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Abstract 

In part 1 of this report, a procedure is described for the 

numerical solution of the time-dependent Navier-Stokes equations 

governing the forced convective flow in a crystal-growth 

crucible. By means of five digital simulations of the classical 

Czochralski crystal-pulling process, we show the excellent 

agreement of our calculations with the experimental data of 

Carruthers and Nassau [3J, not only qualitatively but 

quantitatively, too. Moreover, for the Accelerated Crucible­

Rotation Technique (ACRT) and its application to the Czochralski 

method (CACRT), the first numerical simulations are presented 

assuming the fluid model to be the same 1:1 glycerine-water 

mixture of moderate kinematic viscosities as in [3J. But our 

programme can also deal with low viscosities typical for semi­

conductors and liquid metals: This is demonstrated by our 

simulations of the classical Czochralski,the ACRT and the CACRT 

arrangements with the viscosity of liquid copper. 

The influence of the temperature distribution on these flow 

phenomena will be studied in part 2. 
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1. Introduction 

In all crystal growth processes from the liquid phase, 

convection of the melt strongly influences the chemical 

and physical properties of the grown crystal. In the well­

known Czochralski crystal-pulling process as well as in the 

Accelerated Crucible-Rotation Technique (ACRT) proposed by 

Scheel and Schulz-Dubois [15,17,18J (see fig. 1a and fig. 1b), 

there exist two kinds of convection: natural convection 

driven by density fluctuations that are induced by 

inhomogeneous temperature distribution or different impurity 

concentration, and forced convection due to crystal and 

crucible rotation. Both crystal-growth methods are performed 

with uniformly resp. non-uniformly rotating crucible and, in 

the Czochralski case, with revolving crystal, too, in order 

to obtain adequate mixing of the melt. The stirring of the 

liquid is done most effectively, if all parts of the solution 

are in motion and if the highest flow velocity occurs close 

to the surface of the growing crystal. In this case, optimum 

temperature balance and low impurity concentration can be 

expected in the vicinity of the solid-liquid interface 

preventing striations and spontaneous nucleation followed 

by polycristalline growth. 
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The aim of part 1 of this report is to investigate the isothermal 

time-dependent flow patterns of the forced convection in the 

Czochralski and the ACRT arrangement numerically.1) In section 

2, we start with the time-dependent Navier-Stokes and con-

tinuity equations in primitive variables (pressure and velocity) 

for the axisymmetric case. In order to obtain digital simulations 

closely related to the real physical system (e.g. ability for 

comparison with experimental data of Carruthers and Nassau [3J), 

we do not introduce dimensionless variables. Contrary to other 

flow computations by Kobayashi and Arizumi [8,9J and Langlois 

[11J, Langlois and Shir [12J, we avoid the stream function 

and vorticity formulation, as we are interested in the transient 
.~ 

pressure distribution, which has to be evaluated iteratively. The 

performance of these calculations works faster in the primitive 

variables of the equations (see [14J). Moreover, the primitive 

variable formulation seems to be advantageous with regard to 

the possibility of extension to three-dimensional flow 

simulations. 2) 

1)The influence of the temperature distribution on the 

convective flow in the melt will be considered in part 2 

of this report. 

2)We shall investigate the three-dimensional fluid flow, 

in the near future, in order to examine if there are similar 

asymmetrie flow patterns as seen in the experiments of Hide 

and Titman [6J. 
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As is well-known (see [1,10,14J), the mathematical problems 

of existence and uniqueness of the solution of the Navier­

Stokes and continuity equations and their finite-difference 

analogues are far from settled. In the case of incompressible 

viscous flow, one conjectures that a unique steady solution 

exists only below an undefined Reynolds-number limit, that 

several solutions exist for a range of Reynolds-numbers 

above this limit, and that no solutions exist above a second 

undefined Reynolds-number. Concerning the solution of the 

unsteady equations, the situation seems to be less stringent: 

Since the time-dependent equations are believed to be physically 

reliable, one can assume that a numerical solution which 

proceeds from a physically reasonable initial condition has 

validity. Therefore, such non-stationary simulations should 

also enable to detect whether a steady-state solution exists 

or not. Nevertheless, one cannot predict towards which solution 

the numerical scheme will converge, if non-uniqueness exists. 

Therefore hydrodynamic experiments are indispensable to check 

if the numerically computed solution is physically reasonable 

(see D4J). For these reasons, we solve numerically the discrete 

analogues of the time-dependent equations of forced convective 

motion in the melt for a consecutive sequence of time-steps until 

an approximate steady-state solution is reached. Our discreti­

zation procedure consists in the difference schemes of the 

well-known MAC-method of Welch and Harlow (et al.) 

(see [19J and [5J), which was especially developed for solving 

flow problems with a free surface. However, in our cases the 

original version of the MAC-method as weIl as all improved 
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vers ions of it, proposed by the authors of [2,4,7,13], were 

not able to produce the correct pressure distribution at 

the free surface of the melt. Therefore, we had to make some 

essential modifications concerning the free surface handling 

(see section 2.4.). 

At the beginning of section 3, we present the numerical 

simulation of the Czochralski crystal-growth arrangement 

for both cases of isorotation and counterrotation choosing 

essentially the same physical and geometrical parameters 

as Carruthers and Nassau 

kinematic viscosity v = 

[3] did in their experiments (esp. 
2 

0.06 cm ). These authors determined s 

the number and size of the non-mixing Taylor-Proudman cells 

in the steady -state flow emerging from the relative rotary 

motion of crystal and crucible. Moreover, they studied the 

flow patterns in each of the cells and measured the flow 

velocity therein. In all simulated cases with angular velocities 

typical for practical applications of the Czochralski method 

in crystal growth, our numerical results show large agreement 

with the experimental data, not only qualitatively but quanti-

tatively, too. This lends credibility to our hydrodynamic 

simulation technique and gives valuable information on the 

region of maximum flow velocity. 

Next we consider the ACRT arrangement of Scheel and Schulz­

Dubois [15,17,18J maintaining the moderate kinematic viscosity 

of [3J, and, in the first, we determine the progress in time 

of the forced convective bulk flow for periodic switching 

on and off of the crucible rotation, numerically. Furthermore, 

Scheel and Müller-Krumbhaar [16J propose to perform the 
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Czochralski crystal-pulling process with non-uniform iso-

and counterrotation of crystal and crucible (CACRT) in order 

to eliminate the non-mixing Taylor-Proudman cells thereby 

getting optimum stirring of the melt. In the case of the 

moderate kinematic viscosity of [3], our computer simulations 

of such arrangements show that in the periodically accelerated 

and decelerated counterrotational case only a pulsation effect 

of the original cell beneath the crystal occurs. In the 

periodically accelerated and decelerated isorotational case, 

however, it can be achieved that the non-mixing Taylor-Proudman 

cells vanish periodically. 

In the second part of section 3, we repeat our digital 

simulations of the classical Czochralski, the ACRT and the 

CACRT arrangements with the kinematic viscosity 
2 

cm 
v = 0.005 s 

of liquid copper. Here it is noteworthy that the transition 

time needed for reaching the steady-state of the flow is 

remarkably longer than in the previous calculations with a 

twelve times larger kinematic viscosity. 

Moreover, for the low kinematic viscosity the particular flow 

patterns during this non-stationary transition phase are quite 

distinct from those in the moderate viscosity case. In the 

CACRT arrangement, especially, the flow patterns in the 

counterrotational and the isorotational cases do not differ as 

significantly as in the moderate viscosity simulations before. 
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In section 4, we draw some comprehensive conclusions with 

regards to experimental design of the crystal-growth process 

by the classical Czochralski method, the ACRT, and the CACRT 

arrangements, respectively. 

Finally, in section 5, an outlook on our forthcoming cal­

culations and experiments is given. 
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2. The mathematical model 

2.1. The con~inuou~ equa~ion~ 06 mo~ion 

Our calculations are based on the simplified geometrical 

model for the Czochralski process and the ACR Technique 

shown in fig. 2a and fig. 2b, respectively. For the basic 

field variables we use the fluid velocity 
+ u = (u,v,w) with 

radial component u I zonal component v and vertical compo-

nent w, and the ratio ~ = p/p of pressure p to (constant) 

density p • In addition, ~ denotes the elapsed time, and 

+ 
~ = (~,e,z) is the Eulerian (laboratory frame) coordinate 

in cylindrical components. Like the density p, the kinematic 

viscosity v of the melt is taken to be constant all the time. 

With these definitions, the equations governing the time-

dependent incompressible viscous flow in the crucible are 

+ 
V - u = 0 , ( 2 • 1 ) 

+ 
dU + + + + 
d~ = -(uoV}u - V~ + vAU + 9 (2.2) 

Eq. (2.1) is the con~inui~y equa~ion expressing the conser-

vation of mass for an incompressible fluid. (2.2) represent 

the well-known Navie~-S~oReh equa~ionh describing the 

local production of momentum in terms of the following sources: 

h . + + t e convection of momentum by fluid motlon, -(u-V}u , the 

momentum change arising from normal pressure forces, -V~ , 

the diffusion of momentum by viscous processes, VAU , and the 

momentum portion produced by gravitational forces, 9 . 
With the help of (2.1), we rewrite eq. (2.2) in the con-
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Fig. 2a Geometry of the Czochralski Technique. 

----t----- -
Rc-............ 

H 

Fig. 2b Geometry of the ACRT. 
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~e~va~~ve form 

a~ ~~ ~ ~ 
a~ = - V-(uu) - V~ - vVx(Vxu) + 9 . (2.3) 

The reason for the change in the convective and diffusive terms 

of (2.2) is that in a cylindrical coordinate system (2.3) is 

the only differential form the finite difference analogue of 

which retains rigorous momentum conservation (see [5,19J and 

section 2.2. below). In order to satisfy the continuity 

equation (2.1) , it is convenient to derive an equation for 

the pressure ~: Applying the divergence operator on eq. (2.3) 

and taking ac count of (2.1), we obtain the well-known 

(2.4) 

Obviously, in the continuous case, the first term on the right 

side of eq. (2.4) vanishes by the continuity equation (2.1), 

but during the discretization process we have to pay regard 

to in order to fulfill the discrete version of the 

mass conservation (i.e. volume conservation). Eq. (2.4) shows 

another advantage of the use of eq. (2.3) instead of (2.2): 

In (2.4) only advective and no viscous terms appear simplifying 

the difference analogue, too, and thereby preventing needless 

accumulation of round-off errors later on. 
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In our special Czochralski and ACRT arrangements in the con-

figuration of figs. 3 and 4, we may assume ~otationai ~ymmet~y 

of the flow, so that eqs. (2.3-4) read as folIows: 

(2.5) 

(2.6) 

(2.7) 

(2.8) 

Here subscripts denote partial derivatives, 9 is the gravity 

acceleration, and V is the abbreviation for 
-+ 

'V·U , so that 

(2.9) 
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2.2. The g~~d ~y~~em 

To turn the above equations into a practical scheme of 

computation, they are expressed in finite difference form 

on the following grid arrangement, which is a simplification of 

the one used in [20J. First, in our current simulations 

presented in section 3, we assume rotational symmetry of 

the flow so that it is sufficient to consider a vertical 

cross-section of the melt. There we have a basic grid formed 

by points where the pressure ~ and the zonal velocity 

component v are defined. The velocity components u. and w 

are both evaluated at different points interlacing with the 

basic grid (see fig. 3). The u. points lie on vertical lines 

and the w points on horizontal lines of the basic grid, both 

midway between the ~ points, in each case. The physical 

boundaries are placed so that they fall halfway between two 
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Fig. 3 : 

Grid arrangement in a vertical 

cross section: 

x, pressure and zonal velocity 

points; 

., radial velocity points; 

., vertical velocity points. 

The broken line indicates the 

axis of symmetry; the heavy 

lines denote crucible walls 

and the free surface (possibly 

with the crystal), respectively. 
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~ points. The continuous cylindrical coordinates (~,z) are 

thus replaced by the discrete grid system (~i,zk) = (i,k) 

such that 

3 = (k-2)~z, 1 < k < N+1, (2.10) 

give the coordinates of the pressure points ~(i,k) and the 

zonal velocity points v(i,k) . 

The mesh widths of the basic grid are 

~~ = Rc / (L-1) ~z = H / (N-1) , (2.11) 

where Rc and H denote the radius of the crucible and the 

melt height in it, respectively. The interlacing grids of 

the velocity points are similarly indexed, leading to dis­

crete velocity values U(i~,k) and W(i,k+~) . The discrete 

fluid element centered on a ~ resp. v point and bounded by 

the u, W points will be called a cello For each of these 

cells the conservation of mass and momentum will apply. 

In our calculations in section 3 for a crucible of radius 

Rc = 3.4 cm and a melt height H = 4 cm we choose 

0.2 for \) = 0.06 cm2 

{ 
cm -S 

~~ - ~z - h = cm2 (2.12) 
0.1 cm for \) = 0.005 -s 

Additionally, our discrete time step length ~~ = 0.001 s 

is taken small enough to satisfy the necessary stability 

condition of Courant, Lewy and Friedrichs, i.e. 

(2.13) 
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2.3. The 6inite di66enenee ~eheme 

Our discretization procedure consists in the well-known 

"Marker-and-Cell" - (MAC-) method originally developed by 

Welch and Harlow [5,19J (see also [2,4,7,13J), which was 

especially designed for free-surface problems in fluid 

dynamics. In applying the MAC-method, we replace all partial 

derivatives of equations (2.5-8) by difference quotients, 

where we use forward difference schemes for first order 

derivatives in time and central differencing for the spatial 

derivatives maintaining the order of differentiation. 

In these difference equations several undefined quantities 

appear, as velocity and pressure values are demanded at 

interim mesh points of our grid in section 2.2. These terms 

are subsequently replaced by simple averages of the two 

adjacent grid point values. Now the MAC-method works as follows: 

Starting with a certain initial state of the pressure and 

velocity field, a new velocity and pressure distribution is 

computed for a consecutive sequence of time-steps, whereby 

the last velocity field and a time-extrapolated pressure 

distribution of the last time-cycle act as initial state for 

the following calculations at the next time-step. 

Within each time-cycle the new pressure distribution is deter­

mined from the discrete version of equation (2.8) by the 

requirement of discrete conservation of mass for the next 

time-step. The resulting implicit difference equation - the 

discrete Poisson equation - is solved iteratively by the SOR 

method combined with an extrapolation technique. Prom this 

new pressure distribution and the old velocity values of the 
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last time-cycle, the new velocity distribution is evaluated 

with the aid of the discrete analogue of equations (2.5-7). 

Now, a special facility of the MAC-method consists in some 

massless particles - called marker -, which are located in 

the cells and move with the corresponding cell velocity 

computed above. These markers contribute nothing to the dynamics 

of the system, and enter into the calculations only in so far 

as they designate which are the surface cells and visualize 

changes in the flow configuration of the system. At the end of 

every time-cycle, the markers are moved to their new positions 

according to the updated velocity distribution 1) 

Here, we use vector velocity plots for showing the direction 

of flow and the velocity field of the fluid at the end of 

every time-cycle. For each cell in the system we draw one 

velocity vector starting at the cell center, with a length 

proportional to the averaged cell velocities u,w and in the 

direction of the local flow. 

1)For the present confined flow simulations (see also section 

2.4 below), we need not to make use of the markers. The marker 

facility will be of importance lateron, as we intend to 

visualize the fluid motion in a film. 



- 16 -

Finally, we emphasize the great significance and advantage of 

the discrete conservation of mass and momentum in the MAC­

method, where the former is obtained by construction of the 

calculation process and the latter by the choice of the 

conservative form of the continuous momentum equations and 

the particular difference scheme. It is well-known (see e.g. 

[14]) that finite-difference methods possessing similar con­

servative properties as the continuous equations generally 

produce more accurate approximations than others. Moreover, 

those discrete systems seem to be physically more reasonable. 
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2.4. The bounda~y cond~~~on~ 

A rigid wall may be either of two types, no-slip or free­

slip. The latter may be considered to represent a plane 

or line of symmetry, or if the fluid is viscous, it may 

represent a non-adhering ("greased") surface. The basic 

boundary conditions are simply that the normal velocity 

component vanishes and, in addition, that the tangential 

camponent vanishes if no slippage is to be allowed. The 

decision whether to take free-slip or no-slip boundary con­

ditions depends upon the relation between the spatial discre­

tization parameter and the thickness of the boundary layer 

that would be expected to develop in the true fluid. 

In our special arrangements (see figs. 2a, 2b, 3) there 

are the following boundaries: the rotational axis being 

a vertical line of symmetry; the ground and side wall of 

the crucible, both rigid walls in the horizontal and the 

vertical, respectively; in the Czochralski simulations, a 

third horizontal rigid wall appears representing the crys­

tal surface, which is continued by the free surface of the 

melt. Due to our coarse spatial discretization (see (2.12» 

we choose free-slip boundary conditions for u and w at all 

rigid walls. 

The basic boundary conditions for a free surface are the 

vanishing of the stress tangential to the surface and the 

balance between the externally applied normal stress and 

the stress normal to the surface. In the original MAC-method, 
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the location of the free surface determined by the marker 

positions and the discretized version of the above boundary 

conditions is implemented using a special interpolation 

technique. As these pressure boundary conditions at the free 

surface strongly influence the whole numerical computation, 

several authors proposed improvements for the free surface 

handling in the MAC-method (see [2,4,7,13]). We tried all these 

methods with our special arrangements, but none of the proposed 

procedures was able to produce the correct pressure distribution 

at the free surface. Only when performing confined flow cal-

culations by taking free-slip rigid wall boundary conditions 

for u and W at the free surface, too, our numerical 

simulations yielded correct flow patterns in the fluid. This 

assumption is permitted as long as the ratio between centrifugal 

and gravitational forces is small as it is the case in the 

present study. As the normal velocity component has to vanish 

at all boundaries, the boundary condition for the pressure 

can be determined from the equation of momentum. In the discrete 

formulation, this means that the normal velocity in the "virtual" 

cell outside of the physical boundary has to be the negative 

of the corresponding velocity value in the adjacent "fluid cell" , 

while the tangential velocity values remain the same. The 

pressure values of the virtual cells are determined such that 

the discrete vers ions of the equations of momentum are satisfied. 

The boundary conditions for the zonal velocity component v 

include the angular velocities n c and n
s 

of the rotation 

of crucible and crystal: The zonal velocity component v in the 

i
th 

crystal and crucible boundary cell is defined as rins and 

r.n ,respectively. 
1. c 
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3. Numerical results 

3.1. The ea~e aß mode~a~e k~nema~~e v~~eo~~~y 

3.1.1. Cia~h~eai Czoeh~ai~k~ Me~hod 

As is well-known (see e.g. [3J), the phenomena of hydrody-

namic flow in rotating systems are complex and often fail 

to confirm intuitive predictions. Classification of these 

phenomena is assisted by the Taylor-Proudman theorem, which 

is stricly valid only for inviscid fluids, but true as an 

approximation as long as the Ekman number 

Ek = 2v/[R2
(Q +Q )] is small (e.g. [6 l ). In the case of a s s c :J 

vertical rotation axis, the theorem states that all three 

components of the fluid velocity -+ 
U and the dynamic pressure 

ßp (i.e. pressure difference between the rotating and non-

rotating system) do not depend on the vertical coordinate, 

so that 

~ dU dV dW 
dZ - dZ - dZ - äZ - o . (3.1 ) 

For finite Ekman numbers, one observes the set-up of flow 

patterns where the theorem is obeyed in the major fraction 

of the fluid volume. To compensate, there are small liquid 

regions, i.e. boundary layers, where the theorem does not 

hold. Therefore bulk flow simulations should confirm the 

Taylor-Proudman statement. 

If an object is immersed in a rotating liquid which has a 

different angular velocity, the Taylor-Proudman theorem 

implies that the fluid isolates this obstacle by the for-

mation of a liquid column in its vicinity where no mixing 
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with the outer fluid regions occurs. Such liquid columns 

are called Taylor-Proudman cells. In the case of a cylin­

drical crystal contacting the upper free surface of the 

melt in the rotating crucible, as in the Czochralski crys-

tal-growth arrangement, the Taylor-Proudman cell is bounded 

by a cylindrical stagnation surface in the liquid beneath 

and concentric with the crystal. Outside of this stagnation 

surface the liquid rotates essentially as asolid body 

provided the crucible rotation is fast enough. If the crys-

tal as well as the crucible rotate in the same direction 

("isorotation") only a single Taylor-Proudman cell develops, 

whereas in the case of opposite rotational directions of 

crystal and crucible ("counterrotation") the liquid column 

beneath the crystal divides into two Taylor-Proudman cells 

seperated by another horizontal stagnation surface ([3J ,[6J). 

In tables 1 and 2, we compare the experimental data of 

Carruthers and Nassau [3J with our computer simulations for 

a crucible of radius Rc = 3.4 cm 1), a crystal of radius 

Rs = 1.2 cm 1), a melt height H = 4 cm ,and with discretization 

parameters ß~ = ßZ = 0.2 cm in space and ßt = 0.001 s in 

time. Only in the counterrotational case with high angular 

(continued p. 23) 

1)These are essentially the same parameters as in [3J. 

The exact values Rc = 3.5 cm and Rs = 1.25 cm of [31 

could not be chosen for the coarser mesh width ß~ = ßZ = 0.2 cm 

because of technical reasons in the computer programme. 



Table 1: Comparison between experiment ([3J) and simulation (isorotation) 

Crystal Crucible Cell diameter Cell diameter Rotation at Vertical flow Vertical flow 

rotation rotation at top surface at bottom of center of cell at center of near boundary 

(rpm) (rpm) (cm) crucible i (rpm) cell of cell 

(cm) (cm/s) (cm/s) 

A B A B A B A B A B 

01) 151) 3 3,4 2 4,6 12 12,7 -0,3 -0,28 0,1 0,06 

15 15 15 15 <5 -1 0 -5 <7 _10-6 · .. · .. · . . · . . 0 0 

25 15 4 3,8 4 4,6 15 16,2 0,1 0,13 -0,1 -0,01 

602 ) 15 2 ) 3 3,8 4 5,0 20 19,2 0,4 0,49 -0,1 -0,04 

25 0 · .. · . . · . . · . . 2 0,82 0,25 0,32 -0,25 -0,11 

503 ) 3) 
I 3 1 ,1 0,5 0,45 -0,5 -0,27 0 · .. · . . · . . · . . , 

-~-_._--

A, parameters and results from J.R. Carruthers and K. Nassau [3J; B, simulated results fram the 

present studYi ... , no formation of the cell;1) see fig. 4; 2)see fig. 5; 3)see fig. 6 

I'IJ .... 



Table 2: Comparison between experiment ([3J) and simulation (counterrotation) 

--- -----

• Crystal Crucible upper cell lower cell dia- Thickness of Rotation at Downward flow 
I 

rotation rotation diameter at meter at bottom upper cell center of rate at center 

(rpm) (rpm) top surface of crucible (cm) lower cell of lower cell 

(cm) (ern) (rpm) ( cm/s) 

A B A B A B A B A B 

0 -25 2,5 3,0 2,5 3,8 ... . .. -25 -23,9 0,4 0,36 

7 -25 3 3,0 3 3,8 <0,2 <0,2 -20 -21 ,3 0,5 0,46 

25 -25 4 3,0 4,5 4,0 0,2 <0,2 -15 -16,7 · . . 0,73 

50 -25 4 3,0 5 4,0 0,2 0,3 -15 -15,4 0,4 0,66 

50 *) -50 *) 2,5 2,6 4 4,2 <0,2 <0,1 -30 -28,6 1 ,3 1 ,70 

501) -101 ) 4 4,6 b 6,6 1 ,5 0,6 'Vo - 7,8 · . . 0,25 

502 ) _ 22 ) 6 6,8 b 4,4 d d . . . . . . · .. . .. 
----- - ---- - - - - - - --- -- -- --- --- ~_._-----

L-_~ ____ ----'-----

A, parameters and resul ts from J. R. Carruthers and K. Nassau [3] i B, simulated resul ts from 

the present study; .•• , no formation of the cell; b, could not be measured satisfactorily; 

d, penetration has occurred, one single circulation only;*), in this case, a smaller discre-
1) f' 7 2) f' 8 tization parameter h = 0.1 cm had to be chosen; see 19.; see 19. 

I\.) 

IV 
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velocities of 50 rpm and -50 rpm of crystal and crucible, 

respectively, we had to refine the spatial mesh width in 

order to get better agreement with [3]. The liquid used 

in our simulations has the kinematic viscosity 
~2 

v = 0.06 --­s 

as the 1:1 glycerine-water mixture in [3]. The computing 

time needed for one simulation has been less than one hour 

on the IBM 3033 in JÜlich. 

Within the scope of measuring and computational 

accuracy, tables 1 and 2 show in both cases of isorotation 

and counterrotation, respectively, that our digital simulations 

eminently agree with the experimental results of [3] not only 

qualitatively but quantitatively, too. Furthermore, we remark 

that our simulated flow patterns are quite similar to those 

obtained by Langlois [11], Langlois and Shir [12], and 

Kobayashi and Arizumi [8,9]. However, we do not agree with 

Kobayashi and Arizumi [9, page 182] who state: "Carruthers and 

Nassau who studied flow patterns in a crucible showed that the 

stirring occurs when there is no stagnation surface. This 

condition was realized in practice when the crucible rotation 

rate was very small compared with the crystal rotation rate. 

According to the present analyses, however, the same condition 

is satisfied only when the crystal and the crucible rotate in 

the same direction." Our digital simulations with Q = 50 s 

and Qc = -2 of table 2 clearly disprove the cited statement 

of Kobayashi and Arizumi (see also fig. 8). 
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In figs. 4,5,6 and figs. 7,8 we present some characteristic 

flow patterns of our classical Czochralski simulations 

in the isorotational and the counterrotational case, respec­

tively. Although our numerical calculations are performed in 

the Eulerian coordinate system, the plots show the momen­

tary state of the rotational melt flow in the right half 

of a vertical (symmetrie) cross section of the crucible in 

view of the Lagrangian frame (i.e. in a corotational coor­

dinate system). In all cases, we have started our simulations 

from the liquid at rest, switching on the appropriate crys­

tal and crucible rotation at the time t=o. The figures 

show the flow patterns at the time indicated, and v max 

designates the absolute value of the maximum cell velocity 

whose calculation has been described in section 2.3. The 

last plots always reveal nearly steady-state flow situations. 

Fig. 4 shows the typical flow patterns during the formation 

of the Taylor-Proudman cell around a stationarv obstacle 

(i.e. the non-rotating crystal) immersed in a rotating 

liquid, with the fluid motion starting at the lower edge 

of the crucible because of adhesion ("spin-up effect"). In 

the steady state, the Taylor-Proudman cell has emerged, and 

maximum flow velocities occur beneath the crystal. 

When the crystal as well as the crucible rotate in the same 

direction but with different angular velocities, as shown 

in fig. 5, two vortices set up in the beginning, one below 

the crystal and another in the lower edge of the crucible. 

But gradually, the crystal draws more and more fluid upwards 

(continued p. 27) 
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(~ > ~ ), so that a Taylor-Proudman cell develops reaching 
s c 

right to the bottom of the crucible. The highest cell 

velocities occur where the crystal throws the fluid aside. 

In fig. 6, the crucible stays at rest and the fluid 

motion is induced by the crystal rotation. In the course 

of time, the crystal spins up the whole liquid volume, and 

no stagnation surface is formed. Therefore the entire melt 

in the crucible is stirred. 

Fig. 7 shows the evolution in time of the flow patterns, 

where crystal and crucible rotate in opposite directions 

with different (but not too small) angular velocities. 

Again two vortices occur beneath the crystal and in the 

lower edge of the crucible, respectively, which gradually 

devolve in the two expected Taylor-Proudman cells. The 

size of the one beneath the crystal obviously depends on 

the relative angular velocity between crystal and 

crucible. Additionally, in this cell the maximum flow 

velocities appear. 

Finally, in fig. 8 we present the flow patterns of a 

counterrotational case, where in the steady state situation 

the crystal rotation dominates over the crucible rotation. 

In time, the crystal draws most of the liquid volume upwards 

and throws the fluid aside, the latter with the maximum flow 

velocity. This prevents the formation of the Taylor-Proudman 

cells. 
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3.1.2. ACRT Fiux G~owth 

In this section we present the first digital simulations 

for the Accelerated Crucible-Rotation Technique proposed 

by Scheel and Schulz-Dubois [15,17,18J ( see fig. 1 band 

fig. 2b). All geometrical, physical and numerical parameters 

are identical to those in section 3.1.1 disregarding 

the absence of the crystal. With aperiod of 10 s , we 

alternate the crucible rotation between constant rotary 

motion of 20 rpm and stoppage. Fig. 9 shows the flow 

patterns exhibited in the two acceleration modes. Obviously, 

our calculations confirm the presumptions in 05,17,18J 

that total stirring of the melt is achieved by applying 

ACRT and that the maximum flow velocities occur at the 

bottom of the crucible as desired 1). 

3.1.3. CACRT Czoeh~ai~R~ G~owth 

Scheel and Müller-Krumbhaar [16J have proposed to apply 

the Accelerated Crucible (and Crystal) Rotation Technique 

to the Czochralski crystal-pulling process (CACRT) in order 

to avoid the formation of stationary Taylor-Proudman cells 

(see section 3.1) and to achieve smooth stirring of the melt, 

thereby producing crystals of improved homogeneity. On the 

same geometrical, physical and numerical conditions as in 

section 3.1.1, we study CACRT in a counterrotational as weIl 

as in an isorotational arrangement numerically. In both cases, 

(continued p. 33) 

1)For the corresponding simulations with h = 0.1 cm (see (2.12)) 

see figs. 23a-k in the appendix. 
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apart from different crystal rotational directions, we vary 

the crystal and the crucible rotation with a time per iod of 

10 s by a constant acceleration from ±40 rpm to ±80 rpm and 

10 rpm to 30 rpm , respectively, followed by a constant 

deceleration from +80 rpm to ±40 rpm of the crystal and 

30 rpm to 10 rpm of the crucible (see ~6]). In fig. 10 

and fig. 11, we present, for the first time, the results of 

our digital simulations for the counterrotational and the 

isorotational CACRT arrangements, respectively. 

In the case of counterrotation, fig. 10 shows that the 

originally developed Taylor-Proudman cell beneath the crystal 

certainly changes its size nearly periodically, 

but still cannot be destroyed. For equally directed crystal 

and crucible rotation, however, the flow patterns in fig. 11 

are completely different from the ones before. Namely, in 

this arrangement, the Taylor-Proudman cell beneath the 

crystal is only formed during the acceleration phase, while 

deceleration causes the disappearance of the cello Additionally, 

the size of the cell is in any case greater than before. 

For these reasons, the isorotational CACRT arrangement 

seems to be more advantageous in view of optimum stirring 

of the melt 1) 

1)For the analogous simulations with h = 0.1 cm (see (2.12» 

see figs. 24-25 in the appendix. Figs. 26-27 of the appendix 

present the corresponding flow patterns for a time per iod 

of 20 s . 
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3.2. The ca~e 06 low kinematic vi~co~ity 

3.2. 1. Cla~~ical Czoch~al~ki Method 

In this section, we present the flow patterns of the classical 

Czochralski simulations with the kinematic viscosity 
2 

v = 0.005 ~ of liquid copper. Although the steady state 
s 

flow configurations must be essentially the same as in 

section 3.1.1, the transition time needed to reach the 

steady-state in this case is much longer than before. 

Moreover, for the low kinematic viscosity, the particular flow 

patterns during this non-stationary transition phase are 

completely different from those for the moderate viscosity 

in section 3.1.1. 

All physical (except V), geometrical and numerical parameters 

are identical to those in section 3.1.1, only the mesh width 

h of the spatial grid system had to be refined for the low 

viscosity simulations (see (2.12». Figs. 12-16 show the 

flow patterns of the low viscosity analogues to figs. 4-8, 

where the last plots are very similar to the expected steady-

state configuration. The computing time needed to perform one 

of these simulations was about six hours on the IBM 3033 in 

JÜlich. 

However, the true analogues of the nearly steady-state 

configurations in figs. 4-8 would only have been reached 

after approximately 150 s , i.e. 150 000 time-cycles, the 

calculation of which would have taken about ten and more 

hours CPU time. Therefore we stopped our simulations earlier 

(maximum CPU time: 8 hours) . 
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Figs. 12a-f, corresponding to fig. 4 in section 3.1.1, show 

the typical flow patterns during the formation of the Taylor­

Proudman cell beneath thE~ stationary crystal immersed into the 

rotating crucible. First the fluid exhibits the so-called 

" spin-up effect" at the lower edge of the crucible, and in the 

course of time the Taylor-Proudman cell emerges. 

Figs. 13a-f are the analogues co fig. 5 for the isorotational 

case with Qs > Qc . The flow patterns of fig. 5 and 

figs.13a-f are quite similar, disregarding the pulsation effect 

of the Taylor-proudman cell beneath the crystal during its 

formation in the low viscosity case. 

If the crucible stays at rest, while the fluid motion is merely 

induced by the crystal rotation, as it is the case in figs. 14a-f, 

no stagnation surface develops and the whole melt is stirred. 

As in fig. 6, a vor tex appears beneath the rotating crystal 

which gradually enlarges moving to the outer region of the 

crucible. Finally, the crystal spins up the whole liquid volume. 

Figs. 15a-f show the evolution in time of the flow patterns in 

a counterrotational case with different but not too small 

angular velocities of the crystal and crucible rotation. 

As in fig. 7, two vortices occur heneath the crystal and in the 

lower edge of the crucible, respectively, which gradually 

devolve in the two expected Taylor-Proudman cells. Moreover, 

we note that in contrast to fig. 7 the formation of the Taylor­

Proudman cell beneath the crystal does not proceed monotonously 

but exhibits the same pulsation effect as in figs. 13a-f. 
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Figs. 16a-f are concerned with the counterrotational Czochralski 

case of a much faster crystal than crucible rotation. In the 

beginning, the flow patterns are quite similar to those of 

figs. 15a-f, but in time the crystal throws the fluid aside up 

to the crucible wall and a large vortex develops in the upper part 

of the melt. Nevertheless, contrary to the moderate viscosity 

analogue in fig. 8, the rotating crystal is not yet able to draw 

a whole column of liquid from the bottom of the crucible upwards. 

We therefore present the simulation of this case with a still 

lower crucible rotation rate (see figs. 17a-f). Here, the 

flow patterns are very similar to those before, but gradually 

the crystal rotation dominates over the crucible rotation, 

thereby preventing the formation of Taylor-Proudman cells. 
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Fig. 12b t = 5.0 s V max = 2. 9EO cm/s 
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Fig. 12c t = 18.0 s, Vrnax = 1.6EO crn/S 
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Fig. 12d t = 25.0 s , Vmax 
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Fig. 12f t = 48.677 s 
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Fig. 13b t = 5.0 s Vmax = 2.9EO cm/s 
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Fig. 13c t = 18.0 s I vmax = 1.5EO cm/s 



- 48 -

Fig. 13d t = 25.0 s, vmax = 1.0EO cm/S 

I 
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Fig. 13e t = 35.0 5, Vmax = 5.9E-1 cm/s 
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Fig. 14a t = 2.0 5 Vrnax = 9.2E-l crn/5 
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14c t = 10.0 s = 6.9E-1 crn/s 
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Fig. 14e t = 30.0 s, vrnax = 7.0E-1 crn/s 
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Fig. 15a t = 2.0 s 
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Fig. 15b t = 5.0 S I Vmax = 1.9EO cm/s 
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t = 15.0 s = 1.3EO cm/s 
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Fig. 15d t = 30.0 s, vrnax = 9.6E-1 cm/s 
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Fig. 15f t = 56.975 s , V max = 5.8E-1 cm/s 
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Fig. 16b t = 10.0 s Vmax = 6.9E-1 cm/s 
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Fig. 17e t = 50.0 s Vmax = 6.7E-1 cm/s 
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3.2.2. ACRT Ftux G~ow~h 

This section is devoted to the low viscosity simulations of the 

ACRT arrangement described in section 3.1.2. In figs. 18a-k 

we present the flow patterns exhibited in the two acceleration 

modes in analogy to those in fig. 9 and figs. 23a-k, respectively. 

As in the case of moderate kinematic viscosity, the liquid 

reverses its flow direction with the change of the crucible 

rotation, where for low kinematic viscosity additional vortices 

develop in the stoppage phase. Altogether, ACRT seems to be 

an effective method to obtain optimum stirring of the melt 

independent of the kinematic viscosity. 



Fig. 18a t = 5.0 5 

NUE 

76 

4.4EO cm/5 

2 cm /5 

CRUCIBLE ROTATION 

0.005 

20 0 rpm 

,. 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 

TIME PERIOD 

,. 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 

,. 
, 
, 
, 
, 
, 
, 
, 
, 

, 
,. 
,. 
, 
, 
, 
, 
, 

,. 
,. 
,. 
, 
, 
, 

,. 
,. 
,. 
,. 
,. 
, 
,. 
,. 

,. 
,. 
,. 
,. 
,. 
,. 
,. 

,. 
,. 
,. 
,. 

10 5 

~ . " 
, , , , , , ,. ,. ,. ,. ,. ,. ~ ~ • .. 4 ~ ... ~ ~ , " " 4 ~ , , 

, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 

, 

, 

, 
, 

, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 
, 

, , , ,. ,. 
, , ,. ,. ,. 
, , , , ,. 
" ,,. 
, ",. 
, , ,. , ,. 

, ,.,. 
, , ,. ,. ,. 
, ,. , 
" ,,. 
" ,.,. 
" ,,. , , , , ,. 
" ,,. , , , , , 

, , 
, " , , , , , 

" , , , , 
, , , , 
" " 
" " , , , , 
, , , , , 

, ." 

,. 
,. 
,. 
,. 
,. 
,. 
,. 
,. 
,. 
,. 
,. 
,. 

,. 
,. 
,. 

,. 
,. 
, 
, 
, 
, 
; , 

,. 
,. 
,. 
,. 
,. 
,. 
,. 
,. 
,. 
,. 

,. 
,. 
,. 
,. 
,. 
,. 
, 

, 

,. ,. ,. ~ ~ • .. 4 ~ ... ~ ~ ~ , j " ~ , + 
• , + 

~ .. , , 
# .. • ... .. ... .. , , 

~ ~ ~ ~ • • ~ 4 4 ~ ~ ~ ~ ~ • • • • • 

~ ~ ~ # # • • 4 4 ~ • ~ ~ ~ • • .. t • 

,. ,. 

~ ~ ~ ~ ~ ~ 4 ~ ~ 

4 ~ ~ ~ ~ ~ .. • J 
... ... ... .. ,. I 

~ .. .. .. 

; 

i 

; 

; 

,. ... : .. : ; ; Z 
: : : : : : : : : : : : : · · : : : ~ 7, 1, 1 · 
: : : : : : : : : : : : : · · · : ; ~ Z ! i : 
: : : : : : : : : : : : : - : : : ~ ~ z 1, j : 
::::::::::::;:::::~~1 ~ ~t 

,. 'I" f If If 11 JI JI JI' / //--/' /' / I' ., ! i 
, , , , , , ; ~ , I I ,/ / / /"----.---/ /' ' I t 
; ; , ; ; ; ; I I I I 1/- / /' / /" ~ I t t 
, , , , ; ; , t J J / I I \ \ V....-----/" --, Ibl''' 
; ;;i 'JJ+~\~ \/~r /;/ 

;; ; 1 ~~\\\\~-~~~, ---s; 1'. 
, " \t"\"""'\~ ~,,~~ 



- 77 -

1 t :::: 10.0 s = 2. s 



)!I ... -

.. .. 1 

11' ~ T I _ ...... .. " 
" .. .. .. .., 

~ \ \,,,"',, ........ ,,. 
\ \ " \ " .. ~ ~ 1 , 

\ \ ~ ~ ~ , ~ , , 
\\~~~~~'ft ",\ }, "I I 1 .# • .. t, I I ,/ , "I' '/ 1 l I ( ~ ~ ~ t \ 1 i t t t 

xl 'J ( t * ' ,/ I I 1 ,/ *' ,/,/ I J l l • t t , \ ~ t , " • .. 
~ 1 4 ""1/11111' IJJl.ittt,t,t •• 
;) ~ \1 \' \ , • I , I I { I I I I I , I I I I j j I I I I , , , , , 
It \ \\ \\ t\ \ " t J J , I I I I , 1 I I I t i I # t t + t • + t + • + 

\ ~ ~ ~ \ " • , I , , I J , I , , I I ~ I , I • , , , 6 , + • • ", 1 ~ , ' 1 t , , I I I I I I I I ~ , I , '" • , • • • • • , , ~ ,:.,/ 1 I I I I J I I J I J i , I , f f •• t + t ••• 

"t ~\ \..... "'" / ,/ 1 1 I I f f f f I ; # # t # t t t ,+ t t • 

" ~\ ..... -I'''*,lllf;;;;;;;;f;tt''+''*+ 
1 ~ \ , ..... - K' I' JI , , ; i i ; f , ; ; ; ;. ; ; t t , , t , , + + 
, f t \ \ ,_-- I, - I i i i i , f , f ; f f f • t f • •• • t 

".~,\, ....... ---IJ'fiii;;i-;;;t;;;f;t •• tt 

.. \, -- - ~ • , • ; , , , , ; ; t t f , # •• t t •••• 
",,' , ..... __ ..... "'" 11;;; 11'" , t t t; t, t t, f t t 

, " " ~ \, -- -, " • 11' , .. ~ ~ f .. f 11 , , , , , , , , ••• , , 

, ~, " - - - , , ~ '" # .. , , .. , , , , , , , , , , , r , , , , 
,4" , , " • - '- , , " ~ , 11 f .. , , , , , , , , , , , , , , , , , 

t ' " , , , • - - , , , • • , , , , , , , , , , , , , , , , , , , , 

• ' " " " ~ - • , , \ , • • , , , , , , , , , , • t t , r t , , , , 

, ' " \ " ~ • • , , , , • ~ • # # • , • • , , , , , t , • , , , , , 

, ' " It " • A • , , , , " • • • , , , • , , , , • , , , r , , , , f 

, ' " • • ~ ~ • , \ , , , • '" • • • 11' • • , • • , , , , , , t , , , 

t t • " • " • • , \ , , , ~ * • ~ '" '" " " 11' , , , , , , , , , , , , 

• ; ~ • ~ A " • , \ , , , • • ~ " ~ '" ~ '" • • • , • , , , , , , , , 

+ t ~ " ~ ~ '" • , , \ , , , ~ 4 4 A .. " " '" • , • • , • , , , , , , 

11' ~ ~ '" , • , \ \ , ~ " ~ ~ 4 4 .. " " ~ • • , , , , , , , , , , 

, f 11' A • , , • , , , , , " ~ ~ ~ .. • A A A A • • , , , , , , , , , 

~ ~ , '" ... ..- ..- ..... ',\ ~ , , " • • ~ ............. '" • • • , If , , , , , 

t 
"I' ...-----'''' ~ \ \ \ It " " • • ... .. ... ... A .. ~ " • , , , , , , , 

I ~ "'" ,\ "r. I> " • ~ .. .. .. .. '" '" .. '" , • , , , , , 

\ j //0 -..::-": \]1'1' + " , , " • .. .. .. .. .. .. '" " '" • • , , , , I I J 1/ , , 4 4 4 l " ~ 1 ........... ~ '" ... , , , 

\""'''''~ 7~V".4'tt"'."4"'''''''''''''''''''''.~'' ,,~~ . 

s 'S :::: s O' ~ t :::: :f OSt 

- BL -

ct 



1 :: 15. s 

/';#" ...... "" .......... "" 
I,,,,,, ........ ,,,,,,,.' 
'4"., ........ ., .. 
'44 .. " ... ',.· ........... 

t .. " " 
f""", .. ,. """""" ,,.. ........ ,,,,,,,,,,,,,, 
1" ..... ".",.,.,.". , ,. , + 

..... "t"",.",,'. 

"""'''''' .... """,,.,.,.,'. 
~ , , , , , .. , ,. ,. ,. ,. , , 
" 1 , , , , , ,. ,. ,. ,. ,. 

" 
, 

" " .. " 
,. ,. , ,. ,. " 

,. 
" " 

, 
" 

" " J , , , ,. 
" 

,. ,. " " " " 
A- " " 

,. , , ,. ,. 
" ,. " A # # 

"- .. ,. ,. ,. ,. , ,. ,. ,. ,. jI ~ '''''li''' 
'" ... ,. ,. , ,. ,. f I- ,. ,. , # JI' 
\. .. " , , 'I , , f I 1// , ,. I 

" " • , f • , ; ; ; , I , , I I 
~ ". , , t ; ; ; ; ; ., t # J I J 
" .. " " , , ; ; ; , , t t • l t 4 

" ... 
" .. • • , ,. ., It ~ + + ~ • ... " \ \ " '" '" " \ \ \ \ \ .. 

'" "" 
~ ...",,\\\\\ ... .. .. '" 

...... " .,.. ... ~ " \ \ \ \ " .. " '" '" '" " \ \ \ " .. .. " " 
, ... '" " 

, 
+ t .. , JP v ... .. .. 

'" \\ • ... 
"" ., 

" '" 
.A'" " .. 
'"" .. .. " .. '" 

,.. 
..... .. ... "'" .... 4> ... '" .. .. .. ., " 

I' - ,.. .. ... ., \. .. .. .. • .. ~ .. .. "" 

" ~ 

I> 

I> '" 



1 t = .0 s = 2.1 s 

.. 1 

~ \,; , 
f t 

Jf ~ ~ 

" If t 

" " .... J1 J / I 

" "" " '" '<IS ~ 

'" 11 , I I 
~ 

'" ~ " ,. ,1ft If I I J ; ,. 1 .. , 
W ~ J J ~ t 

f • ~ t , 
~ ~ ~ + • .. , * ~ " " " 

, 
\ ~ ~ t .. ~ 

~ \> " " ... .. 
~ ~ \ ~ ~ 

" " '" ~ 

\ '" 
.. .,. 

~ \ '" ... " .. '" ~ \; " " " 
'" ~ 

" t \ "'- ~ ~ 

;( \ ~ i t t 

;I J t t f t 

f f w 

;( If 
, 
" 



1 -

F 8f t -= 2 .0 

t t f ~ , ~ # ~ k # N # # # , f ~ ~ ~ ~ , , t 

" t t~1,,·t'l""""" --""" 
*~~"I""'''''''~ , 



- 82 -

t ::::: 25.0 S I :: 3 #I 1 S 



= 

~ " Jf Jj< 

+ t t t I" 

+ t * f " 
t t t t t 

t + ~ t 
, t ~ ~ 

t ~ + 

• t 
t t 

~ + + 
'i< * t 

f t " f 
, t t f 

, t 

, t 

'f t t 

t t , 

" t " t , 
f t 

f " t t t 

f t t t t 

" " + t t 

t 'f 
+ .. 

~ f f t 

~ ~ t' 
~ ~ "t 

*' + 
" 

3 

s 

, 

, 



18i 

t 
f 1 

t f 1 
t f 1 

1 t ~ 
f t t 

t f t t 

- 8 

t ::::: 3 .0 s 

t 

t ~ 
t t 

t 

+ A • ~ ~ ~ ~ ~ • ~ ~ ~ ß # ~ • ~ 

~ ~ 4 ~ ~ ~ y ~ ~ ~ # ß # # ~ ~ ~ 

~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ , , , # ~ • 

f t 
t t 
1 t 

f 
t t 
t 

t t 

1 
t 

t 

i t t 
i t t 
i t 
i t t 
i i t 
r t t 
i i t 
t t t 

t \ 
t t 

t 
t 
f t 
t t 
f t 
t f 
t t 
t t 
t t 

f 
t f 
t t 
t t 

f 
t 
? 
t 
~ , , 

* ~ 
t ~ ~ 

~ + 4 

f ~ + 
t ~ ~ 

t f t 
t t 1 
f 1 1 
t 1 t 
t t f 
t 1 f 

t t t 
t t f 

1 t 
f t 
f t 
t f 

t , 

. . . . . . . . , , -" "" ... 
~ • I • • • • I I , , , ~ ~ _ , , , ~ • .. 

1 ~ ~ I ~ ~ ~ I I I • , , ~ • , , , ~ ~ • 

f f f 1 , 1 I , , • • , , • • • ~ ~ ~ ~ 
f f , f I I , , , • _ _ • • • • , ~ , , 
1 f f ~ ~ ~ , , , I _ _ ~ • • ~ , , , , 

1 1 f f ? f f , ! ~ ~ ~ 1 ? , ~ • , , , 

1 1 ~ f ? f f f ~ ~ I • 1 ~ • ~ _ , '" , 

tI1f"'f'~I'~"~ t ...... "" 

t f r , t t f ~ ~ ~ • • 1 ; • • • ~ ~ 
t f f f t t t , , ~ ~ ß I I ~ • ~ , ~ 
tl tf'I'~'II?'?", 
t t t , , • • • ~ ~ I ~ • A 

t f f I _ ~ _ _ ~ ~ " \ 

t t , I , • • • • ~ I 4 • 

! , I , , , ~ , , • 4 ~ 

IIJfJf), /' ~"'''" 
1///'// /' '#0 
// I 

, .. 
" . , 
\I ~ ~ I 

~ ~ ~ " 
~ \ i .. 

" ~ l, 

... 4 

" \ 1 

" ~ 
\ \ 
\ \ 
\ \ 
\ 

.. . 

t 

t 

* 



" 
'" 1# 
11' , 

l1:l 

J ~ , \ 

t
lJl' \\~~r.~ 
~ ~'\ Ifff""~),""_"" 

/11'1" ...... ,,),1/. ~, 
/)"1'''1'' .......... ''' " ,,- .A'r .. ~" ///~'''''' •• _-- I 

I. " - AI' /. . iF '/ 1 ~ ~ \~_///~.A'A'~ •• ___ ,rr,\,~~;, 
\' -------ß:,t'\\',~t!' 

.... ....... ..... - .... _- .... - f t \"" .. , <I \ 

.. , ----- ............. :lIf~"'" "'1\ ... j""" _ .... --- .... -....... ""\\\ .. 
' '" .. r. "''' ,. \ ,. ... I .. " .... ..... ..... ..... ..... ..... ..... .... ..... .. .. '.\ ~ - ........ _ .. _.... " .. "" \,. , I/. ."~ ~ ~ _______ ~"., .\\ 

~ ----- ~ ~~ \\ - 1 .. I ' ,. " , .. "" - --- ................................ - .... "" " .. " ~ ~ '\ f. ...... " .. " .................... "''''', .................. -..... ,,", ... '"" ,"\\'/ 
. "..... .. \ 'I ", .. " .. "'., ..... " .... , ....... "' ............ """ ..... '" tt~\ "".............. .. .. , .. , ",,""4"'~ ....... ".4"~,,~,, .. ~!t,tr .. .. '"'.......... "'''1 I +"""'''''4 """""''''''''''''''1' 1/"", l 

... .. .. " .. "...... ""'" .. I",,,,,,,,,,,.. • .... ,"" ... ,.,'1", ,. . """""",,. " .. , I,.'",,"'........ ,~"', ... ,.'''''''''' t\, ~ t '''<l1'~'ftt " .... , 
" ... 4""...... """"""'''' .L\~f ~ ~ "",.,,, ..... , t 

~ t'T~'4"""'''' ""'~<f .. """',,\ /~/If. '''~'''''''''''<I''''''''t.'' """' .. "' ...... ,,,_ "t \ 
, " , " .. ~/..-/r <f """'."',;;;;" ""''''.'' ..... -,,- J 

~ \ 
"..... /,,,"'' ", " ... """ .. ""' .. ~- "/ \~~""'-/////r,,"" :.:."" •••• ," __ ,// \~ ,,~......--_-----.---...---~ ~--------- ....... ~ 

~:: :'==-::,=, ~ 0;~;::;::::" : ',: .~~ .. .. . . ~ L • 

11 

'<:l' 

00 

M 



t ::::: .0 s 

-"" 
., ,. .. 
.. "" '" 

/I> ... .. .. ... 
.. ... 

r jt ;- " ... .. .. 
t 

'" t ;- AI< .. .. 
t ~ '" ;- '" .. .. 
.- I' '" ;- '" ... .. 

I' /I' /I> ... .. ... 
, 

" '" " .. .. 

- 8 

I 2. 

--\ \ 
.. .. .. 

'" ~ ,. <f .. , 

! ,. .. ... 
" .. M- " " '" " ;- ; J ... ... P: t • .. ... 

'" 
, 

\ ... .. '" , 
" .. ... '" , 
" .. .. '" .. .. 

, " y <I " 
, 

.. .. ., -t .f , 
• " .. ,.. ., ., 

" , .. .... .:r N .. .. 

t lt " " "'" ...... " .. ,. ,. P: 

- .... J< I> 11 

...... ",,---- "" 
"","'4." ... ,_ 

,. " , , 

, , 



3.2.3. C 

we are 

f 

v :::.: o. a 

2 

, 

the f 

viscos 

but 

this cell and causes f 

ax 

, in this case, 

on 

the Taylor-Proudman ce 

s seme I 

Optimum 

- 87 -

3.1.3. It 

flow 

towards 

10 S 

to 

low 

of 20 s seems to 

and 

the 

can be 

g 

s 

(as 

more 

more 

f 

case, 

I 

to 

rates. Moreover 

a 



- 88 -

t :::: 10.0 S 1 == 4. s 

NUE o. 5 

10 

o s 

'* q V l" ..JII" .... ~ ...,.,.. -"" --"'..--JIIo~ ... .. .. )r; ,. "".-. -.. ..... -b. " ;".tk ~ 

" .... "'''''''" .. " ............. "" IY,,#/I'_' 

~ ~ .. " " " " .......... ~. ~ +. • • ~ 8 "'// ~ 
........ ". ... "IIf" ....... ++ .......... ~~//~~ 

4I4",*4I4t .. ~."*.""~""'-4It.-" .-' 
"" .. $i/Jt, ..... .ol.~<tII:Jckk,k""iIIt""'~ ~4-\ 

, 
, 
, 
" 



1 :::: 1 .0 

'" " 4?J'''';rptr~-''''~~~--'''''~, 

!~""""""",,"~"'J1f"' ... ; ,. t ~ .. " 
J , \ , ~ 

• .. j, " " .. .. .. " " I> ~ ~ .. " ... '" / ,,. ... 
, '\ , , ~ 4 .. 

1 • " " ,. ,. ,. ,. ,. ,. ,. " " 

V""r.., .. 
-"'" + # • 4 4 4 ~ 4 ~ ~ ~ ~ ~ ~ , , \ \ , , ~ 

t ~ , " ~ 4 • A • ~ ~ k k _ : ~ '" \ \ ~ , 

t'~J;"""''''''''''''''''''Jt;#'//IIJl4k''''''\\ A 

f , , ~ ~ J; J; '" '" '" '" ~ ~ ~ I I I JI '" ~ , , " 

f , t , , ~ ~ J; J; J; J; J; ~ JI I I I I ~ '" • , \ ~ 
f , ~ t ~ ~ , , , , , ~ , t ~ ~ J t , , ~ ,. ~ \ 
ffY"'f'''''''''I;'''t#t~trl>'' 
ffr'ft"~'~;t ftt.f;""~ 
ffl''''''ff"t;t#vttttt""t 
fffftf''''''';'''''+++''·' 
lftffl't"'ttt"fttt+"t 
f,!'.rtftt"';t";;,,,tt"'!' 
""tt,,,,,tt"'t,;,,,,,,,t"'., 
'tf,ttt;ttttt,tff+++'j~, 
'I',t,tttttt",t,t"",'l ~ ~ 
t + " t t t , t t t t t , t , , , , + + f,. X 
ttttt+tttt't'ttft+,tr"~~, 
,t'+++'ftfftttt't"+"""~\ 
"""""+"+",,,,,,1'-' \ 
W+tt",t t'ft"'f+';.'''''':' 
++t,tttftt+tf,;""t'''· , 
+.; t * ... t.,'" f';' t." t; t t -; t'"'' 
.;.; t + t t"" f t .. t f f t, ; t, t t P""\ \ 
++f'f,f"'" ,tt"",,'''''' \; 
+tttttt;;ttft,,"tttt f

'" 
,. ~ " '" tttt+f,,++"f., t,t<l,;" ,. 

+ tttfftft,,~i<'t"t,;;,;" 
I> 

t •• ++tff ",t",,++,,;t' 
t+t~t J, t ~,;t+-tttf++t'''' 
t++* ttt,+tt+tiJilT~, ;?",,, 

t ++ ~ ,t'~t!fi I> 

+t~~~ ~~t~""\J'" 
t ~*.~\~\1' ~ 



, 
'" ... 

'I " <t 

.. " ... 
.. " " .. .. .. .. .. ... 
1 .. .. .. 

... .. .. .. ,.. ... . ... .. .. 
.. .., ... ... ., .. ... ... ... .. .. .. .. .. .. ... .. .. ... ,.. '" ,.. .. ... ... ... .. 

... .. .. .. .. ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... 

'" .. ... .. 
.. .. .. • ... Jro, __ 

.. .. .. .. 
4. .. .. .. 

.. i;. ... .. 

" " .. .. 
.. 4. " " 

... ... .. .. .. .. .. 

... ... 'I ... " 'I .. 

....... 'I " " 'I 

.. ~~ .. ~~, 

.. .. .. .. .. .. , 
.. " ... " " " " 
.,., ", ... ... .. .. .. 

.. .. .. .. 
... .. 
... 
'I 

, 
, 
" .. 

.. .. 

.. .. 

... ... 

.. .. 

.. .. 

.. ... 
... iI 

, , 
, i" 

" , 
<t , 

.. .. 

.. 

.. 
.. .. 
~ 

, 
I>' 

t 

, 
" 

... .. ... ... 

... ... .. .. ... .. ... .. .. .. .. 

... ... .. ... .. .. .. 

.. " .. .. 
, I>' .. ... 
J> .. '" '" 
J> A. .. ... 
J> .. ... .. 
,. J> J> .. 
'11" 

, 

.. .. .. ... ;.. 

... ,. .. 
.. .. .. .. ... .. .. .. ... .. .. ... .. .. .. 
.. ... .. ., .. " " .. .. .. ... 'I , l> 

... .. , " t I>' I>' 

.. .. '" ,. J> J> J> 

"" .. 4 ... .. /f> # .. ... .. .. JiI, # "" .. .. .... ... .. # ,. 

.. .... .... ..... 
.. .. ..... " , " 

.. .. .. .. 
... .. 
... 
, 
" 
" 
" 
'" 
'" , 
.. 

... .. 
... .. 
.. .. 
'" ... 

.. 
" 
" 
" 
" 
~ 

... " 
• ~ 

"" " 

.. 
"' p .. " 
'" " ... '" 
~ .. " ... 
4. ~ .. .. 

A ." '" .. 

+ f " 'i 

~ ~ l 1 

~ ~ I' 

,,""- .. 

, 
~ 

t 

::::}~ 

IP' ......... .. .. ; 
~ .. .., 4' ~ -. -...~ ~ ~ "ih. ... '6. ., ...... " ............. ", ., ~ ., ........... Ji, 

.. .. ,,)If~_ ~~~~~~~~~~~~ ....... ~ . .,~ .. .. .. .. ... 

,..-~/ -."""'-'-Jioo ... -++ .......... r .. '" J> '" ,. 
--....~~-..~ ~ ..... .,. ..... ~ 1 IP- .......... ---------------- '" ... 

.... ,,'\~, .. ,,~ 

""+--..."'-------- "'""'" .. "" .... ",, .... 
44. .-J#iIf' _____ ~ ... .., ,. .. "If: .,., . '" .. , ~ .. .. , , , ~ , " " " .. .. -.. "" "" ..... ,.. ,)If_ 

;#N~~~~~~~~~~~.# ~ , 
~ .. I I ,r K ~ ..... w( ..... +-+-4- ........ .- ...... 

"'-~/ ~~~~~~~~~~~~~~~. '" 
~il~~------'''-~*---~ 

/ ~ ~ K" \ .. J> "", ..... -

KjtlJ/Vi/VK-~ f "";II~ 
,""~fl''' ""'/V-

.... l~\.."."'" \'-1/ 1 "\ 
_-""I. t , __ ""t. __ "" " __ -

, 
~ .. 
" 

, 
t , 

'I , 
, 

" , 
, 

'I " • " , 1 

" ..... --""''..'" " 
'I ". " 4" _""" \. ~ 
..... "" ... "'\\~ 

' .. ~A~",\\~ 
.. t,I',. .. ""l!;,. ... 'J~ 
.. ,,""·""" ... .., .... ""11+ 

-//-"''''-'''''''''"''111 
'111'1"'''''---''''' -I'" 

1 " 'f f 

" """..- 11 .. ... " ...- .... "'!I-"lIf-. ./ ,. ,. ." 

..... 

o 

1.0 

\)1 

iIl 



19d 

I 
I 
1 
? 
1 
? 
1 
t 
1 
t 
t 
t 
t 
t 
t 
t 
t 
t 
t 
t 
t , 
f 

= .0 s 

f 

.. 

1 

9 

4 1 

" 4: f; :I N 

,,~!Iß' 

<f f; I ! 
f; I ! ! 
f; I I I I , 
11!1f;~ 



92 

19 t :::: 21.0 s , = 3. s 

~1-~i1":~~~;;;;;~;;;::;;:;::::;:::::;;~ .... ___ ...... __ ..... _,. l' 4: :, .".,... -. .... ".. .. ..... .. ... '" ~ ,. 

1 
t 
t 
t 

'i1I'.~"""""",,,,~-+~--,,,,, 



19f t = 25.0 s , 



- 94 -

1 t ::::: .0 S I S 



t 

, . t t f t 
+ + 

t 1IIItt" 
,,~ ~t tt,tttttt 

,+ ,tttt tt 
i "" .. 4+; t t tt 

ff ""<f<l+ tt tttff 
\ t t t 1tt1t 
\":,,+ttt ttft 1 
\'4 t ttttttt~ t tt t 
\ "A. t ttf ttft 11tft t 

" \ L " A 1 • t f t t t t f t t t 1 t t t t t t 
A 1 ,j, 

t ~~ 4< f ttt11t ttt1tttf ~ 
+ \t'''+ f ft1t t11fttt t 

~~t"f t 1?tt1 ?ff++ ttt 
~~~"~ t f?ff1~1 +1+ +1 '" 
~~t"1 ffffff If?ftf++ ++f. 
\~''''~ftttfff~ t1~?~~~+~t 
\~f" ~tttft?f~t?f"'+~"'~~~ 

~~\\t:~ tttt~ff.~~~?~4~~~~ 
\~\'l <ft !!!!'f.f.~~"~ 4~ 4~~ 
\~~il,,!I'!!'!!!jljl~~~~~4!~~~ \\'r! ,,1111111 jljljlJ$~~.(~~,j,!. 
\ ~ t : I I I I I I I " , " , " $ ~ " ~ 4 4 ,j, ~ A ~ 

~ I I I I I I I I " " " <f ~ ~ ~ ~ ~ ~ ~ 4 ,j, ! 

t ~ I I I I I ~ ~ ~ " " " ~ " " ~ 4 4 4 4 A • 

" / / / / I ~ ~ # ~ ~ ~ ,,~ ~,,~ ~ 4 4 ,j, ~ 

~ / / / / 6 • • .. .. ~ .. .. • .. .. " " • 4 • I 

\ /~ ~ I , ~ ............... 4 • 

~~/ / ~.AT ... •• ,...,...;..,... ......... 3"'." 

~ ,,/ ~-"-1fI1'~~ • .". .. ,.:\Iio.""':\Iio..*"'lIr,. ..... ,,~, 

• \ ~ ~ ~ # • • • - • - ~ '" • • • • • • • • " • • • 

'\ ,,"""",,"' ......... "'''' ........... ''1' 
l ,... #f '" ~ ~ ~~~~~E oE >OE -~~.~ ~- ~ ~ ~ ~ 4: "'" ,.. ", 

s Ol . HWI.L . 
OfT NOI.LV.LOt:I 

: OL 
S Ul:::> C;()()"O 

.. V = .tlo.li.:i r..:4LA I S O·Ol ::::: ::j. °O':.fl 

- S6 -



- 96 -

== 10.421 s , = 4. s 

4 " "" '" f 

! ~ 
lc '" 

'" 1$: ~ ~ "l$, ~ 't:. ~ 

l • .. " '" ,. ,. '\IJi~~"f$~""'~":-~~/ 

" ... '" .. .. .. .. .. .. ., "'lE-<IIIf>~""""<k-~ " ~ 
f' " ~ .. ... .. '" '" .. "" .. "" «-~~~ 1\ 

\, J , 
" iY " " " '" e ,. "" k AC' v/ J " , 

W t , l' P- " " " " J< " ;cf ;( t ~ \ 
f f t t t , , 

" " " iI ;f 11 , t t 
t l' " I' iI pt " I I \ 

(- ~ 

'" f f , t IV 1 JI iI iI , " I I I , /f t 
~ 

f t f ~ f ~ t 'I ~ " 
, I I I t 1- ~ 

+ 
~ ; " ( ~ , ~ ~ I J , , r 

1-

1-
t l- r ~ ~ t f J I 

I 
~ 

T 
+ t f 'I ., I- I- J , J J 

f 

~ f * 
, ., t ~ t t t J J " , 

? 
+ * t , I- ~ t f f j J J J ~ J 

... 
~ 

" ~ t t t J, t ~ ~ ~ t ~ 
.. , 
... ~ 

W t ~ t t t ~ W ~ t ~ + ~ ~ t .. ~ 
t ~ t t ~ t + + t ~ \ , t 1 f 

\ 
... ~ 

" t t t + t t ~ t ~ ~ i 
t 

f '\I 

t t ~ t t ~ t ~ ~ " ~ 

* ~ t t t t 
t 

~ t t .j. ,j. t t ~ ~ t \ " " " t + 
4 t t ~ + + 4- t ~ ~ ~ ~ " " t 

~ ~ '" '" 
~ 

/I' t 
" * 

1- ~ t ~ ~ ~ ~ W 

t t t ~ ~ \ ~ ~ ~ 
.. .. ~ 

~ 
t t ~ t ~ 

'" t t ~ ~ ~ ~ ~ " .. ... 
4 /I' t , t t 

~ ~ " " ... >1 I-
t i f t t ~ ~ 1 

, 
.je 4 t ~ ~ ~ ~ " " .. " , " 

t 
t W + t lt ~ 'I .. ... " \ 

... 

f ~ " ~ .... " " f ~ ~ ~ , \ 
" 'I " , " " t , t + , ~ 1 

f I- , \ 
t t '\' ~ 1 1 1 .. 

t 
/I' " , \ v ~ ~ ~ 1 1 f '" 

I' ~ ~ ~ t , .. " \ '" " ~ t f .. '" , J "-'\' t t 1 f t 

" t 11 1- /f " \ '" ;? "', Ar 

","- ~ '" 
" -

" 



.. 
" 

v If 

If 
" 
t 

1 

, " 

~ ./ii. y,.. :. .. 
"" "" 

.. .. 
..... ~" .. 
" ~ Jot. , 

'" '" ... 
" i;. .. 

" '" "' '" 
" " ... .. 
~ 4. ... .. 

'" .. 
'" 
... 

.. 

.. 

... 
'" .. 
.. 

... ,.. 
.. .. 
.. 

... .. 

... .. 
.. ... .. 
.. ja .. 

.. 
... 

.. :.- .. .. 
)0. .. .. .. .. 
.. :.- .. ... :.- .. 

.. .. .. 
... .. .. .. .. 

.. ,. .. .. .. 
.. .. ,. .. 
... .. ... .. .. .. .. .. 

,. .. .. .. .. .. .. .. ... . .. ... 
... .. .. .. .. .. .. ~ 

.. ... ... .. .. .. 

.. .. .. .. .. .. .. ... .. 1 

.. .. .. .. .. ... ... .. .. .. .. 
.. .. 

t .. .. .. .. .. .. ... .. 
... .. ,. 

.. .. ... .. .. .. ... .. "'- .. 
~ , " " " 

'I 

" 
" 
" ~ "' ... .. .. .. .. .. .. .. ... .. 

~ 

'\ " " " " " ... ... 
" ... ... ... ... ... i;. 

, ~ ... .. .. ... " 
i $i,. .. .. ... .. ... .. 
.. *'- .... -- .. 

'" 

... .. 

.. ... 

... ... 

... ... 

... '" 
... '" 

... 

.. 

.. .. 

... 

.. 

.. 

... 

.. 

.. 

.. 

... 
... 
.. 
'I 

, 

.. ,....... 
.. .. .. 

........ " ~ , 
~ ,. ,.. .. ""-

" A. .. .. 

.. 
.. ,. 

.. 
'" ~ t .. 

.. ... 
" .. .. ~ • .. • , , ,~ i ~ ~ ~ ~ ~ 4 ~ ~ ~ ~ 

" 1 t If .. , 1 .... ,~"'4' 

-.. ;.. '" ~ ... " .. 
21' _ ,. 

~ 

'" 

.. .. .. 
~ " 

.. 
" '" '" .. .. 
... 
.. .. .. 
.. 

" « 

.. 

.. 

... 

... 

. " 
" " 

... 
" ~ 
" 

'" 

, .. J> 

.. .. , ~ " 
.. r w 

" " ,. ~ 

, '" .. 
" 

rt 

11 

..... 
U1 

o 
tn 

0-, 

\0 



t 
t 
t 
t 
t 
t 
f 
t 
t 

t 
t 

t = 19.831 s I 

.. 

98 

:: 4. s 

/~~" ., K~ "JIi-- ... 
A' / _~_~ "',.. 

~ # f , ~ ~ ~ ~ \ \ 

+ 
~ + , ~ 

~ i' /Y " i' ~ 

, JI .r 
~ , ;I 

~ ~ t 
4 ~ 
t~\"\" 

,,~"''''\'\~ 
'" '\ \ '\ 

~ '\ 



- 99 -

t = 25.0 s , = 2. 

>:f AI' ~~--'ii"'~ ____ ~\\.,:~"~~-~~ 

i~.«, .. ""f."'''''''~ ~~~ 

~I// //$K---~-~--

, J I I I I ~ ß k ~ 
~ .. ~ p ~ ~ f J J , I I I F F ß * ~ ~ ~ k ~ 

"'''''~~;'IIJtJ'IF''''''''''''''''·'''''l>t~ 
~ ~ 'I I'j~Jlllllllllfl''''''''''''''' ,."fA 

~1'~'1lfllllllll~I'''M''~''.4''''4.t 
+"~;~"""IIIIIJJ~*,"""''''''''·&#4.~~ 
~ :r~"JJJIIIIJJ,ifl'''''''''''''t''''''''''' 
~f~t JJftJ'JJ~ I'J'I'''' ..... ''' .. ~" .. 

, ~ J J J I I J S I i • , , • '" • • • ~ ~ , - • 

... 

*tJ.JJ~t~t~~t+tf~i''''k 
•• , , , , , , , , , , , I ~ i • • • ~--
t~+t't.j.'+~++t Jf~~·#-
• t j, i ' ~ t t ~ ~ * t, + •• ' 'i" •• u 

·tt~*.~.~\~~+~t.·tt 
·~t*~~\~~~\\~~\~~ ~ 
;ft~t~~~~\\~\~~1~"1 ..... ~~~~~~\~\\\~\"",\ 

~ ~ ~ \ \ ~ ~ ~ \ \ \ \ \ \ \ \ , , \ 
4 ~ ~ t ~ i ~ ~ ~ i \ ~ \ \ \ '\ , , ~ , 
~ , ~ ~ ~ ~ , ~ ~ \ \ \ \ \ , , ~ , \ 

i ! , , 

I
t:::: 1 :: i :::::::::f' tt; 
~"~1""~'1'1~~'~'Ifj? •• ;tj?I'''1' 

~", .. "", .... iI'" $ Fß 

\ ~ .. '" .. 



" ~ t 
",-'lI?!' .. \\\ '""\.~,, 
\~{""ijj<",,,\ \\ttttttttf1~,j 

", ,i"\~ '\\\"\\\\'~t~,j,j,j 
J, ?"\\':~\\\\\\"\ t+~~." 
Ji t"\\~ ~iii\i"ttt+~." .. I, 1."\\"''' tti'\iii",~~~~". 

, "'\\\" .. tti\iiii't~~~ .... 
t "\\\\"lft1tiii\ttt~~~ 
t :\\\\""ttfiittt t~~" .... 
t jI\\\\"N1'tftiitttt~ ~"""'1'11 
t 1\\\\" ",tttttttt~. 
t f"\\\\·"trtittttt~.~~""'tf~f 
t t"\\\\"'",1'fttttttt~l .~"fttft 
t t"\\\\'"' ,ifttfttt1,j!.l.~~''I1f 
t f"\\\\""';fff ttt ~,j,j',j~;f"'" t~ 
t f:\\\\::;f~ttttf 4~'t44"""~~~ 
f i \\\\ ;f~ttttf ~,(~44~""~'I~ 

I, \\\\""";ff.ttttt? 44;f .... ,. .. ~'1~ 
t :\\\\~:""ffftt?,*;f,, .. ~ ....... ~~~ 
1 ~\\\ "f.f1ttt ,.;f ..... ;. .... 'If~ 
t :~\\\\: .. ,.'fttt~i;f .......... <\.~~ 
t ~\~\ "'lIftfft?lI,,"' .......... '~ti 
t t~\~" .. "'"ffffffJ .......... "'1t~ 
t i +~~\~:",,1If.t tt?1I" ....... ~1l'l ~ 
t i~t~~%~ ,,1I1t tt1~" ........ 1f. t 

~t i~t~~~~: .. 1I1'f? t,j" .... ~.ff'l 
~tL ttl't~~\ .. "lIf~111,j" .. 1.1f~t' ~ , t \ ~ \ • ~ ~1'1111' ttf*~~~ .. "''''''~1+tt.~''1'iffWt~ 
\ I' /.1. I, rl t ! f * ~ ~ 'I .. ? '" 4 ~ ~ ~ f + f l • , * * f t t 
\ jI I. t!, .. '" '" <I ~ 4 ~ ~ ~ ~ ~ '" , f t t 

\ jI ! ! t f ! " : ~ ~ : .. " " " '* ~ l + + ~ ~ "" t f t I' I' I' 

\ //! t t ~"f t, "' ...... " 4.!+ ~ ~ ~ .. " f ~ t f Y ~ t 
\ // f t + ~ .. , t 1 "' ..... """. ~! ~ +! ~ .. " 

"'/!tf! .... "f'1 .. ,.., ..... ~l1<1.~ .. "tff 

\1'!1~ 1 " .... "' ....... ., .. 11 /I'",,,,~ .... ", 

'" l' I f. '* 1 " .... , , "I ........ '" 1/',,3,.. .. f .. " " f t 

~"-"'I'<I. ..'" "I .......... " 1/ .. " 'I .... ,,, t - « 1 .. 

, -~ --"JiI" "" ,., '1{ -I 

.. " .. " 

.. .. " 

S/UIO O( = ISO' = J 

- OOl -



1 

s 

--------_._._ .. -.-.~ ~.~~ ........ "­

'" ",,"'" -""---_-...,, ~ 
, , 1 , " I> I> .. 11\ " " " ,. f , " ~ " .. 1 " 'I '" .. ,,'" /' -"" -.. 1l .. t 
".,.,,,, ••• , •• 'lill,. .. "' .. "".*I;I .... "", 

'''11 .. 11, ... ',,'''"''''' ............. """#."''''1111. 
",,,, ......... "'''' ... ,,,. .......... li 11;11 .. "",/ /,' . "."" .... "''''''' ....... " ............ "''''''-/ /-~ 
"""",. .. "'''' ...... ''' ................ ,.. .... ''''- /"" 
, . " " ,. .. .. .. .. .. .. '" .. '" .. . .. .. .. . . . . ~ , --

,. ... ,.,. I "K'" ,/ , 

-' ~ 
~ ~ 

,.,,.,.""'''''' /,t/// 
, r .. , " .......................... ,. '" "' •• ~ # #,t/// I ~ '" 

"'-.. .. • ~ 11 11 I I I I I '" 

" , r , , .. , .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. ~ I I 1 1 1 1 I '" 

" , , , , , , , , .. .. .. .... ........,; I I , , , I I I I I .. , 

, , , , , 

, , , , r .. .. , .. " ....,....... I I I I I I I I I , .. , 
, , , , , , , , .. , , , , , , , , ; I 11 11 I I I I I I I I ~ 

tt 
, , , , t , , , , " ",,;;,; I ; ; I J I # t I .. ~ 

, f f , , , , f , t , , t , t , ; I ~ , ; # , ~ I f J J ~ ; .. \ 
, , , , , , , , t , t t t , ; f t , , ; f ; # # ; t ~ t ; ; " 

~ 

, " ,t"""" t , ; ~ ; ; , , • • ; # f * + f r • , , , , , , , f , , , , , t t ; , , , , , t , ; ; • • t , t ' 
~ , " ", ,t, t t t t ; t f , ; f t t ; t t t • + ' , 

, , , , , , t , , , t t • t t ; t f f f , • * , * t + t t • ' 
, "" t f , t t t t , t t t + • • t , , • t • * + t + t 

, , , , , f , , , t t t , , t + , , + + • t t • t t t • • • 
, t, "t' t t t t t t t • • • • • * * + + • • 1 • ~ 1 • 

" , , t , • , , t , t • , t t t + • t t + t, + 1 ; t \ \ ~ 

'" .,,*,'tttf t ••• + •• 1;.~i~\\~'i 
, , , , t t t , , , t t t t t t + t •• , i • ~ ~ ~ 1 ~ , \ 1 

t t,t,ttt,tt"ttttt."t'.'~~~~~~ 
, , t * , , t t f t , t t t t t t , t • • 1 ; \ ~ ~ i , , \ i 1 
, t , " ,t" t t t • t , t t 1 • , ~ ~ ~ ~ ~ \ \ \ \ \ \ f 

f , f' "t t , t t t t • • t • • ~ , ~ , ~ , , , ~ ~ \ 

, , , , , , ,. "" ... """" -"" \ , 



"' 
, ,. ,. ". 

,. I' 

'" " (IIJ 
,. 

,. , 
" ~ 

" 
" '" 
" '" 

" " 
, , 

f " " 
, . 

, , , • ., ,. • , 
f r 

, t , t i 

, t , 
, ,. , 

" ~ 111 

~ 111 

111 

1\ , 
~ , 



• 



- 1 

F 21d t == 21.0 s := 2. s 



- 1 

21 :::::: 25.0 s = 2. s 



- 106 
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4. Conclusions 

Within the scope of our present investigations of forced 

convection we should like to make the following inferences: 

In the classical Czochralski crystal-growth process as well 

as in the ACRT arrangement and its application to the 

Czochralski method (CACRT), stagnation surfaces which prevent 

complete bulk liquid mixing in the crucible exist for most 

of the various angular velocities of the crystal and crucible 

commonly used in experiments. Practically speaking, non­

mixing Taylor-Proudman cells are absent during the classical 

Czochralski crystal pulling only when the crucible rotation 

rate is very small compared to the crystal rotation rate. 

Especially, the present analysis has shown that the counter­

rotational arrangement with crystal and crucible rotation 

of the same rate is the worst case in view of smooth stirring 

of the melt. Additionally, in practice one should pay more 

attention to the isorotational arrangement than up to now. 

It should be pointed out that these statements are inde­

pendent of the actual value of the kinematic viscosity 

of the liquid. Therefore the crystal grower has to be very 

careful in the selection of the various rotational rates. 

ACRT has proved to be an effective method in order to achieve 

optimum stirring of the melt in the crucible. In the case of 

comparatively high kinernatic viscosity, its application to the 

classical Czochralski method (CACRT) causes complete mixing 

of the melt only in the isorotational case when the non-mixing 

Taylor-Proudman cells vanish periodically, despite of 
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intuitive predictions which might have preferred the counter­

rotational arrangement. 

For low kinematic viscosity, however, CACRT seems to be an 

excellent technique in order to achieve total stirring of the 

melt independently of the relative rotational motion of 

crystal and crucible, as by all means the time period of 

acceleration and deceleration is much smaller than the 

transition time needed to reach the steady-state of the flow. 

Here the use of a relatively large time per iod for the 

alternation between acceleration and deceleration seems to 

be slightly preferable. 
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5. Outlook 

Recently, we have started the simulation of free convective 

flow in the classical Czochralski crystal-growth process 

in order to study the flow patterns resulting from the 

superposition of free and forced convective fluid motion 

afterwards. Part 2 of this report will be concerned with 

these investigations. 

Moreover, in the case of liquid copper, a detailed 

experimental analysis of the CACRT method based on the 

numerical results of the presented computer simulations 

is planned 1) 

Finally, as already mentioned before, we intend to investigate 

three-dimensional fluid flow, too, in order to examine 

whether there are similar non-axisymmetric flow patterns 

as described in [6). 

1 ) . f A corresponding paper will appear ln the near uture. 
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7. Appendix 

The table below describes the following figures of this 

appendix: 

Fig. No. Analogue to 

Fig. No. 

23a-k 9,18a-k 

24a-g 10,19a-g 

25a-g 11,20a-f 

26a-g 21a-g 

27a-g 22a-g 

Arrangement 

of the Model 

ACRT 

CACRT 

CACRT 

CACRT 

CACRT 

Description 

in the Text 

section 3.1.2 and 3.2.2 

p. 31 and p. 75 

section 3.1.3 and 3.2.3 

pp. 31-33 and p. 87 

section 3.1.3 and 3.2.3 

pp. 31-33 and p. 87 

section 3.1.3 and 3.2.3 

p. 33 and p. 87 

section 3.1 .3 and 3.2.3 

p. 33 and p. 87 
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F ig. 27f : t = 35.0 s , 1.1EO cm/s 
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