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O\l 'Abstract

O The analytic properties of scattering amplitudes provid@adrtant information. Besides the cuts, the poles and zenothe
different Riemann sheets determine the global behavior of tipditade on the physical axis. Pole positions and residuesval
for a parameterization of resonances in a well-defined wag 6f assumptions for the background and energy dependénce
the resonance part. This is a necessary condition to redatsmance contributions infiBrent reactions. In the present study, we
« -determine the pole structure of pion-nucleon scatteriranianalytic model based on meson exchange. For this, thesthesure
of the amplitude is determined. To show the precision of #®®nance extraction and discuss phenomena such as resonanc
F—linterference, we discuss tl$g; amplitude in greater detail.
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1. Introduction structures. This situation calls for more sophisticatezbthti-

cal analyses as e.g. carried out in the partial wave anabfses

The global properties of a scattering amplitude are detergefs. [5) 7] where poles in the complex plane of the scatgerin
mined by the kinematics of the reaction, leading to branth cu energy are determined.

associated with the opening of reaction channels of stable o
unstable particles. The thresholds of two particles or igreas

V2

In the case of overlapping resonances and resonances near
X : X _ thresholds, partial decay widths can only be extractedimith
<f particles being on-shell are characterized by the branditp0 1,546l When dierent reactions are analyzed simultaneously,

; There is arighthand and a lefthand cut associated $whan- g nrocedure becomes questionable. We therefore shass t

(@) nel and cros_sed channel processes, and the_re can be resanang, only sensible parameters that encode the resonancerprop
bound and virtual states. Resonances and virtual statessoe  i.q are the various pole positions and residues

iated with poles on unphysical sheets. Thus, an analytie co .
O cated . . Models of theK matrix type [8/ 8] 10, 11, 12, 18,114 ,]15] and
S tinuation along the various branch cuts is mandatory tossce meson exchange mod [El h7. 1816 20, 21, 22, 23] provide

.= .the resonance poles. I . unitary amplitudes that have been constructed in the past-to
> TheaN — zN transition is one of the most precisely mea- . . . . .
cess pion-nucleon scattering. In unitarized chiral pédtion

“— sured reactions. It provides detailed information abowat th h b dbv th bati
baryon spectrum, which is presently under experimentasnv t eory, resonances can be generate_ y the non-pertr t.|v.
' teraction of mesons and baryons without the need to explicit

tigation, see e.g. Reﬂ][l]. Masses, widths, and decaysrgf ba introduce resonance propagat@ @@mﬁ@ 0
onic resonances allow for tests of models of the internakstr 32 @@Eﬁ ’ ’
, 6].

tures of the nucleon and its excited states.

Yet, the resonances in the second resonance region have éom th's_ chotr;text, on(; h;ls tc_) |den|t|fy (Iabserv:blles that allow t
be disentangled. Thus, most of the prominent resonangesd lis 2/StiNguish between hadronic molecules and elementaigssta

- . Ref. [30] shows how to incorporate explicit resonance fields
by the PDG have been obtained by partial wave analy-
y |BZ] y P y'n a unitarized extension of chiral meson-baryon dynamick a

ses|[8| 4, 5] followed by a model dependent analysis of the pat : - )
tial wave amplitudes e.g. in terms of a background and BreitSlreSses the importance of an accurate quantitative reptiod

Wigner resonanceEl[El 6]. In the energy range between 2 arRJ the experimental data which is prerequisite for a determi

3 GeV, presently under experimental investigation, resoes nation of the pole position in the complex plane. Weinberg’s

start to overlap and the background may show some nonitrivid"€thod to decide on the molecular nature of bound states [37]
which is valid fors-wave states close to threshold has been gen-

eralized to resonances in R[38].
Email addressm.doering@fz-juelich.de (M. D8ring) In some of the approaches to meson-baryon scattering, the
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amplitude has been analytically continued to the complarg@l account; these additional branch points induce large tianis.
to extract the pole positions and parameters, see e.g Refsf the amplitude in their surroundings and have a large impac
[B,@,@EB] and the recent work of Rdﬂ[39] within the me- on pole positions and residues. For the Roper channel, tbe ro
son exchange framework. In the present study, we extend thef additional sheets has been discussed in Ref. [44].
amplitude of the Jilich model to the various Riemann shieets  In some studies, the properties of channels with unstalste pa
the complex plane of the scattering enesyy = z ticles have been modeled by folding the invariant massiistr
The Julich model is an analytic coupled channel model basetion of the unstable particle with the stable particle piggtar
on meson exchange that respects two-body unitarity. Thias e.g. in Refsm 6]. We have developed related teckriqu
model has been developed over the past few yealrs [18, 18], wibased on a Lehmann representation for the righthand cuteWhi
its current form, as used in this study, given in Reéf.| [20]r Fo the discontinuity can be expressed in this form, an expiciof
the convenience of the reader, we point out the main ideas iof analyticity of the obtained continuation isidicult within our

the following. framework.
The coupled channel scattering equat@ @EBEIQ 20] is For the Julich model, the various sheets are accessedjthrou
solved in thelLS basis, given by contour deformation of the momentum integration. A similar
el el method has been recently applied for another model of the me-
(L'SKIT,ILSk = (L'SKIV,ILSK son exchange type [39].
P Another issue of relevance in this context is the question, i
+ Z fk”z dk’(L'S’K|V,)|L”"S"K") it is possible to remove the hadronic contributions fromesiss
yL'S" g ables in a model independent way to allow access to quanti-
1 ties that can be identified with those calculated from thelkjua

X ZTER) T ie (L"S"K'[TILS K (1) model [47] 4B] — see also Ref. [49] for a recent discussion of
’ the subject. Such an analysis assumes that a clean cut-separa

where J(L) is the total angular (orbital angular) momen- tion of pole and non-pole parts is possible.
tum, S(I) is the total spin (isospink(k’, k””) are the incom- In a recent studyl [50] this question has been addressed.
ing(outgoing, intermediate) momenta, gadv, y are channel The conclusion, drawn from the behavior of tRes partial
indices. The incoming and outgoing momenta can be on- owave with theA(1232) resonance, was that the residues pro-
off-shell. The integral term involves a sum over all interme-vide a meaningful expansion parameter of the resonance am-
diate possible quantum numbers and channels contained in tiplitude, while dressed and bare vertices depend on the regu-
model. larization scheme and the model dependent decomposition of

The integral term can be abbreviatedMST whereG is the  the amplitude into pole and non-pole contribution accaydmn
intermediate meson-baryon propagator of the channelsstdth T = TP + TNP, This separation is widely used in the literature,
ble particlestN andnN, given by the fractionin Eq[{1). Forthe see e.g. Refs.|__[_$El‘52]. Second, the non-pole part itself can
channels involving quasiparticlesN, pN, andrA, the propa- contain poles, that interact with the pole part in a nonitiv
gator is slightly more complicated [18,/119]. The pseudopete way, as discussed in Ref. [50]. In the present study, wehest t
tial V iterated in Eq.[{l) is constructed from afiextive inter-  D;3 and other partial waves in the light of these questions and
action based on the Lagrangians of Wess and Zurmml, 42tome to similar conclusions.
supplemented by additional tern@[ﬁl 20] for including 2he After all, especially for the comparison offtBrent exper-
isobar, thew, n, ap meson, and the~. The exchange potentials iments, the poles and residues of the S-matrix are the mrleva
V are partial wave projected to tleL, S basis, where Eq[{1) quantities. The Julich model is derived within a field thetmal
is solved. Note the potentials and amplitudel appear half- approach from Lagrangians obeying chiral constraintsrdt p
off-shell in the integral term of Eq[](1). vides a precise description of the partial wave amplituées-

The exchange potentials mentioned above contribute to thimermore, other than in mokt matrix approaches, analyticity
non-pole part. The pole part is given by baryonic resonanceis respected. These ingredients qualify for a reliableaetion
up toJ = 3/2 that have been included W as bares channel  of resonance properties.
propagators. The resonances obtain their width from trmates ~ This paper is organized as follows. In Sdc.12.1, the well-
tering provided by Eq[{1). known analytic structure of the propagator of two stabldipar

In this study, the partial wave amplitud§$]\,LS will be an-  cles is discussed. The more complicated properties of gquasi
alytically continued, rather than the full amplitude oramant  twoparticle intermediate states are discussed in Be¢. Re2.
amplitudesA*(s u), B*(s u). Partial wave amplitude have a sults for pole positions, residues, zeros of the amplitutte a
rather involved structure below theN threshold which is dis- transition strengths are provided in SEk. 3.
cussed in Appendix]A. While the continuation for the chagenel
with stable particles is straightforward, thextiverzN chan-
nels require special attention. It is kno[43] that thesjua
two particle singularities induce novel structures in thepii-  2.1. The propagator of two stable particles
tude, i.e. additional branch points in the complex plan@rap  The analytic continuation of the scattering amplitude \él
from the righthandrzN cut along the physical axis. The result- discussed in several steps. In this section, the well-kretnuc-
ing sheet structure is non-trivial and should be fully takeén  ture for the propagator of two stable particles is preseniaé

2. Analytic structure of the scattering amplitude
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Figure 1: Real (dashed) and imaginary (dotted) parts obtteelf-energy at
k =0 MeV.

Re 1, ®

connection between analytic continuation and contour rdefo
mation of the momentum integration will be pointed out. The
contour deformation is the key to the analytic continuatibn
the dfectivernN channelsrN, pN, andrA, discussed in Sec.

E?I'. imolifv the di . h . . tteri Figure 2: The two Riemann sheets of theelf-energy [arb. units] as a function
0 simp 'fy € discussion, we choose plon-pion sca erlng)fz[Me\/]. The left column shows the real and the right columnitheginary

intheL = | = 0 channel. Here, the scattering problem is de-part of11,.

scribed as a one-channel amplitude with a propagator of two

stable pions and one explicit resonance, {@00) @° = 0%) ) ) )

meson. In the Julich model, this amplitude appears in tie co of Fig. [3. The resultis called the first sheet of the self-gper
struction of therN propagator and also in thet-channel ex-  There is arighthand cut extending along the positivezeais
change. The example will serve to demonstrate the analytigtarting at the energy where both pions can go on-shell, i.e.
properties of the propagator of two stable particles. THewie ~ Zhresh = 2My. The cut is aiz - ie, i.e. I1; on the real axis

ing discussion applies qualitatively also to ¢ andnN chan-
nels of the Julich model, as well as to otherandzN channels,
namely thep(770) in thepoN propagator and th&(1232) in the
A propagator.

is analytically connected td,. in the upper half plane.

Along the righthand cut, the amplitude can be analytically
continued. For this, the standard procedure is to calctitete
imaginary part at the real axis by evaluating Hd. (3) withdhe

The o can be described with a dressed TOPT (time-ordere#Nctions(z - 2E,) resulting in

perturbation theory) propagator according to
1
z— VK2 + (m))? - [s(Z, k)

wherem? = 900 MeV is the barer massk = |IZ| is the c.m.

momentum, i.e.k = 0 in theo c.m. frame,Z is the energy
boosted to therr c.m. frame £ = zatk = 0 is the only case
needed in this section), aiil}. is theo self-energy given by the
loop

Go(zK) = )

(V7 (g, k))?

2- 2\ + e + e

wherev’™(q, k) is given in Eqg. (3.10) of Ref.|Ii8]. For the

1, (z.K) = f ¢Pdg 3)
0

andA self energies, the vertices are given by Eq. (20) of Ref.

[@] and in Ref. |[[18], respectively.
The o self-energy for real energiesis shown in Fig. L.

a straight path from zero to infinity along the rephxis. The
self-energy as a complex function ois shown in the first line

3

> 1) £
ImT, = - TSN Zg @
whereqqn is the on-shell three-momentum in the c.m. frame of
the stable particles 1 and 2 (in this case two pions) Bgds

the on-shell energy of the particles. As the quantity

Gn= o V@~ (M- MPE ) 6

is two-valued itself, we need to distinguish the two Riemann
sheets ofj, uniquely according to

> _ J70Oon
Gon { Gon
qén = _qgn' (6)

With this definition, gg, is real and positive on the real axis

if Im qon <O
else

. ) - . __above threshold; it has a cut along the real axz-ate above
The imaginary part becomes finite and negative at the two-pio

threshold while the real part shows a cusp at this point. Fo un,,
derstand the analytic properties of theself-energy, consider
complex values of in Eq. [3), evaluating the integral along

Znresh Where the branch point is located, and is analytic other-
ise.
The analytic continuation to the second sheet is given by

oria> E® E@
1@ =11, + Zn 0200 (g, ™)
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Figure 3: First (dashed lines) and second sheet (solid)lofeke o self-energy
1, [arb. units]. The upper row shows a slide for Rabove therr threshold
(note the discontinuity at Inz = 0), the middle row for Re = 2m, and the
lower row for Rez below the threshold.

i.e., by subtracting twice the imaginary part of Eq. (4). i9.
we show the two sheersﬁ}) = I, (solid lines) and‘[ff) (dashed
lines) as a function of Imfor fixed Re g). In Fig.[2 the same
situation is shown in a three-dimensional plot.

The two sheets are analytically connected along the righ

Im q

X (a)

Figure 4: Integration contours (dashed lines) for the lofdpvo stable particles
(nmr). For diterentz, the poles are marked with a cross. The arrows indicate the
changes of the pole positions for the caseg k0, = 0, < 0.

to an integration along a straight path on the real axis écorr
sponding to the first sheet), plus the integral taken on the fu
infinitesimal circle, that returns the residue of the ingtigm.
The contributions from the vertical parts of the path (c) ig.F
[ cancel. The final result is then exactly given by Ed. (7),ras a
explicit evaluation of the residue shows.

To finish this discussion, let us again consider the poles in
the g-plane. The pole &, in the right half plane is simple; it
is accompanied by another simple pole-aj. However, for
the energys, = my + m, there is only one double pole in the
momentum plane, situated @t= 0. The energy,,, however,
is threshold and branch point of the Riemann surface.

t. Concluding, a branch point for integrals of the type of Eq.

hand cut. Note that below threshold the second sheet is not dfd) i induced whenever the two poles in tipplane coincide

rectly connected to the physical axis but only via paths adou
the branch point atnesn Above threshold, there is a direct
connection from the second sheet in the lower half planedo t
physical axis.

In the following we sketch the proof of analyticity of the pre
scription from Eq. [(I7). Although this proof is trivial it Wil
help us understand the procedure of the analytic contiomniati
for unstable particles in Sec. 2.2.

Consider the pole of the integrand from Egl. (3) with respec{n

to qin the rightq half plane. Its position, for dierentz values,
is indicated in Fig[¥ with crosses. Fawvalues with positive
imaginary part —shown as case (a)- the pole is in the ugper

plane and the integration can be carried out on a straight path

from zero to infinity. For reak —this is the relevant case to
evaluate observables— the pole is on the real axis [cf. dg%e (
and one can deform the integration contour with a half ciasle
shown in Fig[%. The evaluation of the infinitesimal half &rc
returns the imaginary part of the self-energy. Oncezlm 0,

the pole is in the lower half plane. This crossing of the pole

over the integration contour corresponds to the appearaince
the right-hand cut. Yet, one can obtain an analytic contiona
for negative Inz by defining a deformed path shown as case (c
in Fig.[.

and form a double pole. We will also encounter this situation
in the more complicated case of thffextive 77N propaga-

ptors, where the classification of the Riemann surface ingerm

of branch points is more complicated.

Eq. (@) gives the analytic continuation of the self-enerfly o
two stable pions. In the Julich model, there are the two nbbn
with stable particlezN andnN. The analytic continuation of
the amplitude with respect to a channel (mn) given by a stable
esonm and a stable baryomis closely related to the second
ermin Eq. [7), i.e. the discontinuity along the righthand d¢n
particular, we obtain the scattering equation for the amgé
T® on the second sheet,

(Qed T® = VIGap) =

G s f g (eI (ol Tl

mn Z_Emn+|6

27 qgp(mn) EXY ER”
B z

oG

) X (Qed VI (MO (MNIT@(gas)  (8)

with Emn = Em + En andq;, from Eq. [8). Indices of quantum

From the construction of the path in case (c) it becomes cleamumbers and the angle integration have been suppressed in Eq

that this continuation is indeed analytic. From the formha t
path it is also clear that the result of the integration cgpomds

4

@). Eg. [8) has a similar form as the scattering equation on
the first sheet from Eq[11), except for the additional té®



which is on the real axis given by the discontinuity of the twothe o, p, andA to allow for a realistic description of thefec-
particle propagator {z — Enn). In Eq. [8), the indices (ab), tive zzN channels as they appearilN scattering, the principal
(cd), and (mn) indicate the incoming, outgoing, and intedine objective of this study.
ate channels, respectively.
Note that the matrix elemeni$ andT® in the expression 2.2. Propagator with unstable particles
for 6G appear in on-shell kinematics Wh_ich allows for an imple- The analytic continuation for thefflectiverrN channelsrN,
mentation of the term at the on-shell point of the Hafteldldh ;N andrA is different from the channetN andyN discussed
schemel[53] that is used to solve the scattering equation. in the previous section. There, we have seen that a defamati
One can now also search for poles of t{€00),0(770), and  of the integration contour as shown in Fig. 4 leads to an ana-
A(1232) as they appear in théectiverzN propagators of the |ytic continuation. In practical terms, one can simply atld t
Julich model. Simple but analytic models have been deeglop giscontinuity using the function which is equivalent. For the

to obtain a good empirical parameterization of #ixeandzN  efectiverzN channels, the key to the analytic continuation is
amplitude which are needed as input just for a paramet@izat he contour deformation.

of the efectiverzN channels. This purpose is well fulfilled by For the discussion, we focus on &l channel. TheN and

these models. _ _ nA channels can be treated analogously as discussed at the end
For the pole ;eag;)h, we analytically continue the propagatoyf sec [Z4. The additional complication that arises hetieds
from Eq. [2), withIl;” from Eq. [7), according to the unstable particles appear in a moving frame. Within TOPT
cO(z) 1 ©) the three dimensional formalism used here, ¢hself-energy
o \Zr) = e o
2, - - 11?(z,,0) evaluated for a finite sigma three momentiineads

ask = 0 in theo c.m. frame. A pole on the second sheet of . P L dx (v (g, k)2

the nr scattering amplitude corresponds to a poI@&?(za). I,(z k) = fqqu f— +—q_ , (10)
We find the pole of the- atZ2. = 875— 232i MeV. Theo pole 9 v 2 Zmwp-optie

is situated relatively high in energy compared to the hig pr

cision determination in Ref[_[54] of = 441-272i MeV. At \ith w = ,(Cfi K/2)2 + m2 andx for the angle enclosed hy

th.'s point thg model (.:OUId be improved by developing aschemgndﬁ_ This expression reduces to the one given in Ej. (3) for
with derivative coupling that allows for @ pole at lower ener- k- 0. Note i is a f . f onlv th dulus &and

gies. In any case, a satisfying parameterization ofithecat-  ~ - gte, o IS @ function o on yt € modulus arand not
tering amplitude in the- channel is obtained. In Fig. 10 of Ref. its direction as a result of the-integration. It is instructive to
[1] the quality of the fit is shown. There are some minor devi-€xpand the denominator of the self—energy for small valdies o
ations, probably due to the displaceghole, but for the present k. We then get

purpose, this accuracy isféigient to provide a realistic descrip-
tion of the three body phase space, starting-am, + my up

to the maximum energies considered of aroand 1.9 GeV. | - _ J@+ me. Thus, through the boost momentirthe
In the complex plane, a change in the pole position ofdhe onq 4y available for the gets reduced bi/(4w), the kinetic

would lead to a change of the position of the branch point (Cfenergy of the two pion system. We may therefore parameterize
Eq. (I5)); however, as the pole is quite far in the complexy o -y propagator as [18]
plane, no major changes from a modifiecole are expected

in the region where poles of baryonic resonances are sehirche gon(Z K) =

Z-w} - wy; =2- 2w, — K¥/(4wz) + 0K W),

for (I'/2 < 150i MeV). 1
For thep, a similar analysis can be made. There are no poles ’
on the first sheet and one pole on the second sheta763- o \/mﬁ + K2 = V(m6)? + K2 — T1(2,(2 K). K)
64i MeV. This corresponds to@width of I' = 128 MeV which o0
is slightly smaller than the standard valudot 150 MeV [2]. Gon(2) = fdk K F(K) gon(z K),
For theA, the pole lies azg =1211-37i MeV, i.e. theA has 5
a width ofT" = 74 MeV which is smaller than standard values of
110-120 MeV [2]. The pole position of th&(1232) in therA z(zk)y=z+m - \/kz +(m)2 - \/kz + g
propagator is not identical to the position of th€l232) in the (11)

7N schannel exchange, that will be determined later (cf. Ref.
[@] or Table[2). The consistency of the model could be im-with the self energyl,, from Eq. [3);m is the barer mass and
proved at this point, i.e. consistent pole position for bzdkes.  F is a regulator we introduce for the discussion of this sectio
However, the discrepancies are minor. As we have stressed band which is absent in the Julich model [cf. Jec] 2.5]. Thete
fore, at this point a high precision fit of the amplitude is notg,y is given by the TOPT-N propagator that includes the self
required; a reliable parameterization of the input for tifee  energy of ther meson. The energy parametgrimplies that
tive zzzN channels is dficient. the energy available for ther subsystem is reduced compared
Thus, therr andzN phase shifts are fliciently well de-  to the total energy not only by the kinetic energy of thebut
scribed (cf. Fig. 7 of Ref|ﬂ9], Figs. 9 and 10 of Réﬂ[lS]) by also by the energy of the nucleon propagating simultangousl

5
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Figure 6: Real (dashed) and imaginary (dotted) parts oftie@ropagatoG,n
for real energieg [arb. units].

line) can be deformed (short dashed line). Inzhelane, this corresponds to
different paths for diierent values of (lower figure). In thez, plane, there is
a branch point at, = 2m,. The corresponding cut can be chosen fifiedent

directions, e.g. (a) or (b).

We checked numerically that treatifiy as in Eq.[(B) vs. keep- ) ) ) .

ing the full dependence 6, of Eq. [I0) has only a very small Thu;, for an gnalytlc continuation G(,_N, one _flrst ha_s to
impact on observables. Since using Eql (11) saves an angu@palytlcally continuél,. Fo_r this, we cor_1$|dertHe|ntegrat|on
integration we will use this expression in what follows. in Eq. (11). The integration contour in the complexplane

In Eq. (I3), we have explicitly included the integration pve ¢a@n be deformed as long as the limits 4§ are unchanged.
k, the loop momentum of theN loop. As an example of such a Second, the deformation must be along analyt_|c regionseof th
loop, we show in FigCJ5 two pion exchanges. The exchange prdntegrand and must not cross pol_es, braqch points, or chts. T
cesses ark and angle dependent; they induce three-body cut§uarantees that the result of the integration along theroefd
and additional analytic structures, on top of the strucgiven ~ contouris unchanged.
by g-n. This issue will be further discussed in SEC]] 2.5 where To ensure these conditions, we have to check which are the
also the implementation of the analytically continued agg- ~ Z- regions inll, that correspond to the contour deformation in
tor into the full Jillich model is given. See also Apperidixok f thek plane. A path in thé plane corresponds to a path in the
a discussion of the short nucleon, circular and other cuts. % Plane as given by the transformatinf(z k) from Eq. [11).

In the following, the analytic structure @,y as defined in  We show in Fig[7 schematically several deformed paths in the
Eq. (1) is determined. For real energiethe propagatoB,y K- andz--plane.
is shown in Fig[®. The real and imaginary parts can be com- First, consider the undeformed path for a value ofzlm
pared to the case of stable particles as shown in Big. 1. On#z, > 0, i.e. astraight path in tHeplane from zero to infinity.
observes similar structures, which are, however, smeared-i ~ This is indicated with the long dashed lines in Fig. 7. The
ergy due to the finite width of the, or equivalently, a finitél, ~ integral along the deformed path (short dashed lines)ngivat
in Eq. [I1). In particular, the influence of the “threshold” a the endpointis the same as for the undeformed path, wiltmetu
z~ml +my ~ 1.9 GeV is still visible and reminds one of the the same result because the deformation is over a regign in
corresponding structure in case of stable particles. wherell,- is analytic.

The nr self-energyll,. in Eq. (I1) has a well-known right- Next, consider the case Im= Imz, < 0. The righthand cut
hand cut along the rea}. axis as derived in SeE.2.1. Itis clear of Il is along the reat, axes, indicated as direction (a) in Fig.
that this induces also a cut in the full propaga®x. [4. The righthand cut begins at the branch paint 2m,. Thus,

In the case of the propagator of two pions the discontinuitythe integration along the undeformed path induces a cutan th
arises from the position of the pole with respect to the irgeg full G, once Imz changes sign.
tion contour, as discussed following Figl 4. In particufar, The analytic continuation @&,y along this cut, for Inz < 0,
realz the pole in theg-integration lies on the real axis. In the is obtained as follows: If Ila changes from positive to negative
present case, the pole lies, for reafar in the complex plane values, the integration contour is deformed as indicatetl wi
[c.f. Eq. (I1)], and the cut dB,\ on the reak axis, starting at  the short dashed line in tte plane in Fig.[V (case Im< 0).

z = 2m, + My, is entirely induced by the cut @f,. itself. However, this is possible only if simultaneously the cullgfis
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Figure 8: Imaginary part of the self-ener@ﬁf’ [arb. units] as a function of
Z, [MeV]. The cut is put in the negative l@y direction. With this choice, the -4
self-energy is analytic on the real axis above the branchtpoi

moved from direction (a) to direction (b). This ensures that
integrand is always analytic. The continuation obtainedugh
this contour deformation is the unique analytic continuratf
G(rN .

The change of direction of the cut from (a) to (b) redefines=7
the self-energy according to

-400 -200 0 200 400 -400 -200 O 200 400
o - H((IZ) if Im z, < 0 and Rez, > 2m, w@ R — .
7 I, else 2 ‘\'
|
whereIl, and1? are given in Egs.[{3) an@](7), respectively. -6 0 '.
The seIf-energYIE,'?) is shown in Fig[B. Indeed, the cut is now -2 '\
along direction (b) andﬂf,b) is analytic on the real axis above 4
the branch point. ~10
Second, as shown above, the integration path has to be de- -6
formed; for simplicity, we have decomposed the path intoj2 8
straight pieces in th& plane in such a way that one interme-
diate edge poirk;,; corresponds t@, (kint) = 2m, + 100i MeV. -10

. : -400 -200 O 200 400 -400 -200 0 200 400
The start and end points are always giverkby 0, k = .

For Rez < 2m, + my we obtain Re, < 2m, and the starting

point of the integration at = 0 lies below the cut at position 4 7
(b). Yet, one simply rotates the cut direction further th&@t® 35 n i
and can apply the method as before. -4 }
The analytic continuation d&,y to the lowerz half plane, _45 0 !
called fo,)q has been evaluated. A quantitative definition of _ -2 E
G@ will be given below [cf. Eq.[(T6)]. To continug?), to the e -4 '
upper plane, one can adapt the method of contour deformation’ _6
or simply utilize the known continuation in the lower halape -6 8
and take advantage of the general analytic property -6.5
-10
G2 (z) = [GH (I (13) 400 200 0 RO MO a0 Z0 0 200 a0

that holds also for the second sheet.

In Fig. E WQ ShOW.the analytlc Cont.mu.atlon as slices alonq:igure 9: Real (left) and imaginary (right) part Gf,n [arb. units]. The plots
the Imzldlrectlon at fixed R?- The solid lines S_hOW the first show slices along the imaginaryirection for Rezfixed at 1.4, 1.75, 1.87, and
sheeler,i, forimz>0 ander,lI for Imz < 0. As Fig.[9 shows, 2.1 GeV (top to bottom). The solid lines show the analytictraration to the
the transition between both sheets is indeed analytic atdrf. lower z half plane Ef& forim (2 <0, GS,L for Im(2) > 0]. The dashed lines
The dashed lines show, for Imx 0, the first shee’sf}N. Thecut  show the first shee6) = G,n.
in Gfrl,zj situated at Inz = 0, appears in Fid.]9 as discontinuity
for the imaginary part and a non-analyticity (“cusp”) foetteal



part. The second she@ff,)V forImz> 0, obtained through Eq. Im z
(@3), is not plotted in Fid.]9. A

2.3. Additional branch points in the complex plane

The analytic continuation of 118,y is shown with the solid
lines in the right column of Fid.19. While, at Re= 1.75 GeV, | |
the imaginary part shows a sharp rise azlm —250 MeV, 2m,+my
only 120 MeV above at Re= 1.87 GeV the continuation falls
rapidly beyond Inz < —250 MeV. The real parts show also
rapid changes in thig region. This is a sign that there is an | |
additional structure. In the following we show that the new
structure is induced by a branch point. Such additionaldiran | ._I/
points are known since Ionﬁél@éM].

In Sec.[2.1 it has been shown for the case of propagators
of staple particles that branch points are mduced Whenwr Figure 10: The full analytic structure of theN propagatoiG,n. The branch
poles in the complex plane of the momentum integration OvVefgintp, is at thexrN threshold and connects first and second sheet. The branch
g coincide, i.e., the denominator has a double zero in the ma@pointsb, andb, are located ar,, = z, + My (&, = Z, + my) and connect
mentum plane and = 0. For the stable case, this situation wassecond with third, and second with fourth sheet, respdgtivne liness; and
given at threshold. In the present case, we have to inspect t§2 indicate slices plotted in Fig_12s; indicates the viewpoint of the plot in
denominator of Eq.[{11) and search for poles with respect to'g'm'

k. This is, in general, only possible numerically. Howevee, w

know that for a branch poink = 0. Furthermore, the condition  The resulting analytic structure is shown in Higl 10. There i
k = 0 and the fact that we consider the analytic continuatiors branch poinb, located atz,, = 2m, + my, which connects

of G®, imply that thes self-energy is evaluated on the sec- first and second sheigtboth of them with a cut along the real
ond sheetHf,Z) according to Eq.[[12) [c.f. Figd7]. Then, the axis. As we have seen previously, this branch point and its cu

Re z

®
Y

S3 |

denominator of Eq[{11) has the double zero at are induced by the cut of the self-energyl1,.. The additional
0 @ branch points, andb; lie in the complex plane, both of them
z—my —m, - I7(z—my,0) = 0. (14)  on the second sheet, and induce the two additional sheets thr
and four.

On the other hand, the pole of theitself is given by Eq.[(0);
using thatz, = z— my atk = 0, we obtain for the position of
the branch point, calleld; in the following,

In Fig. [11 we show the real part &,n aroundb, from a
viewpoint s; as indicated in Fig[_10. There is an intersection
of real parts visible, starting dib and extending towards pos-

Z, = Zp + My (15) itive Rez values. For a_propagator of stable part_icles, _the real
parts of the two sheets intersect along the real axis, ottréagtd

wherez, = 875- 232i MeV is the pole position of the-inthe  cut, as can be seen in the upper left plot of Fij. 3. Itis, thus,
complexz, plane. straightforward to define the cut belonginglig in the same

Thus, branch points in the compleplane of the ffective  way, i.e. at the intersection of the real parts. This is iatéd
nnN propagators are directly related to the pole of the unstable Fig.[I0 with the red curved line.
particle. An unstable particle induces branch points in the  In Fig. [I2 the four Riemann sheets along the two sliges
oN propagator. These branch points are always on the secomid s,, as indicated in Fig[_10, are shown. The slices are lo-
sheet ofG,y, as we have seen in the derivation of Ef.](15),cated slightly below and abou®. In order to understand the
because this is where the resonance poles are. Furtherasore structure of the branch point, one can follow paths around it
there is only one pole on the second sheet ofthropagator, For example, coming from the reabxis on the second sheet,
there are no furtherinduced branch point&gf, in thezplane, one can follows; and pass by, below (thick dashed line in
apart fromb, [andb), in the uppee half plane due to Eq[{13)]. Fig. [I2). Then, one can move & and move back, towards

For thepN andrA propagators, relatiof (15) holds as well, the real axis, passinip above (thin dashed line). As Fig. 112
with the corresponding masses and pole positions; in alis;as shows, one is then not any more on the second sheet, but on
the validity has been confirmed numerically. sheet 3. Alternatively, one can start at the reakis on sheet 2,

Relation [I%) has been derived for the specific form of thealongs, (thick black solid line), move arourtg and return on
propagator from Eq. [{11). Yet, the existence of the brancls: (thin solid line), and also get to sheet 3. Note the presehce o
pointsby, b, follows in general from the existence of the pole @ complex conjugate structure that follows from Elg.1(13), as
in the scattering amplitude of the unstable particle. Sdctre
validity of Eq. (I%) does not depend on the special form of the

transformatiorg,. from Eq. m) the conditioz, = z— my 1The existence ob, and its general properties are not discussed in Ref.
atk = 0 that led to Eq.[(T1) S|mply reflects the opening of the™ 21ng counting of the sheets refers in this section to the oaar case of
#nN threshold az = 2m, + my and is obeyed in geneﬂil oN.
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Figure 11: Real part o6,y [arb. units] around the branch poibg, as a
function of z [MeV]. The intersection of the real parts of the two sheets is
visible. The position of this intersection defines the cotted in Fig [ID.

-233 -100 O 100 233
Im z [MeV]

sociated with the branch poib} and indicated with the dotted
lines in Fig [12.

Technically, the transition to the sheets 3 and 4 is achibyed
following such paths, while further deforming the intedpat
contour of the&kintegration. This further deformation is dictated
by two requirements: the path in tkeplane must not cross the
poles induced by the denominator of Eq._1(11), and, second,
must not cross the cut along direction (b) from Hify. 7 inzhe
plane.

As an example, we show in Fig.]13 a path in taplane, 'mGon
together with its image in the, plane given byz,(z k) from
Eqg. (I1). With this path, one obtains the continuation to the
third sheet along the slicg. from Fig. [I0, shown as the thin
solid line in Fig[I2. As can be seenin Hig] 13, in k@ane the

-233 -100 O 100 233

path includes the quasi-two-body singularitjkat —70— 400i -15

MeV, while in thez, plane it does not cross the cut Hf,'?), """

indicated with the dashed vertical line. Thus, the intedrian -233 -100 0 100 233
always analytic. Im z [MeV]

It is instructive to discuss the |Im|’[|ng case of a narrow Figure 12: The analytic structure of all four Riemann shgts units], labeled

We define this limit by decreasing therr coupling constant 1 (o 4, shown close to Reof the branch points, and b,. The thick dashed
which appears in“™ of Eq. ([3). Then, the mass of the lines and the thin solid lines show the structures along lise s; from Fig.
] , . _ are alongs, i.e., slightly abovéd,. The dotted lines indicate the presence of a

branch po'”tg‘?Z ande move towar,ds the, rgal axis accqrdlng complex conjugate structure around the third branch ggint
to Eqg. [I5). Simultaneously, the discontinuity on the redsa
associated withp;, becomes weaker. In the limit of zero width,
b, andby, coincide on the real axis at= my + mZ, and the two
associated cuts coincide as well and run along the real 8.
branch point; and its cut vanish, i.e., sheet 1 and 2 coincide
belowz = mC + my.

Also, the other sheets overlay: We consider the real parts of
G, in Fig. [I2. They form approximately two “x” with the
centers ab, andb),. As theo width approaches zero, the “x”

9



0 - Table 1: Parameterization of the paths inkiglane for sheet$ = 2, 3, accord-
i ing to Eq. [I6). The list shows the positions [MeV] of intemiee points in

-200 thek plane. For the other poinig, kn;-1, kn, , see Eq.[(II7). Sheet 4 is obtained

MK _400 from sheet 3 through EJ_(IL3).
oN oN A
-600 j =2,Rez< Rez,
800 /A i k1 100 100 —
~400 -200 0 200 j =2,Rez> Rez,
Rek MV ke 1 - 300i 1 - 500i 1 - 300i
j = 3, Rez < Rez,
kq -500 -500 -80—i
0 ko -500- 700i -500- 700i —80- 200i
-200 j = 3, Rez > Rez,
Imz, -400 kq 1+ 500i 1+ 500i 30+ 80i
600 ) ko 500+ 500i 500+ 500i 100+ 70i
-800
1000 _250 0 250 500 750 1000 1250 1500 2.4. Formalism of path deformation
Re z,[MeV]

With these definitions, the paths which lead to the various
Figure 13: Example of a more complicated integration patihek integration ~ sheets are formally defined. For simplicity, all paths aresem

in thek [MeV] and thez, [MeV] plane. The cut in the, plane is in direction piecewise linear in thi p|ane_ We write for Sheeu'X:
(b), same as in Figl]7. The result in this example gives theevaf G,y at

z=1600- 200i MeV on the third sheet. ) )
Q@ = [ dkRFI gl

1

n;

become symmetric and for zero width overlap exactly, reutyici = Z fdt (ki — ki) [ki (12 F (ki () g (2 ki (D)
the number of Riemann sheets from four to two; the real part =179
has then the same structure as in the second row, left, oBFig. (16)
Thus, in the limit of zerar width, we have precisely the sheet ) (@237 )
structure of the propagator of stable particles as showigis. F With gon from Eq. [11). Heregzy [g;"] is evaluated with
[ and 3, with one branch point at mC + my, one righthand Il from Eq. [3) [IY from Eq. [2)]. In Eq. [@B)k() =
cut, and two sheets. ki_1 + (k — ki_1)t. Thek; are the edge points of the paths and

shown in Tab[1l for each Riemann shept (For the physical

In Fig.[12 we show the labeling of the Riemann sheets. Theheetj = 1,ky = 0 andk, -1 — oo, i.e. the integration is along

distinction of sheet 1 and 2 is clear: While the physical sheej straight path from zero to infinity in theplane. For the sheets
1 is obtained with an integration along an undeformed path iry = 2 3 the first, before last, and last point in tk@lane are
Eq. (I1), sheet 2 is the analytic continuation of sheet 1galon given by
the righthandrrN cut. The distinction between sheet 2 and 3
is defined as follows. We have just argued that a natural ehoic ko = 0,
of the cut associated withp is along the intersection of the real 2m, + 100i MeV for oN
parts (cf. Fig.[Ill). This also helps us understand the limiti _ .
case of a narrow-. Yet, other choices are possible. For prac- Zei(knj-1.2) = ¢ 2m; + 200i Mey for pN
tical reasons, we prefer a cut that delivers analytic slddesg m; + my + 100i MeV  for 7A
the Imz direction, such as plotted in Fif] 9. For this, we have Kn, — 0. (17)
to put the cut ob; into the negative Iz direction. This is the

definition which we will adopt for sheet 2: wherezy is the energy of the unstable particteo, or A, given

by Eqg. [11) for ther case. For the corresponding expressions
Sheet 2, in the lower half plane, is the sheet that can be,n, g-a as they appear in EJ_{L6) for tp&l andzA propaga-
reached along straight paths into the negative lairection,  tor, and for the transformatiorzs andz,, see Refs.ﬂ 9.
starting from the reat axis at the continuation of sheet 1. The The distinctions Re < Rez,, in Tab.[1 ensure that the cut of
additional Riemann surface induced by, not reachable by b is alongthe negative lindirection, as discussed at the end of
such paths, is then sheet 3. Sheet 2 in the upper half planthe previous section. As an example, we show in Eig. 14 with
together with the branch poilt,, can be obtained from sheet the solid line the path for the second sheet ofthepropagator,

2 in the lower half plane using Eq_{13). Accordingly, the cutcase Re < Rez,, in thez, plane. Comparing this figure with
associated with, is then in the positive Imdirection. Sheet4, Fig.[d, an additional structure induced by(k; = 100 MeV) is
associated with the branch polnf, is defined accordingly and visible; this additional edge point is necessary to avoiging

can be obtained from sheet 3 using Eql (13). of sheet 2 and 3. For the endpomiks) that is finite in Fig.
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2.5. Implementation of the continuedN, pN, 7A sheets

To obtain the amplitude of the Julich model on th&eatient
oN, pN, A sheets, we add theftgrence between second and
first sheet, similar as in the case of the chann&lsandnN in
Eqg. (8). In Sec[2]1 we have seen that for #i¢ N prop-
agators the prescription to obtain the second sheet cerisist
adding the discontinuity twice. In the present case of the un
stableoN, pN, nA propagators, one can proceed similarly. Yet,
for the dfectivernN channels, this implies an approximation
which will be discussed below.

In Fig. (12 the image,(k, 2) of the k-integration in thez,
plane is shown. Consider the case 2 for theoN propagator,
i.e. the second sheet. The dashed line shows the integration
contour forj = 1, the first sheet. In thieplane, this integration
is along a straight path frolk= 0 tok = co.

The solid lines show the integration according to the case
j = 2 with the edge point&o, ki, andk, given in Eq. [I¥)
[I4, rather tharg,(ks — o) as Eq. [IF) prescribes, see the and Tabldll. For the endpoikf, we have chosen, instead of
discussion on implementation in the Jilich model in §€8. 2. ks — oo, an intermediate poird,(ks) that is on the contour
of the integration for the first sheet and below txethreshold
(remember that for the second sheet, thecut is in direction
(b) of Fig.[13). In the dierence of second and first sheet, the
remaining path from the poitg to oo cancels.

For the plots of numerical results in this section, we intro-
ced a form factoF in Eq. [I1) to regularize the integral.
For the implementation in the Julich model, this artifid@m
factor is removed,; the result for thefidirence of sheets is finite
anyways as discussed before.

Thus, the diterence between sheg) @nd sheet (1) is given

° z4(k;,)=2m_+100 i MeV

Z,(k3)=2m_-100 MeV+i Im z z,(k;=100 MeV)

Figure 14: Integration contour to calcula#&s. The plot shows the image
Z-(k, 2) in thez, plane. See text for further explanations.

The paths for the sheefjs= 2, 3 lead to the correct sheets,
but only in a certain range for the total enemysheet (2), with
the above defined paths, is calculated correctly fof 2 my <
Rez < 2500 MeV and-400< Imz < 0 MeV, for oN, pN, and
nA. For the sheets (3), the continuations are valid around th8u
branch pointdy,; for oN, the range of applicability has been
tested to be 1606< Rez < 2100 MeV and-400 < Imz <
+300 MeV. ForpN, 1500 < Rez < 2000 MeV and-400 <
Imz < 0 MeV; for A, 1250< Rez < 1450 MeV and-250 <
Imz < 0 MeV. If one wishes to obtain the sheets (3) outside,
these areas, one may have to redefine the paths; the pole in t%

k plane moves as a function p&nd forz outside these areas, it 5@2’% = (G(eifg - Ggf))F:l» (18)
may cross the integration contour.

wherej = 2, 3. Here and in the following, the subscriptffe
Tdicates the #ectiverN channels. The end points of both
integrations foGg; anngf) are at

ThepN andrA propagators have the same analytic propertie
as theoN propagator. In particular, the poles of thend the
A induce additional branch poins, b, of G, andG;, in the

complexz plane. For these channels, these branch points are Zesr(Kn,» 2)

even more relevant for the analytic continuation because th _

and theA are narrower than the and the branch points lie _ 2™, -~ 100MeV+iimz (N, pN) (19)
close to the real axis according to Ef_J(15). The branch point m, + my —100MeV+ilmz (7A)

b, andby, have large numericafkects in their surroundings as

can be seen in Fig$l] 9 0112 and, thus, play an important rol ) . =&
for the analytic continuation. The integration paths toadrt ovdelia}llgntegbra;uor?trﬁ) atth tto olc()jtarit; Sa ?OS?% Cor,][toﬁaet B f
the diferent sheets of theN andzA propagators are given in § (k. 2), but with start and end point onfiiérent sheets o

; ; : ; the self-energy of the unstable particle.
Tableld, together with the points defined in Hg.](17). ) _
g P (A7) The next step to implement the sheets of tieaive 7N

To finish this discussion, let us again point out the imparéan propagators in the Julich model is similar to Hd. (8),
to control the cuts induced by the branch poingshy,. As dis-
cussed above, the condition Re&s Rez,, controls the cut. In (Ged TD = V|Qap) =
particular, in these two ffierent cases thieintegration contour
passes by the quasi-two-particle singularity above analbizl 5Ggg + queﬁ q
thek plane, respectively. This distinction is mandatory; if the
contour passes for alabove or for allz below that singular-
ity one evaluates the third sheet instead of the second foeso S = 6GA (V15 (e (Gan( eI TV (G- (20)
z poles on that sheet are much less relevant than poles on the
second sheet, because the third sheet is not directly ctathec As in case of the channels with stable particlis,is added at
to the physical axis. the on-shell point. In case of the channels with stable ges]
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which replacesk, from Eq. [17). As Fig.[I4 shows, the
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this is exact because tlidunction that evaluates the imaginary They induce similar structures as the three-body cuts ayt th

part puts the vertices automatically on-shell [cf. Edq. (7)] are also situated at lmm> 150, 200 MeV. We make no attempt
In case of the fective zzN channels, this factorization of to access the sheets induced by the three-body cuts agsbciat

the last line in Eq.[(20) is an approximation. Fgy(eff), we  with the exchange potentials These sheets are far away from

choose the on-shell momenta of the kinematics the physical axis and structures on those sheets can ongy hav
minor impact on physical scattering. For completeness, the

Uon(eff) = dgy(z > My + nmy) (oN, pN) short nucleon, circular and other cuts, associated witheouc
Oon(eff) = qg(z > My + M) (mA) (21)  exchange and crossing symmetry, are discussed in Apgehdix A

Itis shown that this cut structure is indeed present in thdeho
with my = 1232 MeV andmy, m, the nucleon and pion mass, and can be identified with fierent ingredients of the model.
respectively. We test the cases: 2, 3 for all results. The pole
positions and residues are very similar in both cases.

Another motivation for the factorization is given by the-fol
lowing considerations. The kinematic— my + 2m, for the
oN (and alsopN) propagator corresponds in good approxi-
mation to the maximum of Ik’ g,y from Eq. [I1), which In Sec.[2 the analytic structures of the propagators of chan-
gives the discontinuity of thexN cut along the physical axis. nels with stable particlesN, N and of éfectiverzN channels
Strictly speaking, the discontinuity receives contribnt from A, pN, andoN have been determined. The analytic contin-
Imk?g,n for all k, but the distribution is still concentrated uations of the propagators determine the analytic contiiowa
around the maximum due to the fact&fsand the form factors, of theT matrix. In this section, we determine the properties of
that suppress the contributions for small and ldgalues, re-  T(2) in terms of poles and zeros in the compiplane.
spectively. For a channel with stable particles, there are two sheets,

Furthermore, the kinematies—» my+2m, orz — my+3m, while for unstable particles, there are four as we have segnei
corresponds to typicabkZinvariant masses inN — 77N inthe  previous section. Thus, for the channel space consideme he
second resonance regionitN — 7N, where the branching there are 24° = 256 sheets corresponding to the two stable and
ratios intopN ando N are analyzed. three €fectivernN channels.

The principal dfficulty in going beyond the factorization of ~ Poles can be located on all sheets. Yet, depending on the
6@8& in Eq. [20) is the incompatibility of the integration paths sheet, their influence at the readxis (“physical axis”) is dier-
that lead to unphysical sheets of theeetiverzN propagators, ent: For a channel of stable particles with two sheets, densi
and the position of three-body cuts in the transition patésiV  a virtual state. This is a pole at= z on the second (“‘unphys-
that require a dferent integration path. While the access to theical”) sheet in the lower half plane, and below threshold, i.e.
different sheets is dictated by the deformed paths as discussB&z, < znes Then, the closest point to the physical axis is
above, the momentum integration that respects three-hatdy ¢ Znres[C.f. Fig.[3, third row]. Because the pole contribution has
is from k = 0 along a straight path rotated into the complexa 1/(z— z) energy dependence, such a pole can only appear as
plane [20]. A unified treatment is beyond the scope of thisa structure aknes €.9. as a threshold enhancement. It cannot
work, although possible in principle. create a resonance shape on the physical axis-&ez,.

The analytic continuation of for the first sheet, as given by  Thus, for the pole search with respect to ieandnN chan-
the integral terms of Eqd.](8) arld{20), is restricted by wet nels, below threshold one chooses the first sheet of the propa
body cuts of the stableN andnN propagator, as well as the gatorG. This means looking for bound states with respect to
pseudo-two-body cuts efN, pN andzA. These zeros of the that channel. Above threshold, one chooses the second sheet
propagator denominatozs- E; — E,, together with the rotation Formally, this can be written as
of the integration path into the lower complekalf plane[[20],

3. Resaults

3.1. Selection of Riemann sheets

induce fallacious non-analyticities in the lowerhalf plane. _ G@ if Rez> zines

Thus, we restrict the analysis of the analytic continuatimn GO ifRe Z < Zinres

the uppee half plane. Yet, for all results of this study in SEt. 3, (22)
we will quote the values for pole positions, residues et¢he

lower z half plane that are easily obtained using Eq] (13). whereznes = M+ M is the threshold energy. This choice

Additionally, the three-body cuts of the potenti®lgin par-  will induce cuts in the amplitude along the ndirection, for
ticular, the pion exchange), together with the rotatedjraon ~ Rez=m, + my and Rez = m, + my.
path, induce similar structures for the first sheet in theeugp As pointed out in Sed_2.3, for eacectiverzN channel
half plane. Since these structures are located at4m 50, 200 A, pN, ando N there are four sheets. For the pole search, we
MeV for all zwe can safely search for resonances up to a widtfthoose the unphysical sheet with respect tortté cut, i.e., the
of ' = 300 or 400 MeV, and this issue is of no relevance heresecond sheet according to the definitions at the end ofSg&c. 2.
For energies above the second resonance region, even larderparticular, the second sheet is reachable from the palysic
values for Inz are accessible. Within our formalism, an ex- axis via straight paths in the negative trdirection. There are
change propagator is of the formi[Ex(z— Ex — E; — E2 +i€)]. additional sheets induced by branch poibisb, in the com-
There are kinematic factorg By of the exchanged particbe plex plane as we have seen in SEc] 2.3. Yet, coming from the
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compared to tha terms, and the replaceme®f) — G does
not change much the position of the zero; the resonance pole
will reappear on the third or even fouriN sheet.

Such replica of poles on other sheets have no physical impli-
cations. E.g., tha*(1700) has a pole a = 1637— 118i MeV
on the secongdN sheet and a replica on the third one, just a few
MeV away fromz, and with almost the same residues. Even
the distance from both pole positions to the physical axés vi
paths over analytic regions of the amplitude is approxitgate
the same. Yet, one of the poles idfstient to describe tha*
properties on the physical axis to high accur@ [50]. Thetw
pole structure is, in this case, trivial.

The situation is dierent for e.g. the proposed two-pole struc-
ture of theA(1405) E@]. In the latter case, the two poles lie
on the same sheet onfidirent positions and have quitefei-
ent residues to the filerent channels. While there is evidence
[@] for the two-pole structure of th&(1405), the trivial replica
found here have no physical consequences.

Figure 15: ModulugT (S11)| [arbitrary units] as a function of the complex scat- Yet, in the present context, we sometimes find a pole on the

tering energyz [MeV]. The poles of theN*(1535) andN*(1650) are clearly  third sheet ofoN, but no counterpart on the second sheet; in

visible: A|SO, one sees a discontinuity annngem,] + my, coming from the that case the Coup"ng of the StateﬂN is Strong_ In such a

prescription of Eq.[(22) for theN channel. Behind thil" (1650), one seesacut iy ation, discussed in SeE_R3.6, a pole on the thidsheet

ying in the positive Ine direction, induced by the branch pomy, = my + z . . . . .

of the pN channel. can indeed induce visible structures on the physical axis th
cannot be explained from the amplitude on the second sheet.

physical axis, those sheets are only accessible via pathsdr 3.2, Pole positions and residues
these branch points and poles on them have little influence on
the physical axis [cf. Fid._10]. This is in analogy to the cate
thexrN andnN propagators discussed previously.

The selection criteria discussed above define one out of 256 kEw
sheets, where poles are searched. We refer to this as “second Tfi = ~7 VP1 Pi Ti, p= 7 (24)
sheet” of T in the following. As an example of the analytic
structure, Fig.[I5 showd| on that sheet, in th&,; partial wherek (E, w) are the on-shell three momentum (baryon, me-
wave intN — 7N. The two poles associated with thNe(1535) ~ SON energies) of the initial or final meson-baryon system. In
and theN*(1650) are clearly visible. Yet, there are additional OTder to extract the pole residue, we expand the amplifitle
structures: First, a discontinuity along Re m, + my coming ~ On the second sheet in a Laurent series around the polequpsiti

The scattering amplitudefor the transition — f in channel
space is connected to the amplitudef Eq. (1) by

from the prescription of Eq.[{22). Second, one sees a similar i
discontinuity starting behind thid*(1650) pole resulting from TOi=i - A + ai;i +0(z- ). (25)
the definition of the seconaN sheet: the branch cut is in the -0

positive Imz direction and starts at the branch paigt= 7, +  The residuea; and constant terna, can be obtained by a
My ~ 1700+ 64i MeV wherez, = 763~ 64i MeVis the pole  ¢|oseqd contour integration along a pdite) around the pole

position of thep [cf. Eq. (I5)]. positionz,

The first sheet is free of poles as we have checked; we search
for poles on the second sheet. Yet, there are poles on other 1 T@(2dz 26
sheets which we comment on in the following. Consider a pole 8n = 2ni Sé(z) (z— zo)™1" (26)

that couples only weakly to a given channel, i.e. its residue . . .
to e.g. thepN channel is small. Suppose the pole has bee,»{_\lternatlvely,a_l can be expressed in terms of dressed quanti-
found on the second sheet. Then, at the pole position, the terties [50],
(1-VG)~ which appears in the solution of E@] (1) is singular.

(1)
We consider an element of this matrix and write symboligally aj= Tolp (27)
with Gf}z,\)‘ thepN propagator on the second sheet, 1- 3%2
(1-VG) =a+bGA =0 (23) Wwherelp (I}, %) is the dressed annihilation vertex (creation
P

vertex, self-energy) as defined in Ref. |[50], evaluated @n th
omitting further indices, sums and integratiomscontains the  second sheet &. We have explicitly checked for all reso-
terms with intermediate states of other channels. The waeak ¢ nances, using the explicit values By, X, that the results of
pling to pN is reflected by the fact that tHeterms are small Egs. [26) and{27) agree.
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The dressed quantities in Eq._{27) are given in terms of the
non-pole parfTN?, which dresses the bare creation and anni-
hilation verticeSyg), vg. For details see RefELBO]. Note that
for a simple energy and momentum independenwave inter-
action,y’ = yg while for higher spins and partial waves the
connection between bare annihilation and creation vertea
be more complicated.

Using Egs. [[Z¥) and(25), the pole residiRs= |R€? as
quoted by the PDG [2] can be calculated. For the residue pha
0 [IZ] we consider the usuéHEG] definition given by

Table 2: Resonance parameters in the present studyzgldre the pole posi-
tions. The modul|R| and phase8 of the residues correspond to thi decay
§Eannel. For every resonance, the first line quotes thetsestithe present
study, followed by the values from Ref$] [5] 56, 6] as quotethe PDB[2].
Resonances are included in the Julich model via expdicthtannel exchanges
except for the Roper resonance which appears dynamicatigrgeed.

R’
T=1g+ —m—— (28)
M-z-il'/2 Rezg -2lmz  |R 6 [deg]
for a resonance with width on top of a backgrounes. Com- [MeV] [MeVv]  [Mev] [9]
paring Eq. [ZB) with Eqg. [(25) and using EJ._24), the pole N*(1440)Py; 1387 147 48 -64
residueR and its phase are given by (5] 1359 162 38 -98
[56] 1385 164 40
IR = |a-1 oan| [6] 137530 180:40 525 -100:35
Im N*(1520)D13 1505 95 32 -18
0=-m+ arctar{%] (29) [5]( : 1515 113 38 -5
1PaN)
[56] 1510 120 32 -8
wherep,n is the phase space factorfrom Eq. [24) for the [6] 15105  114+10 35+2 -1245
7N — N transition, evaluated at the complex pole position. N*(1535)S1; 1519 129 31 -3
Poles of the amplitude are searched for on the second sheet[5] 1502 95 16 -16
as defined and described in Se€] 2. The results for pole [56] 1487
positions and residues are summarized in Table 2. The ex-[6] 1510+50 260G:80 12G:40 +15+45
tracted resonance parameters are compared with otheestudi N*(1650)S;; 1669 136 54 -44
[@,@B], all of them accepted by the PDG [2]. [5] 1648 80 14 -69
For prominent resonances with large branchingity the [56] 1670 163 39 -37
different analyses are in reasonable agreement with the presen] 1640£20 15Q:30 6010  -75:25
results. For other resonances that are wid¢@nabuple only N*(1720)P13 1663 212 14 -82
weakly torN, the results are much more disperse and there are [5] 1666 355 25 -94
noticeable dierences among the results of Refs/[5,[56, 6] and [56] 1686 187 15
also to the results of the present study. Note that for restes [6] 1680+30 12Q:40 812 -16G:30
such asA*(1910) andN*(1720), little is known about residues  A(1232)Ps; 1218 90 47 -37
and phases. Given, e.g., the spargot +172, —-90° from [5] 1211 99 52 -47
the PDG for theA*(1910), it is no surprise that the value of [56] 1209 100 50 -48
the present study of = —153 does not match any of the two  [6] 1210+1  10Qt2 532 -47+1
results. A*(1620)S3; 1593 72 12 -108
The RoperN*(1440)P11 resonance does not require a gen- [5] 1595 135 15 -92
uine pole term in the Jillich modél [19]. Instead, the resoea [56] 1608 116 19 -95
shape is dynamically generated from the coupled chanregtint  [6] 1600+15 12Q:20 15+2 -110:20
action together with the unitarization from Ed.l (1). Heree w  A*(1700)Ds; 1637 236 16 -38
can confirm this result, because we have indeed found a pole[5] 1632 253 18 -40
for this resonance [cf. also Séc.13.3]. [56] 1651 159 10
A special situation is given for th®;; partial wave in which [6] 1675+25 22040 13:3 -20£25
two resonance interfere making the extraction of resonpaee  A*(1910)P3; 1840 221 12 -153
rameters more @icult. Tabld2 shows that the values fromthe [5] 1771 479 45 +172
PDB [2] for both|R| andé are very diferent in the various stud- [56] 1874 283 38
ies for theN*(1535). This is due to the systematic uncertainties [6] 1880+30 20040 20:4 -90+£30

from the close-by;N threshold plus the interference with the
N*(1650). The values of the present study lie within these wide
spans. This issue is further discussed in §eg. 3.5.

For the other resonances, the results of the present study

sometimes lie at the borders of the ranges quoted in the PDG.
For theA(1232), the present values for pole position and residue
lie even outside the range of the other studies. In Eig. 16, th
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the peculiar phase shift of they; partial wave as discussed in
Ref. [E)]. For theSs1, P31, andPy3 partial waves, the various
zeros on the second sheet are in close vicinity to the respect
resonance poles. The zero ®f; lies in between the tw&;;
resonances and will be further commented on in Beg¢. 3.5.

In Table[3, also the zeros extracted from the FAO2 solution
of Ref. [59] are shown. In their sheet numbering, our sheet
2 is their sheet 1. The global pattern is similar; Sq; the
zero is in between the two resonancesSi1, P31, and Pi3
the zeros are correlated with the respective resonance.pole
Most interestingly, we find zeros iR33 and D13 at thepN

0 . . . ._ _ . . .
1100 1200 1300 1400 1500 btranctholnt1 sgzocglt_e& W\l/th the quasi-two-particle deugny
2 [MeV] atzy,(pN) = 1702- 64i MeV.
Figure 16: Imaginary part of thB33 amplitude with theA(1232). There are 3.3. Pole structure of the Roper resonance
some residual deviations of the present fit (red solid lime) the SES [FA08] The poles from TablEgl2 all lie on the second sheet. We have
from Refs. [57[.58] (data points). also searched for poles on other sheets for some selectesl cas

E.g., in the partial wave analysis SP06 of Réf. [5], a pole of
Table 3: Position of zeros of the full amplitudein [MeV]. There is always the Roper has _been _foundzg_t: 13_59_ 81i MeV on the sec-
another zero at the complex conjugate position accordinggo [I3). For ~ondzA sheet (in their counting: first sheet), and another one

comparison, the zeros determined in Ref] [59] (FA02) are aisted. atzy = 1388- 83i MeV on the thirdzA sheet (their count-
ing: second). Also in the present study, we find a second pole
first sheet second sheet Ref. [59] of the Roper on the thirdtA sheet atzy = 1387- 71i MeV
P11 1235-0i  Si1  1587-45i 1578- 38i which is just a few MeV away from the pole on the second
D3z 1396-78i Siz1 1585-17i 1580- 36i sheet quoted in Tablg 2. As discussed in $ed. 3.1 this isrrathe
P31 1848-83i 1826- 197i a replica of the pole on the second sheet, without physical im
P13 1607- 38i 1585- 51i plications, than a genuinely new structure; indeed, withig
Pss  1702- 64i - Julich model the coupling strength of the Roper tothechan-
Dig  1702-64i 1759- 64 nel is moderate [60]; a change of sheets does not change much

the resonance properties in this special case. This is also r

flected in the value of the residue of the additional Ropee pol

a_1(2ndnA)/a_1(3rdrA) = 1.06— 0.01i for thenN residues of
present solution is shown together with the SES solutioh®ft the poles on the second and thirdl sheets.
partial wave analysis of Refl_[67]. There are residual éiser  The rather dierent pole positions and residues of the two
ancies for ImP33 which suggest that the Julich model may needroper poles in Ref. [[5] indicate a larger coupling to the
some fine-tuning to obtain an improved fit. It is a very smallchannel, and in this case the branch pbinplays an important
effect, but the PWA results are quite precise for §{@232).  role as stressed in Ref/ [5] which makes a simple Breit-Wigne
Note, however, that even for near identical phase sKiftea-  parameterization of the Roper questionale [5].

trix analyses and analyses using analjftinatrices will give In the Julich model, therzN inelasticity of the Roper is
in general diferent pole positions and residues as a result of theather given by the feective N channel[[18[_19]. The early
different analytic properties. onset of inelasticity in theP;; partial wave is naturally ex-

Poles and zeros are important parameters and determine thiined by thes wave character of therN coupling to the
global appearance of a partial wave amplitude. In the oneRoperEB]. In contrastA couples inp wave to the Roper,
channel case, unitarity leads to zeros on the first shee¢ieth and the centrifugal barrier renders the contribution switatw
is a pole on the second sheet. For the coupled channel case disergies. Thus, a largeA coupling to the Roper would be
cussed here, there is no such direct connection betweea polgeeded to provide the necessary inelasticity at low engrgie
and zeros. Yet, zeros play an important role. For example, a&lso, it has been shown in Ref,_[19], that the persistentlgda
pointed out in Ref. [[20], the unitarity constraint 4N to 7N inelasticity at higher energies can be explained more atiyur
leads to a zero above tiN(1650) in the absence of additional by a largeocN coupling.
inelasticities; this results in an unobserved dip inthe— 7N For completeness, let us mention a similar situation for the
cross section. The introduction of couplings of t8g reso-  pN sheet: on the thirgN sheet, there are poles iz andDas
nances torA in Ref. [Z‘)] solved the problem, simultaneously situated a few MeV away from their counterparts on the second
reducing the maximum of theN — 7N cross section at the pN sheet, associated with ti(1720) andA*(1700), respec-
N*(1535) energies to the physical value. tively. Again, none of the two resonances couples strongly t

The zeros of the Julich model have been determined in theN [6Q], and replicas of the poles on the second sheet appear
present study, with the results shown in Table 3. There is @n the third sheet. TheN sheet inD13, however, is special and
zero on the physical axis for the Roper channel. This reflectwill be discussed separately in SEC.]3.6.
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Table 4: Resonance couplings[10-3 MeV~Y/?] to the channelgN andz;N.

N nN

N*(1440)P11 112-50i —-0.1+ 0.0i
N*(1520)D13 8.4-0.8i 0.16 - 0.60i
N*(1535)S11 8.1+ 0.5i 119-23i
N*(1650)S11 8.6-28i —-3.0+ 0.5i
N*(1720)P13 3.7-26i —7.7+5.5i
A(1232)P33 17.9-3.2 -
A*(1620)S31 29-37i -
A*(1700)D33 49-1.0i -
A*(1910)P3; 1.2-35i -

Table 5: Bare and renormalized vertiggsandI'™® in [10-3 MeV /2] for some
resonances in theN — zN transition. The last two columns show the ratios
defined in Eq.[(31).

¥© rc r[%] r[%]
N*(1520)D13 6.4 - 0.6i 132+ 1.2i 53 61
N*(1720)P13 -0.1+54i 0.9+4.8i 24 45
A(1232)P33  1.3+130i -28+222i 45 40
A*(1620)S;; 0.1+143i 5.0+5.7i 130 66
A*(1700)D33; 5.4-0.8i 6.7 + 1.0i 33 54
A*(1910)P3; 9.4+ 0.3 19-32 222 22
3.4. Couplings

It is convenient to express the resid@es in terms of a few

and dressed vertices, as defined in Ref. [50]. The other amum
show the ratios

r=1|('o —ys)/Tol,

rr=1- Vi-y|,

i.e. the relative dierences of dressed vertex versus bare ver-
tex, and coupling versus dressed vertex. The renormalizati
of the bare vertex (ratio) is large in almost all cases. But also
dressed vertices and couplings can be veffedént (ratior’),

due to the appearance of the term &’ in the denominator

of the expression for the residue from E@._1(27). The conclu-
sions from this behavior are the same as in Ref) [50]: bare
and dressed vertices are model dependent quantities; the no
pole T matrix TNP from the model dependent decomposition
T = TP + TNP enters in the calculation df. In contrast, the
couplingsg; provide a meaningful expansion parameter of the
amplitude around the pole of the resonance, independeneof t
amplitude decomposition into pole and non-pole parts.

(31)

3.5. Resonance interference iniS

As an example of the analytic structure we discuss3he
partial wave. This is of particular interest, because thesdwo
resonances in this partial wave. For a systematic discusgio
other partial waves and their analytic structure, in patécP;1
with the Roper resonance, see Ref/[60].

In Fig.[I1, the amplitude for the Sy; partial wave is plotted,
obtained from the amplitud€ via Eq. [24). The full solution
of the Julich model is indicated with the solid red linesdét
scribes well the SES solution of Ref,_[57] upzo- 1.9 GeV.
The blue dotted lines indicafENP. We can also plot the pole
approximation from Eq.[(25). For simplicity, we sa = 0.

parameterg, given then? different residues for the transitions On the physical axis, the pole approximations of Ni¢1535)
within n channels. It is possible to write, for the residues intoandN*(1650) appear as resonant like structures indicated with

thezN andnN channels,

i—j

a, =4agg;j (30)

with a unique set ofj; quoted below. Thej; will be referred to
as couplings in the following. Note that in the determinatid

the black dashed-dotted lines. We first discuss the amplitud
above theyN threshold. For a discussion of the cusp and the
amplitude below thegN threshold, see below.

At first sight, the shapes of the two resonances i Ree
quite diferent: While the pole approximation of tiNg(1535)
shows a familiar shape with a maximum and a minimum in

theg; there is an overall undetermined sign which we have ﬁxecheSll the N*(1650) looks quite dferent. The reason is that

by choosing the real part of the coupling consigt positive.

In Table[4 we list the coupling strength of the resonances
to thexN andnN channels. The couplings to th&ectivernrN
channels will be published elsewh
in the description of theN — nzN reactions.

The allowed couplings; in Table[4 are all non-zero, while
only a few bare couplings are includéE[ZO]. E.g., the bate
coupling of theN*(1650) is zero while the correspondigdn
Table[4 is finite. This is because the rescattering in theamnit

coupled channel model renders the residue finite even wigen th

bare couplings may be zero.

a_; is a complex number that mixes real and imaginary parts
of a classical Breit-Wigner shape. In other words, the plo&se
the resonances from Talilé 2 is responsible for this twisting

[60]. They are immorta rasonance shapes and can have a very ldfgete

The individual contributions from the two resonances (klac
dashed-dotted lines) are quitefdrent from the full solution.
However, the sum
N*(1535) N*(1650)
1 a,

e+ s, (32)
7 LJ(;I (1535) 7 Z’S‘ (1650)

T@ =

In Ref. @], the bare and dressed vertices and the residuadicated as the red dashed lines, fits the full solutionequrill
of the A(1232) have been evaluated. In Table 5 we quote thever the entire resonance region. Thus, the two resonances

corresponding results for other resonances. The vertiaes h

cannot be treated separately but must be treated togelteer; t

been evaluated on the second sheet at the pole positions of tresidue from theN*(1535) provides a strongly energy depen-
respective resonances. The second and third columns shew balent background in th#l*(1650) region and viceversa. Note,
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= 0.6

Im S1

1400
z [MeV]

1200 “1600 1800

Figure 17: Amplitude in theéS;; partial wave. The data points represent the
single energy solution from the partial wave analysis [FAgfSRefs. [57[5B].
The solid red and dotted blue lines show the full amplitude &NP, respec-
tively. The dashed dotted lines show the pole approximatfontheN*(1535)
and theN*(1650) (from physical poles above th&l threshold, from hidden
poles below). The red dashed lines show their sum.
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e.g. for Rer the strong energy dependence of the tail of the
N*(1535) in the region of th&l*(1650). The resonances inter-
fere which each other.

Thus, for a theoretical description one needs a unitary cou-
pled channel model like the present one, which also allows fo
resonance interference. Otherwise, if one tries to exnesst
onance parameters individually for each resonance, orgsnee
a substantial phenomenological background. Then, thevpara
eters depend very strongly on that particular backgroumt an
results are not reliable.

At the level of pole positions and residues, resonance in-
terference appears as a strong cancellatitece of pole ap-
proximations as discussed before; this should be cleagy di
tinguished from what is conventionally meant with resoranc
interference: in a microscopic approach like the preseet on
the full partial wave amplitude with more than one explieis+
onance can be decomposed according to

TNP 4 TP

r®
Z(FD)r (g 6n/ 5, o

with resonance indicasr’, dressed vertices, and bare prop-
agator Sg as defined in Ref. [[50] for the one-resonance
case. Resonance interference is allowed by non-vanistiing o
diagonal self energies;, andX,1. Second, even foE;, =

Y21 = 0, the individual parts of the sum in EqC_{33) can be
large and make it dicult to phenomenologically disentangle
the resonances, as in case of tig§1535) andN*(1650) dis-
cussed here.

Note that the full amplitudd in Eqg. (33) is unitary which
is automatically ensured by the complex phases of the ditesse
verticesT, that are linked tar\P [cf. Ref. [50]]; the expres-
sion in Eq. [3B) forTP should not be confused with a sum of
two Breit-Wigner resonance amplitudes. While a single Brei
Wigner amplitude is unitary, a sum of two is not.

In contrast to the decomposition of Eq._33), the expansion
of the amplitude in terms of poles and residues, as given in
Eqg. [(32), does not rely on the model dependent separation int
TP and TP [50]; Eq. [32) allows to study the interference of
resonances independent of the decomposition.

For the pole search it is important to find all poles, even if
they couple only weakly taN. For example, in Ref.@O] we
have found poles in the so-called non-pole part of the anmsit
TNP (in P33) which are dynamically generated and have no gen-
uine pole term explicitly appearing in the amplitude. A ugef
way to identify poles and zeros is to consider the two curves
defined by RE@(2) = 0 and ImT@(2) = 0. In such a “Gauss
plot”, the curves intersect at poles and zeros.

In Fig. [I8 the analytic structure of tt&; amplitudeT @ (2)
on the second sheet is visualized in a Gauss plot. The soéd li
is defined by R&@(2) = 0, the dashed line by 1T (2) =
0. The two poles from Tablg 2 and the zero from TdBle 3 are
indicated in the figure and lie indeed at the intersectioheré
are no further intersections in the resonance regions.

The dashed dotted and dotted lines show the Gauss plot ob-
tained from Eq. [(3R) instead of the full amplitude. The sum

T
(33)
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Figure 18: TheS11 amplitudeT @) (2) on the second sheet. The lines are defined 1400
by ReT@(2) = 0 and ImT@(2) = 0. See text for further explanations.
Figure 19: Hidden poles in th®;1; amplitude. TheN*(1535) andN*(1650) on
sheet 224N, nN second sheet) are responsible for the resonant shapes above

. thenN threshold, the hidden poles on sheet 2l GecondyN first sheet) are
from Eq. [32) reproduces remarkably well the amplitude evenjipie through their shoulders on the physical axis belbafN threshold.

further away from the pole positions, including the positaf  The arrows indicate the impact of poles offfelient sheets to fierent pieces
the zero in between the two resonances. The kinks of the fuRf the physical amplitude.

solution (dashed line) at Re= m, + my and Rez = Rezy, (oN)

originate from the cuts appearing in the definition of theosetc dotted lines and the red dashed line.

sheet as discussed in SEC]3.1. As figure[I7 shows, the pole approximations from above
This comparison of full solution and the sum of Eiq.1(32), onthe ;N threshold, in combination with the pole approximations
the real axis and in the complex plane, reflects the accuriacy ¢rom below thenN threshold, provide a good reproduction of
the extraction of pole positions and residues carried othi®1  he pronouncedN cusp (notel NP shows no cuspféect at all).
study. There are, of course, still residual deviations Betw ¢ js also worth mentioning that all resonance contribution
the full solutionT@(z) andT{(2) from Eq. [32), e.g. for the pecome small as one approachessthethreshold (cf. dashed
position of the zero. They are due to higher order terms in thgne in Fig. [IT). This is a consequence of chiral symmetry
Laurent expansion which are, however, relatively smalttier  \yhich is included in the Jillich model through the modifioas
two Sy; resonances. of Ref. [20]. There, a derivativeNN*(1650) coupling provides
In the following, the amplitude below theN threshold is  the disappearance of resonance contributions close tehibict
discussed. This part of the physical axis is directly cote®c as required by chiral symmetry.
to the part of the complex plane where t¢ channel is on the
second sheet (2) but tip® channelis on the first sheet (1). This 3.6. A pole on the thirgN sheet

sheet is called 21 in the following. The above discussed pole The analytic properties of an amplitude with unstable parti
structure is not on sheet 21, but on sheet 22 (directly casdec jes can imply complex structures one of which is discussed i
to the physical axis above th@\ threshold). the following. In Fig.[2D, theD13 partial wave is shown. The
Thus, the discussed pole structure on sheet 22 has no inull solution is indicated with the red solid lines and regoes
pact to the physical axis below tiy@l threshold. However, on  well the partial wave analysis from Re[[S?].
sheet 21 itself, there are also two poles. The real partseaf th  The blue dotted lines represent the non-pole péft as de-
pole positions are greater tha + my. These “hidden poles” fined in Ref. [50], i.e. the amplitude without trechannel
thus lie in the same region as the discussed’(1535) and resonance exchange diagrams. The pole t&fimcontains
N*(1650), but on a dierent sheet. This situation is illustrated the s channel exchanges and the full amplitude is given by
in Fig. [19. The blue arrows indicate how the poles offieti T = TNP + TP [50]. A resonant structure i\ is visible
ent sheets are connected to th&etent pieces of the physical at aroundz ~ 1.7 GeV, which disappears in the full solution
amplitude (red solid line). The figure shows schematicdllyt T = TNP + TP, The second Riemann sheet®fP, however,
different poles of thé&l*(1535); for theN*(1650), not shown in s free of poles. Instead, the cut structure from giebranch
the figure, the situation is the same. pointb, atz, = 1702- 64i MeV from Fig. [1I0 is enhanced.
For the hidden poles on sheet 21, one can also draw the polghis is a sign that there is structure on the thild sheet [cf.
approximations and their sum from E.{32). This is indidate Fig.[12]. This is indeed the case. Using the prescriptioosfr
in Fig.[17, form; + my < z < m, + my, with the black dashed Sec[Z4, it is possible to analytically continue the aroiplét of
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Figure 21: TheD13 pole in TNP on the thirdpN sheet and its influence at the
physical axis. The inset shows schematically the struatisible in TNP.

The mechanism discussed here may also apply to a very sim-
ilar structure observed in ReﬂGl]. ThereK scattering and
its implication for the®* pentaquark were discussed. For finite
A width, a resonant structure appears close to/tKethresh-
old which turns into a cusp structure once thavidth is set to

1200 1400 1600 1800 zero, in analogy to the present case; thus, what was noticed a
z [MeV] fading away of the pole [61] for some combinations of input pa
rameters, may correspond to the pole moving far into the thir
Figure 20: Amplitude in théD,3 partial wave. Labeling of the plot as in Fig. sheet, in the present formulation.
€2 Coming back to the discussion 8f;3 in the Julich model,
in the full amplitude[[50]T = TP + TNP, the dynamically gen-
the Julich model to the thirdN sheet. Indeed, there is a pole erated pole on the third sheet has disappeared due to a simi-
at 1613- 83i MeV. It has a strong coupling to theN channel  lar mechanism as discussed in Reff. | [50] for the case of the
and a medium size coupling tN and is, thus, a state dynami- A(1232); it is so far displaced from the physical axis thaiis h
cally generated mainly from the attractive interactiorhiagN no visible d@fects any more.
channel. The conclusions from Ref,_[50] concerning pole§#f ap-

Fig. 27 illustrates theféects of a pole on the third sheet: A ply also for theD;3 partial wave: TP can be large and non-
path from the pole position to the physical axis must necégsa perturbative, associated with dynamically generated pole
pass around the branch pointto get from the third sheet to the the complex plane. However, poles T are systematically
second sheet that connects to the physical axis. The pareof t displaced far in the complex plane oriE@is added; only poles
path on the third sheet is indicated with the dotted linesign F in the full T matrix have physical significance. As a result, the
[Z1. The straight red line indicates our choice of the cut,n#he N*(1520) appears as a clean resonancB4g with no addi-
second and third sheet are connected [cf. $ed. 3.1]. Once dional structures in the amplitude.
the second sheet (solid blue line), it is possible to apfrdiae
physical axis on a straight path.

In other words, the pole on the third sheet céiret the phys-
ical amplitude only via a detour arouibg. The structure in the The analytic properties of theN Julich model have been de-
physical amplitude is, thus, rather located at the positiol, ~ termined. For this, a method for the analytic continuation f
than at the actual pole position. propagators with stable and unstable particles has beesi-dev

Summarizing, the branch poirits of effectiverzN channels  oped. Through the deformation of the integration contois it
lead to complex structures of the amplitude. The structumé t possible to investigate all unphysical sheets. A chann#i wi
appears as a resonance on the physical axis is in fact athdesh stable particles induces one branch point and two sheetisdor
effect of the quasi-two-particle threshgitl associated withy; amplitude. For fectivernN channels, the pole of the unstable
it is induced by a pole at afierent position, on a sheet that is particle induces two additional branch points in the futhya-

4. Summary and Conclusions

not directly accessible from the physical axis. gator. Intotal, everyfectivernN channelinduces three branch
As a test, one can decrease fiwer coupling of thep self-  points and four sheets in the scattering amplitude.
energy. As a consequence, fhbecomes narrower ari@ ap- The pole positions and residues of the baryonic resonances

proaches the physical axis. Then, the structure that se&med up to a total spin o = 3/2 have been extracted. Residues, bare
be a resonance MNP for the physicap, appears as a typical and dressed couplings have been compared, showing that only
threshold cusp on the physical axis. the residue provides a well-defined expansion parameter fre
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of the model dependent decomposition into pole and non-pole
part. For theD13 partial wave, poles in the non-pole tef”

are displaced far into the complex plane in the full ampktud

T = TP+ TNP; these findings are in line with the case of fhg -—
partial wave discussed in a previous study. LH cut

Resonance interference was shown to play a crucial role in
S11. Taking this partial wave as an example, the quality of the
extracted parameters has been shown; the residue ternes alc -
provide already a good description of the full amplitude loa t
physical axis and also in the complex plane.

The amplitudes of the Julich model are derived within a
field theoretical approach from Lagrangians obeying cloival
straints. Data are described to a high precision in the wvario
partial waves. We claim that with these ingredients, in com-
bination with a thorough treatment of the analytic promesiti
a reliable and precise extraction of pole positions andltes
becomes possible.

Circular cut
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to the support from the Alexander von Humboldt l:OundE"‘t'c'nFigure 22: The analytic structure of theN partial wave amplitudes below
and the COSY FFE grant No. 41445282 (COSY-58). threshold. Upper left: right-hand (RH), left-hand (LH)railar and short nu-
cleon cuts in thez-plane. Upper right: Analytic structure at the intersectio
of circular and short nucleon (SN) cut. The short nucleon(8M) starting
atbljoy on sheetS1 ends ab2,, on sheetS2, whereas the short nucleon cut
starting atb2y,,, on sheet S2 ends &fl,p on sheetS1. Lower: The physical
Riemann sheet is indicated wisil (blue surface), the analytic continuations

along the circular and short nucleon cuts are indicated 82t(yellow surface)
andS3 (orange surface), respectively.

A. Theanalytic structure of partial wave amplitudes

It is well-known from dispersion theoretical considerao gator according to
[@,Q] that below therN threshold there are various additional
cuts and branch points. These cuts lead to analytic continu- ! Py(X)
ations of the scattering amplitude; however, due to the#-re Vy = fdxe—
tively large distance to the physical scattering regiodepon el
those sheets are rather of academic interest and havérittle 1
ence on the partial waves. For completeness, in this Apgendi V= fdx Pe . (34)

+ie

the main features of the sub-threshold cuts are discussed. - t—nm?

It is possible to identify the circular, short nucleon andest

cuts with the partial wave projections offidirent diagrams of W'th_ u char_mel nucleon exchang_e andhannel exchange of
the present approach. First, there is the nucleon pote-at Particles with massn > 2m, as given e.g. by the correlated

my in the P1; partial wave, coming from nucleos channel ~ 2¥ €xchange in the- andp channel, derived frolNN — zx

exchange. In the current approach, the bare nucleon mass aﬂﬁeu‘jgalt__ghv'a dispersion relations and using crossing sy
barerNN coupling constant are renormalized by requiring theMetry [63,164]. Consider the on-shell to on-shel — zN

pole to be atmy and its residue to correspond to the physicalkine_matics as given by the transitions in HQ.1(34).
7NN coupling @]- It is easy to see that, leads to the so-called short nucleon

= dt ch | . h ider th cut and bothv, andV; contribute to the so-called circular cut.
oruandt channel cuts, itis enough to consider the StuctUrérpg p4cp points of the short nucleon cut can be obtained by

of u andt channel exchange processes contained in the preseggh/ing for the zero of the denominator # at the borders of
approach, projected to partial waves via Legendre polyrgms integrationx = +1

The two time orderings of the present TOPT formalism can be _
combined to structures appearing in the usual Feynman propa Mg — Ulx=z1 =0, U= (p,fT - pN)? (35)
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wherep,f,, piN are the final pion and initial nucleon momentum, As Fig.[22, upper left, shows there is another short nucleon
respectively. The branch points of the short nucleon cut areut on the left-hand side obtained by» —z There are addi-
situated above and below tlre= my. There are two short tional cuts induced by, from 0 to+i co. Furthermore, there is
nucleon cuts as indicated in the upper right of Higl 22 due t@n intermediate cut frommy +m;, to my —m, coming from the
the presence of the circular cut that crosses the short onicle kinematic factok appearing in Eql{24), as well as a singularity
cut. atz = 0. Corresponding to the righthand, physical cut, there is

The projected potential/, can be analytically continued the left-hand cut starting from= —my —m, to —co. These cuts
along the circular cut§1 < S2), as indicated in the figure. do not come from the partial wave projection but arise froe th
The analytic continuation of the first Riemann sh8étalong  unitarity contained in Eq[{1) and symmetry> -z

the circular cut (CC), situated at Thet channel exchang¥; from Eq. [34) contributes to the
circular cut and the cut from O tai co. While u andt chan-
Zccl = /Mg, — M (929 MeV) (36) nel exchange follow from crossing symmetry, there are many
more interaction potentials contained in the present st&dy
is indicated as$s2. The two sheets are given by example, the\(1232)u channel exchange leads to a shodut
N situated betweem = 0 and the short nucleon cut. The poten-
(s1) _ P(X) tials contained in the present stu@[lg] lead to cut stmestu
Vi = de(EN —El)2-2GR(1-X) -2 and branch points beyond the structures discussed in this Ap
-1 " o N pendix.
1 P(%) Additionally, the exchange potentials appear not only in on
VD = fdx > = (37)  shell kinematics, as discussed here, but also in Haitell
< (En + Ex)? =205, (1 - %) — 1§, and df-shell kinematics. The three body cuts induced by such
kinematics have to be carefully taken into account in the pol
with energiesE; = /g2, + m2 and the on-shell momentuag, search far from the physical axis as discussed at the enctof Se

from Eq. [3). The short nucleon cut (SN) startingodf,, on 2.3
sheetS1 ends ab2,, on sheelS2, whereas the short nucleon
cut starting ab2j,w on sheet S2 ends bi, on sheeS1. The
branch points are situated at

In this Appendix we have shown that the general analytic
structure of the pion-nucleon scattering amplit l[__bz,azt] be
identified with diferent ingredients of the Julich model. In par-

ticular, all cuts and branch points demanded by crossing sym

2 — P metry are present; circular and short nucleon cut, thermger

Z(bliow) = —— (899 MeV, on S1) diate cut from-my + m, to my — my, the cuts from 0 tati oo,
\/mﬁ +2me as well as the left-hand cut and a left-hand short nucleon cut
2(b2yp) = My (939 MeV, on S2) obtained fronz — -z
These cuts and respective branch points can be indirestly vi

202i0m) = mg - (919 MeV, on S2) ible, e.g. in a sharp rise of the g, amplitude close to theN

my threshold as shown in Fig. 117. Indeed, most of the amplitude

[ close to threshold is given by nucleon exchange plus caeetla

AbLup) = m'z\‘ +2mg (959 MeV, on S1)  (38) two-pion exchange, as we have tested. In models withouéthes

Note the branch point & = my on the shee82 is not on the
physical shee®1, where the nucleon pole is situafd

The analytic continuatio81 — S3 andS3 — S1 along the
short nucleon cut is given by (onfy= 0 is considered):

S1),(=0 i
V( )t _7r_2I

V(S3e=0 _ | U forimz>0
u = |ySDe=0
u

on (39)
+ ;T' forimz< 0.

potentials, the sharp rise at th@\ threshold can lead to the
appearance of sub-threshold poles that mimic the missihg cu
structure[&b]. Such a behavior has been recently found in Re
[66], where the meson baryon interaction is solely givenHey t
Weinberg-Tomozawa contact term. Such sub-threshold poles
should not be confused with genuine states.
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for the part of the short nucleon cut with< |zc¢|. This con-
tinuation is indicated with the orange surface in Higl 22eTh [1]
branch points of the short nucleon cut are logarithmic, ine. 2
finitely many sheets are connected at this branch point. See e 3]
the surfaceS3 in Fig. [22 that connects to the next sheet (not [4]
drawn) belowz < bly,. We do not quote the corresponding
analytic continuations, nor the continuation along thersho- 3]
cleon cutS2 « S3. (6]

[7]
3The rather involved structure of the short nucleon cutsugised here is not [8]
obvious in Ref.[[4]; in Ref.[[62] only one short nucleon cufdsind.

21

11th Workshop on the Physics of Excited Nucleons, NSTAR 3@/
5-8 2007, Eur. Phys. J. B5, 253-331 (2008)

C. Amsleret al. [Particle Data Group], Phys. Lett. &7, 1 (2008).

R. Koch and E. Pietarinen, Nucl. Phys.386, 331 (1980).

G. Hohler, Pion Nucleon Scatteringedited by H. Schopper, Landolt
Bornstein, New Series, Group 9b, Vol. | (Springer, New Ydr83)

R. A. Arndt, W. J. Briscoe, I. |. Strakovsky and R. L. Workam Phys.
Rev. C74, 045205 (2006).

R. E. Cutkosky, C. P. Forsyth, R. E. Hendrick and R. L. iefthys. Rev.
D 20, 2839 (1979).

R. L. Workman and R. A. Arndt, Phys. Rev.7®, 038201 (2009).

A. V. Sarantsev, V. A. Nikonov, A. V. Anisovich, E. Klempand
U. Thoma, Eur. Phys. J. 25, 441 (2005).



El

[10]
[11]
[12]
(13]

[14]
[15]

[16]
[17]
(18]

[19]
[20]
[21]
[22]
(23]

[24]
[25]
[26]
[27]

(28]
[29]

[30]
(31]
[32]
(33]

[34]
[35]
[36]
(37]

(38]

[39]
[40]

[41]
[42]
[43]
[44]
[45]
[46]
[47]
(48]
[49]
[50]

[51]
[52]
[53]
(54]

[55]
[56]
[57]

[58]
[59]

A. V. Anisovich, A. Sarantsev, O. Bartholomy, E. Klempt,A. Nikonov
and U. Thoma, Eur. Phys. J.25, 427 (2005).

D. M. Manley and E. M. Saleski, Phys. Rev.45, 4002 (1992).

T. Feuster and U. Mosel, Phys. Rev56, 457 (1998).

G. Penner and U. Mosel, Phys. Rev6€; 055211 (2002).

V. Shklyar, H. Lenske, U. Mosel and G. Penner, Phys. Rexl, 055206
(2005) [Erratum-ibid. C72, 019903 (2005)].

T.P.Vrana, S. A. Dytman and T. S. H. Lee, Phys. R8p8, 181 (2000).
S. Ceci, A. Svarc, B. Zauner, M. Manley and S. Capstidhys? Lett. B
659, 228 (2008).

T.Sato and T. S. H. Lee, Phys. Rev5&, 2660 (1996).

Y. Surya and F. Gross, Phys. Rev58, 2422 (1996).

C. Schitz, J. Haidenbauer, J. Speth and J. W. Durscs.FRgv. C57,
1464 (1998).

O. Krehl, C. Hanhart, S. Krewald and J. Speth, Phys. Re82, 025207
(2000).

A. M. Gasparyan, J. Haidenbauer, C. Hanhart and J. Spéiys. Rev. C
68, 045207 (2003).

B. Julia Diaz, T. S. Lee, A. Matsuyama and T. Sato, PiRev. C76,
065201 (2007).

J. Durand, B. Julia Diaz, T. S. Lee, B. Saghai and ToSRhys. Rev. C
78, 025204 (2008).

H. Kamano, B. Julia Diaz, T. S. Lee, A. Matsuyama an&ato, Phys.
Rev. C79, 025206 (2009).

A. Dobado and J. R. Pelaez, Phys. ReviT)(1993) 4883.

N. Kaiser, P. B. Siegel and W. Weise, Phys. LetB@ (1995) 23.

N. Kaiser, T. Waas and W. Weise, Nucl. Phys622 (1997) 297.

J. A. Oller and E. Oset, Nucl. Phys. 820 (1997) 438 [Erratum-ibid. A
652 (1999) 407].

E. Oset and A. Ramos, Nucl. Phys 685 (1998) 99.

J. A. Oller, E. Oset and J. R. Pelaez, Phys. Re\690(1999) 074001
[Erratum-ibid. D60 (1999) 099906].

U.-G. Meif3ner and J. A. Oller, Nucl. Phys.6Y3, 311 (2000).

J. A. Oller and U.-G. Meif3ner, Phys. Lett.380 (2001) 263.

T.Inoue, E. Oset and M. J. Vicente Vacas, Phys. Réb (2002) 035204.
D. Jido, J. A. Oller, E. Oset, A. Ramos and U.-G. Meil3har¢cl. Phys. A
725, 181 (2003).

E. E. Kolomeitsev and M. F. M. Lutz, Phys. Lett.385 (2004) 243.

S. Sarkar, E. Oset and M. J. Vicente Vacas, Nucl. Phy&0Y2005) 294.
M. Doring, E. Oset and D. Strottman, Phys. Rew3;045209 (2006).
S. Weinberg, Phys. Rext30, 776 (1963);131, 440 (1963);137 B672
(1965).

V. Baru, J. Haidenbauer, C. Hanhart, Yu. Kalashnikowd A. E. Kudry-
avtsev, Phys. Lett. B86, 53 (2004); C. Hanhart, Eur. Phys. J.38, 271
(2008).

N. Suzuki, T. Sato and T. S. Lee, Phys. Rew3025205 (2009).

A. Mueller- Groeling, K. Holinde and J. Speth, Nucl. Bhy 513, 557
(1990).

J. Wess and B. Zumino, Phys. R&83, 1727 (1967).

U.-G. Meil3ner, Phys. Rept61, 213 (1988).

W.R. Frazier and A.W. Hendry, Phys. Ré&a4, B1307 (1964).

R. E. Cutkosky and S. Wang, Phys. RewR) 235 (1990).

D. Gamermann and E. Oset, Eur. Phys. B3A119 (2007).

M. Albaladejo and J. A. Oller, Phys. Rev. Letd1, 252002 (2008).
T.Sato and T. S. Lek. arXiv:0902.3653 [nucl-th].

S. Ceci, A. Svarc and B. Zauner, Eur. Phys. 5h8§2008) 47.

S. Capsticlet al, Eur. Phys. J. A5, 253 (2008).

M. Déring, C. Hanhart, F. Huang, S. Krewald and U.-G. iRfer,
arXiv:0903.1781 [nucl-th].

I. R. Afnan and B. Blankleider, Phys. Rev.22, 1638 (1980).

A. Matsuyama, T. Sato and T. S. Lee, Phys. Rép®, 193 (2007).

M. Haftel, F. Tabakin, Nucl. Phys. A58, 1 (1970).

I. Caprini, G. Colangelo and H. Leutwyler, Phys. RevitL 86, 132001
(20086).

V. K. Magas, E. Oset and A. Ramos, Phys. Rev. 1981.052301 (2005).
G. Hohler,zN Newsletter 9 1 (1993).

R. Arndt, W. Briscoe, |. Strakovsky and R. Workman, Beinys. J. A35,
311 (2008).

M. Duggeret al.[CLAS Collaboration], Phys. Rev. @9, 065206 (2009).
R. A. Arndt, W. J. Briscoe, I. |. Strakovsky, R. L. Workmand M. M. Pa-
van, Phys. Rev. €9, 035213 (2004).

22

[60] M. Doring et al, in preparation.

[61] S. Sarkar, E. Osetand M. J. Vicente Vacas, Eur. Phys24, 287 (2005).

[62] S. C. Frautschi, J. D. Walecka, Phys. RERO, 1486 (1960).

[63] C. Schitz, J. W. Durso, K. Holinde and J. Speth, Phys. Re19, 2671
(1994).

[64] C. Schiitz, K. Holinde, J. Speth, B. C. Pearce and J. Ws@WPhys. Rev.
C51, 1374 (1995).

[65] R. A. Arndt, private communication.

[66] M. Doring and K. Nakayama. arXiv:0906.2949 [nucl-th]


http://arxiv.org/abs/0902.3653
http://arxiv.org/abs/0903.1781
http://arxiv.org/abs/0906.2949

	Introduction
	Analytic structure of the scattering amplitude
	The propagator of two stable particles
	Propagator with unstable particles
	Additional branch points in the complex plane
	Formalism of path deformation
	Implementation of the continued N, N,  sheets

	Results
	Selection of Riemann sheets
	Pole positions and residues
	Pole structure of the Roper resonance
	Couplings
	Resonance interference in S11
	A pole on the third N sheet

	Summary and Conclusions
	The analytic structure of partial wave amplitudes

