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1. Introduction

I two previous papexrs E1,2] gsome agpects of the impurity transport
problem in the edge region of a tokamak plasme have been theoretically
investigated under consideration of toth paraliel-field (toroidal).oon—
vection and cross-field (radial) convection and diffusion, It was shown
that wnder certain restrictions concerning the thermalization between
lmpurity and hydrogen iong an anslytical gelution of the drift-kinetic
equation for the impurity ions can be constructed by & combination of
the methods of characteristics and Laplace transforms, if the plasma
background is assumed to be radially homogeneous. In order to simulate
the strong radial variations,; which the plasma parameters undergo in the
edge region, a subdivision of the plasma background into several radially
homogeneous zones discontinuously connected with each other has been de-
vised. Within each plasma zone ithe impurity ion populaiion is, of course,
determined by boih the Iransport processes as well as the volume and
surface sources. The latiter appear in the form of particle fluxes from

the limiter and from or inito the adjacent plasma zones,

In oxrder to obitain a uniform smcoth solution of the impurity transport
problem for the whole plasma region, the solutions for adjacent plasma
zones nave to be adjusted by requiring for each charge state continuity

of both particle density and cross-field flux at the common boundary. If

applied to the final soluticn, the matching procedure leads to an integral =

eguation for either the particle density or the cross-field flux, One way

of solving these integral ecuations 1s to incorporste the matching proce-

dure directly in the Laplace transformed version of the drift-kinetic

equation and to manage the additional complicaticns in the inverse Laplace

trangformation, The success of fthis procedure depends on the choice of an
appropriate variable for the Iaplace transform, which should either be
cemmon to all plasma zones ox subject to a simple transformation when |
going from one plasma zone to another, Unforitunately, the convection time,
which 'was used in the laplace transform in connection with. the method of
characteristics:[1;2],does.in genera1$hot fu1filﬁ%he requirements of the

above ‘mentioned matehing procedure, -
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Thus the problems encountered in the evaluation of the cross-field
surface fluxes are not yet solved for the wecycling of limiter released
impurities or for the iransmission of & teroidally localized impurity

injection pulse.

The above mentioned mathematical difficulties disappear, however,
for the trensmission of a toroidally uniform impurity injection pulse,
in which case the guiding-centre distribuiion functions of the various
impurity ion species can be expanded into fast converging series of
eigenfunctions of a combined convection-collision operator {see refgIBI)g
This procedure automatically accounts for both friction and thermaliza-
tion with the hydrogen ions of the background plasmes 1T relates the
distribution function to a reference frame moving with a veloclty, whnich

in the limit vebﬂcn approaches the flow velocity of the hydrogen ions,

The iteraiive solution applied to the transport equations for the
expension coefficients does not resort fo the method of characteristics
and thus avoids the difficulties encountered with the individual con-
vection times. Instead the real time + (or the square of the diffu-
sion length D% , 1f the cross—field diffusion goefficient DL\iS consiant)

can be uged for the Laplace transform in gll plasma zones.

In the following the transmission of a Gaussian metal impurity
pulge uniformly injected from the torus wall is studied within'a tWo-
zone plasma model, which separates the plasma into scrape-off iayer
and plasme core and allows for discontinuous changes of the plasma pa=-
rameters at the sepsratrix. The plasma parameiers are supposed to en-
sure a collisgion dominated scrape-off plasma, in which case we.may re-
strict the golution of the transport eguations- fo-its . zero order appro= .

ximetion. ... ' . -

II. The model

The- two=zone plasma mo@el.already.int:oduced,inuref,[TE.is depicted - -

in fig.1 aﬂd'demonstrates'theJWayrin.which the radial profiles of the:

:,Plasma varameters are simulated by step funotions.the'étepsnbeing.loca— :
ted at the separatrix. The scrape-off layer is characterized by a torol-
dal plasma flow and a toroidsl électrostatic field, which are assumed

to increase linearly towards the limiter. The impurities, which are in-




Jected uniformly from the ftorus wall initc the plasma, are icnized by
electmon impact and, if ionized inside the s.0.l., are swept along
the magnetic field lines due to the combined effect of electrostatic
acceleration and friction with hydrogen ions flowing to the limiter,
Superimposed to this parallel convection there are ancmalous cross-—
field diffusion and conveciion processes due to correlations bhetween
density and poloidal electiric field fluctuations., Since the parallel
forces, which entrain the impurity ions along the megnetic field, are
assumed to drop to zerco when going to the plasme core, steep density
gradients arise at the separatrix; which cause the impurity icns pro-
duced in the edge region of the plasma core o diffuse oubwards into
the scrape-off layer. In the iime~dependent problem of the in-
jection pulse under consideration the density profiies are smeared
out in the course of iime decaying to zero due to the impurity ion

logses at the limiter, the torus wall and deep inside the plasma core,
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fig.1 : ‘two-zone! plasma model in slab geometry
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111, The governing equations+

The basis of the following study is the drift-kinetic equation

for the various ionization states of a specified impurity element |

Coulomb collisions with hydrogen ions

+ electrostatic acceleration IS
convection # B L
/ ; da -
-+ = D=~ Vaj- %152 + Q(x,ﬂg,t) - Na o+ Cﬁ(a) =0 (1)
& &
diffusion and convection L B [

i
gsources and ionization losses

timg variations dus to volume and surface sources

varying siowly on the fluctuation time~scale

Bq.{1) is averaged over v,
and written for a slab geomeiry using the independent variables
t, x=(1,&) and v, - It links the space-time evolution of the (ji—

averaged) guiding-centre distribution function of the impurity lons

o+
s mZ e
a(xsvggst) = dvi,“:LL(X’.VE% Fvi$t> (2)
kTR
Q T, = constant reference temperatuxre

"R

with the background of the well-released impurity neutrals and the

hydrogen plasme through the averaged source function

. % " 'In what follows the indices # and 1 are taken to denote respec~
tively the directions parallel and perpendicular to the magnetic field,
which is assumed to coincide with the toroidal direction. The plasms
paremeters and the impurity sources are supposed to be independent of
the poloidal angle varying only in radial {r) and eventually in toroi-

“dal (¢) direction, The indices " e,1,0;3. ‘refer in the usual'way to

electrons, hydrogen ions, impurity neutrals and impurity ions of charge Ze, -

In eqs.(2,%) the bar indicates an average over the gyro-asngle of the ion motion
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e [ Q"‘J(X gt &=

m,
Q.(xg t%si") =2 dv, V Q( sV s _Lst) for (5}

kT !

- \ .
l \JIa(xgvﬂg't) o z22

g
© ™,

and the effective collision operator (including the impurity ion

acceleration in the parallel electric field E“)

diffusion friction in V- space+
é & QKTZ
Vo =l o=
2 é?—. % T TZ U mz
=9 [— - | e 3
¢, el Voot (agrv%g §efi‘v'lz) + & ) with (£)

%V vil 5 :5 Zeb i

= A

eff mszZ\JG

In the above equaticns x& is the eleciron impact ionization frequency.
It is implicitly assumed that the translational state of the impurity
ions doeg not change by electron impact ionization. vcscrséﬁ denote
respectively the collision frequency and collision coefficients for
Coulomb collisions between impurity and hydrogen ions (see Appendix AY,
Note that the expressions for the macroscopic impurity ion parameters
contain neither TR ner TZ ; which therefore remain undefined,

In order to solve eg,(1) we start with the ansatz (according to

the method outlined in ref aiﬂ)

-
a(??gvu 2 %) & Am(x,'t)

- ) (=D (5)
RSO RS D)

¥ By inserting the effective collision operator,.eq.(4), into the

defining equations for friction force as well as heating and diffusion

rate in Vg = space we get

+ez 3 A

F R 29 o “geff‘ 2" & Yy
H E av |-v2 | {a) =mn ¥ v2 =§T+F’E v
. S i T gy 0 TEos ef ' P2 f
' A N2 ' V2 me? a2
%Eiz - \(\vil“ vii) Vpg € Y &Y /

and therefore '.H“Z= %;Z-{- VHF“ « The symbol A(V ) is used to denote

évera.ging of A(v } over the distribution fvnct"l on a(x, v”s‘c) In case of

.a mecnoenergetic 1mnur1'by ion beam injected with 8. veloc:.ty Yy into the

hydrogen plasma we write 2 (%, v, ;t) = C(x 1:) & (v~ vi) and ‘obtain S‘:Z— mznzvcvﬁz

which is related to the second derlva'tlve with respect to v, 1in eq.(4).




-
where Hmﬂi) is a Hermite polynomial of order m in the normalized

velocity
E 4

2
2¥" =1 + 1+
e/ K B { z %, atw g0
- g—: e with ot (6)
2 Vi, eR’, 1 TZ‘% Borr

> fo 26\ [

The guiding-centre distribution and the source function of the

impurity ions are thus related to a reference frame moving with the

velocity ,@ £f TZ/@R

Eg.(5) describes = series expansion with respect to eigenfunctions

of a combined conveciion-collision operaior

2
it G A R exp(~£7) = 0 ™

with the eigenvalues

A - gi(mm) ~ 1]  to satisfy the boundary condition

(e)

lim arxgﬂ!,t) =0

_§_
Vv —> =28

i

By insertion of the series expansions for a(ﬁivh,t) and Q(ﬁ;qi,t)

nto eg.(1) we obtain the following set of transport equations for the

expansion coefficlents

A 2 D4 A A “ R
—" e — VA~ D" |t Té%egf — o+ (v A VR = o(9)
a3t Br er ek L o
34 3A
-
- 2(m1) =5 + (1-§_ ) =
%m % g‘“ mo aé :
‘where due to the Qrthogbnality_relation”for the Hermite pplynomials-i' . o
= e ag ol g Q&) ' S h5(10)'f*f¥-“'
. ngmm;ﬁ%_. RREETS NS W
< I : . wp R : e

-0

O




The solution of eq.(9) is considerably facilitated, if we assume
thet the source function is uwniform in toroidal direction, i.e.
?Q/%§3= 0 holds, and the effective toroidal friction forece increases

xb
linearly towards the limiter such that ,&ef = £°¢ (see Appendix A). In
this case (by using the summation theorem for Hermite polynomiais,

p.1035 of refQETJ) the expansion coefficienis of the source function read

+aa
m &
o (w?)k e’@i
s6st) = d‘(?ést)H '
Qm(.&i ) ; . {2_331 o 1: Kl AT (&)
- &0
K
[ = (17)
Vg

with the additional simplification that for & source function, which

is symmetrical with respect o Wi’ the relation

+ @
8 Qpstf st (£') = 0 holds for odd values of (m-k)® (12)

e €5

As is well known from transport theory each member (m) of the set
of egs.(9) is coupled with the next higher member (m+1). The system is

usually closed by ftruncation at a specified value m=M expressing the

“H*ghev moments by a combination of the lower ones. In contres
.truncatipn scheme we decouple the set of eqs,.(9) completely in zero
order approximation neglecting the moments Am+1 in the egq. for Am’ The
latter are introduced successively in higher Zpproximations. I+ can be
shown (see reanBJ) that the successive approximations converge for a
toroidally uniform source distribution and that the convergence improves

with inecreassing value of the parameter'(v-+} ﬁ})g%Tp > 1,
I "mC% 2",

g e particular application of this relation we bbtain from eq.(11)
& .

Q,.T (g’ éyt) == Kz E’é’;

Qoqgat)

il
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In zero order approximation, which ig already close to ine exact
solution in the collision dominated case, the transport equations foxz

m=0 and m=1 reduce %o

280 2 s 3.
-ty - Dé.—m “‘Vﬁ; ~f A v, + 20 ° (13)
2% ar BT ¥
% ?ﬁ/
%
1 ’SV z
where AN, = = z (14)
c G 2.0 §§2&
gz&g -
In the ldmit @C-méﬁﬁ (ﬁ — 1 tﬂe fluxes 1n the mov1ng reference
frame disappear so that A —= 0 end T w@@(végéﬁjg) n for the

particle flux in the Wabov‘a'tory reference frame. This corresnonds to

g shified Maxwellian velocity distribution for a(y 2V st) with a
centre-of-mass velocity (v Egégé@ ; which is egual to the flow velocity
of the hydrogen lons.

IV, Phe solution for a two=zmone plasms

+

{ Di= const,

under the special assumptions ‘},” 0

30/2t,= 0, 0= Q(v°)

Under the above assumpiiong the transport equation for the coefficient

4°(g,t) , which is proportional to the density disﬁribgtion \ 2ﬁ.kTR§ (s,
of :the impurity ions with charge Ze , reads. - 1| 9t)=-=~= : .O

. _ o z» Kl s

5,0 42,0 0 B T
:‘ggo P Ao o Qo(g,ﬁ) : = R L E-al :
el S Sl =_=.-%f“?5 e . . {15)

%‘? ) B :

o XL

where az r-a - (& = radial position of the separatrix) , %Zz D‘f and:

Vot A
2 in the scrape-off layer (zone I) _

4- [ (16)

¥
- in the plasma core (zone II)
Dy
"~ In case 'Dif% 'DiIIdifferent radial coordinate scalings §R= Q/EZD.LR must be introduced.




Uging the laplace transformation’

+ 0
a(g,p) = gﬂg(gﬁf) ex(-p7) &7

ro . (17)
alesp) =g %i) exp(-pq) 49 |

0

we arrive at the equation
—5 = (p+%) 2 = - Flg,p) with Flg,p) = Wp,0) + &2(e;0)  (18)

If we subject this equation tc the boundary conditions-

a(-e3,p) = 0 3
a(p, p) = 0 (19)
da _

- ;‘é (0,) = y¥(») |

o
Wiisd

the impurities are injected, we obtain the following solution

for —~& é’ﬁ & 0 (plasma core, qEI= E}p_-i-{%%II)
F .

rfigd)

- &R

_ N 'In_wha‘i_:_ follows the bar indicates Laplace itransformed quantities

(o)

dg_?(s,jp) _
: PR o exp(q %) m exp(q SO
cosh(ar;8)\ & F(&,p) A ¥ S S4(p) — 119
/ 11 1




=] 0=

for 0 =g <4 (scrape~off layer, q = s‘jp +§:§z)
) b

g
sinhia_(§-8) S
ar(g:p) —g §,p) ey él (20b)
g _

gi 1 - \,\f Sf;. . » )
""”’—"‘:"“‘""’“"‘” {:osh(qla)i ag ¥(&,p) Mﬂ, %%p) nh[ql(é, gT\
cosh(qla) \ fg a; - ff

&“‘(p) results from the continuity condition a (O,p) IE(O DJ

such that

/ “cgn(zié) 1
$(p o = (21 )

=§§§ P(E:p) sl 1 a8 7(8,p) M)J

=

a;  cosn(a6) 0y

Although this solution is amenable %o the inverse Laplace trans-

formation by using the series expansion

?
o 7 (1) emp(-tmaga)
1+exp(~29.8) =

we asgume in the following that o @2

gimplifies considerably., Then, apart from the immedizte neighbourhcod

. -of the injection plane at @ =&, the solution is. - .. well approximated . - . .

- by its limiting f_‘om.fo_;;._ j@gg@i_?w:;if we:leave the source function une- -

# 3> 1, in which case the solution




= e

changed, i,e. if we suppose that Q (s,t) = 0 for >4,
08 g

We therefore gitart from thisg limiting form of the solution corres-

ponding to the boundary condition g(%@ ,p) = 0 (deviations caused

by the boundary condition 5:( A,p) = 0 are shown in the Ilimit exp(=2 gzge:[)
€1 for one example ) to perform the inverse laplace transforma- !

tion (see Appendix B). By use of the abbreviations

&

- w%@lmzﬁ%H 3 I,| = modified Bessel function of first order

0 2ty 1% e 0 et _ ; _
Up(Est-1) =1 Q @, 5~7") + 24(6,0) 8 (t-7') Jexp(~ pDp")  for R-I,II
the solution can be written in the following form (after being itrans-

formed back into rsal time):

for = g <0 (plasma core
&

?
(g~8)° (p+8) T
o % eple ol N ' el B —%2,$DJ_-
o 4Dt (‘*c'm‘*c) 2
. Gorrlest-1') £ f as 6
Ao(e,t} =\ dg\de’ I D-L-z— -
2 SEDL 'v-f?:
wes . 0 4 0 )
' exp(a DT )1
2
& 8
for @ =0 — exp(-—ﬁ.})“ﬁ*)<d“e € exp = - . (22a)
| =) \IPLE-T)
4 & (=t \
s b 0 g T (T'=-1)
OEI(gg‘t-L )
dg i danf '
B0
4% D a 2 2 “
+ . , %D‘T g g 2
£f expj-aDT - - EXp|= ——
o 0 L ogp(z-t) 4 & 4!
for - =g <0 L dT p+8 - — + =] |- % (g)
1!%(7:'-—%) AN _ g;
0 = —
. A" |




e YN

2 2
A (8~8) \ (g+8) ¢ T
t expl- —— | T  exp|- + 32D~
T L.
o & L
A {g,t) =\ dg\ag’ £\ T {eeD ~— +
° T g Wt
zﬁﬂ f,; {e'=%
0 o} A 0 E
P‘
A %
: . } exp(wzi.Dj.)—’l 52
for =0 » oXp(%2 DT’ at exXy |- (22b
g + =& i 3 4_]3(‘-‘::_7) )
T(g'=T)
0 + o
QgI(é?!JEM?‘)
+ydfydg!
s f s 2 A\
L & 8 g ' €,
5% DY - - : g expl— —

L]

~3

o "“’“‘“‘““[3 b
.!..T_ 6-‘?1

]
aQ
§
A
/”5w

- D 0 ’ ¥ exp
“E T op(eier) 4o 2\ 4mg
- 5 ef/ e ¢ 3
at +§ ~ + ()
0]

4§D, %

It can be shown thet eg.(22a) fits continuously to eq.(22b) at e = o]
(see sppendix C) and that in the limit #p=2w=% , i.e, for a completely
homogeneous plasma background, & wnified solution of the form

( ' (g-6)°
- 2Dy -

b b exp
/ \ "o
aolest) = dg%df' qo(s,t=7) + 24.(6,0) § (+-7") (e3)
L / ' | zﬁ '

-

O

”resul%s from egs.{22a,b) by use éfmI&(O) = 0 and application of e

1'Hospitalts rule.

1
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Going to the limit a%gfm¢eﬁ we obiain the following sclution

of eg.(21)
(see Appendix D )

V. Th our by i izl
e source funciion Qo(§gﬁ % )z=?

Under sole consideration of electron impact icnization (neglecting

recombination processes)_we_get for the source function of singly ionized

impurities
2?\? + &3 \) Y
oo (0 [eTThee
9__(:;. H,.1:) = =\ aP\ devao(x,v,,t) where | (25}
ogxr ) tt° T l
Eo o - A "?)

In order to calculatbe QN(X 0 t) we therefore have to scive the
kinetic eguation for the distribuiion function fo(ﬁg? st} of the

injected impurity stoms

2
0t & . g2 & T
exp |- — T exp|- ( %D -
0 angt 4D(% ') 2
t_ml
%A (agt) o i d‘v QoII(g’ &) J. E’j .L : $D?
.!. 3 = 3 + " - 3 12% 52_
g 4 FE‘EDJ- . {; . . T!_T'
~es. 0 Yo
“
g- 0
{ 2 2 )
& t exp{ - —— ? expl- + 3 D~
3] D= 2
§ Qo (8, t-1") 408 4T 40t v . T
ag \dg — -\ = > TfaeD,— (24)
4 ﬁDL ?-; ® g'-% 2
0 o ' )




QO (E? t)

wl fm

3 f ?
- v, coS&? ;O = - \Jofo (26)
et e

.."j@'is the inclinetion angle of the wvector E‘\i with respect to

the normal direction of the injection plane (torus wall) .

After electron impact ionization of the injected impurity atoms %@ -
coincides with the initisl value of the gyro-asngle of the impu-

rity ion orbit, Because of the restriction to a torcidally uni-
form distribution of density and temperature of the electrons

and a toroidally unmiform impurity injection into the scrape-off
plasgms fo does not depend on é . For a time=dependent impurity
injection at the radial position a =& the _solu%ion of eq.(26)

reads

(8-g) @-g)
£, (V1) = F |V, t- ==, 8] exp|- o278 (27)
v, cos v, cos ‘P

If we assume a two temperature shifted Maxwellian velocity distri-

bution
n PV ———
W
n (a-p) v, cos P vﬁ2 (v_gsin‘-?)z—i- (V.,E. cos'f- Vw}z\
Fo Vy fe ey B = 3 SEPIT o 2
V) cos E? T 2 _ _ VT VT
T VTQVTL : ” n

for the injected impurity atoms (Vw being the average injection
velocity antiparallel to the a‘“ axis), we obtain the following
expression for the first expansion coefficient (m=0) of the source

function QN(S?Wﬁ ;%) by combination of egs.(11) and (25)

(a-g) (v, 51D, s0- ¥ )P

VCOS“? N 'y

L
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assuming & = ZTZ/Ti (see refGFBJ)e In zero order approximation

Qz(eyt)z=1 is egqual to the expression given in eq.(29).

In the limit Vo =~ 0 , yhich we will consider for simplicity

AN
in the numerical evaluation of eqs.(22) and (24), eq.(29) reduces to

T
R
Yo' E B8 / v, (&w@\

lim Qo(és‘t)l = zﬁkf 5 oLt —v— eXpi- " (30)
v, —& O 7= R W W

L

%
Assuming & Gauggian injection pulse of Tthe form
N (t-t,)°
nr(’c) zmmfm-expwm‘m%‘“ (31)
¥ VAR %
w o o}
we finally end up in the formula
X & 2
THE c
o %;o 7 W Ti ‘t—»t1—5§‘ & -8 vo(a-—ﬁ)

1im QO(Sgﬁuﬁf)l = _“'“—‘ﬂf;‘“ 3 exp| - - -
Ve = 0 T = Vit %% gjﬁyﬂ ' to- . tho -Vw-

T WO m

1 S 'z - 4.

4 :
(32)

Since the time-delay t1 of the Gauseian injection pulse ig at

our disposal, we may always neglect the initial distribution Az(g,o)
in egs.(22) and (24) by choosing an appropriately large value of 5, .
Note that the source function changes discontinuously at the separateix

due to The jump in the plasms parameters,

VI, Kumerical results and discussion

General features of the solution (independent of the ionization .
: level'considered) can already be seen by inspection of eqs. (22 a,b)

.'and_eqe(24}, Tt is characteristic. for the problem at hand and the




=1 Hem

corresponding solution method that the impurity lon concentration

{and itsradial derivative) of a given charge species has to be

calculated by an integral over the source points € and different preceding
times (1';%'=T) weighted by Creen's function. The latter contains the para-
meters %f?ST'gﬁqu) and (ags)/ Qéwfgﬁ’a%) , which reflect the influence
cf the plasma parameter Jump at the separatrix and the effect of

the diffugive cross-field iransport on the impurity ion concentration

at the point e under consideration, Within the adopted modélg

which neglects recombination processes, the source function depends
solely on the space-time distribution of fthe ion densiiy in the next
lower charge state. The source of the firsi ionization level, eg.(32),is
termined by the parameters (t-T-t,)/t - (a-8)/V t  and ¥ (a-6)/V
describing the finite ‘transit  {ime and the atienuation by elec~
tron impact ionization of the neutral impurity beam injected fuom the

torus wall at @=ﬂé p

By inserting eg.(32) into eqs.{22 a,b) and eq.(24) and performing
the § ~integration we arrive at seme lengthy expressions not given here,
The parameters, which govern the space-time digtribution of singly
charged impurity dons, have been compiled in table 1. When going to
higher ionization levels we have to perform addiitional three-fold ine
tegrations for each ionization step, which leads to increasingly come
plex expressions. In order to obtain some preliminary informations about
the relation between the spsce~time distribuition of the impurity ions
gnd the various source and loss processes; we have (in a first compue
tation series) postponed the time-consuming caloulatisns fer 232 and
ted on z=1 using artifiecially increased convection losses
in the scrape-off layer (increased by a factor of oo in the examples
— . : Ny - . e

In figs.2-11 numerical resulis for Ti+¢_ions (using the crgs37 

sections given in refs£4j) are plotbed in the normalized form

0
——— for the density distribution and

v | A aﬁ?(@ast) 'f@a

WO Tl
Nw . éD.L
- 1
Yo Ve / g0, i

for the particle flux across the separatrix,




T

The resulis are presented for two observation times and various Jump

conditions for the plasma parameters at the separatrix keeping the

scrape-off plasma parameiers constant and assuming that the parallel

friction and electric forces disappear in the plasma core.

parameter measures
v,
S—en radial decay of the source function due
Yol to electron impact ionization
in source funciion v;to ionization probability within the half-life
sol,pe of the injection pulse
tmt1_é/v
—_— time difference to the arrival time of
to the irjection maximum at g= 0
Q v
e impurity trensit time during the half-Iife
Vﬁ 0 of the injection pulse

in Green's function

diffusive cross~field spreading of im=

purity ions during the time interval +

&
"%VT v, v,
+ = 13 - losses due to parallel transport and
ery é—{z A4 Ay . .
o T az=1 o/ N\ C electron impact ionization
SRERTIREE sol jelsl
% relative to the production rate
= Ql : . .
\ 7
\\?%ééolgpc plasma parameter jump at the separatrix
+table 1 ¢ characteristic parameters for sz=1

“t=-obgervation time

3% = point under consideration’

‘sol = gerape-off layer

pe = plasma core
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As is to be expected; the (for z=1 artificislly) large effect
of parallel transport losses decreases drastically the particle
density inside the s.0.l. and produces {in the advenced phase of
the injection pulse) a negative density gradient at the separatrix
with a corresponding pariicle flux from the plasma core into the
§,0.1, (figs.2-5). Two density maxime appear: one inside the plasma
core, where parallel transport losses are abgent,; the other ingide
the 5.0e.le.. The density profiles follow to some extent the source
distribution: the density peaks near the separatrix, where the source
function changes discontinuously due to the discontinuous change
of the ionization frequencies, and depending on the trensit time of
the injected neutrals through the s.o0.l. is more or less elevated
near the injection plane, where the source function jumps from zero
to a finite value when going from g;}-ﬁ, to @; £8 , An increase of
the electron density and temperature jump at the separatrix leads
to a shift of the (impurity) density maxima inside the plasma core
towards the separairix. This is correlated with a more pronounced
peaking of the source function near the separatrix and a stronger
ionization loss in the plasms core (keeping the scrape-off plasma
paramelers constant), Cne should notice that within the parameter
range considered the ionization frequencies for Ti increase more
slowly with the electron temperature than with the electron density
and that with increasing electron temperature the differences in the

ionization frequencies of the various charge states become smaller,

The megnitude and position of the density maxima are, of course,
time~dspendent following the injection pulse with e certain time delay,

. o -1
l

This is clearly seen from tim

ime evolution of the particle flux
7). In the case @/v b
by the paremeter combination kT =1 oV, % = 10us and A= 2 cm) the

time &elay ig, of course; lafger than for the case Q/W't <:? (realized

¥

&
= + {realized

across the separatrix (figs

by kT = 25 eV; bt = 40ps and &= 2 cm), The time for the maximum
particle flux across the separatrix to occur shifis towards the cen-

tral injection time t. with increasing electron density and tempera-

1
ture jump at the separatrix. An analysis of these data for different

. -observation times (figs.B8-11) yields a nommonotonic variation of the-

cross=field particle flux with the electron temperature jump at the
separatrix and a (mostly) monotonic variation with the electron den~
Siﬁy jump {within the range 1 éﬁ{npé’io and for observation itimes

near t1; an example for a later observation time is shown in fig.11).
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All figures refer to the following injection and scrape-off

plasma data:

.. . oo .0
injection rate of the Ti - neutrsls

asguming t1= 2to in order
to ensure simultaneously AE(@,Q)ﬁO

and ‘& still acceptable com=

putation time

* '8.0.1, thickness A =2 cm (position of the injection plane ﬁ.=ﬁ"}- o
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(0= 7o 2/c:m3

4 2
H — 1 —_ =
kT = kT,= 10 eV , D= 107 om™/s

. rdi 1
scrape~cff plasma parameters Uii’ Ezé according to the simple

* 1=d plasma model outlined in App. A
They show in detail:

normalized radial density profiles (in zerc order apvroximation)

o
T (gﬁ %) )
at a fixed observation time t in figs.2-5
iy
L
V pst
W o

for three different jJump conditions (’}’5 -:ic ) at the separatrix
sol

keeping in mind that I}’Lb=‘ﬁ Ey=0

% {1 1t 10

to

flga2 i i._f_ —
. 2

j K?wz 25 eV, 1;0= 40%5 and v o= t1i JGO

fig.3 - —
2

-to

fig. 4 3 £+ =
é T i i $-% t i 2

E kiw= 1 v o 6= 10{,4,8 and -7 = ?i %

£ [}
fig.5 ; (S
2

kTw_-. mzvi/z ig the kinetic energy of the injected neutrals

fig.2 also containg the case ® = 0 and the correction due %o
the boundary condition ni’ (8,%) = 0 as well as plots of the

normglized source functhion .

= l - .  {= . ™ - b . N
{%‘ ?Dibo Vw solj 'to tho__ T"w

i
e
. H
ot
i

100 s .
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———— normglized particle flux across the separatrix

[8]
22(g, )\

? H
W

&, V3
W 0

s as & function of time within the interval

I\)Hd‘
o

EAN
=t & —" in figs.6=T
2

for thres different jump conditions (¥ = —{-P © ) at the separatrix
sol

?{np{ 110 1

A,

keeping in mind that % Uy= %ng 0

1 1 10

, N B . .
with ;cTW-. 25 eV , t = 40ps in fig.6

kTw= 1 eV, ‘to= 10%&,5 in fig.7

s as a function of % Te for ‘}inp: 1 in figs.8=%

= as a function of ¥n_ for % T=1 in figs.10~11

at two observation times

+
+ © . N . :
te ot = with kT =25 eV , % = 40f&s in figs.8/10

+
o . . .
5 with kI = 1 gv , t_o_ 1o{§,;,s 1;1 f1g§99/11_

i+

t=t =%
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Appendix A

Our simple 1-d plasma model for the scrape-off layer is based

on the eguations

2{n T
..._(__;9;_%)3 g
28, P
Epe
— + en Ey= 0 (a1)
’g, P 3 nU, /30, S
By= o — =+
3
3, 2T, I 2e \3k n
—" = en B + m.n J = ==m.U,5
P4 “1p 3%& idp

Agsuming Te=T3'_’ (npgsp)= const, sand Ué = ¢, for & =-.°ERO (cs= ion sound velocity of the

hydrogen ions in front of the limifexr surface), we obtzin from eq.(A1)

2 2
csés micg & o m; e [
Uaém — and EEQ —— impiying that Te 1= Te . ;"
& 9 3
TR, iR AR 2 \ME
(42)
Using the colligion coefficients [5]
ZTZ
@ =
T,
i
ey
: szz Ug
pe=2f— — (43)
: m,T, v,
f i7i 'Ti
o 2
: Big Ze
W = -—E nv.,{— ln[\/(m VeV )2 with 1nf\= Coulomb-logarithm
- J T z Ti Tz
3 A
we arrive at the effective friction coefficient
2
c
3
, 2
’%: mszz cs Bmimszisz ﬁao
o (A4)

35:__ EC T (ur

neglecting the Q - dependence of the temperatures.

il




ZII(a?p)

2. (g,»)

= ag F(g,p) + _ +

Avvendix B

Tn the limit @%Iw& @ corresponding to the boundery con-—

dition a(+e®,p) = 0 the solution egs.(20 a,b) simplify to the
following form , if F(g,p) = 0 for £ =4

for - < g@ < 0 (plasm& core, 4177 i P + RII)

P quﬂ%‘“so exp ("qIIl@s“LgD 4117 91

241y 2973 dyrt op

XD (:qlilal B ‘11%

A1t 91

ig F(@ 9P)

2 5
f .v \ . N

Y N
e@&q } eXp ""q %Zs '{'@-!j qI‘"’ qII
+
ar RERE ) art4rr/

=P GQI & g 59

Ayt 911

\ 36 F(g,p)

=B

‘Whereas the inverse laplace transform of the terms in

brackets poses no problem when applying the standard formulae

®1)

(B2)
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from ref 9[5] and the convolution theorem, i,e,

2
x
exp(~32.D08) TP\ T
qf ew(~agx) o2 (-¥0) 4D
"\ ) e (25)
n c
and
%
e =g Di at 2
L = = exp|- + (= @zs)-Di— T, Geg= aazs)nl-—
2ag apt Ug 2én D, T F_%-ﬂ"%‘ @igtn’r) 2 2
o (84)
which are valid for x = Q0 , the itransformation of the residual
terms in eqs.(B1) and (B2) deserves some attention,
in order to aveid mathematical complications, we treat the
inverse lLaplace transform of the residual fterms separately for
g=20 and'gl 0 « By careful application of the %ables of ref,,[5,6]
we find
e exp(»—«ﬁsl)f) 1 exp(m(ﬁs%R”*&.?S)Df>
L~ = 3 ®5)
—
g* g o[ QDE #p= ¥y
; 191 §° 6|
L™ | exp(-aglel) exp|{-#.Dt ~ — for |8] =0 (B6)
S 3 L
o[t [ o
28(%)
| ——— - for =




and
2
$ Dt §
eXpi- 4 -
» >4 4}1{: 52 4
L qSe}@(“qSigi): = - o 1o + - %(S’)E (t)
24%{13;3 2Dt o)
2
XSD d
exp |- -—
¥ ) 4D£;
with  lim = $ @) (B7)
2R D
=& 0 : L

By application of the convolution theorem we cbtain from egs.{(B5)

to (B7):

]

for =

B exp(_qsigl ) exp(-~ ﬁSDJ:t) 1w expG(ﬁH—&S)Df 6_2
Ly | = aT g | exp (- (29)
At Gg 4??(:_<R~ a@S)DE _ o T (3-9) 4131_( b T )
and for l@:-—-o .

e § 2 oo

' : E S L -
_fexp{-apl@-ag|€1)\ _.fap-a - ISR |
g\ e ety aglel) - g

gt a5 G (Rg=g)D,
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) 5° . g%\ | ot e
1= = lexp{-#.DT - ~—— expl-8,D{t~-%) -
ap )0 ) el Y e
6x) = | 48(0)5(6) - 3 — 5 +
ZEEL {‘; 2{7{134_ =%
S &

g

exp| ~#.DT = ff- T @2 exp mgiRD('tJE)—
i L g 2D(4-7) L 4Dt~

25??% {%5 2#%% t:‘e?B

_ By rearranging
terms and performing the integration over & {*) the formula for lgi=>o0

can be transformed into the expression

2
exXp (%RRD.;G - “E%-’
o~ e@(“qﬁ?ﬁi'@tsigp . Eéi ADg S (¢) +
apt g g% (e gy )g{ij, ?55
(g10)
2 17 12 e
, il et e St | S -;_;;“(? e

which together with egs.(B3), (B4) and (B8) is used in the solution,
eqs.{22 asb).
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Appendix C

In order to guarantee continuity of the function Ag(agt)

2% the separatrix e = 0 we must be shure that
in the range 0 <& = 4

$
; exp( Df)-? 2
4T s & exp] - - ()

ZEQJB@ LE(?'-—T)B 4%'2"=?)

?

0
2
7' 5 4 T
expi~ +3€D_L—
aT 4n( ) 2 o T
— Tl D~
1 -L2
Ffi T Ti‘_;&.
¢
and in the range - = § <0
%' .
- i P
] exp( E&,D-L) 1 6’2
MT 3 4% WWB g eXp:-— — = (02)
2&:3@6 @.L E!T (?gagt) E :. e A-D-!g‘? BL?
0 ,
. . t
( ¢?\ 7T CLIN
XD - =——— expi- —ap ¥ — \
At f az AD( T ) -ig / o
A A VR / VA
I — 1N
{; ? GEI__T

Since eq.(C2) results from eq.(C1) by substituting & —» - & and
3%?-%g - 2%:.% 5. 1t -suffices to prove eq.(Ct )_, For this purpose we

" start with writing the lhs, of eq.(C1) in the form:

13 fl-_-.exp(&%])f;) k 43}‘&?,“?) REGEEE
e b T e : .(03)_
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Due to its origin the integral is of convolution type and

can therefore be transformed into

< - Xp< rf ) |

e (C4)

W‘ﬁ&u i
“W

?

since

< e (s Di
=

43% - .
— ~ exp{- =]
it P b

where L and L denote respectively the direct and the inverse

]

ofi(fo-sin - )

it

Laplace transform. Performing the & ~differentiation in the ar-

gument of +the inverse laplace transform we have
(Ig
: e@”{'ﬁ\
2(- = KjgbggDL o7
Pk -
a.D - E D {5

From the tables of the inverse laplace transform (p.170 and 246 of
ref5£5] and p.787 of ref%é]) we obtain

(C¢)

§2

. f Y exp |- =
| ; . 4D(T*~%)
as 2S(f)+-= egﬂwb ) I(%D ) -I(ﬁ ﬂ
At it

\ Tt
: . ? )
. % :
where the ¥ ~ differentiation yields exp(ﬁfQQ—) 2 (c7)
G R L T2 '“?n

I and 11 are modified Bessel functions of zero resp. firsi order..
Thug, by rearranging terms and performing the integration over the-

 De;ta—functi0ngwe finally arrive at the rhs. of-eq=(c1)@
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Appendix D

from eg.(21), if F(g,p) = O for g=4

2
In the limit 4%y % ye obtain
0 & o
@) = \ 28 7(6,p) - \ a8 r6,p) (1)
- 9+ 477 ! A3t dry
—® 0
Teing eq_a(B6) ant performing the inverse laplace transformation
{(in analogy to the formulae following eg.{(C4))
f T T ——TCETT
» qR exp (méiﬁnjf) - pﬂ(ﬁR%%S )
L D I £ || [E———
dgt dg % P
%
ig e
EXP(“%DE) " a t t t
oo | 2§(4) + = om0 ] (R ~u)D = I {(Gt-2)D, = }= I, {Gro—2t.)D,— (p2)
- - RT71 [T\ TR (AN B -l 8
L
8 &
)
I D, =
if t\\ 1 mReaS gz
where the t-differentiation yields exp i\E&Rm%%QD - | :
+

we get by application of the convolution theorem

apexn(qglel)
(03)

gt 4g




~A0=

and finally arrive at the formula

apexp(~aglsl)
L = (P4)
%" 95

{ &° T

exp |~ — T,{ (22, )D,—

€] exp(-3,Dt) 4D 52 e\ e

- - - (=)D,
3 3 J
45%? g;i ﬁ %(tw?) 2 T

which is used in the formulation of eq.(24).
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