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Abstract
We revisit the problem of deriving local gauge invariance with spontaneous symmetry breaking

in the context of an effective field theory. Previous derivations were based on the condition of tree-

order unitarity. However, the modern point of view considers the Standard Model as the leading

order approximation to an effective field theory. As tree-order unitarity is in any case violated by

higher-order terms in an effective field theory, it is instructive to investigate a formalism which

can be also applied to analyze higher-order interactions. In the current work we consider an

effective field theory of massive vector bosons interacting with a massive scalar field. We impose

the conditions of generating the right number of constraints for systems with spin-one particles and

perturbative renormalizability as well as the separation of scales at one-loop order. We find that

the above conditions impose severe restrictions on the coupling constants of the interaction terms.

Except for the strengths of the self-interactions of the scalar field, that can not be determined at

this order from the analysis of three- and four-point functions, we recover the gauge-invariant

Lagrangian with spontaneous symmetry breaking taken in the unitary gauge as the leading order

approximation to an effective field theory. We also outline the additional work that is required to

finish this program.
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I. INTRODUCTION

The standard model (SM) is widely accepted as the established consistent theory of the
strong, electromagnetic and weak interactions [1]. Invariance under Lorentz and local gauge
SU(3)C×SU(2)L×U(1) transformations is taken as the underlying symmetry of the SM.
Despite the tremendous success of the SM its structure leaves some unanswered questions.
In particular, the electromagnetic and gravitational forces are long-ranged and therefore if
they are indeed mediated by massless photons and gravitons, then the corresponding local
Lorentz-invariant quantum field theories must be gauge theories [1]. On the other hand, as
the weak interaction is mediated by massive particles, one might wonder why it should be
described by a gauge theory with the spontaneous symmetry breaking? A gauge-invariant
theory with the spontaneous symmetry breaking has been derived by demanding tree-order
unitarity of the S-matrix in Refs. [2–5]. This result could be considered as a (more or less)
satisfactory answer to the above raised question, however, the modern point of view considers
the SM as an effective field theory (EFT) [1] which inevitably violates the tree-order unitarity
condition at sufficiently high energies. This motivates us to revisit the problem.

In the current work we address the issue of deriving the most general theory of mas-
sive vector bosons by demanding self-consistency in the sense of an EFT. The Lagrangian
of an EFT consists of an infinite number of terms, however, the contributions of non-
renormalizable interactions in physical quantities are suppressed for energies much lower
than some large scale. Renormalizability in the sense of a fundamental theory is replaced
by the renormalizability in the sense of an EFT, i.e. that all divergences can be absorbed
by renormalizing an infinite number of parameters of the effective Lagrangian. Notice that
the condition of perturbative renormalizability in the sense of EFT is not equivalent to the
condition of tree-order unitarity. While the tree-order unitarity implies renormalizability in
the traditional sense, perturbative renormalizability in the sense of EFT is a much weaker
condition and it does not imply tree-order unitarity. On the other hand for an EFT to be
“effective” it is crucial that the scales are separated, i.e. the contributions of higher order
operators in physical quantities are suppressed by powers of some large scale. This condition
is much more restrictive than just renormalizability in the sense of EFT. Renormalizability
alone can be achieved without introducing scalars, i.e. considering a theory of massive vector
bosons and fermions [6]. However, in such a theory divergences generated from the leading
order Lagrangian are removed by renormalizing the parameters of higher order interactions.
This leaves the scales of the renormalized couplings of the higher order terms much too low
to explain the tremendous success of the SM. Therefore, in what follows we analyze the
constraint structure and the conditions of perturbative renormalizability and scale separa-
tion for the most general Lorentz-invariant effective Lagrangian of massive vector bosons
interacting with a scalar field. The performed analysis is similar to that of Refs. [7–9] but
here we do not assume parity conservation.

The most general Lorentz-invariant effective Lagrangian contains an infinite number of
interaction terms. It is assumed that all coupling constants of “non-renormalizable” inter-
actions, i.e. terms with couplings of negative mass-dimensions, are suppressed by powers
of some large scale. Massive vector bosons are spin-one particles and therefore they are
described by Lagrangians with constraints. To have a system with the right number of de-
grees of freedom, the coupling constants of the Lagrangian have to satisfy some non-trivial
relations. Additional consistency conditions are imposed on the couplings by demanding
perturbative renormalizability in the sense of EFT and the separation of scales. Restric-

2



tions on the couplings appear because while all loop diagrams can be made finite in any
quantum field theory if we include an infinite number of counter terms in the Lagrangian,
it is by no means guaranteed that these counter terms are consistent with constraints of the
theory of spin-one particles and that the scale separation is not violated.

The paper is organized as follows: In section II we specify the assumptions and conditions
imposed on the effective Lagrangian. In section III we give the effective Lagrangian and
carry out the analysis of the constraints. The conditions of perturbative renormalizability
and scale separation are obtained in section IV. We summarize and discuss the obtained
results in section V.

II. STARTING ASSUMPTIONS AND REQUIRED CONSTRAINTS

The aim of the current work is to construct the most general consistent Lorentz-invariant
EFT Lagrangian of three1 interacting massive vector bosons and a scalar. The free massive
vector bosons are described by the Proca Lagrangian which incorporates the second class
constraints such that the right number of independent dynamical degrees of freedom are
left (three coordinates for each particle). To have a consistent theory of interacting massive
vector bosons, the pertinent interaction terms have to be consistent with the second class
constraints. This generates some non-trivial relations between the coupling constants of the
interaction terms of the most general Lorentz-invariant Lagrangian of a scalar and vector
bosons. The next condition we impose is the renormalizability in the sense of an EFT, i.e.
that all divergences can be absorbed by renormalizing an infinite number of parameters of
the effective Lagrangian. As (some of) the couplings of the effective Lagrangian are already
related due to the second class constraints, the condition of perturbative renormalizability
cannot be satisfied unless the coupling constants satisfy further restricting conditions. Fur-
ther constraints on our EFT Lagrangian are imposed by the following considerations: in
an EFT, in which the divergences generated by the leading order Lagrangian are removed
by renormalizing the parameters of higher order interactions, the scale of renormalized cou-
plings of higher order interaction terms is set by the mass of the vector bosons. The SM
is considered to be the leading order approximation to an EFT. One expects that in this
EFT the contributions of higher order operators in physical quantities are suppressed by
powers of some large scale. The value of this large scale is determined by new physics,
that is physics beyond the SM. This leads us to the next condition imposed on our EFT
- the separation of scales. That is, we demand that the divergences of the loop diagrams
contributing to physical scattering amplitudes generated by the leading order Lagrangian
should be removable by renormalizing the parameters of the leading order Lagrangian. This
condition is much more restrictive than just renormalizability in the sense of EFT. It is
actually equivalent to demanding renormalizability of the leading order EFT Lagrangian in
the traditional sense, however, not for off-shell Green functions but for the on-shell S-matrix.
Notice here that perturbative renormalizability in the sense of EFT in general does not lead
to tree-order unitarity. Indeed, renormalizability alone can be achieved without introducing
scalars, i.e. considering an EFT of massive vector bosons (and fermions) [6]. However, as is
well known, massive Yang-Mills theory is not renormalizable in the traditional sense and it
violates tree-order unitarity condition.

1 The number of massive vector bosons is taken as an input here.
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To illustrate the problem with the scale separation when divergences are removed by
renormalizing the couplings of higher-order operators let us consider an EFT specified by
the following Lagrangian

L = −1

4
F a
µνF

aµν +
M2

2
W a
µW

aµ + Lho, (1)

where W a
µ is the triplet of SU(2) vector bosons, F a

µν = ∂µW
a
ν − ∂νW a

µ + gεabcW b
µW

c
ν is the

corresponding field strength tensor and Lho contains all possible local terms with coupling
constants of inverse mass dimensions which are invariant under local SU(2) gauge transfor-
mations. The quantum field theory specified by the Lagrangian of Eq. (1) is perturbatively
renormalizable in the sense of EFT, i.e. all divergences can be absorbed in the redefinition
of fields and an infinite number of coupling constants [10]. It is well known that mas-
sive Yang-Mills theory is perturbatively non-renormalizable. Therefore to get rid of the
divergences of loop diagrams generated by interaction terms with dimensionless coupling
constants, contained in the first term in Eq. (1), one needs to renormalize the couplings
of Lho, i.e. couplings with inverse mass dimensions. This has the consequence that even
if these couplings are suppressed by some scale much larger than the mass of the vector
boson - M for some fixed renormalization condition, slight changes of the renormalization
scale will lead to renormalized couplings suppressed only by powers of M divided by some
power of the dimensionless coupling g. To be more specific let us consider an example of the
vector boson self-energy. Calculating divergent parts of two one-loop diagrams generated by
interactions with dimensionless coupling g we obtain

Σab,µν
div (p) =

g2δab
96π2M4(n− 4)

[
84M4 − 14M2p2 − p4

] (
pµpν − p2gµν

)
, (2)

where we have used dimensional regularization (see, e.g., Ref. [11]) with n spacetime dimen-
sions. The divergence, corresponding to the first term in the square brackets is absorbed in
the renormalization of the vector field. The second term in the square brackets is removed
by renormalizing the coupling constant of the following term (contained in Lho)2:

LHD =
gHD

4
Dab
µ F

b
νλD

ac,µF cνλ , (3)

where Dab
µ = δab∂µ − gεabcW c

µ . Renormalization of the coupling gHD by absorbing the di-
vergence corresponding to the second term in Eq. (2) leads to the following renormalized
coupling:

gHD (µ) = gHD (µ0)−
7g2 ln µ

µ0

96π2M2
. (4)

Even if the renormalized coupling gHD (µ0), corresponding to µ = µ0 is suppressed by some
large scale Λ � M , for µ ∼ e × µ0 the renormalized coupling will become gHD (µ) ∼
g2

16π2
1
M2 . Analogously, for all other couplings with inverse mass dimensions the scale of the

renormalized couplings is set by M2.

2 We will not consider the third term of the square brackets here.
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III. CONSTRAINT ANALYSIS OF AN EFT LAGRANGIAN OF MASSIVE VEC-

TOR BOSONS AND A SCALAR

We start with the most general Lorentz-invariant effective Lagrangian of a scalar and three
massive vector boson fields respecting electromagnetic charge conservation (even though we
do not consider the explicit coupling to the U(1) gauge field in the following). Two charged
vector particles are represented by vector fields V ±µ = (V 1

µ ∓ iV 2
µ )/
√

2, the third component,

V 3
µ , and the scalar field Φ are charge-neutral. The effective Lagrangian contains an infinite

number of interaction terms and hence depends on an infinite number of parameters. We
assume that coupling constants with negative mass dimensions are independent from those
of positive and zero mass dimensions. Below we analyse the Lagrangian containing only
interaction terms with coupling constants of non-negative dimensions (as explained in detail
below). Thus, the effective Lagrangian under consideration can be written as follows:

L = −1

4
V a
µνV

aµν +
M2

a

2
V a
µ V

aµ − gabcV V a
µ V

b
ν ∂

µV cν

− gabcA εµναβV a
µ V

b
ν ∂αV

c
β − habcdV a

µ V
b
ν V

cµV dν

+
1

2
∂µΦ ∂µΦ− m2

2
Φ2 − aΦ− b

3!
Φ3 − λ

4!
Φ4

− gvss ∂µV
3µΦ2 − gabvvs V aµ V b

µΦ− gabvvss V aµ V b
µΦ2 , (5)

where V a
µν = ∂µV

a
ν −∂νV a

µ , Ma are vector boson masses (M1 = M2 = M), m is the mass of the
scalar and the summation over all repeated indices runs from 1 to 3. The non-interacting
part of the vector fields, i.e. the first two terms in Eq. (5), are given by the well-known
Proca Lagrangian. This guarantees that free massive vector bosons have the right number
of dynamical degrees of freedom corresponding to spin-one particles. Note that since the
vector bosons are not related to some gauge symmetry, the three- and four-boson couplings
have independent coupling constants. We did not include the mixed term ∂µV

3µΦ as it can
be eliminated by a suitable field redefinition. Due to the electromagnetic charge conservation
not all coupling constants of the above Lagrangian are independent from each other. The
interaction terms of the scalar field with two vector fields can be written in terms of four
real parameters

g1,s = g11
vvs = g22

vvs, g2,s = g33
vvs, g1,ss = g11

vvss = g22
vvss, g2,ss = g33

vvss, (6)

and all other gabvvs and gabvvss couplings do not contribute in the effective Lagrangian. The
coefficient of the linear term a vanishes at tree order and further corrections can be fixed by
demanding that the vacuum expectation value (vev) of the scalar field vanishes.

The three-boson interaction term of the Lagrangian depends on ten real parameters,

g333
V = g1, g113

V = g2, g123
V = −g3, g213

V = g3,

g223
V = g2, g311

V = g4, g321
V = −g5, g312

V = g5,

g322
V = g4, g131

V = g6, g231
V = −g7, g132

V = g7, g232
V = g6 ,

g213
A = −g123

A = gA1, g311
A = g322

A = −g131
A = −g232

A = gA2,

g312
A = −g321

A = −g132
A = g231

A = gA3 . (7)

Electromagnetic charge conservation relates the coupling constants of the four-boson inter-
action habcd to each other as follows

h1111 = h2222 =
d1 + d2

4
, h1112 = −h1121 − h1211 − h2111,
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h1122 = d2 − h2112 − h1221 − h2211, h1212 =
1

2

(
d1 − d2 − 2h2121

)
,

h1323 = −h2313 − h3132 − h3231, h2122 = −h1222 − h2212 − h2221,

h2323 =
1

2

(
d4 − 2h3232

)
, h3113 =

1

2

[
d3 − 2

(
h1133 + h1331 + h3311

)]
,

h3223 =
1

2

[
d3 − 2

(
h2233 + h2332 + h3322

)]
,

h3123 = −h1233 − h1332 − h2133 − h2331 − h3213 − h3312 − h3321,

h3131 =
1

2

(
d4 − 2h1313

)
, h3333 = d5 , (8)

and the effective Lagrangian of Eq. (5) depends only on d1, · · · , d5.

Details of the canonical formalism followed below can be found in Ref. [12]. Our analysis
is closely related to that of Ref. [6], which considered an EFT without the scalar field, and
it is similar to the one of Ref. [7], with the difference that in Ref. [7], parity conservation
has been taken as an input.

The canonical momenta corresponding to Φ, V a
0 and V a

i are defined as

p =
∂L
∂Φ̇

= Φ̇ , (9)

πa0 =
∂L
∂V̇ a

0

= −gbcaV V b
0 V

c
0 − gvssδa3 Φ2, (10)

πai =
∂L
∂V̇ a

i

= V a
0i + gbcaV V b

0 V
c
i + gbcaA εijk0V b

j V
c
k . (11)

Eq. (10) leads to the primary constraints

φa1 = πa0 + gbcaV V b
0 V

c
0 + gvss δa3 Φ2 . (12)

On the other hand, from Eqs. (9) and (11) we solve

V̇ a
i = πai + ∂iV

a
0 − gbcaV V b

0 V
c
i − gbcaA εijk0V b

j V
c
k ,

Φ̇ = p . (13)

For the total Hamiltonian [12] we have:

H1 =

∫
d3x (φa1z

a +H) (14)

with

H =
πai π

a
i

2
+ πai ∂iV

a
0 +

1

4
V a
ijV

a
ij −

M2
a

2
V a
µ V

aµ − gabcV V a
0 V

b
i π

c
i − gabcA εijk0V a

j V
b
k π

c
i

− gabcV V a
0 V

b
i ∂iV

c
0 − gabcV V a

i V
b

0 ∂iV
c

0 + gabcV V a
i V

b
j ∂iV

c
j +

1

2
gabcV ga

′b′c
V V a

0 V
b
i V

a′

0 V b′

i

+
1

2
gbcaA gb

′c′a
A εijk0εij

′k′0 V b
j V

b′

j′ V
c
k V

c′

k′ + gabcA gb
′c′c
V εijk0 V a

j V
b
k V

b′

0 V
c′

i

+ gabcA εijk0V a
0 V

b
j ∂iV

c
k − gabcA εijk0V a

j V
b

0 ∂iV
c
k + habcdV a

µ V
b
ν V

cµV dν

+
p2

2
+
∂iΦ

2

2
+
m2

2
Φ2 + aΦ +

b

3!
Φ3 +

λ

4!
Φ4

+ gvss ∂iV
3iΦ2 + gabvvs V

aµ V b
µΦ + gabvvss V

aµ V b
µΦ2 , (15)
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and the za are arbitrary functions which must be determined.
The primary constraints φa1 have to be conserved in time, i.e. their Poisson brackets with

the Hamiltonian must vanish for each a = 1, 2, 3. Calculating the Poisson brackets we obtain

{φa1, H1} =
(
gbcaV + gcbaV − gacbV − gcabV

)
V c

0 z
b + ∂iπ

a
i + gabcV V b

i π
c
i +

(
gabcV + gbacV

)
V b
i ∂iV

c
0

− gbcaV ∂i
(
V b

0 V
c
i

)
− gcbaV ∂i

(
V b

0 V
c
i

)
+M2

aV
a

0 − gabcV ga
′b′c
V V b

i V
a′

0 V b′

i

− ga
′bc
A gac

′c
V εijk0 V a′

j V
b
k V

c′

i − gabcA εijk0V b
j ∂iV

c
k + gbacA εijk0V b

j ∂iV
c
k

−
(
habcd + hbadc + hcbad + hdcba

)
V b
µV

c
0 V

dµ

+2 gvssδa3 pΦ− 2gabvvs V
b

0 Φ− 2gabvvss V
b

0 Φ2 ≡ Aabzb + χa. (16)

The 3× 3 matrix A is given by

A =

 0 −2γ1V
3

0 γ2V
1

0 − γ1V
2

0

2γ1V
3

0 0 γ1V
1

0 + γ2V
2

0

−(γ2V
1

0 − γ1V
2

0 ) −(γ1V
1

0 + γ2V
2

0 ) 0

 , (17)

where γ1 = g5 + g7 and γ2 = g4 + g6− 2g2. The determinant of A vanishes and therefore the
system of equations

Aabzb = −χa (18)

can be satisfied only if the right-hand side satisfies the secondary constraint

φ2 = χ1 (γ1V
1

0 + γ2V
2

0 ) + χ2 (γ1V
2

0 − γ2V
1

0 )− χ3 2γ1 V
3

0 = 0 . (19)

If at least one of γ1 or γ2 is non-zero then for non-vanishing V 1
0 and/or V 2

0 we obtain from
Eq. (18) that

z1 =
χ3 + γ1z

2 V 1
0 + γ2 z

2V 2
0

γ1 V 2
0 − γ2 V 1

0

, z3 =
χ1 + 2 γ1 z

2 V 3
0

γ2 V 1
0 − γ1 V 2

0

(20)

and z2 can be solved from time conservation of the constraint φ2, {φ2, H1} = 0. However,
in this case we obtain four constraints of the second class instead of six for our system of
three massive vector fields, i.e. we would have two extra degrees of freedom. Therefore, for
a self-consistent theory we must require

γ1 = γ2 = 0⇒ g7 = −g5 , 2g2 = g4 + g6 . (21)

Thus we are left with secondary constraints:

{φa1, H1} = ∂iπ
a
i + gabcV V b

i π
c
i +

(
gabcV + gbacV

)
V b
i ∂iV

c
0 − gbcaV ∂i

(
V b

0 V
c
i

)
− gcbaV ∂i

(
V b

0 V
c
i

)
+M2

aV
a

0

− gabcV ga
′b′c
V V b

i V
a′

0 V b′

i − ga
′bc
A gac

′c
V εijk0 V a′

j V
b
k V

c′

i − gabcA εijk0V b
j ∂iV

c
k + gbacA εijk0V b

j ∂iV
c
k

−
(
habcd + hbadc + hcbad + hdcba

)
V b
µV

c
0 V

dµ

+ 2 gvssδa3 pΦ− 2gabvvs V
b

0 Φ− 2gabvvss V
b

0 Φ2 ≡ φa2, a = 1, 2, 3. (22)

If no more constraints appear then our Lagrangian describes a system with the right number
of constraints for three massive vector bosons interacting with a scalar particle. If this is
the case, then the za have to be solvable from the condition of the constraints φa2 being
conserved in time.
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From the condition of conservation of φa2 in time we obtain

{φa2, H1} =Mabzb + Y a = 0, a = 1, 2, 3, (23)

where

Mab = M2
aδ

ab −
(
gbcaV + gcbaV

)
∂iV

c
i − [gaceV gbdeV −

(
hacbd + hcadb + hbcad + hdbca

)
]V c
i V

d
i

− (habcd + hbadc + hcbad + hdcba + hadcb + hdabc + hcdab + hbcda + hacbd + hcadb

+ hbcad + hdbca)V c
0 V

d
0 − 4 g2

vssδa3δb3Φ2 − 2 gabvvsΦ− 2 gabvvssΦ
2, (24)

and the particular form of Y a is not important for our purposes. To obtain a self-consistent
field theory we demand that detM does not vanish. For small fluctuations about the vac-
uum this is indeed the case and we proceed by quantizing these small fluctuations and
deriving further constraints on the couplings by investigating the conditions of perturbative
renormalizability and scale separation.

Thus, we obtained that consistency with the constraints implies relationships between the
couplings of Eq. (21). As shown in the next section, these relations applied in combination
with the conditions of perturbative renormalizability and scale separation lead to very non-
trivial restrictions on the interaction terms of the leading order EFT Lagrangian.

IV. PERTURBATIVE RENORMALIZABILITY

Below we analyze one-loop order diagrams using dimensional regularization. To that
end we use the standard procedure of quantizing systems with second class constraints [12].
After lengthy calculations we obtain the following generating functional

Z[Jaµ, I] =

∫
DV DΦD cD c̄Dλ ei

∫
d4x (L+Laux(c̄,c,λ,Φ,V )+JaµV aµ +IΦ) , (25)

where λa, ca and c̄a are auxiliary fields. In analogous expressions in standard gauge theories
the integration over the λa variables is usually carried out explicitly and one is left with
“ghost” fields ca, c̄a and the original fields.3 The particular form of Laux(c̄, c, λ,Φ, V ) is
unimportant as it generates vanishing contributions to Feynman diagrams if dimensional
regularization is applied. This is because due to the absence of field-independent terms
with two derivatives in Eq. (24) the λa, ca and c̄a fields do not have kinetic parts. In the
calculations of the loop diagrams below we used the programs FeynCalc [13, 14] and Form
[15] independently. The divergent parts of the one-loop integrals have been checked with
the expressions obtained in Ref. [16].

We impose the on-mass-shell renormalization condition, i.e. require that all divergences
in physical quantities should be removable by redefining the parameters of the effective
Lagrangian.

We start by calculating the one-loop contribution to the scattering amplitude V 3V 3 →
V 3V 3, shown in Fig. 1. The coefficient of the divergence is a polynomial of the Mandelstam

3 Let us remind the reader that a standard gauge theory also becomes a system with second class constraints

after gauge fixing. Notice further that BRST quantization used in gauge theories is not applicable in case

of the EFT considered here, as local gauge invariance is not taken as an input.
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+ permutations

FIG. 1: One-loop contributions to the four-vector vertex function. The dashed and the wiggly lines

correspond to the scalar and the vector-boson, respectively. Blobs indicate the corresponding one-

loop two- and three-point vertex functions. In last four diagrams only the one-particle-irreducible

parts are taken into account.

variables (s, t, u) divided by powers of the vector boson masses. If these divergences are
removed by renormalizing the coupling constants of the higher order operators, i.e. four-
vector interaction terms with derivatives, then the scale of these couplings will be set by the
masses of vector bosons. This would mean that the contributions of higher order operators
in physical quantities would not be suppressed by powers of a large scale (but rather by the
vector boson mass divided by some power of a dimensionless coupling constant). Therefore
to have a self-consistent perturbative EFT with clear scale-separation divergences generated
by interactions with dimensionless (or positive mass dimension-) couplings should either
cancel each other or be removable by renormalizing this set of leading order couplings.
Notice here that non-pole parts of one-particle reducible diagrams in Fig. 1 have to be taken
into account together with one-particle irreducible diagrams. The dressed vertices and self-
energies of the scalar and vector particles contributing in one-particle reducible diagrams are
given by respective diagrams in Figs. 2, 3 and 4.4 We do not give very lengthy expressions
of the divergent parts of the loop diagrams but rather write their sum in the form of a
polynomial in terms of the Mandelstam variables:

V µνλσ =
4∑

i,j=0

uisjCµνλσ
ij , (26)

where the coefficients Cµνλσ
ij depend on the momenta, masses and coupling constants. Con-

sider first the term proportional to u4 in the coefficient of gµνgλσ in Eq. (26),

iπ2

120

(
g4

1

M8
3

+
2g4

2

M8

)
u4gλσgµν , (27)

where µ, ν, λ and σ are Lorentz indices corresponding to the external vector lines. Demanding
that the factor in the round brackets vanishes leads to

g4
1M

8
3 + 2g4

2M
8 = 0,⇒ g1 = 0, g2 = 0 . (28)

4 In all figures only those diagrams are shown which contribute to the divergent parts of the corresponding

scattering amplitudes.
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Notice further that if the conditions of Eq. (28) are not satisfied, then the divergent piece
of Eq. (27) has to be cancelled by some higher-order term which generates a tree-order
contribution in the vertex function:

ic u4gλσgµν , (29)

where c is a coupling constant of mass dimension minus eight. As discussed in section II,
the scale of the renormalized coupling cR will be set by M and/or M3. This will clearly
upset the scale separation according to which higher order terms have to be suppressed by
some large scale, large in comparison to the M and M3 scales.

The next condition is obtained by demanding that the term proportional to u2 also
vanishes. This leads to the following condition on certain couplings:[

1

4

(
−20 (gA1 + gA3)2 − 20g2

A2 − 5g2
3 − 10g5g3 − g2

4 − g2
5

)
+ d3

]2

+
1

16

[
40
(
44g2

A2 + 96g2
3 + 11g2

4 + 11 (g3 + g5) 2
)

(gA1 + gA3)2 +
32M4

M4
3

d2
5

+880 (gA1 + gA3) 4 + 55
(
4g2

A2 + g2
4 + (g3 + g5) 2

)2
]

= 0 . (30)

Eq. (30) leads to

d5 = 0, g4 = 0, g5 = −g3, gA2 = 0, gA3 = −gA1, d3 = −g2
3. (31)

Further, demanding the vanishing of the term proportional to s2, we obtain

d4 = g2
3 . (32)

Taking into account Eqs. (28), (31) and (32) the full expression of the divergent part of the
amplitude V 3V 3 → V 3V 3 becomes proportional to[

8M8
(
2M2

3 g2,ss + g2
2,s

)
2 +M4

3

(
g2

3M
4
3 − 4M2g1,sg2,s

)
2
] (
gλσgµν + gλνgµσ + gλµgνσ

)
. (33)

For d5 = g1 = 0, the one-particle-irreducible tree-order contribution to V 3V 3 → V 3V 3

amplitude vanishes and therefore we have to demand that the expression in Eq. (33) also
vanishes. Doing so we obtain:

g2,ss = − g4
3M

6
3

32M4g2
1,s

, g2,s =
g2

3M
4
3

4M2g1,s

. (34)

Next, as there is no tree order one-particle irreducible contribution in the amplitude V 1V 1 →
V 1V 1, we have to demand that the divergent part of the corresponding one-loop contribution
vanishes (diagrams shown in Fig.1). By demanding that the terms proportional to s2 and
s t vanish, we obtain the following conditions:

(d1 + d2)

(
d2 +

g2
3

2

)
= 0 ,(

d2 +
g2

3

2

)2

+ (d1 + d2) 2 +
1

4
g4

3

(
1− M4

M4
3

)
= 0 . (35)
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FIG. 2: One-loop contributions to the three-vector vertex function. The dashed and wiggly lines

correspond to the scalar and the vector-boson, respectively.

FIG. 3: One-loop contributions to the vector-boson and the scalar self-energies. The first and

second lines represent the vector boson and scalar self-energies. The dashed and the wiggly lines

correspond to the scalar and the vector-boson, respectively.

FIG. 4: One-loop contributions to the scalar-vector-vector vertex function. The dashed and the

wiggly lines correspond to the scalar and the vector-boson, respectively.

Considering the amplitude of the scalar boson decaying into two vectors and requiring that
the divergences of corresponding diagrams, shown in Fig. 4, do not contribute in the renor-
malization of the couplings of the higher-order operators, i.e. that they do not violate the
scale separation, we find that the following condition has to be satisfied:

g1,s

(
(d1 + d2) + d2 +

g2
3

2

)
(m2 − 10M2) = 0 . (36)

The coupling g1,s cannot be vanishing due to the condition of Eq. (34) and therefore from
Eqs. (35) and (36) we obtain

d1 = −d2 =
g2

3

2
, M3 = M . (37)
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Using all conditions imposed on couplings so far and analyzing the vertex function V1V2V3

and demanding that the divergent part of the sum of loop diagrams, shown in Fig. 2, has
the same Lorentz structure as the tree one, we obtain

g1,s = g2,s . (38)

Eqs. (34) and (38) lead to

g1,s = g2,s = ±g3M

2
. (39)

Going back to the V1V1 → V1V1 amplitude and taking into account Eqs. (37) and (39), the
condition of the vanishing of its divergent part reduces to(

8g1,ss + g2
3

)2
= 0 , (40)

from which we obtain

g1,ss = −g
2
3

8
. (41)

Next, we have calculated the divergent parts of one-loop diagrams contributing to the
ΦV3 → ΦV3 scattering amplitude. As the coupling constant of the V 3

µ V
3µΦ2 interaction

term is given by g2,ss = −g2
3/8, i.e. in terms of the coupling of the three-vector and four-

vector interaction terms, the divergent pieces of the corresponding amplitudes have to be
correlated. In a self-consistent theory the renormalized value for the coupling g3 should be
independent from the process that was used to fix it. After a lengthy one-loop calculation
we found that this consistency condition requires that the coupling gvss has to vanish.

We checked in explicit calculations that all one-loop divergences appearing in processes
with three and four particles are absorbed in a redefinition of the coupling constants and
the masses and no further conditions on the couplings are obtained.

To summarize, all obtained relations among couplings and masses can be written as

M1 = M2 = M3 = M , gabcV = −g3 ε
abc , gabcA = gA1 ε

abc ,

habcd =
1

4
gabeV gcdeV , gvss = 0 , g1,s = g2,s =

g3M

2
, g1,ss = g2,ss = −g

2
3

8
. (42)

The sign of the couplings g1,s and g2,s can be changed to the opposite by redefining the
scalar field. We have chosen the positive sign displayed above.

For the couplings in Eq. (42) the effective Lagrangian can be written in a compact form,
denoting g3 = g,

L = −1

4
Ga
µνG

aµν +
1

2
V a
µ V

aµ
(
M − g

2
Φ
)2

− gA1ε
abc εµναβV a

µ V
b
ν ∂αV

c
β ,

+
1

2
∂µΦ ∂µΦ− m2

2
Φ2 − aΦ− b

3!
Φ3 − λ

4!
Φ4 , (43)

where
Ga
µν = V a

µν − g εabc V b
µV

c
ν . (44)

This Lagrangian coincides with the SU(2) locally gauge invariant Lagrangian of scalars and
vector bosons with spontaneous symmetry breaking in the unitary gauge except for the
self-interaction terms of the scalars. The coefficient of the term linear in Φ is fixed by the

12



condition that the vacuum expectation value (i.e. one-point function) of Φ-field vanishes.
Note in particular the gauge-type form of the vector boson field strength. We checked by
explicit calculations that no further constraints on couplings are generated by the condition
of perturbative renormalizability of the three- and four-point functions of scalar and vector
bosons. This leaves the two scalar self-interaction couplings unfixed. Notice here that to fix
the couplings of the scalar self-interaction terms tree-order unitarity conditions of five-point
functions have been analysed in Refs. [3, 4]. “Squaring” the tree order diagrams to obtain
the loop contributions to the scattering amplitudes we expect that the investigation of the
one-loop diagrams contributing in five and six-point functions and/or two-loop order analysis
of four-point functions will fix the couplings of three and four scalar self-interactions such
that the Lagrangian with spontaneous symmetry breaking taken in unitary gauge results
as an unique self-consistent EFT of a massive scalar and massive vector bosons. Notice
further that the most general leading order Lagrangian of Eq. (43) does not include the well
known “chiral electroweak Lagrangian” (see e.g. Refs. [17, 18] and references therein). This
is because to remove the one-loop divergences generated by the leading order chiral effective
Lagrangian one needs to renormalize couplings of the next-to-leading order Lagrangian, i.e.
the condition of separation of scales is not satisfied by this EFT.

V. SUMMARY AND DISCUSSIONS

In the current work we revisited the problem of the uniqueness of a theory with spon-
taneously broken gauge symmetry as a consistent framework for describing the electroweak
interactions. Following the modern point of view of the Standard Model being the leading or-
der approximation of an effective field theory we analyzed the most general Lorentz-invariant
leading order effective Lagrangian of massive vector bosons interacting with a massive scalar
field. Here, under leading order we mean interaction terms with couplings of non-negative
mass dimensions.

Massive spin-one particles are described by theories with constraints. The interaction
terms of the effective Lagrangian have to be consistent with the constraints so that the the-
ory describes the dynamics of the right number of degrees of freedom. Using the standard
canonical formalism, we analyzed the constraint structure of our effective Lagrangian and
obtained consistency conditions which must be satisfied by the various coupling constants.
Further conditions are obtained by requiring perturbative renormalizability. In particular,
using dimensional regularization we calculated the divergent parts of one-loop Feynman
diagrams contributing to various physical quantities and analyzed the conditions of renor-
malizability.

By applying dimensional regularization we can keep track of only logarithmic divergences.
However, this is sufficient as we are looking for necessary conditions of perturbative renor-
malizability. We imposed the condition that all logarithmic divergences generated by the
interaction terms of the leading order effective Lagrangian should be removable from phys-
ical quantities in such a way that the perturbative contributions of higher-order operators
remain suppressed by large scales. In combination with the relations between the coupling
constants obtained from the constraint analysis these conditions impose severe restrictions
on the coupling constants such that we end up with the Lagrangian of spontaneously broken
gauge symmetry in unitary gauge except that the coupling constants of the self-interactions
of the scalar field remain unfixed. These are not pinned down by the analysis of the UV
divergences of all three- and four-point functions at one-loop order. We expect that the con-
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dition of perturbative renormalizability for three- and four-point functions at two-loop order
or/and one-loop order amplitudes with more external legs will fix these two free couplings
such that the Lagrangian with spontaneously broken SU(2) gauge symmetry taken in unitary
gauge appears as an unique leading-order Lagrangian of a self-consistent EFT of a massive
scalar interacting with massive vector bosons. As it is well known, the S-matrix generated
by such a Lagrangian is ultraviolet finite being identical to the one of the renormalizable
gauge [19]. Extending our analysis to to pin down the couplings of self-interactions of the
scalar fields together with the inclusion of the electromagnetic interaction (analogously to
Ref. [8]) and fermions is relegated to forthcoming publications.
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