 (7.36) 
rr n ~~O) 

= 2.. I j"l'rl • c:o~ 2 0Jl'IL", ) 

where we have assumed that the width ~~~ is much smaller 

than the integration interval 2~E·' Note 

that d..crJn~'I7kr defined in eq. (7.35) can also become nega-
~(O) ..-

tive, e.g. in the case of a background phase shift O~·II\.:tt=I) 

where the resonance manifests itself as a dip in the spec­

trum. Of course, at the point where OJnl..n is zero, some 

correction due to the non-vanishing contribution of ~~mn 

should be applied. This can easily be done in the manner 

described above. 

*} Of course, it is very easy to generalize eq. (7036) 

to the case, where r., N A 
Jnl'l1 -u\i • 
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In stripping reactions to unbound states, described by 

eqo (7.35), it is in principle not necessary to introduce 

the concept of a spectroscopic factor. However, in order 

to have a convenient measure of the ~single particle strength" 

of an unbound state, a spectroscopic factor jP may be defined 

, where ~ denotes the single 

particle width which is defined by r "O v2-I!(':: oe. rLn 0 w 

is the Wigner limit. 

2. 
and OW 

Although eq. (7.35) can be calculated by existing OWBA-codes 

and using the integration technique of Vincent and Fortune, 

a semiclassical treatment of the reaction may again lead to 

a deeper physical insight. In the sub-Coulomb energy region 

eq. (6.10) leads immediately to : 

(0) (2...)3 ttd. ~ 'n'!!1 ~ I' r \2. IA ,z .2Ji!;t1 
::: 2[ CO!:.:l ~"lll' ~ Q,2. ~n <;fd tc.. 0

1 ,2 .11'11 

2. 

"L I \(","(~,o)l" .. .cE, 's, j', '$>1 " 
(7.37) 

111'11 

Oue to our sub-Coulomb condition we have replaced the zero-

2. 
range constant 'J)o by the form factor ~~(~~) /~~ o The sim-

pIe semiclassical expression (7.37) shows the great similarity 

between stripping reactionsto unbound states and to bound 

states. All the kinematical relations valid in the latter 

case are also valid in stripping reactions to unbound states 

[llOJ. As an example, we have given in fig. 3a some model 

calculations for the reaction 208pb (d,P)209pb (unbound) to 

show the strong Q-value dependence weIl known from bound 

stripping [129]. In this case we have chosen LlI = 2 and 



\: l = 1 keV. 
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More important is the above mentioned 

L~-enhancement in unbound stripping reactions which can be 

seen directly in figs. 33 and 34. There we have chosen l~lTl = 

constant = 1 keV to show this enhancement more clearly. We 

emphasize that this choice means that the corresponding re­

duced widths ~J~lYl depend on Ln according to the relation 

qlll~"" 2~)\ ~lll\..n. The neutron penetrabili ty 1l'fl behaves like 
!U,,+'(j 

(~r\'Rn) /(lL,,-1)!! for low neutron energies and since this fac-

tor is approximately cancelled by the term originating from 

the Hankel function, all L~-values are weighted similarly. 

This is not so for neutron scattering and therefore stripping 

reactions to unbound states should be weIl suited for the 

study of resonances with large Ln-values. 

Of course, at higher energies of the deuteron again "model-

dependent" contributions from the nuclear interior will show 

20S up. As an example we have calculated the reaction Pb(d,p) 

209Pb (unbound} at E~= 12 MeV and have made a comparison with 

the experimental results of Ellegard et ale [130]. The op­

tical potentials chosen are again those of ref o [SI]. For 

the description of the resonance wave function we choose a 

BSEC with the two extreme coupling potentials described above 

(for further details see re.f. [125 J ). As can be seen in 

fig. 35, some small effects of the nuclear interior show up 

but they are rather insensitive to the specific coupling po­

tentials. (Note in this context that in the direct break-up 

process at this energy the nuclear interior can safely be neg­

lected since it is not enhanced by a resonance behaviour of the 

wave functions)0 The shape of the angular distribution turns 
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out to be qui te insensi ti ve to the Jn- and the L", value of the 

resonance, the value of fj"l~ determines the absolute value of 

the cross section. In fig. 35 we have chosen j h'" ~) ltt = lf­

and ~~L~ = lleV. Going to energies higher than 12 MeV the 

contributions from the interior will become larger, allowing 

possibly some more specific statements about the resonance 

wave function. 

8. Comparison and Connection of Various Theories on Continuum 

Stri1?ping 

Numerous papers have appeared on continuum stripping during 

the last few years. All these papers may be conveniently 

divided into two categories : 

(i) The unbound state is treated as a continuum scattering state. 

(ii) Some kind of "wave function for an unbound state" is defined 

which has properties similar to abound state wave function. 

This wave function is then usually introduced into the DWBA 

matrix element. 

Theories of category (ii) may be more directly related to the 

corresponding bound state stripping; they are, however, special 

cases in the more general type of theories in category (i), 

which we will mainly discuss here. Before doing this, let us 

briefly describe some work of group (ii) which shows very in­

teresting mathematical aspects. Zel'dovich [13lJ showed how 

to introduce a suitable normalization of an exponentially de­

caying state described by a wave function ?Gn by performing 
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the following limit 

(8.l) 

This idea has been used by Berggren [132J who has shown that 

norms can be introduced for Gamov states such that many analo­

guous mathematical properties are shared by bound states and 

complex-energy eigenstates. This method was applied by Bang 

and Zymanyi [431 to stripping to unbound states. They treat 

the reaction 208pb (d,p)209pb (unbound) as an example. This 

approach was further pursued by Coker [44] who analyzed the 

reaction 36,38Ar (d,P) leading to neutron resonances in 37,39Ar • 

Another approach was described by Schlessinger and Payne [49J 

who use aresonant wave function which was introduced by Coester 

and Schlessinger [133]. This function is square integrable 

and is an exponentially decreasing function ofr outside the 

range of the potential. Thus, this method may be used in exi-

sting DWBA codesämply by replacing the bound state wave func-

tionby a wave function which has to be constructed in a some-

what unconventional way. The authors calculate the cross sec-
16 17 

tion for the O(d,p) o (unbound) transfer reaction to the re-

sonant 5.08 MeV state of 170 • Their results agree to order 

r/E~ with other methods. 

Practically all the work in category (i) is based on the post­

form of the DWBA originally given by Huby and Mines [38] • 

Working directly in configuration space has become convenient 
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since the introduction of the complex integration method by 

Vincent and Fortune (42J. Thus, all these approaches are 

similar in spirit, they only differ in their emphasis of 

certain properties of the wave function of the transferred 

particle. 

Cole, Huby and Liu [122] calculate the contributions from the 

interior region; they introduce the Weinberg method to con­

struct the wave function for the resonant state,while Barz et al. 

[123]use the coupled channel formalism. In princlple, all 

kinds of microscopic reaction theories could be used to com-

pute the wave function of the resonant state. The drawback 

of such an approach could be the model dependence and, from a 

practical point of view, the fact that most of the resonances 

occurring in real nuclei are too complicated to be described 

in that way (for example, ~ -unstable states would require a 

theoretical treatment where 4 nucleons are in the continuum). 

The introduCtion of the "on-shell" or "peripheral" approximation 

[28,37,116,118) simplifies the whole problem considerably and 

makes it model independent. The only "input" is the phase shift 

of the elastic scattering of the transferred particle on the 

target nucleus. Furthermore, the most important features are 

reproduced. Of course, this method would fail if the contri­

butions from the interior are very important. However, in the 

particularly "clean" situations of sub-Coulomb or heavy ion­

transfer the conditions for this approximation are very well 

fulfilled. The "peripheral" approximation has also been used 
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implicitly by Sharaf [54] who constructs a diffraction 

model and obtains analytical expressions for the distorted 

wave integrals. He obtains good agreement with experimental 

, 92 3 )93 1 d' t ' n­data for the react~on Mo( He,d Tc ea ~ng 0 var~ous u 

bound states. The agreement is not quite as good for the 

16 17 h h O(d,p) 05.08Mev reaction, probably, according to t e aut or, 

because the deuteron or especially the proton are not strongly 

absorbing particles. 

Another approach is considered by Bunakov [45-48J who used 

wave functions of the (A+n) state for real energies and adopted 

Schrödinger's equation to transform to the prior form the part 

of the integral in which the particle n is beyond the nuclear 

force range. As a result of this transformation a surface 

term arises. This term is considered in Bunakov's treatment 

as giving the dominant contribution. 

In an attempt to circumvent the convergence problem of the 

post-form DWBA, Noble [53J advocated a momentum space approach. 

The distorted waves are written in momentum space in terms of 

the off-shell two body scattering amplitudes in the following 

way 

~~4 \T(E~+L~)'~'> 
E~ ± L e - Ekl; (8.2) 

Thus the usual zero-range DWBA expression can be rewritten as 

(8.3) 
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Inserting (8.2) one obtains seven terms (ignoring the vani­

shing 0 -function term) which contain no divergent integrals 

but merely Cauchy singularities, which are straightforward 

to handle numerically, according to the author. However, 

this method has so far not been applied in practice. It seems 

to be more cumbersome than a direct evaluation of the matrix 

element in y -space, especially when the Vincent and Fortune 

integration method is used. An approach similar in some respect 

to the one in ref. r 53 j was given by Lipperheide [50] who .. started directly from a graph technique . In the plane-wave 

Born approximation, a relation of the stripping cross section 

to the imaginary part of the off-energy shell forward amplitude 

for elastic scattering on the target nucleus is established, 

using the off-energy-shell optical theorem. This clarifies in 

a nice way the relation between transfer into the continuum 

and elastic scattering, and is intuitively very appealing. How-

ever, it is not clear whether these off-shell amplitudes can 

really be extracted unambiguously from a comparison with the 

experimental data. A method to calculate these off-shell matrix 

elements in the frame of R-matrix theory has been given in refs. 

[51,521. E.g. in the plane wave limit given by 

the cross section can be expressed in terms of the nhalf 

*) The graph technique has also been used by Dolinsky and 

coworkers [55-571 in their peripheral treatment of stripping 

reactions to unbound states. 
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off-shell· matrix element defined by < cf//. -q'r I T(EI'I)I q~ > 
as can be directly seen from eqs. (8.2) and (8.3). However, 

switching on the distortion makes this simple relation invalid. 

9. Conclusion and Outlook 

We have presented here essentially the DWBA expression for the 

break-up of the deuteron in the post form. A comparison of 

this theory with experiment, especially in the sub-Coulomb 

energy region, where the test is most meaningful, shows very 

good agreement. This gives us confidence in extending the 

theory to stripping reactions to unbound states. Features 

like the "ln-enhancement" and the "parallelism" are now weIl 

established; the observation of resonance line shapes is a 

potential tool for the investigation of resonance wave func-

tions. This will necessitate more detailed experimental and 

theoretical studies. 

Especially interesting is the application of the general for­

malism to projectiles other than the deuteron [134]. As far 

as neutron transfer is concerned, it is necessary to have pro­

jectiles with low neutron binding energy because of Q-value 

requirements •. 9Be will therefore be a favourable candiate. 

However, in general, the kinematic effects are expected to be 

the same as in deuteron induced reactions. Charged particle 

transfer reactions, on the other hand, often have negative 
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"optimal Q-values" [129J ' which favours transfer to unbound 

states [135, l36J. The theoretical description of these 

processes is important and can be given in this framework. 

Naturally, the transferred particle should be transferred 

"as a lump", whereas many additional complications will arise 

if unstable systems, like two protons, are transferred. 
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Figure Captions 

The system of coordinate vectors. 

Comparison of a full DWBA calculation for the deuteron 

208 break-up on Pb at Ed = 17 MeV and Ep = 11 MeV with the 

experimental results of ref. [18]. The cross sect10n 1s 

shown as a function of the neutron angle en (for fixed 9p = 40°). 

The effect of finite-range is shown separately. 

The function G(R) eq. (4.37) is shown for the break-up reac­

tion on Au for Ed = l2MeV, Ep = 8 MeV and ~ = 20
0 

for dif-

ferent proton angles. (Note the scale !). 

~!g:!._! 

Same as in fig. 3 but for Ed = 18 MeV and Ep = 13 MeV. 

Lt,~( ) 
The exact and approximate radial form factors~j.LlI r eqs. (4.51, 

4.52) are shown for E
n 

= 0.5 MeV and L = (,2. =l71 = O. The real 

and imaginary parts are given separately. 
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~:!'l!._~ 

Comparison of the exact and the semiclassical radial in-

tegrals (cf. eq.(4.91) ). The real and imaginary parts are 

given separately. 

Energy dependence of the break-up reaction on Au The 

differential cross section d,:2.<1"/dSlp d5.2Y1 for two neutron-

proton angle combinations is shown as a function of the deu-

teron energy. In dashed lines, the predictions for pure 

Coulomb break-up are given, and in the dot-dashed curve the 

~- Ru inter action is included. The solid line includes also 

the nuclear deuteron-target and proton-ta~~~t~~~gnexperimen­

tal points are taken from ref. [26] . 

Proton-neutron angular correlation for the break-up reaction 

on Au at Ed = 10.5 MeV as a function of the proton angle gp 

(for fixed 9n = 400
). 

Comparison of our calculation for the deuteron break-up coinci-

dence cross section on Au at Ed = 12 MeV with the experimental 

results of ref. [24]. A coplanar geometry was used and the 

neutron and proton angles are Gn = 200 and ep = 500 • 

The same as in fig. 9 but for Gn = 200 and 9p = -600 • 
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The dependence of the break-up cross section on the optica1 

model parameters for the neutron-target interaction. 

~!2.!_!~ 

The deuteron break-up on 197 Au and 208pb at E d. = 9 MeV, fb = 400 • 

~!2.!_!~ 

The Itpo1arization integral" Ip{Gho
) eq. (5.14) and its appro­

ximate va1ue eq. (5.16) is shown as a function of the recoi1 

momen turn Qr • 

The deviation between the coincidence cross section which 

inc1udes the po1arization effect and the one which neg1ects 

this effect is shown as a function of En for different pro­

ton ang1es. The neutron ang1es are Bn = 200 and en = 1100 

resp •• E~ = 9~5 MeV. 
J 

The same as in fig. 14 but for E~ = 11 MeV. 

The deviation between the pure Coulomb break-up cross section 

and the cross section which inc1udes the po1arization effect 

as a function of the recoi1 momentum (parametrized by t y ). 

The neutron energy is 0,5 MeV; E~ = 9,5 MeV and 11 MeV, resp., 

The neutron ang1es are ~ = 200 and Sn = 80
0

, resp.. The pos-

sib1e range of t r is indicated in the figure. 



IV 

E!'.i.:._!1 

The ratio 'h/Cq.; Ao) is shown as a function of q.T/ for two 

different D-state probabilities PD (%) and three different hard-

core radii. 

E!'.i.:._!~ 

Calculation of the deuteron break-up coincidence cross section 

208pb on • The "pure Coulomb" term is shown in a dashed line, 

whereas the ful1 1ine was ca1cu1ated according to eq. (5.~). 

The compound nuc1eus contribution is shown separately in a 

dotted line. 

E!'.i.:._12 

Comparison of our ca1culations with the data of ref. [18] • 

The same drawing conventions as in fig. 18 have been used. 

!:!'.i.:._~Q 

The deviation E(eJ~/~~~/~) between semic1assica1 and the 

quantal ca1culations as a function of A/~l 

has been kept fixed at 7 fm. 

The break-up cross section, integrated over 

• The quantity Qc 

neutron angles, 

for e, = 100
0 

as a function of the neutron 9 5 MeV. energy at Eet. = , 

The same as in fig. 21 as f 
a unction of the neutron energy for 

different proton ang1es. 



v 

The same as in fig. 21 as a function of the proton angle, 

for diffe Jent neutron enezgies. 

The energy spectrum of the emitted protons (neutrons) in the 

break-up reaction is presented for same deuteron energies Ed • 

E!g~_~2 

The total cross section of the break-up reaction on 208pb 

as a function of the bombarding energy. 

The ratio Voo eq. (7.7) is shown as a function of the charge 

Z of the target nucleus for different neutron energies. The 

energy of the deuteron is E~ = 10 MeV and 12,5 MeV, respec-

tively. 

Comparison of the theoretical calculation for the "stripping 

enhancement factor" with the experimental results of ref. [119J 

. 15 16 for the react10n N(d,p) N (unbound). 

~!g~-~§ 

The same as in fig. 27 for the reaction 24M9 (d,P)25M9 (unbound)o 

The experimental results are taken from re.f 0 [120 J . 



- VI -

~!g~_~2 

Comparison of the calculations using "model SC"(right-hand side) 

for the reaction l5N(d,P)16N(unbound) with the experimental 

results of refs. [34, 35} (left-hand side). 

15 (d ) 16 t' t" Model calculations for the N ,p Neon 1nuum s r1pp1ng 

spectrum. Three different curves are shown, corresponding to 

,,11 11 IJ d 1 model VC (dashed line) , model SC (continuous line) an a ca -

culation with a "cut-off" (dashed-dotted line). 

~!g.:._1! 

Schematic interpretation of the energy dependence of ~Ad~pdE~. 

. 208 209 A model calculat10n for Pb(d,p) Pb (unbound) for several 

different Q- values. We have chosen L~= 2 and Ed = 11 MeV. 

The dependence of unbound state stripping on the angular mo-

mentum Ln. We have assumed that ~"= const = 1 keV. We have 

chosen the reaction 208 209 
Pb (d,p) (unbound) at Ed, = 11 MeV 

and Q = -2.5 MeV. 

The same as in fig. 33 but for Q = 35M 
o eV. 



VII 

Comparison of different model calculations for the reaction 

208 209 
Pb(d,p) Pb (unbound) for E~ = 12 MeV with the experimen-

tal data of ref. 130 • 
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