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Abstract

A set of coupled differential equations is derived to study the finite-§ effects on the ion-temperature-
gradient driven (ITGD) modes for a collisionless plasma in a toroidal magnetic field. 8 is assumed
low enough t¢ allow ignoring the compressional component of the perturbed magnetic field. The
equations will be solved analytically in various limits.
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I, Introduction

It is usually considered that low frequency turbulence in magnetic confinement systems, including
both electrostatic and eleciromagnetic modes, is responsible for the enhanced energy and partic

iosses usually observed in many experiments. To expiain such anomalous losses one needs firsi io
study carefully the driving mechanisms responsible for their excitation, and it has been known for
many years that the presence of inhomogeneities in plasma equilibrium parameters such as the density
and temperature can drive these fluctuations'. The well-known electrosiatic electron drifi wave travels

in the direction of electron diamagnetic drift and grows through the resonant interaction of the wav
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with the electron motion along the ficld lines. It was shown that the smalles
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shear can stabilize the drift wave in a collisionless plasma confined by ‘2 cylindrical geometry®>.
Stability will still be maintained when 8, the ratio of kinetic pressure to magnetic pressure, is
increased®. The effect of shear can be strongly reduced in g foroidal geometry due to the coupling
between the various poloidal Fourler components of the pe“ur‘ﬁations 57 While magnetic shear
produces stability in a cylindrical geometry through an outward convection of wave energy, toroidal
coupling can result in a radial trapping of the wave energy, thus allowing any destabilizing mecha-

nism to dominate. This applies o the resonance between the wave and circulating electron motion

_along the magnetic field lines and between the wave and trapped eleciron magnetic drift.in the_

_poimdal direction, in addition to. the detrappmc* electron c;oihszons8 %10

' "_Not 'only is the presence of an unsta_ble eIectron drift wave to be expected, but it is also possible to
have an unstable lower frequency mode, related io.the ion sound w__ave“. Such a wave is electrostatic

- in the zero-g limit and can be destabilized by 311____ion__tempera_tur_g_gl_:adi_ez_l_t,_ inagneti_c curvature or. by
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gradients in the parallel or poloidal flow velocity. The shear Alfvén wave, which is electromagnetic
in nature (E; = 0) can also be destabilized through magnetic curvature, leading to the well-known
B-limit of the magnetohydrodynamic modes which will be localized poloidally in the bad curvature
region (to the ouiside of torus)!?.

It is obvious that the stability analysis of a plasma confined by a helical magnetic field is one-
dimensional because of the axial and azimuthal symmetries. The mode frequencies can be obtained
by solving a system of integral equations in the general case!®, Only when the ion Larmor radius is
much smaller than the expected effective radial wave length can we approximate these equations by
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simpler ordinary differential equations. One may still have to resort to a numerical
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the influence of an arbirary ratic of ion Larmor radius to the azimuthal wave length and of the
wave-pariicie resonance (o = K - ¥) where o is the mode frequency, K the wave vector and Visthe
Larmor-averaged pariicle velocity, including both the motion along the field lines and the magnetic
drift motion. If the expected frequency is much smaller or much larger that than Doppler shift K- v,
one can again evaluate the velocity space integrations approximately and the resulting system of
ordinary differential equations can sometimes be solved 4. For a toroidal system, the stability analysis
is further complicated by the two-dimensional nature of the problem, the particle magnetic drift
which has a component normal to the flux surface and by the presence of a trapped particle compo-
nent with a general ratio of paraiiel excursion to paraiiel wave number. A toroidal analysis can be
again simplified by ignoring trapped particles and employing the baliooning formalism, which
transforms tke two-dimensional eigenvalue problem into a one-dimensional problem along a stretched
poloidal angle variable!”. Further simplification results in the strong coupling limit!®,

The ion-temperature-gradient-driven (ITGD) instability is of particular interest to the study of
anomalous ion energy losses in tokamaks. It was discovered in the sixties and remained a subject of
interest ever since. This interest was partly due to the fact that it proved not possible to stabilize this
mode by using magnetic shear as this results merely in localizing the mode radially and not in the
stabilizing effect of ontward energy convection'>, It is also one maiter to study the instability in the
special cases when the fluid limit of the kinetic analysis is valid, and another matter to study the
threshold for instability, close to which the fluid expansion breaks down. Besides, it is not generally
allowed tc make the simplifying assumption of a long radial wave length and the integral approach
is then required and a numerical analysis is usually employed. The differential approach has been
frequently used to study the slab limit both analytically (ignoring resonance effecis) and numerically
when magnetic gradient drifis are ignoredm’”'zo. Some studies also allowed for the presence of a
nonuniform plasma flow which has a strong effect on the stability properties?!?>. As mentioned
above, the toroidal case can be analytically treated in the strong toroidal coupling limit when the
spacing between the rational surfaces is much shorter than the spacing between the radial turning
points in the glab limit solution’. The opposite limit of weak toroidicity, where the mode is stretched
along the field lines with no significant ballooning, can also be treated analytically, and the effect of
ion transit resonatce can be accounted for?*23 The weak coupling limit requires low magnetic shear
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been produced, where different limits are studied?8-36. Effects of trapped electrons®»™3, trapped
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1ons?%36 and an energetic particle component were also considered. Some calculations dealt with flat
density H-mode plasmas®®2%3_ In some calculations, it was preferred to treat the important velocity
space wave-particle resonance in detail using the local approximation which ignores the spatial

variation of the mode?"42,

The above discussion applied to the elecirostatic zero-§ limit. As § is increased gradually, the ITGD
mode acguires first a finite radial magnetic field component which can affect the stability proper-
ties*346 As B is increased further, one cam no longer ignore both the modifications in plasma
equilibrium and the compressional magnetic component of the perturbation along the magnetic field
Tines®"*%. The two effecis are usually opposite in the fluid limit resuiting in a significantly reduced

effect for the compressional magnetic component!.

It should finally be mentioned that the stability properties of the ITGD mode are complicated by the
large number of parameters which can influence the mode dispersion properties such as degree of
steepness of both the density and temperature profiles, the amount of magnetic shear, the amount of
toroidicity, the safety factor, the ratio of the ion Larmor ratio of the wave length and the value of 5.
It is thus not 0 be expected that simple generalized stability properties can be obtained,

o

It is our purpose in the present work to treat the effect of a finite but small-g on the ITGD mode in

o A

a toroidal geometry using the fluid approximation. An expression for the § required for stability will
be obtained.

Ii. Theoretical Model and Higenvalue Eguation

We will assume that the perturbed electric and magnetic field components can be expressed as:

7.8.EY = Z@fﬂef(maﬁﬂ*’-az—m)
Neorws A
i
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where |j| <€ my. 7, is taken as the reference surface with my = na(ry) with q being the safety factor

= 1B,/RBy and where circular flux surfaces are assumed. The compressional magnetic perturbation

will be ignored. To obtain the perturbed ion distribution function we use the gyrokinetic equation™C,
ieF,

g o enls = o0 VB, 0

where g; is the non-adiabatic part of the distribution,

¢ K,

fi = Firgo (L) @
T,
where F. is an isotropic Maxwellian distribution of temperature T, and dengity N. L, = k-V X 51_1-




where D is the unit vector along the magnetic field lines and € is the ion gyrofrequency = eBy/my.
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=:k§— (vf +vf,t’2)[cﬁse +_F__,_5i) is an operator
Q; k, or

| dinT,
and ©_p; = ©,; =“§€'}-+?}-m§,2] and v, = —L |
=Lj s | a0 am | H T8 AT
i < &4 ] RRAAEY;
I,z < Q for ions
and o, = —LE-bx¥{nN
" e gg Y(mh) 0 for electrons

in the case of radially decrezsing density.

7 = kv ) . . 2 _ .2 .2
s = Jo rn is the zeroth order Bessel function and &) = £/ +&5 .

i

For the electron component we can use the drift kinetic equation which is similar to the ion equation
except that L, = 0 and JokV, /0 = 1.

The perturbed particle distribution function can then be obtained,

e.F, W=
==L |E,~ 2 {E,+ ¥, B}, (3)
IRT | w~K V- 8 e
Ko tj 171" %
1 z X'B f - F=F . . . .
where K; = " I8 where s = ~ e, Ar, is the radial spacing between two consecutive
&2 gi arF

s . rogior
s § is the shear parameter i

rational surfaces = =
5 q

. We may note that the effective

N g -

shear length is given by L fa -§laR. . The quasineutrality condition can be wriiten as
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The parailel component of Ampere’s law can be written as

2
Bf"?z‘ B, = ~poikyy = ~ikyuy Te, [Pviv &)

Assuming |opfo| and |KV, jel<1 end |KV,Jfeo|>1 wemay rewrite Egs.
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where we let 7=1 for simpiicity and wy = -w. where w. denotes the positive electron diamagnetic
frequency, we obtain
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where Cf = £, pr = —, €, = (Rﬁﬂ?zﬁ! U and V2 = Po




For small enough 8, and assuming kzpf > 2@53 and B > ksg as must be verified aposteriori
o

we obtain from Eq. (9)

wra {1
B = _Mg«jﬁ (10)

\
KY;

Substituting into Eq, (8) we obtain
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k& Py

{cosH + —_—i—sinﬁi} P, = i [0, + &,y + §—{b,.; - &;.4)] and using the strong coupling
E or 2" / ds
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and ballooning formalisms we can write:

iy * &4 §§ (‘i)j—‘i - ¢j+1) =
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We may now write the general differential equation which goveras the stability of the ITGD mode
in a finite-# toroidal plasna in the limit of strong toroidal coupling as
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Sii. Analvse

It may be easily seen that Eq. (I3) agrees with the slab and toroidal equations in the zero-f8 limit.

The analysis of the finite-# torpidal limit will be presented in a later work The slab limit will be
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treated here where Eq. (13) takes the form
22 .2 2
- s 57K Q 1-0Q)
Q+1+y, g2 Q & 2g2 2 )
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Let 8(6-1) =v - & = (1zy1+4v}f2 . For even modes the condition for localized solutions is
given by

3 =pleN +2 - fT+43] N =012..

From Eag. 14 we may then write the eigenvalue condition for even modes as

[ ]
01 Q+l+y, -iL, | ' (LY
by + ——— + § + e E N2 [14400-2)B] 2 (16)
Q+i+m, 9 QL [ kLnJ
which gives the stability condition
2
L 1+4N (1
B2 —‘; z - b, )]
12 1(+m,) {1+n,
for @Q+m)dh<t
* The validity of the assumptions made above can be easily checked. In the same manier we can show
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that 8 destabilizes the odd modes. It is interesting to note that the § required for stabilizing the even
ITGD mode is of the same order as that obtained numerically in Ref. 46, where § was found to
stabilize both odd and even modes. Further work is needed to cover various aspects of the problem.

IV, Coneclusions

In the above work we reviewed the previous work made in studying the ion-temperature-gradient
driven mode and presented the dispersion relation for the finite-8 toroidal case. It was found that

nce the stability properties of the mode.

small gmounts of 8 can nce the stability p
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