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Irrpuh.i.ty Ttan3poh-t at the Ptaz ►ru Edge : the Ttan6itt.on 6nom 212 to ID

Mode .P.s. in ax,i,5ymmettic Sy6-tem3 and the Rote o6 poto.Ldat Sowr.ce Di1s-

-tt.i.but%onz

Surnm tty :

ünden due cons .Ldena~',ion os anomatouz JttanzpoA.t phenomena tesutting

6tom etecttomagneti.c 6.ietd 6tuctua-tLonz a 2D dAi6t-kinetic equation

6ot .LrrpuA.LJty iona iA 6otwa.ted in toto.idat cootdina.t_oz a33umi.ng the

wsuat modet OA the he?,i.cat magnetic 6 .ietd in axizymmettic tokamak

con6.igwtat%ons . A genetat 6otuti.on 6ot T„

	

T, (d.i.66enen+t kinetic

Jtempeta-tutez 6ot tongi.tu.d,LnaZ and ctoz6-6ietd theAmat motion) can

be conzttucted in the Sotrn o6 aat.i.ez expan6ion in Hetmirte potyno-

mi.at 's with teoect to v„ and in Laguette poi'ynom.Latz with tespect

to v, , which in the t.a:mi.t T„

	

T, .cz equ.ivatent to a gyto°avettaged

veAvs-Lon o6 Gtad' expamion in -teuoti.at Hetmi,te poeynomLat.s . The

towea-t otdet app3tox.irrationz with tezpect to the Laguentte potynomi..a2z

tead to kinetic equation's 6ot the teduced guiding-centte d,i;,.tt.i,bue

~,i.on 6unc~,i.on~s

	

v?)~(~., v,,, v, ), which in the pteAence o6®

anorratouz ttanspot-t can be mote ea6.ity .tteated than the oft-Lg.i nat

nki6-t-f2-inetic equation . The coAtt.esponding 2D batance equation's in

.toto .Lda.[ cootdina.tes we aveAaged ovett the magnetic suA6acez with

apptopt.i.ate we.ighti.ng 6actotr,, Qead.i.ng to the u3uat 7 D ba.tance equa-

ti.on6 de, cfr.i.b-ing the netto 6tuxeA in tad,iat ditec,t,i.on . In .th.iA det.i.-

vat,i.on the tote o6 pana,2..2ee 3heat 6 .2ows in the ptezence o6 anorraatouz

vilscoa .E,ty and the e6¢ec,t o6 poeo.Ldatty dependent zoutce 6uncti.on3 on

the netto cto64-6.cetd 6tuxe, become appanent . It ,i.s 'shown as an exam-

pte that a sowtce concenttatLon atound the ALT-II timpiteA o6 TEXTOR

y.ietdz an outctatd netto convection o6 .irYpuA,i.-ty ion's undet notrrat ope-

tciting cond.c,ti.onz concenn,i.ng the cwttent and magnetic 6.ietd dJittectLon .
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Introduction:

Radial C z (z4) density profiles have been measured

over a distance r>3o cm at the outer equatorial plane of

TEXTOR using LI o beam activated cx-spectroscopy /1/.

This was done with the toroidal ALT II limiter in opera-

tion, which is located at 6= -7/4 as seen from the outer

midplane . Since this measurement is considered to be ra-

ther accurate and detailed, it should be appropriate for

an impurity transport analysis in the r-6 plane assuming

axisymmetry of the plasma . Unfortunately, such a 2D ana-

lysis is rather cumbersome, because it has to be combined

with a numerical evaluation of the background hydrogen

plasma /2/ with a feedback via the radiation losses and

to some extent via the Coulomb collisions, Therefore, as

a preliminary step, a 1D model, which averages the par--

title balance equation over the magnetic flux surfaces,

was used for the interpretation of the measured C z¢ den-

sity profiles taking experimental data for the background

hydrogen plasma parameters.

In the following we discuss at some length the 2D

drift-kinetic equations for impurity ions in an axisym-

metric plasma (presupposing a toroidally symmetric limi-

ter) and outline their solution by a specific moment

approach, variations of which have already been repor-

tedand applied in previous work /3,4/ . We then derive

the ID model by averaging the 2D balance equations over

the magnetic surfaces, assumed to be concentric toroids 1
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The equations consider both anomalous diffusion and neo-

classical drifts (ignoring the small effect of cross-

field transport due to Coulomb collisions) and contain

the relevant ionization, charge-exchange and recombina-

tion processes . In the derivation of the 1D-model the

role of poloidal asymmetries in the source functions in

modifying the Pfirsch-Schlüter transport is clarified.

It is shown that for normal TEXTOR operation concerning

the direction of the toroidal magnetic field and the in-

duced tokamak current the ALT II limiter position at 8=

-Tr/4 leads to a net outward convection of the impurity

ions ® It turns out that consideration of an outward con-

vection velocity yields, indeed, a better fit of the ex-

perimental data /5/, although other driving mechanisms

cannot be ruled out and the interpretation of a poloi-

dally localized measurement by a 1D-model based on a mag-

netic surface average of the balance equations must be

considered with caution.

2D-model:

Using a toroidal coordinate system x _ (r,8,') with

a/aq)- 0 (axisymmetric case) and assuming concentric to-

raids for the magnetic surfaces with R = R 0 +r cos8E R a h

and B = (0,--0, 1) Bb/h
P
where 0(r)= r/ (R o q) «1 with q(r)

= safety factor, we have the following form of the drift-

kinetic equation (neglecting the classical cross-field

contributions from elastic collisions and calculating

the drift velocities in the rota= 0 approximation)/6/ :
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F, Q are the guiding-centre distribution and source

functions of the impurity ions under consideration and

depend on the space coordinates r,e and the velocity

components v,,, v .1. parallel and per p endicular to the mag-

netic field .
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where 2 = ZeB/M, are the drift velocities of the impu-

rity ions due to electrostatic, centrifugal and gradB

forces . The latter two strongly affect the vertical com-

ponent of the electric field

Ez= E r sine + E e cose
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creating a parallel electric field E„=_OE e , which drives

the Pfirsch-Schluter currents along B t a
s
/at l}denotes

x
the Fokker-Planck collision operator for Coulomb inter-

actions of the impurity ions . For interactions with hy-

drogen ions and electrons this operator adopts a diffe-

rential form because of the low mass ratio M + /M « 1/?/e

+

= V
C

(av„- ~v T )
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is, of course, independent of the special choice
x

ofvT . For further applications we will relate v T to the
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e-
temperature Tj= of the thermal ion motion across B, i .e.

we define VT= /2kT.L/M . 1 1 8 . .1 5 are integral coefficients

given as velocity moments of the guiding-centre distribu -

tion function of the collision partner (+ hydrogen ions,

electrons).

The anomalous diffusion term ti D has been formulated

with due consideration of curvature effects by the magne-

tic field . For simplification we consider here only the

radial component of the anomalous diffusion flux, which

is caused by fluctuations in the poloidal electric field

and/or in the radial magnetic field with D .t. taken to be

independent of v„ (a more general formulation is given

in the Appendix) . The consideration of anomalous diffusion

in the drift-kinetic equation is complicated by the occu e

e-
rence of mixed derivatives with respect to x and v,, To

bypass this problem we expand F(x,v,,,v .t.) in orthogonal

polynamials with respect to v, generating a system of re-

duced kinetic equations for the expansion coefficients

a n (x,v„), which is easier to handle than the original

e-
drift-kinetic equation . A further expansion of a n (x,v„)

in orthogonal polynomials with respect to v„ ends up in

a system of transport equations for the expansion coeffi-

e-
cients A

mn
(x) . In view of the eigenvalue properties of

the Fokker-Planck collision operator for Coulomb inter-

actions of impurity ions with hydrogen ions and electrons

we choose an . expansion . in Laguerre and Hermite polyno-

mials L n (f) and Hm ( ) respectively, where rn= v 2 /v2 and
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x(v„--V„) are related to the parameters v ,u,X and V„

to be determined as part of the solution for the pro-

blem under consideration;

E Amn (x)H m ()exp(- 2 )

m=0

x is related to the kinetic temperature T„ for thermal

ion motion along B, i .e . kT„= M/2X 2 , which in weakly col-
~

lisional magnetized plasmas may strongly deviate from T 4. m

For x= 1/v T or T„ = T the above expansion corresponds to

a gyro-averaged version of Grad's tensor polymial expan-

sion /8/ a In particular we find (after gyro-averaging)

within the 13-moment approximation

where

	

a
n
(x,v„)

3

F(x,v,,,v~)exp(E?+n) .= . E Amo (x)Hm (E)Lo (n)+

m = O

1

E Amt (x)H m ( )L . (n)
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3
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m1 (x

1
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within the 21-moment approximation
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Due to the unified normalization of E and n (i .e.

1/v T ) the coefficients A m a1 are related to A
rno ,r

For the lowest-order coefficients the following relations

hold:

A o1 = 2A 2o , A 11 = --4A 3o

Ao2 = 8A 21 = -16A 40 , A 12 = -4A 31 = 32A 5o

connected to the velocity moments

1
Amo =

	

f d~ xm()ao(~,v„)
2
m
m!X

-co

The first three moments A1o= X)'

	

, A go = X 2 7,,,,/2M and

A30 =X 3 h„/5M are related to the longitudinal ( °r B) dif-

fusive particle flux with respect to V,,, the dissipative

(viscous) stress tensor component along B due to longitu-

dinal gradients of V,,, and the longitudinal heat flux of

the impurity ions respectively . They are left (in addi-

tion to the density) from Grad's 13--moment approximation

after gyro-averaging . The last two moments A40 -X4a,,,,/14M

and A so =X 5 r„/7oM appear in Grad's 21-moment approxima-

tionm

For the more general case x

	

1/v T such simple rela-

tions between Am,a1 and A mo do not exist and different

sets of moment equations have . to be formulated for A
mn

with different index n /7/ . In the following we use the
}

guiding-centre distribution function F(x,v,,,va .) and the

+°
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.m >
gyro-averaged source function Q(x,v 11 ,va.) in zero-order

approximation with respect to the Laguerre polynomial

expansion taking n=O with L o (n)

	

0 (the index n=0 be-

ing omitted furtheron):

F

	

aa~

x,v,,,ve,) =

	

I(xov„)

Q

	

)

exp (-n)

2
7T 'v' T

where

The distribution function a(,v„) satisfies the reduced

kinetic equation

Lo a = Q - vI a

which is derived by taking the integral 27 f dv v~~~ a of

the drift-kinetic equation . Whereas this equation in-

cludes the information about all parameters related to

the parallel impurity ion motion, in particular V„ and

x, the parameter vT related to the cross-field thermal

motion of the impurity ions must be determined from

L 1 (v~, a) = v T (Q - v~a) + 2 ( 1-y) v c v~a

+m

which follows from the integral 27 f dv~v~ . . a of the

drift-kinetic equation . The second term on the rhs of
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this equation describes the collisional transfer of the

cross-field thermal energy between impurity ions and

hydrogen ions or electrons . Q

	

v l a denote the sources

and losses due to inelastic collisions.

The operators L o and L I are given by the expressions

A

	

1

	

d

L o =
rR ar

a

	

1

	

ä
DrR(-D~

	

v
r

) . .

	

+

	

R(v 6L ° O v„) ..
ar

	

rR ae

eE„

	

v~ ()sine

(M2
+ ®

R

a

ar aT rr

v„Osine

	

%ZeE r
+

R

	

Ni

v ;cos6

R

2
2 vT

v rt ~ --- .-.

where v D =D =

	

--	
2

B

	

S2R

2

v T2
V,,+

2
E
rA D

v 6sine and co se
B

	

Q R

2
v

Lo results from L o by substituting D J_ by 2D and

	

by v

T

.

2

1

	

a

	

3
DNote that -

	

(rRvD ) A-

	

(Rv
rR ar

	

r

	

a6

	

6



10

aa

	

cose a

sin6
r

	

'?;e

	

arÖ z

where

R

is the derivative with respect to the vertical direction

z (for which R = const,)o denotes the electrostatic po-

tential.

The first line in the expression for L o describes

the flux divergence due to drift motion and anomalous

diffusion in radial direction as well as drift motion

and convection in poloidal direction . The second line

accounts for the longitudinal ("B) ac(de)celeration of

impurity ions due to the Coriolis force (first term),

the electric field and the magnetic mirror force (second

term) as well as the friction and thermal forces con-

tained in

	

/az „
s
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Solution method for a(x,v„)t

^
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with the already mentioned series expansion
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For example, the choice 0 = L 0
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with the specific recursion term (related to the above choice

of the operator R)
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Such a solution method does not account for the in-

fluence of impurity ion density gradients on V„ and x o

Only volume forces proportional to the ion density it-

self (which in the auxiliary conditions cancels out) are

involved in the determination of V . and x . For B, = 0 the

auxiliary conditions formally correspond to the cold ion

approximation (presupposing also T„ -~ 0), wherex'°°

` o ( x , y )

	

Aoo6(v„-V„), For finite x the method is adequate

(with good convergence properties of the series expansion)

for the description of neoclassical impurity ion transport

either in plasmas with weak impurity density gradients

along B (i .e . in the presence of rather homogeneous lon-

gitudinal source distributions) independent of the longi-

tudinal collisionality (see ref,/7/) or in collision-domi-

nated plasmas, where strong impurity density gradients

can also buildup along B . The inclusion of anomalous

cross-field transport in the p resence of the always exist={

ing radial shell structure of the impurity charge state

profiles may deteriorate the convergence properties of

the series expansion method adopted here, since the in-

fluence of the anomalous ion flux on V . and x is neglected,

although the anomalous viscosity effect is partly taken

into account.

A more general procedure, which is not bound to the

above mentioned restrictions, but ceases to have the ad-

vantage of calculating V„ and x independent of A o , incor®
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porates the equation 04 = a ~ w + c v

	

+ c

	

into
m

	

m c m
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L o (Am 4'm ) =
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without setting c I = 0 = c ll . Such a procedure adds the
1

terms -(1=S )c A

	

=(1W

	

S
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to the recursion
mo I m-1

	

r=0 mr II m_ 2

formula R
m

and produces more general equations for V„ and

if the conditions A o c l - R 1 = 0 = A o c ll - R 2 are im=

posed, In contrast to c l = 0 = cll these conditions do

not depend on the special decomposition of L o into 0 + R

and follow in a more conventional way from the complete

set of particle, parallel momentum and energy balance

equations (outlined on the following pages) by setting

Am..,z1 0 and Qm ~ i = O . The more general equations for V„

and x are interrelated and have to be solved simultaneous-

ly with the parf- ir.la balance.

Balance equations:

The 2D neoclassical balance equations (with additive

terms describing anomalous transport) for particle densi-

ty, parallel momentum and total kinetic energy (with re-

spect to cross-field and parallel motion in the laborato-

ry system) of the impurity ions are easily derived by in-
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tegrating the drift-kinetic equation for F (x,v,,,v) over

the velocity space (v,,,v4. ) with the weighting factors 1,

Mv„ and M(v2+v
2
)/2 respectively . In zero-order approxi ..

mation with respect to the Laguerre polynomial expansion

of F(x,v,,,v,) the moment equations for A
m

with m

	

2 de-

fine the corresponding balance equations with respect to

the parallel ion motion in a reference frame moving with

V,, . The parallel momentum and energy equations can be

transformed from one reference system to the other by

due consideration of the auxiliary conditions for V „ and XB

particle balance equation : 7i = SS

rR ar

= S ® v I n = dS
1

	

a

rR a6

E

	

R a

R (i're+ or n

	

-.= . ..MA,

B

	

a2 a r

where

	

S= f dv nQ( x i v ii)

	

P

	

E fdvs, v ua( ix v n )

_co

	

a=

	

+ CO

	

¢w

	

2
v

;~p~ = 27fdvvfdv.,,M(v 2 f --) F(x,vv 4 )

	0

	

a .
"

	

2
and

+ for the purely neoclassical transport see also ref / g /
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The zero-order approximation with respect to the Laguerre po-

lynamial expansion of(x,v,,,v~) generates the following re-

lations between physical quantities and the coefficients A
m

:

n = A o (particle density), r„= V„A o+ A 1 (total, i .e . convective

plus conductive particle flux), p„= M(A o/2x 2 + 2A 2 )(diagonal

element " B of the pressure tensor in a reference frame moving

with V„), p- Ao Mv 2 /2 (pressure of cross-field thermal motion

of the ions) and T

	

2
p,= p,,+ MV ..A+o 2MV,.A 1 (diagonal element "B of

the total pressure tensor) . Note that -p,= (n- A Q1 )kT , , but

	

2

	

>

	

nV„

	

-» a(x,v„)
+ -	 + (V„A 1 + A 2 ) for F(x,v,,,v,)=

	

2

	

exp(°°
2 M

	

2

	

7T V
T

where A 2 is the dissipative (viscous) part of the diagonal

stress tensor element " B.

parallel momentum balance :

	

( SIT)„

p~+pl,

	

nk(T„+Ta. )
-r

2M

ar„ E6I'„ R2 3P„,.
_ ...mm

ör

	

B

	

J

	

2M aB
/

rR ar
rR

Lose ör„

P.

	

ar

rR a6

	

B

	

2M 3r

	

BR

T

	

2
Op . + E r ~' ,,

	

R

	

3P,, 4.
R +

E r1
z

ZeE„

	

v ,2~, Osin6'

M

	

2

	

R

	

r

I„

	

+ oo /''a s a
n -

	

= Idv„v„

	

+ Q - v i a
M

	

`aT„
Fm
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2
v
2

+ oo

	

v,,+
2 a

where

	

P„4. = 2rrfdv.LvelIdve1Mv11

	

F(X ► v,,,vI,)
S2 R

0

	

® c~

'‘\
V ; A+ 3 ( V II A 2 +A 3 )

RR

	

1
~

	

~

r ,

RR
+ (MV

2
u +kT+3kT„) for "t''(x,Vn,v4.)=

a (x,v ll )

2

	

exp (®rF )

is the parallel momentum transported by the vertical

drift due to centrifugal and gradB forces . The parallel

momentum balance equation can be written in a more com-

pact form by introducing the stress tensor components

T yr and T b° in toroidal coordinates (note that Tyr ° =
6

THr o e and J o = J 11 )

3

	

a
--(rRT ) + ~(RT )3r

	

$r

	

3®

	

~°

1
+

	

(cos° T or -
R

sine T oe )
1

rR

1 a

	

1 aT oe

	

2

ar
(rTor)+

r

	

a°
+

R
(cos° T or - sine T o

e) -

J
ßr

where ( VrE E e /B and V8_ o F r /B )

n c
1

	

=
" r

27fdv , .vfdv l,Mv„vD
r

p

	

..m

-)- _

	

c'F( x, V 1/ , V~) d M}'~
1 1 y m P

	

sine

r

and

+oo

	

+m

T
n

	

D
°

		

B

	

T
= 2~f d'v~v~f dv 11 MV 1~ (ve°Ovll)rtx,vll,V~)=M1'IIV° Pll .6cos°° Op l/

0

are the neoclassical parts of the stress tensor components,



2o

a °

	

r "

	

a
r1~

	

~ + M :' „ V
Dr n

	

r

an
with r a

	

MnD~ and nV ra = - 1:%6
ar

denotes the anomalous part e n~ and nV a
r

the anomalous viscosity and the anomalous diffusive par-

ticle flux in radial direction . An anomalous contribu-

tion to T ue would also appear, if diffusion due to radial

electric field fluctuations would be taken into account.

sine
J„ = ZenE„+ (p„+p~)

		

+ SI„
R

is the force component °'Be It comprises electrostatic,

grade and centrifugal force components as well as the

collisional momentum transfer "B due to elastic colli-

sions (friction and thermal forces) and inelastic pro-

lesse s m By definition of Tn„c

	

T
a
„ r and J . we have

r,e ,

2
J„-

	

(cosB T~~ - sine T !i 6 ) _
r

E

	

alnr„

	

r„

	

T ()sine ()sine
- 214 ®z - D~cosB

	

- p„

	

+ ZenE„+
B .

	

.a .r

	

. ~

	

R

where the first two terms on the rhs denote the negative

and

	

Ta
r

are respectively

R
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Coriolis force and the centripetal force . In a (r,6)®

coordinate system rotating with the angular frequency

F /nR(F - 1 ' „) around the major axis R = 0 of the toroi-

dal coordinate system these forces are

	

+tartly canceler?,

3

-
energy balance :

	

q q

	

ZeEr = dQ

T

	

T
a

	

P .,

	

E a p „
(

	

+ 2pA. ) + ®(- +

Br 2

	

B 2

2R

	

aq .t.,

2

	

Bs
-	
rR 3r

T
E 2 (p u +p~)

+

	

°
BR

1

	

B

rR B6

+ m

	

+~
M

„° ErD
4.

-es.

	

2~r1`dvv~ldv„~=(v ;+v~ + Q

	

v _ g
F, Q

where the energy fluxes are defined by the integrals

	

+ 00

	

+m

M 2

	

2

	

-*
2rfdv.,=,v~fdv-(v ;+v~)

	

2

	

2

	

F(x,v„ e =' .j. )

	

0

	

2

	

(v+v/2

S? R

We note that °Dc3/Br(p,/2+2p) -lay be decomposed into

a conductive part a Xao(o Q 5kT„+ 2kT. .)/3r with aj = nD,A.

+) E Z /B° DI.cos6 31nT„/Br may be considered as an effective velocity

(directed along R) relative to the rotating coordinate system .
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and a corresponding convective part
AT .

~ 2kT4.
2

	

~
anVr

~
~

	

T

	

P1,~

	

kT~

	

a .(xa v l,)
Moreover

	

q,,

	

StR +

	

r, l for F(x,vl,,va.)= -.-~ exp(-71)
2

	

2

	

7r v
T

T

	

)E

	

C,ÖB

	

C,B
z

-Ze(E r r r ~ E9rg)

	

o whereand
BR

2V,«!-
2

v
cim

+ CO

	

S W

_ ®2Trfdv v

	

2

	

}~ .t,f dv„

	

F( x, v„ a v.l. )

~R0

	

+ CO `tose J

are the cross-field particle fluxes due to centrifugal

and gradB drifts, We mention that the divergence terms

appearing in the balance equations can be put in one of

the following forms

R 2 aG

	

a R 2--(° ®=-) ~ ®(= --)

2

	

ae

	

a8 2

	

ar

1

	

a

	

a

~(rRG sin9)~ ®(RG cosel
rR r

	

a°
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Transition to a 6-averaged 1D-modele

By averaging the particle balance equation over the

magnetic surfaces of the standard magnetic

ration (which are concentric toroids) with

field configu-

the weighting

factor h = 1+r cos8/R o = R/R o we obtain the ID equation

1 d

	

27
d8

.,=. rI ~

0

	

0

T
1

	

3

	

p1'+p.L 27
de

=I --

h(Smv I n)
27 ~

0

an

	

E
hD~

	

h2 !.e n_

r 3r

	

27

	

är

	

B

	

S2r ~0 2M /o

The averaged radial electric and diamagnetic drift terms

can be expressed by the "B momentum transfer via elastic

and inelastic collisions and via the anomalous viscosity

in sheared "B flows, if we neglect the momentum transport

due to the drift motion . To this end we average the paral-

lel momentum equation with respect to 8 using the weight-

ing factor h 2 and assuming

de
= h

27

E z T„

	

1 a

	

E

	

p

h

	

+

	

rh (vrI'„- - sine)
BR

	

r ar M

2 rr

f

0

the pressure terms being integrated by parts and E„ set

equal to - SE 8 . Inserting this result into the averaged



24

particle balance equation yields

2,r

r f

r Dr

	

o

an

	

1

	

/2 6 1„

	

1 a

	

2

	

Dr,,
h ®~. ® -(rh Do_

eS2 o

	

14

	

r ar

	

ärBr

de

27r
-hD

v I n)

2 Tr
de

f -= h(S-

2 ;r
ß

It follows from this equation that - in addition to asym-

metries from inelastic collision processes in the presence

of radial electron density and temperature gradients

sheared "B flows in the presence of cross-field viscosity

(assumed to be anomalous) can also lead to asymmetries

around the maxima of the radial charge state profiles of

the impurities.

The traditional way to perform the averaging process

in the above 1D particle balance equation is to ignore

shear-flow terms n,Dr„/r and to neglect the 6-dependence

of densities, temperatures and electrostatic potential

(compared to their r-dependence) in the determination of

the poloidal variation of the parallel particle and heat

fluxes r„ and h„ within a magnetic surface and therewith

in the determination of the average value of SI„ o To de-

monstrate the procedure we restrict the consideration to

the collision-dominated Pfirsch-Schluter regime, in which

p,~ - p j. 4
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In this case (T,,= T, or x =1/v T assuming a common in

temperature T ¢ ) also Coulomb collisions between the va®

rious charge states of the impurity ions may be involved

(p„

	

p~ is more likely to occur for trace impurity levels)

Assuming F

	

FMaxw (1+ 'y) with

	

<1 for all plasma come

ponents we start with the linearized Boltzmann collision

integral to get a unified formulation for friction and

thermal forces . Within Grad's 13-moment approximation of

the distribution functions F (being sufficient for the

present application/lo/) we obtain the representation

( using the index z to distinguish the impurity charge

state under consideration from the other charge states z')

z zi

	

zi

	

r,i

	

7
"z

	

M z

	

n
i=+pz '

	

z

	

1

	

z
z

öI„

	

¢~

	

az
= f dv „v„ ~-s

M
z

n u ,v

where the electron contribution to I„ reduces to the

thermal force (last term on the rhs of the equation).

By definition

h ui

	

h„ z 3 M

	

n~

	

z h„ ..
I...

	

....G.)
5 kT+

	

p i

	

p z %

	

5 M Z Z- n kT

a where q„ and ?'t are nowand .

related to the centre-of-mass velocity U„ of the whole plasma .
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We note that
h„ n M

z + +

h n M
1e + z z

, which usual-

ly is small . For the trace impurity limit and M + /' z « 1

(where U„ = V„ + ) the momentum integral 61, of the Boltz-

mann collision operator is, of course, identical with the

corresponding integral of the Fokker-Planck collision ope-

rator

_m

	

Z

3

	

M

	

h, c
where

	

(~vc)z+,- -

	

c vzc

	

c

	

and

	

(av c ) z+
5

	

M

	

kT n

z

z

	

c c
c=+,-

+w
a a

	

,.
; dv „v„

	

$

	

= (n v

	

-a~'„ ) v

	

= (ß ~ v)

	

n v

	

+ (cxv )

	

(n V„ mr

	

)

aT„
z Tz

	

z c

	

c
z+,

	

z Tz

	

c z+ z + "z

M
+

M z

V z+

2 2

	

z z .n,

	

z 2 n

	

1 1

	

T

	

t
Q.

	

and v =
+

	

z- /M
In these formulae v -

zi ~
zi

and

	

}- zi_
M i M z

+Qwhere

The poloidal variation of i „ and h„/p within a magnetic

surface is calculated from the particle and heat balance
27

equations by application of the operator (1-f de h/2r)o
0

Besides neglecting the poloidal gradients of densities,

temperatures and electrostatic potential compared to their

radial gradients, which may be acceptable even for the
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plasma edge within the last closed magnetic surface, the

traditional averaging process also neglects any poloidal

source variations and any centre-of-mass velocities of

the plasma as a whole . This, however, cannot be justified

at the plasma edge because of the source concentration

near the limiters and because of the plasma convection

along B and the plasma rotation across B with strong ra-

dial gradients and associated shear flows . To focus the

attention on the role of poloidal source variations in

modifying the averaged radial fluxes, we ignore in the

following the additional influence of U„ and plasma ro-

taticn across B, i .e . we assume a collision-dominated

plasma with T„= T .1. -- T ► V,, U„

	

0 and 95 r u de - O . As a

consequence of these assumptions we operate with the li-

miting values

5
~~

	

g„ E. h„+ -- xTr~
2

AP . = p2> M12
► A2~

	

and

	

5 pv~
v
T

	

2

Adding the assumptions

1 a

	

r
I -°

	

(n,p ► O) I « 1- (n,p,'l) ) I ►

	

« 1

	

and
r 30

	

3r R o

we finally obtain the 8-dependence of

	

and h„ in the

approximate form
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(ZenE r °

2r

	

8

	

27
ap

	

de

	

de'
O9) ¢ (1°f ®)IdB'(1mI -= h')(S=vIn)'
ar

	

0 27

	

0
27

2cose

	

3

	

5
p ®(® kT) ~

MO R

	

ar 20 0

kT)

Yd =

2rc
d6

B

	

2r dB,

¢ kT(I®f --)fd6' (1®I -- h') (W-~v l n)'
0 27

	

0 2rr

~m +w

	

v
2rf dv,, f dv

.Lv 4-

	

2
_°°

	

0

	

v T

where the integration constants have been chosen in such

a way as to guarantee 0 d6(P,,,h„) = 0, Note that dashed

quantities depend on 6° and that n, T, 1) have been taken

constant in the 6-integration process . A proper inclusion

(via a Fourier analysis) of the 6- dependence of n, T,

(induced by the poloidal source variations) in the final
2rr

calculation of fdeh 2 l„/271 would amount to take (up to
O

terms of the order r 2 /R 2 ) the 8® averaged values in all
0

but the source terms . In addition to the parallel flux

contributions ti cose resulting from the ion drift motion

there are contributions ti sine due to the anomalous dif-

fusion in the toroidal plasma configuration, taking into

account that within the above assumptions

6

	

27 de ,	/ 1

	

a
fde'(l-f

0

	

h l ) ~(°rRD~ ) J M _

	

o ~
27r

	

rR ar

	

3r /J

	

R

	

ar
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producing an inboard-outboard transport along B due

to R(8) at constant (B- independent) radial flux den-

sity -D .2n/Dr, superimposed on the "B flux compensa-

ting the vertical drift motion.

The B® integration in :',, and h„ are performed af-

ter expanding the source functions in Fourier series

(for a more general discussion concerning the neoclas-

sical effect of poloidally varying source functions see

ref,/11/) :

sin(k8)+

	

cos(k6) + E
k=1

	

f

	

k=

C,

	

s%S-vn.'\\

with the result that within the order r/1
0
« 1

27

	

27

	

8

	

27r

	

8--v
d8

	

2

	

d6

	

d8'
f -= h (1-f --)fd$'(1-f -- h°)

27r

	

27r

	

27
0

	

0

	

0

	

W+v n
z

With these expressions we obtain in the limit M + /M z « 1:
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+ 00
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B a
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Z' ar
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ar 1

+
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v
z z
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al
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ar
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Note that because of 3M m /M+ << 1 the electron contribution

is neglected in this expression . The term 'L(S s ®3W S /5)
1+

	

1+

results from the poloidal asymmetry of the hydrogen ion

source due to poloidally localized hydrogen recycling, The

other inelastic terms refer to the poloidal asymmetry of

St
zo Mz

M
+ z+

the impurity ion source . Concentrating on the term
,v s
S lz °

we see that in the case of a toroidal limiter like ALT-11

of TEXTOR we would have (setting S ~E S ®v i n)

S t (6)sine for an ALT-Il position at e=

< 0

>0
+$ s1Z

IT

assuming

	

S T (8) = Smax eXP f w(e ¢ ® ) 2
1

	

a

	

I

This means that for a limiter position at 8 = m 7/4 there

will be an outward convection of the impurity ions, whereas

for a mirrored position

will occur .

at ß = + 7/4 an inward convection



31

Adding to the average radial transport due to Coulomb
+co

collisions the inelastic part fdv,v„(Q-v 1 a) = Q„Wu l f„
-co

we would get the additional term

27
d8

	

2
--=, f~ h (Q,,°vgr")z

27
zo

0

2Q 2 v

	

ap
I

	

z
Zen E °

M Z
2

	

z r ör
z zo

2
q

vlRo Siz+

q
Q"iz assuming

zo

	

zo

27
1

Q„ QZ = - Ide Q„ z ( e )
7r

= 0

0

Q . being again Fourier analysed, We see that any outboard

limiter position causes

27
1
fde Q„ z (8)cose >

7r

0

Q "lz_ 0

due to net creation of cos° weighted parallel momentum

by ionization in the outboard region . Thus
Q"iz

enforces

the effect of Ss
1z

for a limiter position at the lower

outboard region . In contrast to elastic momentum trans-

fer depending on the relative velocity of the colliding

particles and thus eliminating the electric drift veloci-

ty, the parallel momentum production or loss due to ioni-

zation or recombination is influenced by the radial elec-

tric field . The collisional .part of the effective radial

particle flux due to friction and thermal forces satis-

fies automatically the condition of local ambipolarity
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because of momentum conservation in the collision pro-

cess, which can easily be seen from Grad's form of the

collision integral . The validity of local ambipolarity

in the presence of inelastic collisions rests, however,

on the condition that a poloidally varying electric field

along B is generated in such a way as to compensate for

the current induced by the different thermal velocities

involved in the ionization of neutral and charged parti-

cles.
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We briefly summarize here the different steps leading

to a drift-kinetic equation, which includes the effect of low-

frequency, long-wavelength fluctuations of the electromagnetic fieldo

decomposition of electrcgnetic fields and distribution functions

-
quasi-stationary

	

B .+ b

(equilibrium)

	

E
3
.+ e~ fluctuating parts, i .e . <b~, e~, f> = 0

parts F -f- f

< a . e > = time avera'-e over fluctuations

assumptions : b3.Bi. = O, e
3
.B . = O, Ei= V] l) and 'F» f

low frequency modes w« 52 = ZeB/M = gyrofrequency

comprising both electrostatic and, electroma gnetic

fluctuations : ei= e~+ v”jklnkbl (nk= Bk/B)

general procedure to derive the drift-kinetic equation:

' splitting of the kinetic equation into equilibrium (fluctuae

Lion time &reraged) and perturbation (time-dependent) part

~, ` m Ze <e . 3f > + C (F,Ff ) + Q v ~

	

equilibrium
M

	

av
3

Lf
= m

Ze e] F
+ C (f,F

t
) + C (F,f ~) ~ q - elf

	

perturbation
M

	

av.
3

in qzasilinear approximation

L E

	

+ v~

	

+ Ze (E+ e jkl
vkBl'

	

~
at ~

	

ax .

	

M

	

~

	

a v
-»

	

7 #.

	

j ,
x,v

	

v,t

	

x,t
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splitting into gyrotropic and gyro-dependent parts

A

	

'kJ '
L=L-t-L

(F , f) = (F, f) + (F , f )

introduction of the velocity components

vk= (v, e, VI, 4)) = v„nk+ vIk

s°= p. cosep + b,_sin~

	

= gyroangle

unit vector along Bk, pk= normal vector, bk= binormal vector

in these velocity components the operators read :
slow time variations

Ze

	

1 v„v~ a ln.R
® -= +

	

n.
r
1

ax
i
v„vol

	

2 3 ax

describing the magnetic mirroring
a

L = Lö 52 - (trapping) effect due to V lnB

Zea_ 1

	

a
v„v, ~v sk	+ °''' n

äx
j

M a x3 ~ a~,/

	

\
D x .

	

2 7 ax

oa n};ti
Lo = v ,s .

krsnrss

	

a nk

	

as °k

	

Ze as

(v„

	

+ v

	

) +
v~
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a x7

	

a x.

	

3

	

M axk
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drift ordering ä = v i,/Ol << 1 ,° S T = v,T,/52ay kLp
L

1 = characteristic length for spatial changes in the

guiding-centre distribution function

k,- characteristic wavenumber of the fluctuations considered

assuming 52T » 1

	

(T fluctuatxon time scale)

e . af
<> + C(F,F t)+~®

)3 av.
3

s

	

(5

	

1

	

s

	

v/a<

ti

	

a

	

e . aF

(L + öL ® 2 - ) f

	

car]

	

+ C(f,FT) + - C(F,ft) + q v~f
B av~

S

	

ö~

	

1

	

1

	

v /Si < d

5T «1 long wavelength case, 5 T= C(1) short wavelength case

equilibrium (qtaa.si®stationaxy) part.

~
e of

r

F

+LF=®2<?->+c(F,F) + Qv~~'

	

B av .

	

1

	

a

	

+
}

describing classical transport ";

ti

	

a
(L+Lo®

	

) F=
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due to drift ordering solution of gyro-dependent part by

successive approximations;

ti

	

1q5 ti

	

e a f
1F -

	

! (IT -i° S2 <

	

-> )

SZ

	

B av~
F° = 0 f

without consideration of collisions (the lat4-er lead to classical

cross-field transport)

-,' LF -!- I.F = n°
e . of

B 3v.
J

~- C (F,' ~) + Q

produce anomalous cross-field (e .n .= 0) diffusion

in x-space and v,-space

perturbation

	

for ö t << 1

ti
~

	

e . aFa + Lf = ~SZ ®
B

	

.
3
vJ

WS.

ti

	

e .

	

0 aF
f°

® BE Jk1"k`l av

ti

e . a F 1
i~=®Lf°- St -3 -

B a v.
J

solution by integration along unperturbed orbits, described by

the characteristics :

V T « 1 , long wavelengths and

negligible collisions

d
dt = ®

V TF

dv~
~ ~I

. V . alnB B

2

	

ac
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dC

	

dv„

	

Ze ~ v
}

	

-+- 1dC
v„

	

Ze

	

v, alnB

	

ac Ai
--+-
M a C

	

2

	

a C

bhT~

	

P'tv2
showing the invariance of u =

	

(adiabatic) and 2e+

	

along B
2B

	

2

aE .

= O
3xj

J
ti

inserting f° and the corresponding value for f into the first

order drift-kinetic equation for the equilibrium part F one gets

the following anomalous diffusion terms

t

	

Ej

	

ar

	

f = ®f ~

	

x(T),vee (T),T

	

~x(T) 9 Vee (r),.v e (r) T ~
dr

®m $

=0, v2=v2~-v~

assuming

ti

e . 3f°
2 < .~~>

B av.
J

ejek
= 52 <

B > klnl
v,a e

(1)

where
e

~= ~ki e~nl + v„b
3

3nj .

	

a

	

1

	

a

	

Ze a

	

1
+. n~ ®J (I '~ v„	 ) .~ ~ ~...~. .~

av„ v, 3v,

	

14 ax~
VI'

a

t

Djk(x°vrr)=
f< EJ (x,ve„t) ~k(x(r),ve,(T)pr)> dr

B

	

B

assuming 1 / (correlation length PeR)
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this is added to the neoclassical part (formulated in the rota = 0

approximation and neglecting the collisional part of F 1 , which

would add the classical cross-field transport terrms)

LF _vp®+ (v„n
3
.+v~)

	

~ (® ~ ®~~1+ 7~
ax

	

ax~

	

W.I. v„ av„f M v„ 3v,,

B £ jkink (v2 alnB

	

2 and Ze 30
where v . =

	

j

	

+ v„n

	

+

	

-

	

is the drift
2

	

\2 axl

	

r axr M axl

t

	

+

	

+

drift velocity due to gradB, centrifugal, electrostatic forces

specification to a toroidal coordinate system x = (r,e,O)

assuming axisymmetry (D/4 = 0)

concentric magnetic flux surfaces

R= 0+ r cose

B=( . ® 0 (r) ,1 B~

r
= -Bo/h p h = 1+ ® cose

$

	

R
0

- BR = B AR = tonst ®

1

	

aln.B v? 1 . ar

	

1 aF

	

Ze v .E . aF

Inc
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In the rota = 0 approximation we have

3

	

a

3k n
3
nk)

a,

Neglecting the cross-correlations of the electromagnetic field compo°

vents E

	

we get

an .

	

alnB

	

nl 3 = .---r

	

where -
xi

	

axj

	

ax,
3

0

Dae

0

cc.

Djk such that with

a

	

Ze-E v2cose

	

1 a

	

cose

	

a
(rR®) + (

	

r+) =a= as's,aa,a,,TTaw (1+v P ,
rR ar

	

M

	

R.

	

v© av,

	

R

	

av„ '

	

3r 2 av,

a v ar
~rr

+

3

	

ZeE v2,,sine

	

1 3

	

sine

	

a
-. , , ( R . m m ) + (=.e	) =es ~ +

	

(1+V
rR 39

	

Z~I

	

R

	

V, oV

	

R

Dee a V, aF

r ae 2 aVJ,

ca.

The expression (I) on p .36 is of Fokker-Planck type and may be

combined with the corresponding collisional part 3 5F/3T , on P. 4

to describe an effective ion diffusion in v,- space .
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