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We extend our study of deriving the local gauge invariance with spontaneous symmetry breaking in
the context of an effective field theory by considering self-interactions of the scalar field and inclusion
of the electromagnetic interaction. By analyzing renormalizability and the scale separation conditions of
three-, four- and five-point vertex functions of the scalar field, we fix the two couplings of the scalar field
self-interactions of the leading order Lagrangian. Next we add the electromagnetic interaction and derive
conditions relating the magnetic moment of the charged vector boson to its charge and the masses of
the charged and neutral massive vector bosons to each other and the two independent couplings of the
theory. We obtain the bosonic part of the Lagrangian of the electroweak Standard Model as a unique
solution to the conditions imposed by the self-consistency conditions of the considered effective field
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1. Introduction

Local gauge invariance is taken as an input in the construction
of the Standard Model [1]. On the other hand, a gauge-invariant
theory with the spontaneous symmetry breaking can be derived by
demanding tree-order unitarity of the S-matrix [2-5]. The modern
point of view considers the Standard Model as an effective field
theory (EFT) [1], in which tree-order unitarity is in any case vi-
olated at sufficiently high energies. This motivated us to address
the issue of deriving the Lagrangian of the electroweak interac-
tion from the conditions of self-consistency of EFT. In Ref. [6] we
started with constructing the most general Lorentz-invariant EFT
Lagrangian of three interacting massive vector bosons and a scalar.
Non-trivial relations between the coupling constants of the inter-
action terms of the most general Lorentz-invariant Lagrangian of
a scalar and vector bosons are imposed by the conditions of con-
sistency with the second class constraints which must be satisfied
by the systems with spin-one particles [7]. Further restrictions on
the interaction terms are imposed by the condition of perturbative
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renormalizability in the sense of an EFT and scale separation. The
last condition requires that contributions of higher order terms of
the effective Lagrangian in physical quantities are suppressed by
some large scale(s) (for more details see Ref. [G]). To achieve this
scale separation we have to demand that the divergences of loop
diagrams contributing in physical scattering amplitudes generated
by the leading order Lagrangian should be removable by renormal-
izing the parameters of the leading order Lagrangian alone.

In Ref. [6] we considered three- and four-point vertex functions
and required perturbative renormalizability and scale separation.
This led to conditions imposed on the interaction terms such that
we obtained the Lagrangian of spontaneously broken gauge sym-
metry in the unitary gauge except that the coupling constants of
the self-interactions of the scalar field remained unfixed. In the
current work we analyse one-loop diagrams contributing to three-,
four- and five-point functions of the scalar field and constrain the
two free couplings of the self-interactions.

Next, in close analogy to Ref. [8] we “switch on” the electro-
magnetic interaction. By demanding perturbative renormalizability
of the obtained effective Lagrangian, we relate the magnetic mo-
ment of the charged vector boson and the mixing of the neutral
vector bosons to other parameters of the effective Lagrangian. This
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completes the derivation of the bosonic part of the electroweak
Standard Model in the framework of EFT.

2. Fixing the couplings of the scalar self-interactions

Here, we continue the study of the most general Lorentz-
invariant effective Lagrangian of a scalar and three massive vec-
tor boson fields respecting electromagnetic charge conservation,
started in Ref. [6]. Two charged spin-one particles are represented
by the vector fields Vi = (V), ¥iV?%)/+/2, while the third com-
ponent, Vi, and the scalar field ® are charge-neutral. The effec-
tive Lagrangian contains an infinite number of interaction terms
and hence depends on an infinite number of parameters. We as-
sume that coupling constants with negative mass dimensions are
independent from those of positive and zero mass dimensions.
In Ref. [6] we analyzed the Lagrangian containing only interac-
tion terms with coupling constants of non-negative dimensions. By
demanding conservation of the second class constraints, perturba-
tive renormalizability in the sense of EFT and scale separation, we
showed that the effective Lagrangian can be written in a compact
form

=Yoo guv  Lyayan(y_ &g
T4 2 H 2

— gmeP e Py Vo, VG,

1 m? b A
—9, PP — — P2 —ad — — D — = P4, 1
+ 50 2 3! 41 (1)
where
Gy =V — 0, Vi, — ge® Vv, (2)

The value of the parameter a can be changed by shifting the field
& with a constant value. For convenience we fix the scalar field
such that a =0, i.e. the vacuum expectation value of the scalar
field is non-vanishing starting at one-loop order. The Lagrangian of
Eq. (2) coincides with the SU(2) locally gauge invariant Lagrangian
of scalars and vector bosons with spontaneous symmetry breaking
in the unitary gauge except for the self-interaction terms of the
scalars. As reported in Ref. [6] we checked by explicit calculations
that no further constraints on couplings are generated by the con-
dition of perturbative renormalizability and scale separation of the
three- and four-point functions of scalar and vector bosons alone.
To impose conditions to the two scalar self-interaction couplings
we continue our study by a simultaneous analysis of the three-,
four- and five-point functions of the scalar field.

We impose the on-mass-shell renormalization condition, i.e.
require that all divergences in physical quantities should be re-
movable by redefining the parameters of the effective Lagrangian.
As there is no interaction term with five scalar fields in the LO
Lagrangian, the sum of divergences of the one-loop diagrams con-
tributing to the five-point function should cancel when all external
momenta are put on-mass-shell.

The one-loop diagrams which contribute to the five point func-
tion of the scalar field are shown in Fig. 1. We apply dimensional
regularization (see, e.g., Ref. [9]) and for calculating the loop dia-
grams, we independently use the programs FeynCalc [10,11] and
Form [12]. The divergent parts of the one-loop integrals have
been checked with the expressions obtained in Ref. [13]. We have
checked the generation of all diagrams using FeynArts [14].

Calculating the irreducible one-loop diagrams shown in Fig. 1
(plus permutations), we obtain for the coefficient of the divergent
part:
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Fig. 1. One-loop contributions to the five-point vertex function of the scalar field.
The dashed and wiggly lines correspond to the scalar and the vector bosons, re-
spectively. Diagrams that are generated via permutations of external legs are not
shown. Blobs indicate the corresponding one-loop two-, three- and four-point ver-
tex functions. In the last four diagrams only the one-particle-irreducible parts are
taken into account.

The coefficient of the divergent part of the irreducible parts of the
reducible diagrams shown in the second line of Fig. 1 (plus per-
mutations) has the form

15i2 g2 (3b°gM + 9bg?m? + 2bAM? + 4gAm*M) @
4M4 ’
Demanding that the sum of Egs. (3) and (4) vanishes, we obtain

15in2g? (bM + 2gm?) (3bgM + 3g?m? + 2AM?)

=0, 5
4M> (%)
which has two solutions

2 2
p=—ET (6)

M

and

3g (bM + gm?
5o 38 (M +gm?) 7)
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In the following we will show that only the latter solution leads
to a self-consistent theory. To that end we substitute the bare pa-
rameters of the Lagrangian with the renormalized ones and the
corresponding counterterms (p = pg + > 1oy hiapi, where p is any
of the bare parameters) in Eqs. (6) and (7) and expand in powers
of fi. This generates the following conditions:

2grm?
bp=——"-—F1, 8
R My (8)
2mgMpg (26m Sgimg) — 28M; grm>
Sby = — rRMg 26mygg + 51 R) 18R R 9)
Mg
and
3 m2 + brM
= — gr(8r Rz R R)’ (10)
2M3
1 2
Sh = _M[P,gRMR (—5M1bR + 28g1my ~|—5b1MR)
+3M%8g1bg + 6g&mg (SmyMg — aMlmR)], (11)

cey

respectively. Equations (9) and (11) impose conditions on the di-
vergent parts of one-loop vertex functions, the divergent parts of
which are cancelled by the corresponding one-loop counterterms
(8b1, 611, 8g1, SMq, dmy).
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Fig. 3. One-loop contributions to the four-scalar vertex function. The dashed and
wiggly lines correspond to the scalar and the vector bosons, respectively. Diagrams
that can be generated via permutations of external legs are not shown. Blobs indi-
cate the corresponding one-loop two- and three-point vertex functions. In last two
diagrams only the one-particle-irreducible parts are taken into account.

From the calculations of Ref. [6] we have

43
sg1=——m’gp,

6
2 2 2 2
SMy — mwgg (6brmg — grMpg (59m% + 54M7%)) ,
12m%
smy = 72 (36brgrM3 +3g% (—6mE M2 + 18mEZ M4 +mS) + 4myM2og) .
8m3 M3

(12)

The one-loop counterterm §g; was obtained by demanding that
the three-point vertex function of the renormalized vector fields
for all three external momenta taken on mass-shell is finite. The
same expression takes also care of the cancellation of the diver-
gences in the four-point vertex function of the vector fields when
all external momenta are taken on mass shell. The counterterms
8M7 and §my were determined from the condition that the pole
masses of the vector bosons and the scalar particle are finite at
one-loop order.

The counterterms by and 81 are obtained by calculating the
divergent parts of the one-loop diagrams shown in Figs. 2 and 3,
respectively:
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By taking into account Eqgs. (12) and (14) in Eq. (9) and using
Eq. (8), we obtain the following condition which has to be sat-
isfied by renormalized parameters Ag, gr, mg and Mg:

g (g% (5m% — 54miM3) — 8myMEAg + 36MSAR)

=0. (15)
2013
myz Mg
The solution to Eq. (15)
2 2 ng4 6
g5 (54ms My — 5m
k= R( RMR R)’ (16)

6 4 rg2
36MS — 8miM2

does not lead to a self-consistent condition. This is because a rela-
tion like Eq. (16) can be satisfied for an arbitrary renormalization
scheme only if the corresponding bare couplings satisfy the same
condition. This, however, imposes the following condition on the
counterterms

_ SRIMR
2M3 (2my — 9MR)?

— 9m§M§ (175g1Mg — 36M1gR)

+486mgMS (51 Mg — SMi gg) + 105m; grm M

A

[mm% (8g1Mg — 8Mi gg)

— 278my grmi M3 + 4865m1gRM9R],

which is not satisfied by the expressions specified in Eqs. (12) and
(13). That is, the first solution to the condition of Eq. (5), given in
Eq. (6), does not lead to self-consistent renormalization.

Next, by taking into account Egs. (12), (14) in Eq. (11), we
obtain the following condition which has to be satisfied by renor-
malized parameters bg, ggr, mg and Mg:

g% (7brgrm%Mpg + 2b% M3 + 6g2m?})

=0. (17)
4
My
Eq. (17) has two solutions
2grm> 3grm?
bkz—ﬁ, br=— 2MRR' (18)
However, analogously to the above case, only one, namely
3grm>
bp=— i’\} R (19)
R

leads to a self-consistent condition. Substituting Eq. (19) in Eq. (16)
leads to

3grmi
ap= R
4MR

(20)
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As mentioned above, Eqgs. (19) and (20) can be satisfied only if
analogous relations hold for corresponding bare quantities, i.e. we
have

2 2.2
3g°m
A_g

2M 4M?
This fixes uniquely the coupling constants of the scalar self-

interactions to the values corresponding to spontaneously broken
gauge symmetry in the unitary gauge.

b=-

(21)

3. Inclusion of the electromagnetic interaction

To have massless spin-one particles, the photons, in the spec-
trum of the theory it is necessary that the Lagrangian is invariant
under local gauge U(1) transformations [1]. Therefore, we intro-
duce an Abelian gauge field B, and its coupling to the charged
vector fields and also a gauge-invariant mixing term of the neutral
vector fields. The resulting Lagrangian reads (with a =0)

ce—Ytp g _Loo g Lyayan(y_ &4 ’
I 4 W 2 H 2
— gmeP e Pya Vo, VG,
c K 1
+ o B VR, + S €T BV VY + 25,0010
2 2
m
__¢2(1_£¢) , (22)
2 aM
where
Buy=0,B, —0,B,. VI, =08,Vi-d,V5,
Go\ =V, — g€ VEVS e (Buvf —B,,VZ), (23)

and we have substituted the expressions of Eq. (21). To diagonalize
the Lagrangian, Eq. (22), we introduce new vector fields Ay, Z,
and W as follows:

(o
Bll:Al‘v—i_ﬁZM’
z
vi=(! Fiv)V2=wt vi=_Z£ | (24)
H 0 u wtRT A2

Next, we analyze the conditions of perturbative renormalizabil-
ity. We again split the bare parameters as p = pr+ ) o, I'Sp; and
fix the counterterms such that they cancel divergences in physical
quantities.

The undressed propagators of the Z and W¥ vector bosons
read

iszw

O,,Lw(p):_i ) (25)

where My =M and Mz = M/+/1 — c2. We parameterize the sum
of all one-particle-irreducible diagrams contributing to the two-
point functions as

iNZY () =i (2] () + pupy 5 (7)) (26)
The corresponding dressed propagators have the form

115" (p?)
2wt @2)+p2my " (p2)

p2— M2, — 07" (p2) +iot

8uv — Pubv Y

iSEY () = —i

The pole masses are obtained from the solutions to the following
equations:

2zw — M3y — i (zzw) =0. (28)

In the vicinity of the pole the dressed propagators can be ex-
panded as

r PuPv
ZZ,W (g:u’v - Zz.w )

p2—zzw+i0t

iS5 (p)=—i : (29)

where
1

Zow=——F——
1=tz w)

is the wave-function renormalization constant and R denotes the
non-pole part.
From Eq. (28) at one-loop order we have

zz.w =M%y +TI1(M3 ). (30)
Substituting in Eq. (30)

Mw =M = Mg +h8M;

and

M

vi-c¢2  [1_2
R

and demanding that the pole masses of both the Z and the W
bosons must be finite quantities, we obtain

h(8My (ck — 1) — 8c1cRMR)

M
’ (-

2
Mq = o Mg [4 (cf2 — 1>eRm%2
12(c% —1)3m%

x (28c,§gR — 25crgR — 3ckkR — 6KR>
+4(17¢h - 28¢} +11) em}

+ g <(37c§§ — 32c} — 73k + 59) m}
— 18 (2c§ - 6} +7c - 3) 1\/1,%)
+2¢g (23} — 78¢} +46) grmixr

9(ck — 1) °grmi }

+(-3ch —17ck + 11)m§x2] -
Mg

m? [ )
fci=—————|8(cs —1)er
12cg (& —1)° (1)

X (—Zcﬁg}e + 3crgr + 9C§KR — GCIZQKR + 3/<R>

—_
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+ck (106g% + k) + 20ckgrick + & (18} — 61g3)
6 ;2 2
— 30CcRr8RKR —37cRgR—11KR]. (31)
Next, we calculate the one-loop contributions to the ®ZZ and

®WT W~ vertex functions and demand that the divergences are
cancelled in both quantities when taken on mass-shell. Using
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Eq. (31), we obtain two expressions of §g; resulting from the + 4CRERKR (—13m% M,z2 + m% + 23M§)
conditions of the finiteness of the ®ZZ and ®W W ~ vertex func-
tions: + gk (—26m3 M3 + 5mi + 19M3 ) + 863 M
2
) _ 78R 6 2012
3gy 12(c,2€ _])3M4R |:CR (8eRmRMRKR —16mRMRKR+2mRKR+11MRKRi| (32)
+ e} <8m%M,2g - 18m§> + gk (GmﬁMﬁ + 19M§) The two expressions for the same counterterm have to coincide,

leading to the following condition:

+ 2mii2 <9mR 81\/1,%)) 2, o
griM
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2 2 4 2 2 2 2
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4 (2 2 2 2 2 2
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3 2 2 2 (52 2 2
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+ 12 (26m,2QM,22 —18m% — 3M4R>) +4 K7 (51\/1,% - 2m§)) — 8CRERKR (mﬁ + 5M’2?)
+4ch gr (eR (—12msz}22 +9mp — 53M§) — 12cRgrmRKR — BCRMRKR + 26 (mR SMZ)] =0. (33)
— 3KR (—Bm%2 M,ze + Bm?2 + 13M;‘2)) By demanding that the same counterterm §g; in combination with
5 , 5 , 8§M7 and
— c (4erMpscr (3M% — 2m3)
R( RYRER R R 372gimp ((c2 — 1) m% + (3 — 2c2) M%)
+2¢% (—4mE M} + 3mf + 56M}) om = 4(c2—1)M2 ’ G4
R RVIR R R R R
+ g2 (1 45M% — 12m2 M2> removes the divergences from the ®®® vertex function, we obtain
R RTR another condition:
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&1 12(CI2a - 1)3M4R|: R R\CRER Y R One more condition is obtained by calculating the one-loop
4 4 ) 5 contributions to the ZW W ~ vertex function and demanding that
— CRER (3mR +50M R) 2c; Miicr (sz +3M R) its divergent part proportional to the Lorentz-structure with the
AM2 m2 — 3M2 product of three momenta (i.e. containing no metric tensor) van-
+ RKR ( R )) ishes. The resulting expression has the form:
2 2 2 232
+ (CR—l)eR (4(CR _1)mRMR cr(er — KR)*(4CRER + 3€R + KkR) -0 (36)
2\3/2 312 -
+3(c%—1)m§+4<17c%—11)Mﬁ) (1— k)™ Mg
s S 4 4 Egs. (33), (35) and (36) fix kg and cg to the following unique ex-
+ 2CR8RKR <_20mRMR +2mp + 23MR) pressions:
e
+cd (g,22 (58m§1\/1§—10m§+311\/1§) KR = e, CR=_g_';, (37)
+ K,% (—lOm%M;Zg +2m;13 —31V14R>) As argued above, Eq. (37) leads to analogous relations for corre-
sponding bare parameters of the effective Lagrangian.
- 4C13quKR (—23m;2¢1\/1123 + 2m;1g + 391\/1?3) Thus all parameters of our LO effective Lagrangian of interact-
ing photons, a scalar and massive neutral and two charged vector
+ C;Zg (ng (—32m%M}23 + Smﬁ - 145M?¢) bosons are uniquely fixed by the self-consistency conditions such

5 - 4 4 that the Lagrangian corresponding to the electroweak sector of the
+ kg (ZGmRMR —4mp — 17IVIR>) Standard Model in unitary gauge is obtained.
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4. Summary

In the current work we extended the study of Ref. [6] where
following the modern point of view of the Standard Model as the
leading order approximation of an effective field theory we an-
alyzed the most general Lorentz-invariant leading order effective
Lagrangian of massive vector bosons interacting with a massive
scalar field. Here leading order means interaction terms with cou-
plings of non-negative mass dimensions.

In Ref. [6] we analyzed the conditions of perturbative renor-
malizability and scale separation applied to all three- and four-
point functions at one-loop order. These conditions in combination
with the second class constraints imposed on systems with spin-
one particles led to severe restrictions on the interaction terms of
the leading order Lagrangian. However, two coupling constants of
the self-interactions of the scalar field remained unfixed. In the
current work, using the condition of perturbative renormalizabil-
ity and scale separation for three-, four- and five-point functions
of the scalar field at one-loop order, we were able to fix the re-
maining two free couplings. Next, we included the coupling to the
electromagnetic interaction and again demanded self-consistency
in the sense of EFT. Analyzing the renormalizability conditions
of the various three-point vertex functions we fixed the two ad-
ditional free parameters appearing in the most general effective
Lagrangian. As the result of this analysis the Lagrangian with spon-
taneously broken SU(2) x U(1) gauge symmetry taken in unitary
gauge naturally appears as the unique leading-order Lagrangian of
a self-consistent EFT of a massive scalar interacting with neutral
and charged massive vector bosons and the electromagnetic field.
It is well-known that such a Lagrangian leads to a well-defined fi-
nite S-matrix [15].

The inclusion of the fermionic degrees of freedom is the last
step for completing this program of deriving the leading order EFT

Lagrangian of the electroweak interaction and will be considered
in a forthcoming publication.
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