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Free energy minimization approach to penetration of resonant magnetic
perturbations in tokamaks
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Forschungszentrum Jülich GmbH, Institute of Energy Research IEF-4: Plasma Physics,
Association EURATOM-FZJ, Partner in the Trilateral Euregio Cluster, D-52425 Jülich, Germany

�Received 26 August 2009; accepted 4 November 2009; published online 3 December 2009�

By applying the principle of minimum free energy an analytical model for the plasma response to
externally applied resonant magnetic perturbations �RMPs� is proposed. The results are compared
with ATTEMPT code calculations �D. Reiser et al., Phys. Plasmas 16, 0042317 �2009�� and reproduce
qualitatively and quantitatively the numerical results on the collisionality dependence of RMP
penetration characteristics. Strong increase in the radial electric field with reduced screening at
RMPs above a certain threshold is also reproduced by the model. �doi:10.1063/1.3267845�

I. INTRODUCTION

The substantial changes in plasma dynamics in tokamaks
in the presence of resonant magnetic field perturbations
�RMPs� have been observed in numerous experiments. Very
recently it has been found that RMPs produced by special
coils can be very effective in mitigation and even complete
suppression of edge-localized modes.1–4 Numerous theoreti-
cal studies have been performed in order to describe those
experiments and specific features of particle and energy
transport in the presence of RMPs.5–14 Diverse mechanisms
of the RMP effect on transport processes revealed in these
studies rely significantly on the level of the perturbation am-
plitude in the edge plasma. Thus, in many investigations13–17

the vacuum approximation considering the total magnetic
field in the plasma region as a sum of the axisymmetric con-
finement field and the vacuum field induced by the external
coils has been applied. This approximation neglects, how-
ever, a possible screening of the RMP field and the related
change in the magnetic field topology. The latter is a result of
a complex nonlinear interrelation of RMP field strength,
plasma currents, and, in particular, plasma rotation.18–22 In
the recent numerical studies with the ATTEMPT code23 it has
been demonstrated that there is a bifurcationlike behavior of
the screening of the RMP due to the electron dynamics gov-
erned by the interplay of the radial electric field and pressure
gradient. These investigations were based on the solution of
four-field drift-fluid equations, corresponding to the particle
balance, quasineutrality condition, Ohm’s law, and parallel
ion momentum balance and describing the deviations of par-
ticle density n, electric potential �, magnetic potential A, and
parallel ion flow velocity u� from equilibrium profiles,
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with auxiliary relations for the vorticity w and the parallel
current density J�,

w = ��
2 �, �0J� = − ��

2 A . �5�

The curvature operator is defined by K�f�=� · �b��f /B�,
the perpendicular Laplacian by ��

2 f =�2f −� ·bb ·�f and the
parallel derivative is given as ��f =b ·�f , where b=B /B is

the direction vector of the total magnetic field B=B0+ B̃
+R consisting of the unperturbed equilibrium field B0, the

internal plasma response B̃=−B0��A /B0, and the exter-
nally induced RMP field R. Here the parallel current density
is denoted by J�, � is the electric potential, and vE=B
��� /B2 is the E�B-velocity. The other physical param-
eters are the elementary charge e, the classical parallel resis-
tivity �� =me�e /e2n, with electron-collision frequency �e, and
the electron and ion masses me and mi, respectively. Cold
ions are considered �Ti=0� and the electron temperature Te is
assumed to be constant so the pressure pe is controlled by the
particle density n. The equilibrium state is prescribed by a
particle density n0 with a finite radial gradient �n0 and
�=A=u� =0. The main results of these simulations can be
summarized as follows: �i� For reactor relevant plasma pa-
rameters a RMP field can trigger a strong plasma response,
with the result that induced currents establish a magnetic
field structure strongly deviating from the RMP vacuum to-
pology; �ii� the efficiency of the screening effect, produced
by localized currents at the resonant surfaces and being of
importance for the penetration of RMP and the width of
magnetic islands, strongly depends on the plasma collision-
ality and the plasma beta. �iii� A threshold is observed in the
dependence of the screening efficiency on the RMP field
strength. Up to a certain RMP level the screening is almost
complete, but for higher RMP strength the screening breaks
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down abruptly. �iv� The drop in the shielding for increasing
RMP level is accompanied by an increase in the induced
radial electric field and the related E�B-drift flows. These
findings are illustrated in Fig. 1, showing the plasma re-
sponse seen as a thin layer with current J� parallel to the
main magnetic field and induced radial magnetic and electric

field components, B̃x and Ex, respectively. The current and
the magnetic field are characterized by a dominant contribu-
tion of the resonant component with poloidal/toroidal
mode numbers m /n=q. On the other hand, the electric field
is to a large extent axisymmetric. The figure shows addition-
ally a sketch of the variation in the screening efficiency

�=−B̃x /Rx and the radial electric field with increasing RMP
amplitude. Systematic numerical experiments have been per-
formed in order to elucidate the importance of different
physical mechanisms such as curvature of magnetic field,
plasma viscosity, and ion parallel motion, for the behavior
described above. They have shown that the new equilibrium
magnetic field, i.e., the sum of the RMP field and the station-
ary plasma response close to the resonant surfaces, can be
described quite accurately by the following reduced subset of
Ohm’s law and the vorticity equation �see for details Refs. 23
and 24�,

��pe

en
− ��� = ��J� , �6�

nmi

B0
2 vE · ���

2 � = ��J� . �7�

In the present paper it is shown that a simple minimum free
energy approach can be formulated that demonstrates that
many important characteristics, e.g., RMP penetration
thresholds can be estimated with an accuracy acceptable for
practical purposes, by taking into account Ohm’s law, Eq.
�6�, only. It is relevant for situations where the plasma re-

sponse is dominated by the electron dynamics, as in the
H-mode edge transport barrier with very sharp density gra-
dient, unlike to the conditions where the ion dynamics, in
particular, ion viscosity, is found to be crucial for bifurca-
tionlike phenomena in the presence of RMPs. The free en-
ergy approach presented allows to get insight into the basic
mechanisms of RMP penetration as they appeared in the nu-
merical simulations and provides simple formulas to estimate
the strength of the magnetic plasma response and related
plasma rotation.

II. PLASMA RESPONSE AND FREE ENERGY

In order to describe the plasma response to RMP Ohm’s
law, Eq. �6�, is considered in a periodic slab geometry with z
being the coordinate along the unperturbed axisymmetric
magnetic field, x the coordinate normal to the flux surface,
and y denoting the binormal direction, respectively. The
magnetic field is written as

B = B0ez + Bxex + Byey �8�

and B0�Bx, By is assumed, i.e., the deviations from the axi-

symmetric field are small. The components Bx= B̃x+Rx and

By = B̃y +Ry contain both, the internal plasma response B̃ and
the externally induced magnetic fields R. This gives

J� =
B

B
· J � Jz +

Bx

B0
Jx +

By

B0
Jy � Jz, �9�

and Eq. �6� results in
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where Ez has been neglected. Note that here Ex denotes the
deviation of the radial electric field from its value without
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FIG. 1. �Color online� Sketch of some basic results of the screening studies of Reiser and Chandra �Ref. 23�. Left: Appearance of localized shielding currents

J�, radial magnetic fields B̃x, and radial electric fields Ex at a resonant surface with q=m /n. Right: Transition from strong screening efficiency � to RMP
penetration for increasing RMP amplitude and corresponding rise in the electric field and plasma rotation Ex.
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RMP, i.e., Ex=0 for Rx=0. The local density of the plasma
free energy F is given as �see Ref. 25�

F =
min

2
vE

2 +
men

2
� J�

en
�2

+
B̃2

2�0
, �11�

where the modification of the E�B-velocity due to RMP is
given by

vE =
E � B

B2 �
Ey

B0
ex −

Ex

B0
ey . �12�

In the expression Eq. �11� for the free energy the ions con-
tribute to the perpendicular kinetic energy and the electrons
to the parallel one. At first glance one might think that the
latter 	meJ�

2 is negligibly small. This is, however, not the
case under consideration and this contribution is, in particu-
lar, much larger than that due to ion parallel motion. Indeed,
by comparing the first and second terms on the right hand
side of Eq. �3�, one can find that Te��n�mevE��J� /e. By
substituting this into the right hand side of Eq. �4�, replacing
��→k� and balancing terms, we get min0u� �meJ� /e, which
provides the conservation of the total parallel momentum.
Finally,

min

2
u�

2 �
men

2
� J�

en
�2

�
me

mi
.

The smallness of this contribution from ion parallel motion
to the free energy is also confirmed in ATTEMPT calculations.
For the conditions in question, with Te in the range of

50 eV–1 keV and B̃ in the order of 10−4 T, the last two
terms in F are comparable if the electron parallel velocity is
1%–10% of their thermal velocity. This level can be
achieved easily in strongly localized current layers arising
around resonant surfaces in response to an RMP field. Here,
the electron inertia can become the dominant term in the
free energy. It is shown in the next sections that this
forces the plasma to build up an electric field to quench the
current rise. To proceed in the analysis the pressure gradient
is prescribed by �pe /�x=−�nTe /L� and an appropriate scal-
ing is introduced: vE→csvE, J→encsJ, B→	

B0B, and
E→TeE /eL�. This gives for the free energy expressed in
units of 	2mincs

2 /2,

F = Ex
2 + Ey

2 + �Bx − Rx�2 + �By − Ry�2

+
1

p2 �Bx�Ex − �� + ByEy�2, �13�

where 1 / p2=�
	2 /�2 represents the normalized elec-
trical conductivity. The other dimensionless parameters
are 
=cs

2 /vA
2 , �=�e /2�e, 	=�s /L�, �=me /mi, where

cs=
Te /mi and vA=B0 /
�0n0mi are the ion sound and
Alfvèn speed, respectively, �e=eB0 /me is the electron gyra-
tion frequency, and �s=mics /eB0 the characteristic drift
scale.

In the following we seek for stable stationary states of
the system corresponding to the minimum of the free energy
integral W=�FdV taken over the entire plasma volume, i.e.,
we assume that the final plasma response is determined by a
minimum in the global free energy and that this minimum

can be realized �see Appendix for comments on this conjec-
ture�. The field perturbations Ex, Ey, Bx, and By are consid-
ered as degrees of freedom and Ohm’ s law, Eq. �10�, as the
constraint for minimization. The constraint was already taken
into account in Eq. �13� when J� has been expressed through
the electric field and the pressure gradient. By doing this the
latter was assumed unchanging in response to a RMP. This is
not very realistic since numerical studies have shown that a
noticeable flattening of the plasma density can happen due to
increased particle transport. Nevertheless, the assumption
above made for the sake of simplicity does not change the
basic interplay of electric fields and pressure gradient. The
results below and their comparison with results of extended
numerical simulations demonstrate that despite of this ap-
proximation the simplified model is still capable to describe
basic features of the RMP penetration physics qualitatively
and quantitatively as well. Due to the fact that Eq. �13� does
not contain any spatial derivatives of the electric and mag-
netic field components, the Euler–Lagrange equations to be
fulfilled in this minimization problem are simply �F /�Ex

=�F /�Ey =�F /�Bx=�F /�By =0. The latter are reduced to the
relations

Ex =
�Bx

2

p2 + Bx
2 + By

2 , Ey =
�BxBy

p2 + Bx
2 + By

2 , �14�

Rx = Bx�1 +
�2�p2 + By

2�
�p2 + Bx

2 + By
2�2
 , �15�

Ry = By�1 −
�2Bx

2

�p2 + Bx
2 + By

2�2
 . �16�

An immediate consequence of Eq. �15� is that the internal

plasma response is restricted to the range −1
 B̃x /Rx
0,

i.e., between the limits of complete screening B̃x /Rx=−1 and

complete RMP penetration B̃x /Rx=0. Before Eqs. �14�–�16�
are analyzed in more detail in Sec. III, it is important to point
out that the local minimization procedure used here is a con-
sequence of taking into account Ohm’s law as the only con-
straint for the global minimization problem. Therefore the
local relations given by Eqs. �14�–�16� cannot be used to
compute profiles of the magnetic field because the con-
straints due to Maxwell’s equations have not been taken into
account properly up to now. This point—and a remedy for
practical applications—are discussed in Sec. IV. Neverthe-
less, the relations derived in this section contain basic fea-
tures, e.g., bifurcation in screening and the rise of an electric
field due to RMP fields, which survive even in the more
realistic framework. Therefore, it is instructive to analyze
first these implications appearing as a consequence of the
Ohm’s law constraint, before proceeding to the case of toka-
mak RMP scenarios in Sec. IV.

III. SCREENING CHARACTERISTICS

Equations �15� and �16� can be reduced to a fifth order
equation for Bx. Figures 2 and 3 show examples of the
variation in the screening efficiency �=1−Bx /Rx and radial
electric field Ex with the radial perturbation field Rx.

122303-3 Free energy minimization approach… Phys. Plasmas 16, 122303 �2009�



Computations have been done for n=1.5�1019 m−3,
B0=2 T,L�=8 cm, �=1, and Ry =0 but with different plasma
temperatures and thus, different resistivities p, namely,
Te=150 eV, p2=0.045, and, Te=100 eV, and p2=0.34, re-
spectively. In the case of higher electron temperature and low
resistivity illustrated in Fig. 2 the screening is almost com-
plete ���1�, for low Rx, i.e., the internal plasma response
nearly compensates the RMP field. For high enough RMP
field �→0, meaning that the screening is lost and the total
field is dominated by the freely penetrating RMP field. Be-
tween these two limits there is a region of ambiguity where
three solutions are possible. A stability analysis proves that
the solution branch in the middle is unstable, so the plasma
can jump abruptly between two stable states. Due to the re-
lation between the total magnetic field perturbation Bx and
radial electric field Ex, Eq. �14�, the reduction in the screen-
ing of the RMP field is inevitably connected with the rise of
Ex providing a change in the plasma rotation velocity. The
value Ex=1 corresponds to a compensation of the pressure
force in Ohm’s law by the electric field. The drop in the
screening efficiency and the related increase in the radial
electric field occur also in the case of higher resistivity, see
Fig. 3. But there the transition between the regimes of high
and low screening is smooth and no bifurcation is involved.
In both cases the transition point is close to Rx=1.

In order to get some deeper insight into the bifurcation
mechanism at low resistivity, Eqs. �15� and �16� are rear-
ranged to a conditional equation for the parameter p2 as
function of Bx /Rx. According to the definition p2 is positive,
and from the analysis above it is known that 0
Bx /Rx
1.
Figure 4 shows the dependence of p2 on the ratio Bx /Rx for

different values of the perturbation field Rx. For given plasma
parameters, i.e., a particular value of p2, the possible combi-
nations of RMP field Rx and total magnetic field Bx corre-
spond to the intersections of the horizontal line with the
curves. If the plasma collisionality is high enough and
p2��2 /4, i.e., p�0.5 for �=1 assumed, there is only a
single solution for any Rx and screening reduces smoothly
with increasing RMP perturbation. For lower p three solu-
tions become possible for Rx in some range close to Rx=1
with the solution in the middle being unstable. For very low
Rx one finds only a single solution with strong screening and
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FIG. 3. �Color online� Screening efficiency �=1−Bx /Rx and radial electric
field Ex vs radial component of the RMP magnetic perturbation Rx for
p2=0.34.
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field Ex vs radial component of the RMP magnetic perturbation Rx for
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small Bx /Rx. For very large Rx the number of possible solu-
tions is again 1 and this corresponds to weak screening and
Bx /Rx→1. With p decreasing further the range of Rx, where
a bifurcation between two screening regimes is possible, be-
comes broader, see Figs. 2 and 3.

IV. APPLICATION TO RESONANT STRUCTURES

As mentioned at the end of Sec. II it is not reasonable to
apply Eqs. �14�–�16� also to resonant structures like those
appearing in tokamak RMP experiments. The free energy
analysis above is a local one, and if one would consider a
resonant structure and seek for the energy minimizing
plasma states at each point in space by using Eqs. �14�–�16�,
it is not guaranteed that the three-dimensional profile of the
resulting magnetic field is divergence-free and fulfills
Ampére’s law. In terms of calculus of variation this means
that the minimization of the free energy integral W=�FdV
must be complemented by these constraints, e.g., via
Lagrange multipliers. Taking this into account in full detail
brings back all the difficulties in the solution of the general
set of partial differential equations to describe the plasma
dynamics. Instead of this, one could try to parametrize a
meaningful model magnetic field, insert this into Eq. �13�,
and seek for minima with respect to the model parameters. In
order to keep the analysis as simple as possible and to avoid
the solution of complicated differential equations, a more
simplified approach is chosen here by taking into account
known properties of solutions of the extended numerical
simulations performed previously. As mentioned in Sec. I the
radial profile of the free energy density F is peaked in the
vicinity of resonant surfaces and these regions are weakly
overlapping for not to high magnetic shear ŝ of order 1 and
low m /n RMP fields. Therefore, the contribution of each
region to W can be minimized independently. Moreover, on
the basis of numerical modeling, we assume that the radial
widths of these layers around the resonant surfaces, where
different field perturbations are localized, are similar to each
other. Thus,

W 	 �
m,n

�Fm,n��m,n,

where Fm,n means F calculated with the field perturbations
averaged over the localization regions of width �m,n, near the
resonant surface with q=m /n �see the sketch in Fig. 1�. The
bracket �¯� denotes a flux-surface average. In the next step
the flux-surface averaged free energy density,

�Fm,n� = �Ex
2� + �Ey

2� + ��Bx − Rx�2� + ��By − Ry�2�

+
1

p2 ��Bx�Ex − �� + ByEy�2� , �17�

is evaluated for a single mode RMP field resonant at
q=m /n and prescribed in the form

Rx = R sin�m� − n��, Ry = R cos�m� − n�� , �18�

where � and � are the usual poloidal and toroidal angles,
respectively. Additionally the radial electric field Ex and the
total radial magnetic field Bx are split as

Ex = � + Ex�, Bx = � sin�m� − n�� + Bx�, �19�

where �= �Ex� and �=2�Bx sin�m�−n���. The last separation
is guided again by numerical results of extended drift-fluid
simulations with the ATTEMPT code23,24 proving that the non-
primed contributions are dominant in the respective spectra.
Now the quantities �, the flux-surface averaged radial elec-
tric field, and �, the resonant piece of the total magnetic field,
are considered as the basic degrees of freedom of the plasma
state and minimization of the free energy W is carried out
with respect to these parameters. By requiring �W /��=0 and
�W /��=0, one obtains

� =
��Bx

2� − �Bx
2Ex� + BxByEy�

p2 + �Bx
2�

�20�

and

� =
p2R − 2���Ex − ��2Bx� − �Ex − ��ByEy�sin ky�

p2 + 2��Ex − ��2 sin2 ky�
. �21�

According to the numerical results of three-dimensional
simulations the third order contributions in the plasma re-
sponse Bx, By, Ex, and Ey can be neglected in the expressions
above, and ��Ex�, ��Bx�. Thus, one finds approximately

� =
��2

2p2 + �2 , � =
p2R

p2 + �� − ��2 . �22�

Similar to Eqs. �15� and �16� these relations imply the re-
strictions 0
� /R
1 and 0
� /�
1 and the inspection of
p2 as a function of � /R—like in Fig. 4—gives bifurcation
solutions for p2��2 /4, i.e., the plot of Fig. 4 can be trans-
ferred almost one-to-one just by replacing Rx→R /
2. The
resulting equation for the resonant magnetic field component
� is

�� − R���2 + 2p2�2 + 4p2�2� = 0, �23�

which will be used for the applications of the model in
Sec. V. Note, that Eq. �23� identifies �, the electron pressure
gradient, as bifurcation parameter. For �=0 the bifurcation
effect discussed here does not appear and �=R, i.e., complete
RMP penetration, is the only possible solution. Therefore,
this particular effect is not contained in previously discussed
models neglecting the interplay of radial electric fields and
pressure gradients in the electron momentum balance. It is
also to be noted that Eqs. �22� clarify the particular role of
electron inertia in our consideration of the free energy in the
form of Eq. �13�. For me→0 one finds p2→�, such that
�=0 and �=R are the only possible solutions, i.e., again
complete RMP penetration. Thus, the physical picture of the
transition from screening to penetration is the following: For
small RMP fields the diamagnetic character of the plasma
tends to build up countercurrents to shield the externally in-
duced RMP field. Due to the plasma resistivity the shielding
currents of appropriate symmetry are localized close to reso-
nant surfaces. At a certain level of countercurrents flowing in
the plasma, it becomes more favorable to build up an electric

122303-5 Free energy minimization approach… Phys. Plasmas 16, 122303 �2009�



field which can—due to Ohm’s law—reduce the free energy
contained in the currents. The small but finite electron mass
limits plasma response currents and is responsible for the
bifurcation/transition discussed here.

V. COMPARISON WITH RESULTS OF 3D DRIFT-FLUID
SIMULATIONS

In this section Eqs. �22� and �23� are used for a compari-
son with results obtained by extended three-dimensional
simulations with the ATTEMPT code similar to the ones de-
scribed in Ref. 23. A comparison of the screening efficiency
� and the radial electric field � as functions of the RMP field
strength R for different plasma parameters p2 at the respec-
tive resonant surface is shown in Figs. 5 and 6. The screen-
ing efficiency obtained from three-dimensional simulations
is shown in the upper part of Fig. 5. The lower part of Fig. 5
shows the results from the energy minimization model. It can
be seen that the curves are in good qualitative agreement.
The relative drop of the screening is reproduced quite well
by the results of the simple model. However, it is found that
the precise value of screening is underestimated for the cases
2 and 3 �these have been multiplied by factors of 2 and 3,
respectively� and the sharp drop of case 1 is not appearing in
the ATTEMPT results. On the one hand the low screening ef-
ficiencies of cases 2 and 3 can be attributed to an effective
resistivity in the three-dimensional modeling which is lower
than that used for the simple model. On the other hand the
absence of a bifurcation is an indication that some additional
effects also provide a lower bound for the resistivity. On

the contrary the comparison of the results for the radial elec-
tric fields shows a remarkable agreement, even without any
additional correction factors. Again the sharp variation in
case 1 does not occur in the ATTEMPT results, but this is not
expected due to a number of additional dissipative processes
in the extended model. It is to be noted that the agreement
can be improved even more, when one takes into account
that the �scaled� radial electric field in the ATTEMPT simula-
tion approaches the value of 0.7 instead of 1. This indicates
that a certain density profile flattening took place and that a
value of �=0.7 would have been more appropriate for the
comparison. Finally the simple model is compared with nu-
merical results partly presented before �Figs. 3 and 4 in Ref.
23�, showing the dependence of the screening efficiency on


̂= ê	2
 and Ĉ= ê2	�, where ê=q0R0 /�s. Figure 7 shows a
reasonable agreement of the results found by the different
approaches. Again the absolute value of the screening effi-
ciency shows a 20% discrepancy, but the qualitative behavior
is reproduced quite well by the simple model.

VI. IMPLICATIONS FOR EXPERIMENTS

The examples of Sec. V have shown that the simple
model presented here is well suited to provide certain char-
acteristic quantities related to the bifurcation in the RMP
penetration process. Due to the fact that this bifurcation ap-
pears at RMP levels typical for present experiments, it might
be possible to check the theoretical results by comparison
with experimental observations. The simple model might
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FIG. 5. �Color online� Screening efficiency for different collisionalities
as a function of RMP amplitude. Case 1: p2=1.07�10−1, case 2:
p2=1.08�101, case 3: p2=1.07, case 4: p2=1.06�10−2. The results from
ATTEMPT simulations are shown in the upper part and the results of the
present model in the lower part.
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also give some hints for the interpretation of experimental
results, by providing quantitative limits for the bifurcation
region and the validity of the vacuum approximation. Figure
8 shows the theoretically found bifurcation region in an
R-p2-plane. For p2 below pc

2=�2 /4 bifurcations can take
place. Solid curves show the maximum and minimum values
of the RMP perturbation between which a bifurcation can
appear. The upper limit obeys approximately a
1 / p-dependence and the lower one a 
p-dependence. Above
the bifurcation region, i.e., for quite high RMP levels, the
vacuum approximation might be reasonable. For resistivities
above pc, the value Rt=
2� marks the transition point for the
disappearance of RMP screening. At this point the increase
in the radial electric field with the RMP level is steepest. In
physical units,

Rt =

2�0

e

Ten0
1/2mi

1/2

B0L�

, �24�

giving, for example, Rt=1.2�10−4 T for mi=2mp, B0=2 T,
n0=1019 m−3, Te=100 eV, and L�=6 cm. For p2� pc

2 the re-
sults show that the vacuum approximation is reasonable for
R�2Rt. The onset of a radial electric field, described by the
model presented here, might also be accessible to experimen-
tal investigations. We would like to point out again that the
radial field Ex arising with increasing RMP field is the devia-
tion from some previously existing equilibrium radial elec-
tric field. Therefore, the impact on plasma rotation can be a

pure speed up, if the former equilibrium field was positive,
or a braking—and perhaps a change in sign—if the former
electric field was negative.

VII. SUMMARY AND CONCLUSION

The interplay of resonant magnetic field perturbations
and the internal magnetic field response has been investi-
gated on the basis of a simplified model taking into account
the electron response at the resonant surfaces only. The
analysis is kept on a very basic level by seeking energetically
favorable plasma equilibria. On the basis of recent numerical
findings23 a simplified consideration is set up by restricting
the more general model dynamics considered previously to
Ohm’s law along the perturbed magnetic field. The minimi-
zation of the free energy of the plasma perturbation at the
resonant surfaces allows to reduce the mathematical difficul-
ties to the solution of simple algebraic equations. The results
allow to estimate the screening efficiency and change in the
plasma rotation qualitatively and quantitatively. This simple
model clarifies the results of sophisticated numerical compu-
tations. It is shown that in the framework of a drift-fluid
model the particular screening effect observed is mainly gov-
erned by electron dynamics, whereas ion flows or ion viscos-
ity do not play an important role. For small RMP amplitudes
the plasma response is able to shield the RMP field com-
pletely and the build up of response currents is energetically
more favorable than free penetration of the RMP, i.e., zero
magnetic plasma response. For increasing RMP amplitude
this balance is changed and a build up of an electric field
limits the plasma response currents, such that the RMP field
can penetrate. This transition to a rotating plasma with
freely penetrating RMP field can be smooth for high plasma
collisionalities, but exhibits a bifurcationlike behavior for
small resistivities. The simple algebraic estimates derived
here are in reasonable agreement with more sophisticated
calculations and allow to quantify the transition thresholds in
real plasmas to give some orientation in the interpretation of
experimental scenarios, where it might be misleading to de-
scribe the magnetic field topology in the pure vacuum ap-
proximation.
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FIG. 8. �Color online� Bifurcation diagram in the R-p2-plane. In the region
between the two curves a bifurcation between states of high and low screen-
ing is possible.
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APPENDIX: REMARKS ON THE FREE ENERGY
MINIMIZATION

The principle of minimum plasma energy perturbation
applied above is a conjecture similar to analogous concepts
of minimum entropy production in nonequilibrium
thermodynamics26 or Taylor relaxation for reversed field
magnetic configuration,27 which are actually not confirmable
from first principles. Nonetheless, the following arguments
can be given in support of its applicability. Perturbations in
magnetic and electric fields and motion of charged particles
induced in the plasma as a response to the external RMP
enhance the inner plasma energy. Due to radial drift motion
of ions and a finite Pointing flux energy flows are generated
from the volume in question which minimize the rate of the
plasma energy rise. These fluxes increase the system entropy,
while the increase in free energy due to ordered motion re-
duces entropy. Therefore, in the final steady state, where
flows are reduced to zero, the perturbation of the plasma
energy is minimized. Although we cannot provide a general
prove of zero steady flows yet, this is indeed the case in the
particular situation considered in Sec. IV, with Ey �0 and
By �0. On the other hand, the free energy minimization can
be regarded as a consequence of a different conjecture,
where Ohm’s law is turned into a minimization problem with
a constraint given by the free energy in response to an exter-
nally induced RMP. In order to elucidate this we firstly re-
write the free energy minimization problem discussed in this
work in the form

� F�E,B,J�dV = minimum!,

�A1�
constraint: J − G�E,B,R� = 0,

where F is again the free energy density as a function of B,
E, and J �denoting the magnetic field, the electric field, and
the current density� and J=G denotes the constraint due to
Ohm’s law, with R being the externally induced RMP field.
The Euler–Lagrange equations for this problem are

�F
�B

+
�F
�J

�G
�B

= 0, �A2�

�F
�E

+
�F
�J

�G
�E

= 0. �A3�

This is the form derived and discussed in the previous sec-
tions. It is based on the assumption that the plasma response
due to RMP fields tends to minimize the free energy. Another
point of view is the following: Consider the problem

� �J − G�E,B,R��2dV = minimum! � � ,

�A4�

constraint: � F�E,B,J�dV = f ,

where � is a nonzero positive quantity and f = f�R� depends
on the RMP amplitude R only. This means that now it is
assumed that Ohm’s law is not fulfilled exactly and that the

integral over the squared deviations from Ohm’s law is never
zero. However, it is also assumed that the plasma tends to
minimize these deviations. This reflects quite well the physi-
cal situation �and also the numerical simulation!�, where the
time-averaged stationary profiles of the magnetic and electric
fields considered here never perfectly fulfill Ohm’s law due
to the presence of fluctuations, here represented by �. The
�constant� integral over the free energy density serves now as
a constraint for the minimization problem. The Euler–
Lagrange equations for this case are

2�J − G�
�G

�B
+ �

�F
�B

= 0, �A5�

2�J − G�
�G

�E
+ �

�F
�E

= 0, �A6�

and

2�J − G� + �
�F
�J

= 0, �A7�

where � denotes a Lagrange multiplier. Using Eq. �A7� in
the relations �A5� and �A6� one finds

�� �F
�B

+
�F
�J

�G
�B

� = 0, �A8�

�� �F
�E

+
�F
�J

�G
�E

� = 0, �A9�

with Lagrange multiplier � determined by

�2

4
� � �F

�J
�2

dV = � . �A10�

Thus, for ��0, the Euler–Lagrange equations of the free
energy minimization problem, Eqs. �A2� and �A3�, and those
of the “Ohm’s law error minimization,” Eqs. �A8� and �A9�,
are identical. This means that the assumed trend to fulfill the
stationary Ohm’s law causes a free energy minimization.
Consequently, the resulting analysis is the same as presented
in the previous sections. However, also this result does not
give a proof for the validity of the free energy minimization
approach applied in this work because the requirement of
error minimization �fluctuation minimization� formulated in
Eq. �A4� is a conjecture as well. Nevertheless, the different
points of view discussed here—together with the reasonable
agreement of results obtained from the simple model and
extended simulations demonstrated in Sec. V—might sup-
port the plausibility of the approach employed.
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