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Stability of hopfions in bulk magnets with competing exchange interactions
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Magnetic hopfions are string-like three-dimensional topological solitons, characterised by the Hopf number.
They serve as a fundamental prototype for three-dimensional magnetic quasiparticles and are an inspiration for
novel device concepts in the field of spintronics. Based on a micromagnetic model and without considering
temperature, the existence of such hopfions has been predicted in certain magnets with competing exchange
interactions. However, physical realisation of freely moving hopfions in bulk magnets have so far been elusive.
Here, we consider an effective Heisenberg model with competing exchange interactions and study the stability
of small toroidal hopfions with Hopf number Qy = 1 by finding first-order saddle points on the energy surface
representing the transition state for the decay of hopfions via the formation of two coupled Bloch points. We
combine the geodesic nudged elastic band method and an adapted implementation of the dimer method to resolve
the sharp energy profile of the reaction path near the saddle point. Our analysis reveals that the energy barrier
can reach substantial height and is largely determined by the size of the hopfion relative to the lattice constant.
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I. INTRODUCTION

During the past decade, the topological classification of
electronic and magnetic structures has been an important
subject in condensed matter physics. On the magnetic side,
the nanoscale magnetic skyrmion has been at the center of
attention. It is a localized magnetization texture n(x, y) with
particle like properties described as a two-dimensional (2D)
topological soliton of finite energy. The topology is character-
ized by the second homotopy group m>(S?) = Q, where the
winding number Q, determined through the unity magnetiza-
tion field n(x, y) as

o= [ (™)
n_471 Rzn ax  dy T

and also referred to as topological charge, is the additive group
of integers. As a consequence of m,(S?) = Q, it is possi-
ble to split the set of all maps n(x, y) : S> — S? from the
two-sphere of the base manifold r, = (x,y) € R?, properly
embedded in R? U {oo} <— S? by the natural boundary con-
dition that n(|r,| — 00) = €, goes to the ferromagnetic state
at large distances, onto the two-sphere of the magnetization
field described as a unity field n(r,) € S? with n € R? and
[n| = 1, into homotopically distinct classes that cannot be
continuously deformed into each other. Usually, one iden-
tifies a magnetic skyrmion by the topological property that
the magnetization pattern is twisted in such a way that it
points in all possible directions exactly once resulting in the
winding number Q = —1. Here, €, is the unit vector of the
magnetization in z direction. The magnetic skyrmion received
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its name from its topological similarity to the skyrmion in
the original Skyrme model [1], where the topological soliton
describes a three-dimensional (3D) particle in the pion field
and is characterized by the third homotopy group m3(S?) = Q
satisfying the mapping S* — S? [2].

The solitonic stability of the magnetic skyrmion goes
back to the micromagnetic energy functional for which stable
skyrmions [3,4] were conjectured in chiral magnets stabi-
lized by the presence of the relativistic Dzyaloshinskii-Moriya
(DMI) [5] interaction. The two dimensionality, the nanoscale
size, the emergence in thin films [6,7] and heterostruc-
tures [8,9], the stability [10-14], the possible movement
by low electric current densities [15,16] and the electrical
detectability [17-20] turned the skyrmion into an interest-
ing and intensively studied entity for information storage
[21], processing [22] and neuromorphic computing [23,24].
Extensions to antiskyrmions [25-27], skyrmions in cen-
trosymmetric magnets stabilized by exchange frustration
[28-30] or skyrmions with higher topological charges [31]
have been discussed.

Less advanced is our understanding of these 2D topological
objects in 3D solids, and indeed skyrmions exist also in chiral
magnetic bulk crystals [32—-34]. On the one hand, we expect
here the topologically trivial embedding of the 2D skyrmions
as 3D skyrmion tubes or strings with large aspect ratios build-
ing complex three-dimensional filamentary magnetic textures
in bulk materials. In fact, such rope-like twisted patterns of
skyrmion strings were only confirmed recently [35]. On the
other hand, also the emergence of 3D localized hybrid mag-
netization textures consisting of a smooth skyrmion (tube)
field terminated by one, as in the case of the chiral bobber
[36,37], or two monopoles or Bloch points, respectively, as in
the case of the chiral magnetic globule [38] (also coined toron
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Hopfion normal
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FIG. 1. Illustration of the geometry of an isotropic toroidal hop-
fion with unit Hopf invariant. The toroid is formed by the n, =0
isosurface of the spin direction n(r). Further indicated are the equa-
torial plane and one of its normals passing through the center point of
the toroid. The latter is called the hopfion normal. The colored curves
(and cones) are depictions of pre-images, spatial curves along which
the spin direction is constant and points into the direction of the cone
tip. The color is chosen according to the spin orientation as indicated
in the inset. Since this hopfion has a Hopf invariant of Qg = 1, each
pair of pre-images is linked exactly once.

as in Ref. [39]) are theoretically conceivable and have lately
been confirmed experimentally [40]. The hybrid nature of
these localized particles consisting of a smooth and a singular
magnetic texture leads to electric transport properties, which
are very different from those of the smooth skyrmion textures
[41].

In this paper, we go one step further and focus on topo-
logical Hopf solitons or hopfions, smooth localized fully 3D
magnetization textures n(r), with r € R3 and n e S? satisfy-
ing the first Hopf map [42] n: S? — S? with the related
homotopy group 73(S?) = Qu employing the analogous com-
pactification principle for the base manifold R3 U {co} <—
S3 as for the skyrmions above. Obviously, the map n is surjec-
tive and for any point p € S on the magnetization two-sphere
its pre-image n~'(p) is a curve in the base manifold and
homeomorphic to a circular fibre S! € S* of constant spin
direction p. Two distinct points p on S? lead to two distinct
circles S', which are interlinked and the integer Qi (n), which
counts the number of links of two mutual pre-images, is
known as the Hopf index Qg (n). It is the defining topological
property of the hopfion. While for the skyrmion the magne-
tization points in every possible direction exactly once, for
the hopfion the magnetization points in any fixed direction
on closed spatial curves. In Fig. 1 the example of a toroidal
hopfion with Hopf number Qi = 1 is shown. The Hopf index
can be computed directly from the magnetization field using
the Whitehead formula [43]

1
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where the two auxiliary 3D vector fields, the solenoidal field
F defined as

on on

F,=¢43,n-| — x — with B,y edx, v,z
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and the implicitly defined field A, V x A =F, have re-
lations familiar from electrodynamics. Here, g4g, is the

antisymmetric 3D Levi-Civita tensor. While single skyrmions
can propagate freely in 2D, hopfions can propagate in all three
spatial directions, which can open up an additional dimension
in the development of magnetic storage, data processing sys-
tems, or neuromorphic devices.

Stable static nanoscale magnetic hopfions with and with-
out external magnetic field, magnetic anisotropies, or device
boundary conditions have been theoretically proposed in sev-
eral types of magnets with suggestions of different hopfion
stabilization mechanisms. Most straightforward seems the
generation of hopfions from skyrmions in chiral ferromag-
nets [39,44-47] or chiral magnets with helical or conical
background [48]. Examples include the creation of a closed
loop of a twisted magnetic skyrmion string [44] or from
a target skyrmion in a nanocylinder [45,46] by introducing
perpendicular magnetic anisotropy at interfaces. Currently,
the stabilization of hopfions in all-Heisenberg magnets with
frustrated exchange interactions proposed by several authors
[49-52] looks most promising. Furthermore, there is the
group of beyond Heisenberg magnets where higher-order
spin-interactions lead to the stabilization of hopfions. An ex-
ample is the Faddeev-type [53] hopfions proposed in magnets
with strong topological orbital magnetism [54]. Common to
these models and mechanisms is that the description of the
physics, when expressed in terms of micromagnetic energy
functionals, leads to classical field equations with higher order
spatial derivatives that lower the energy of 3D twisted magne-
tization textures and stabilize hopfions as local energy minima
in the topological sector of finite Qy. Besides the question
of their stability, the dynamical response of hopfions to spin
polarized currents [55-60] and to external magnetic fields [61]
has been the subject of theoretical studies.

Despite these theoretical works, and despite the report
by Kent er al. [62] of strong experimental evidence for
the formation of a hopfion confined in a nanodisk of mag-
netic multilayers with strong DMI and out-of-plane magnetic
anisotropy, a free single hopfion is still very elusive experi-
mentally. This fact raises questions about the proper materials,
the experimental characterization capabilities of nanoscale
3D magnetization textures and the stability of hopfions. Is
the topological protection by the topological linking number
against the decay to the ferromagnetic ground state weaker
than the protection of the skyrmion by the topological charge?

One source of instability for any topologically protected
magnetization particle is the granularity of the underlying
crystalline lattice. The concept of topological protection ex-
clusively applies to a smooth field n(r). This field is a very
good approximation to the more realistic description by a
spin-lattice model, where the magnetization texture is de-
scribed by local magnetic moments {n;} placed at atomic sites
i, if the difference of angles between neighboring spins is
small compared to their distance. In particular, this condition
is frequently violated when the magnetization particle shrinks
at the saddle point to the ferromagnetic transition [12-14].
A second source of instability is the formation of (pairs of)
Bloch points [14] in the vicinity of saddle points. In 3D, the
phase space volume for the formation of Bloch points is larger
than in 2D, and accordingly more pairs can be formed, which
may indicate that hopfions have more decay channels than
skyrmions. On the other hand, at least for chiral hopfions in
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constraint geometries, a sizable barrier was calculated for the
transition to a magnetic toron [39] under an external magnetic
field, which is consistent with the experimental result of Kent
et al. [62].

In this paper, we investigate the stability of free isolated
atomic scale hopfions in ferromagnets with frustrated ex-
change interactions against the decay to the ferromagnetic
ground state. In order to shed light onto this uncharted terri-
tory, we focus on the stability of the simplest possible hopfion,
a toroidal hopfion with Hopf number Qy = 1. The magnet
with exchange frustration—a situation where the magnetic
state does not energetically satisfy the energy minimization
of all mutual ferro- or antiferromagnetic pair interactions be-
tween local magnetic moments at different sites—is described
by a Heisenberg model with competing exchange interactions.

We explore the variation of the energy barrier between the
topologically nontrivial and trivial magnetic state as well as
the hopfion nucleation energy, respectively, for a large set of
exchange parameters. These energy barriers are calculated by
finding first-order saddle points, which are stationary points in
a high-dimensional energy landscape with exactly one mode
of instability, or in other words, of negative energy curvature.
They are maxima of minimum energy paths (MEPs) and,
therefore, provide information about the energy bottleneck
that the system has to overcome in a given decay trajectory.
These energy barriers enter into thermodynamical models of
rare events such as transition state theory [63], which provide
an estimate of the thermal stability of hopfions.

To calculate the energy barriers for the hopfion decay effi-
ciently, we combine the geodesic nudged elastic band (GNEB)
method [10], which has been extensively used in the study
of skyrmions [11-14], with our implementation of a dimer
method [64]. Our variant of the dimer method is a modifica-
tion of the GNEB method. It is a single ended saddle point
search method similar to minimum mode following, which
has also been applied to skyrmions [65].

The Heisenberg parameters span a gigantic phase space
of stable and excited magnetic structures, of which hopfions
may only cover very particular regions. In order to target and
explore at least one hopfion region successfully, we make
use of a recently developed micromagnetic model by Ry-
bakov et al. [52] for cubic magnets with frustrated exchange
interactions, negligible magnetic anisotropy and absence of
an external magnetic field, which exhibits hopfions as en-
ergy minima under particular conditions of the micromagnetic

J
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parameters. The micromagnetic parameter space for which
hopfions are stable provides the key to our choice of effec-
tive Heisenberg exchange parameters. For convenience, this
model is referred to as RKBDMB-model throughout the paper
according to the initials of the authors that introduced the
model [52].

To our surprise, we found that the energy barrier for the
set of parameters studied can reach a significant fraction of
the hopfion energy. In general, we can conclude that, when
working in the regime of (small) toroidal hopfions, the energy
barrier increases with the hopfion size or, equivalently, when
the angle between magnetic moments on neighboring atomic
sites decreases.

The article is organised as follows: First, we summarize
the RKBDMB model. Furthermore, we introduce a rescaling
of the RKBDMB model in terms of reduced parameters to
simplify our computational analysis. Second, we introduce the
Heisenberg model. Details of all exchange parameters used
can be found in Appendix A. In Sec. III, we describe the com-
putational method for estimating the stability of the hopfions
in terms of the energy barrier between the hopfion state and
the ferromagnetic ground state. This analysis is performed by
means of atomistic spin simulations employing the Heisen-
berg model with exchange parameters based on the RKBDMB
model. Details of the hopfion ansatz function, we used to
begin the energy minimization of the hopfion configurations,
is given in Appendix C. Then, we introduce and discuss two
numerical methods to investigate the details of the energy
barrier, (i) the geodesic nudged elastic band (GNEB) method
and (ii) a new formulation of the dimer method. In the results
part (Sec. IV), we apply these methods to toroidal hopfions
with Hopf number Qi = 1 and discuss the findings. This is
followed by the conclusions in section (Sec. V). The color
code used to represent the vector field direction is defined
in Appendix B, and the structure of the magnetic globules,
encountered in the hopfion decay, is described in Appendix D.

II. MODELS

A. Micromagnetic model

We briefly summarize the RKBDMB model [52], describ-
ing magnetization textures in terms of the unit vector field
n(r), with |n(r)| = 1, in cubic bulk magnets with frustrated
exchange and negligible magnetic anisotropy by the energy
functional

9%n ’ 3%n ’
—|+C dr, 3
8r§>+ Z (8@8@) r 3

o, fF#o

where o, B € {x, y, z}, A is the spin stiffness, and B, C are exchange constants beyond the micromagnetic standard model.
To simplify our analysis it is convenient to introduce a system of reduced units. Via the substitutions

r — x=r/ry with

and

E— E£=E/E

B+C
=y )
with  Ey = Ary, (®)]
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Eq. (3) is transformed into

5:43[%:(;72)2+(1—y)2

o, BFa

with one dimensionless parameter

_ C
 B+C

We restrict the analysis to the regime of A, B, C > 0 in which
the ground state is ferromagnetic and consequently y only
takes values within the interval [0,1]. It is evident that y = 0
corresponds to C =0, while y =1 corresponds to B = 0.
Further below, we show that y can be interpreted as an
anisotropy parameter that controls the symmetry of locally
optimal spin configurations, ranging from (amongst others)
toroidal hopfions with hexagonal symmetry at y = 0 to the
fully isotropic case attained at y = 6/7 when C = 68, to a
quadratic symmetry at y = 1. The parameter ry is a length
scale that isotropically scales the size of these configurations
without changing the symmetry.

According to the approximate criterion, derived by Ry-
bakov et al. [52], hopfions are likely to be local energy minima
of discrete realisations of the energy functional (6), if the
condition

Y N

d 2
max(y, 6(1 —y)) £ 6-5(r—> ®)
0

holds, where d is the distance between nearest-neighbor spins.
In the case of the simple cubic lattice, considered in this
article, d equals the lattice constant a.

B. Heisenberg model

The RKBDMB model can be understood as the long-
wavelength limit of a minimal effective isotropic Heisenberg
Hamiltonian

4
H==3) J ) m-n, ©)
s=1 - (iJ)s

a spin-lattice model considering the magnetic interaction be-
tween atoms up to four atomic shells s of nearest-neighbor
atoms. The inner sum runs over unique pairs of atoms (i, j);
with site indices i, j for which the classical spin vectors n;
and n; € R3 of unit length |n;| = 1Vi, lie in each others sth
nearest-neighbor shell. Restricting the long-wavelength ex-
pansion of the Heisenberg model to the fourth power in the
angular change of the magnetic moments between neighbors
relates the micromagnetic and the Heisenberg models by a lin-
ear mapping A{B, C} = ) a,{bs, ¢;}J; between the exchange
coupling strengths J; of the four shells of nearest-neighbor
atoms and the micromagnetic parameters A to C [for details
see (A1)]. Obviously, this linear relationship expresses an
enormous compression of information and degrees of freedom
when treating a micromagnetic model instead of an atomistic
one. It is also clear that the relationship between the parame-
ters A to C also depends on the underlying atomic lattice.

2
3’n 82n>
%2 a2
dx,  Oxg

3 n )’ dr 6)
v dx,0xp ’

o, BF#a

(

III. ATOMISTIC SPIN-SIMULATIONS: COMPUTATIONAL
DETAILS AND METHODS

Our atomistic spin simulations utilize the classical Heisen-
berg Hamiltonian (9) and were performed with the Spirit
code [66]. It is obvious that the Heisenberg model describes
a much richer spectrum of spin textures than the micro-
magnetic model, but the search for hopfions requires an
excessive amount of calculations in order to explore the high-
dimensional parameter space. This is time consuming and at
present very difficult.

Instead, to systematically choose exchange parameters Js
of the Heisenberg Hamiltonian for which we can expect stable
hopfions, we make use of their existence within the RKBDMB
model by relating the J; to the set of reduced units given by
(4), (5), and (7) by making three free but reasonable choices.
(i) We kept the characteristic energy Ey fixed at 1 meV, (ii)
set J; = 40meV, and (iii) chose a simple cubic lattice with a
lattice constant @ = 1 A. As long as the truncation error due
to neglecting higher orders of derivatives of the magnetiza-
tion structure, when converting between the discrete model
(9) and the continuous micromagnetic functional (6), remains
relatively small these choices do not significantly affect the
results. After these quantities were fixed, we arrived at a
one-to-one mapping from the symmetry parameter y and the
characteristic length scale ry to the exchange couplings J;.
Then, we sampled y and ry on aregular grid and used the map-
ping to the exchange couplings to construct the corresponding
Heisenberg Hamiltonian. To obtain toroidal hopfions, with
Hopf charge Oy = 1, the energy of a suitable ansatz (see
Appendix C) was minimized up to machine precision with a
solver specialised in norm-conserving optimisation [67]. The
simulation box contained 64° spins and the boundary con-
ditions were periodic. This box is sufficient to obtain saddle
points for isolated toroidal hopfions with a diameter of up to
roughly 30 a. While some finite size effects, like a numerical
anisotropy due to the shape of the simulation box (and the
choice of bravais lattice) as well as slight shape deformations
in the case of the largest studied Hopfions are present, they do
not influence the energy barriers significantly. An overview of
the tested parameters, as well as how they fit to the predictions
of the stability criterion (8), is presented in Fig. 2(a). Further
details can be found in Appendix A.

The saddle points have been obtained in a two step process.
First, the geodesic nudged elastic band (GNEB) method [10],
as implemented in Spirit, has been used as a preconvergence
step until the effective forces on every spin of every image
reached values in the order of 1072 meV. Please note that the
definition of the effective forces in the GNEB and the dimer
method is given in the next section. Then, the two consecutive
images on the path with the lowest (most negative) energy
curvature were determined by forming finite differences. We
then applied the dimer method, a modification of the GNEB
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FIG. 2. (a) The investigated parameter space (y, o). The characteristic energy Ey has been kept constant at 1 meV, while y has been varied
in steps of 1/7 and ry in steps of 0.5 a, where a is the lattice constant of the simple cubic atomic lattice. The markers show the discrete pairs
of (y, ro) for which the energy barrier was investigated. A blue circle signifies a stabilized hopfion and a red cross signifies a point where a
hopfion could not be stabilized and the system would decay into the ferromagnetic ground state. The blue (red) shaded background illustrates
the region where the criterion Eq. (8), which is derived from micromagnetic models, predicts hopfion stability (instability). The images of the
magnetization textures at the top and right side show n, = 0 isosurfaces of the magnetization texture, for different values of y and ry. The color
tone of the surface depends on the azimuthal angle of the spin direction; additionally, a detailed depiction of the colorcode can be found in
Appendix B. Small white dots on top of the blue circles mark (y, ) points for which isosurfaces are shown. (b) Cross section of the isotropic
(y,ro) =(6/7,5a) hopfion in a plane containing the central normal of the toroid. The bottom inset illustrates the cross section plane in relation
to the n, = 0 isosurface. (c) Cross section of the same hopfion in the equatorial plane of the toroid. Again, the bottom inset illustrates the cross

section plane in relation to the n, = 0 isosurface.

method that we implemented in the Spirit code for this
purpose, to these two points in order to converge the saddle
points down to effective forces on the order of 10~'?> meV. For
the initial path of the GNEB calculation, we used 20 discrete
images and interpolated homogeneously from the hopfion to
the ferromagnetic state. If more than one minimum energy
path connects the given initial and final states, then other
initial paths for the GNEB calculation would need to be tested
to find them all, but at present only the homogeneous initial
path has been used.

In the following, we briefly describe the GNEB and the
dimer method. The latter is a modification of the GNEB
method and similar, but not identical, to the dimer method by
Henkelman et al. [64].

A. Geodesic nudged elastic band method

The GNEB method is a scheme for finding minimum en-
ergy paths (MEPs) between minima corresponding to initial
and final states. To achieve this, the method arranges several
images of the spin system in a chain, thereby providing a
discretized interpolation between the initial and final config-
uration. The MEP is found by iteratively following effective
forces acting on the entirety of the chain of images. For a chain
of C images with N spins per image, the total force acting
on image v of the chain is a vector with 3N components and
given by

F,=S8,+G- with ve2,...C—1, (10)

where S, is called the spring force and G- is the gradient force
projected orthogonally to the path tangent ¢#,. Notice that the
endpoints of the chain (v = 1 and v = C) are excluded in (10)
and remain fixed. The spring force S, ensures that, during the
iterative optimization, the discrete images remain distributed

equidistantly along the chain and is defined as
Sv = (AU,U+] - Av—],v)tv» (11)

where A, 41 is a measure of distance between image v and
image v+ 1 and ¢, is the tangent to the path at image v.
The distance between two adjacent images v and v + 1 is
computed from the angles, denoted by the symbol Z, between
spins,

Ayt = /2.4(11}““), n)’, (12)
(v

where n; ) is the ith spin of image v. The tangent ¢, is found
from the central finite difference between image v + 1 and
image v — 1, which is then orthogonally projected to image v,

[dgv—l,v-&-l) _ (d(lu—l,v+1) . niv))n(lv)]a
[ = : .3

a0~ @

where

dlgu—l,u+1) _ nlgu+1) . n;v—l)’

and o € {x,y, z}. Note that the tangent found in Eq. (13) is
additionally normalized as a 3N vector.

The gradient force acting on a spin n?”) is found by taking
the negative of the partial derivative of the energy, given by
the Heisenberg Hamiltonian Eq. (9), with regards to the spin
direction. The gradient force vector G, is the composition of
these single spin forces

- [Vn(l")H]a
o= = | (14)
- [an’)H]a

104404-5



SALLERMANN, JONSSON, AND BLUGEL

PHYSICAL REVIEW B 107, 104404 (2023)

A E F
O ¢ ‘
- 10
25 A E
- 8 )
_ 20 1 g
S
5 15 A - 6 E
& k|
5 10 7 L4 2
<
5 3
2 Mm
N
0 T T T T 0 - F—
1 T 1 T T T 1 T 1 3 1 1
0 100 200 300 400 500 O 100 200 300 400 500

Reaction coordinate [arb.]

Reaction coordinate [arb.]

FIG. 3. (Left) Minimum energy path for (y, ry) = (6/7, 5 a). The inset shows a zoomed subsection of the path, where many intermediate
shallow minima form. Beyond the saddle point A, a pair of Bloch points emerges. The orange shading marks the interval in which this pair
exists. (Top) The images show renderings of the n, = 0 isosurface at different points of the path—marked by capital letters. The surfaces are
colored according to the azimuthal angles of the spins, within the xy plane, and show the evolution of the spin texture from the emergence of
the pair of Bloch points at “A” to its collapse at “F”. For details of the colorcode see Appendix B. (Right) The distance between the pair of
Bloch points as a function of the reaction coordinate. The gray shade in the background represents the energy and is intended as a visual guide.

and we can form the projected gradient force G- by removing
the component parallel to the path tangent

G- =G, — (G, -t,)t,. (15)

We note that the climbing image variant of the GNEB
method (CI-GNEB) can be used to place one of the images
exactly at the maximum of the MEP and therefore at a saddle
point. In the CI-GNEB method the spring force S, acting on a
selected so-called climbing image, is deactivated and replaced
by the inverted component of the gradient force along the
tangent.

B. Dimer method

One disadvantage of the GNEB method is that both states,
the initial and the final, need to be known in advance. Another
drawback is that typically the entire path has to be discretized,
which makes the calculations expensive and possibly leads to
a low resolution around the saddle point. In this paper, the lat-
ter made the computations with the GNEB method intractable
because the energy barriers for many of the transitions are
sharply peaked—as shown in the example of the path in Fig. 3.
One approach to deal with this reduced resolution around the
saddle point is to introduce energy weighted spring forces
[68,69], which increase the density of images near energy
peaks of the path.

Here, we have chosen an alternative strategy that alleviates
both of these problems at once by implementing a variant
of the GNEB method that uses only two images, turning
the chain into a dimer. There are several advantages to this
method: On one hand, it allows for arbitrary resolution around
the saddle point, and on the other hand the computational

effort is greatly reduced since fewer images are needed. An
additional property of the method that deserves mentioning,
although we do not make use of it here as it is beyond the
scope of the present paper and may be explored in detail else-
where, is that (unlike GNEB) it does not rely on knowledge
of a final state and therefore can uncover new transitions and
saddle points.

In our dimer method the forces on the two images, 1 and 2,
are given by

Fip=S8,+Gip+ T (16)

The different force contributions are discussed below.

Compared to the regular GNEB method, the spring forces
S}, are modified and an equilibrium distance ¢ is introduced,
which prevents the two images from collapsing into each
other, leading to

12 = (A2 = 8. (17)

To estimate the path tangents #,, a forward/backward dif-
ference is used, as opposed to the central finite differences
from the GNEB method. The definitions of the projected gra-
dient forces Gll/2 are identical to the regular GNEB method.
Lastly, we define the translational forces 77/, which move
the dimer towards an energy maximum along the tangent,
without changing the relative distance of the endpoints. They
are constructed by inverting the average of the gradient forces
of both endpoints and projecting it along the tangent. Before
taking the average, the forces are rotated into the tangent
frame of the respective spin configuration giving

Tip == 3(Gij2 + Rajim12Gap) - tipe ]t 2, (18)
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y=0, ro=3a

y=6/7, ro=5a

y=1,ro=5a

Hopfion

Hopfion

Saddle point

Saddle point Hopfion Saddle point

FIG. 4. Comparison of several hopfions to their saddle points. The top row contains renderings of the n, = 0 isosurface, while the bottom
row shows cross sections in a plane orthogonal to the equatorial plane of the hopfion. The grey shape in the background of the cross sections is
a projection of the n, = 0 isosurface and intended as a visual guide. All of the saddle points are a result of the formation of two Bloch points

along the hopfion normal.

where R1/2-.2/1 denotes the transformation from the tangent
frame of one endpoint configuration into the other. The trans-
formation R;_,,G; is found by applying the 3 x 3 rotation
matrices REI’Z), which rotate the ith spin of the first image ngl)
into the ith spin of the second image nl@, to the component
vectors of the gradient force resulting in

(R 0H],

Ri-2Gy = : (19)
[RY PV, %),
The rotations ngl,z) can be defined by using axes ngl) X nfz)

and angles A(ngl), nf.z)) together with Rodrigues’ formula

[70]. For the inverse transformation R,_,1G, these rotation
matrices are transposed.

IV. RESULTS AND DISCUSSIONS

The computational results of our analysis of the hopfion
stability [in the sense of local minima of the Heisenberg
Hamiltonian (9)] are summarized in Fig. 2. Along the perime-
ter of Fig. 2(a), the n, = 0 isosurfaces of the magnetization
texture are presented, which give evidence on the influence of
y and ry on the shape of the stabilized hopfions. A change in
the symmetry parameter y deforms the shape of the hopfion
taking it from an approximate sixfold symmetry at y = 0 to
an approximate fourfold symmetry at y = 1, while simultane-
ously reducing the size of the isosurface. For the intermediate
value of y = 6/7, where the micromagnetic energy functional
(6) is isotropic, the shape of the isosurface is a torus. A change
in the characteristic length scale ry, on the other hand, leads
to an isotropic growth or shrinkage of the hopfion, preserving
its symmetry. Notice that both ry and y influence the size of
the hopfion.

As Fig. 2(a) also demonstrates, the analytical stability
criterion (8) holds quite well and gives the correct qualita-
tive behavior of larger ry being needed to stabilize hopfions
with fourfold (y = 1) rather than sixfold symmetry (y = 0).

Some small deviations between the criterion and our re-
sults can be found at the phase boundary of stability, where
the hopfions become too small to sustain. Of course, this
boundary is also the regime where the continuous model
becomes least accurate. Figures 2(b) and 2(c) display the di-
rections of individual spins along two different cross-sectional
planes of the isotropic (y, ro) = (6/7, 5 a) hopfion. Notice
how the spin direction transitions to the ferromagnetic state
away from the localized hopfion structure. In the cross
section orthogonal to the equatorial plane [Fig. 2(b)] the mag-
netization winds around the torus with two opposite senses of
rotation.

All the saddle points found show the same structure: The
“donut” hole in the n, = 0 isosurface of the hopfion vanishes
and the toroid is turned into a biconcave disk (an oblate discus
squeezed in the center to obtain two concavities), with pairs
of Bloch points emerging along the normal of the equatorial
plane of the toroid (hereafter called hopfion normal, see also
Fig. 1). A few examples of these saddle points are displayed
in Fig. 4.

Knowledge of the saddle point spin configuration is
sufficient for the calculation of the energy barriers. It is
nonetheless instructive to inspect the minimum energy paths.
In Fig. 3, a minimum energy path is displayed for the isotropic
hopfion (y = 6/7) with the largest tested value of ry = 5a.
One noticeable feature of the MEP is the sharp peak of the
energy curve at the first saddle point and how quickly the
slope rises when moving towards the peak from the initial
state. Further, the behavior of the Bloch point pair beyond the
saddle point is illustrated in the right panel of Fig. 3, where the
distance between the two Bloch points is plotted as a function
of the reaction coordinate. After forming at the saddle point,
they move apart while the spin structure relaxes into an oblate
spheroid. Then, the distance between the pair stays almost
constant, while the oblate spheroid becomes more and more
spherical, resulting in a local energy minimum—a globule
state. We note that similar states have been reported in chiral
magnets by Miiller ez al. [38], although there they do not occur
as isolated structures but, instead, are coupled to a spin spiral.
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FIG. 5. Energy barriers as functions of the characteristic length
scale ry (top panel) and as a function of Ry (bottom panel). The
radius Ry is related to the overall size of the Hopfion and defined
as the average distance of points in the n, = 0 isosurface from the
toroid center point parallel-projected to the equatorial plane, (bottom
panel). The inset in the bottom panel illustrates the definition of Ry.

After their creation at the initial saddle point, the Bloch
points move towards each other and form many intermittent
globule minima, with almost vanishing energy barriers. An
enlarged view of that region of the MEP is displayed in the
inset of the left panel of Fig. 3. The Bloch point distance
between subsequent globule minima changes in steps of one
lattice constant, causing the MEP to exhibit a staircase pat-
tern. This, together with the extremely small energy barriers,
underlines the strong influence of the crystalline lattice on
the the Bloch points forming the globule minima. Finally,
the Bloch points annihilate, the remnants of any noncollinear
magnetization disappear and the entire object relaxes into the
ferromagnetic state.

We note that similar globule configurations do emerge
along the MEP for all values of y and ry. However, for the
smaller values of ry tested in this paper, these configurations
are not necessarily local minima and instead can be observed
as shoulders in the MEP, similar to the state labeled “F” in
Fig. 3. In these cases, the initial saddle point directly connects
the hopfion to the ferromagnetic ground state without any
intermediate minima.

The energy barriers for all the saddle points found are
shown in Fig. 5. In the tested parameter regime, they in-
crease nearly linearly with ry and reach substantial values for
large characteristic length scales ry. When ry is held constant,

50
40 A
=
5_30—89@%@%%%
5 o060 0 0 0 O
20 o—0 ° ©
o0 0—0—0
10 T T T T
2 3 4 5
ro Lal
50 A
40 +
=
=308
53]
20 A
10 T T T T
2 3 4 5
ro Lal
O y=0 O v=2/7 =@ y=4/7 =@= y=6/7
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FIG. 6. The top (bottom) panel shows the energy difference be-
tween the hopfion (saddle point) and the ferromagnetic ground state.
Notice the relation between the shade of the points and the value of
the symmetry parameter y.

hopfions with approximate sixfold symmetry (y = 0) show
a higher energy barrier than those with approximate four-
fold symmetry (y = 1). The highest energy barrier found of
13.875J; is obtained at (y, rg) = (0, Sa). The height of this
energy barrier is about 40% of the energy difference between
the hopfion and the ground state. As already stated, an in-
crease in y decreases the energy barrier. But since the change
in y affects the symmetry and the size of the hopfion, it is not
directly clear which of these effects is the most significant.
In order to analyze the role of the hopfion sizes, the bottom
panel of Fig. 5 presents the energy barrier against the average
radius Ry of the n, = 0 isosurface measured from the toroid
center. If the hopfion is isotropic (y = 6/7), Ry corresponds
to the radius of the torus (as also depicted in the inset of
the bottom panel of Fig. 5). A comparison between the two
graphs in Fig. 5 reveals that much of the variance between
the different y values vanishes and, therefore, hints at the fact
that the change in size, and not in symmetry, is the dominant
effect. Additionally, Fig. 6 presents the total energies of the
stabilized hopfions as well as the saddle points, both computed
as the difference to the energy of the ferromagnetic ground
state. While the energy of the hopfion increases only weakly
with increasing ry, the energy of the saddle point rises with
a steeper slope thus causing the energy barrier, and therefore
the stability of the hopfion, to rise together with ry.
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Evaluation of the energy barrier for the collapse is the
most important aspect of an assessment of the thermal sta-
bility of hopfions, but it is also important to estimate the
pre-exponential factor in the Arrhenius expression for the rate
since it can, in general, vary by several orders of magnitude. In
a concurrent study, Lobanov and Uzdin [71] have calculated
the pre-exponential factor for the collapse of hopfions, using
a similar Hamiltonian to describe the spin interaction, and
obtained an estimate of 10'8 to 102 s~!. This large value,
which in turn leads to short lifetimes, can be explained by
the fact that the entropy of the transition state tends to be
larger than the entropy of the initial hopfion state, opposite
to what has been found for the collapse of skyrmions [12].
Furthermore, they found that different values of the exchange
parameters J; chosen for the spin lattice model (9) can give
slight variations in the size and energy barrier of the hopfion
even when the values of the corresponding micromagnetic
model parameters A, B, and C of Eq. (3) are the same. The
calculations were, however, carried out for hopfions close
to the limit of stability, where the energy barrier for col-
lapse is very small, and this may make such variations more
pronounced.

V. CONCLUSIONS

Saddle points for Hopf charge Oy = 1 toroidal hopfions
in cubic bulk magnets with competing exchange interactions
have been computed in a systematic fashion on the basis
of a classical Heisenberg model evaluated numerically using
atomistic spin simulations. The energy barrier associated to
the saddle point is an important quantity for the stability of
hopfions against thermal excitations. The reference for our
investigation is the RKBDMB model [52], which introduces
a micromagnetic energy functional for continuous magneti-
zation fields that predicts hopfions in certain magnets with
competing exchange interactions.

We chose atomistic exchange interaction parameters in
an effective four-shell Heisenberg model and calculated the
hopfion size, energy and the energy barriers for the collapse
of hopfions to either a metastable globule state or the fer-
romagnetic ground state. We implemented an adapted dimer
method for saddle points searches that can achieve almost
arbitrary resolution around the saddle points while using only
two copies of the spin system. By combining the geodesic
nudged elastic band (GNEB) method with the dimer method,
many saddle points could be computed to higher precision and
with less computational effort than would have been possible
with the GNEB method alone. Consistent with the RKBDMB
model [52], the determined competing Heisenberg exchange
interaction parameters led to stable hopfions when the energy
minimization was initialized with the proper ansatz function.
In the parameter range investigated, ro/a < 5, the hopfion
energy is only weakly dependent on the characteristic length
scale ry given in units of the lattice constant a, but the energy
barriers scale nearly linearly with ry. Both depend on the sym-
metry parameter y. All saddle points found correspond to the
formation of pairs of Bloch points in the core of the hopfion
and we find that the main property determining the energy
barrier for collapse is the size of the hopfion compared to the
lattice constant of the magnetic crystal. For those hopfions,

which tend towards the upper size range studied here, the
saddle points found do not lead directly to the ferromagnetic
ground state, but to metastable, energetically extremely flat
toron states. Given the tiny energy barrier separating these flat
toron states from the ferromagnetic ground state, it can be said
that, for all practical purposes, the saddle points found connect
the hopfion to the ferromagnetic state.

For larger hopfions than those investigated here, ro/a > 5,
other collapse mechanisms could come into play and domi-
nate the decay of the hopfion to the ferromagnetic state thus
breaking the near linear relationship between energy barrier
and ry/a. It seems plausible that the favored collapse mecha-
nism in these cases would mediate the decay via the formation
of multiple Bloch points along the circumference of the toroid
ring.

By studying toroidal hopfions with Hopf index Oy = 1 as
an example, we show how properties of static atomic-scale
hopfions in magnets with frustrated Heisenberg exchange
interactions can be calculated, including the energy barrier
for decay to the ferromagnetic ground state. Considering the
mostly uncharted territory of hopfion stability, and the em-
bedding of this example into its larger context, this paper
may stimulate the investigation of hopfion stability of more
complex and interesting hopfions with different Hopf charge.

While our results indicate hopfions with potentially siz-
able energy barriers, a more complete picture of thermal
stability would also require estimation of the pre-exponential
factor. Here, the situation is less clear. The pre-exponential
factor has been investigated by Lobanov and Uzdin [71].
On the one hand, they obtained extremely low lifetimes,
which make the stability of hopfions seem questionable, on
the other hand, the parameter set considered in their study
is small and near the stability boundary of the hopfion. Pa-
rameters, that lead to larger hopfions, and the emergence
of different collapse mechanisms might affect the lifetimes
substantially.
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APPENDIX A: HEISENBERG EXCHANGE PARAMETERS

In a simple cubic lattice with lattice constant a, the rela-
tionship between A, B, and C of Eq. (3) and J; of Eq. (9) is
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FIG. 7. Color code that maps the direction of the spin unit vector
to hue and saturation. The azimuthal angle of the spin direction cor-
responds to the hue, while the polar angle determines the saturation.
The spherical shape at the center of the figure is colored according
to the radial vector of points on the surface. The surrounding rings
show colors according to spins oriented in the xy, yz, or xz plane
respectively.

given by Ref. [52] as

1 2 2 2 Ji
-A 2a a a a J2
—|_a _a _a _a
B|= % 24 24 6 A (A1)
C _a _a _Ja _a
48 3 12 3 Js

Fixing the value of J; enables us to invert the relationship
resulting in

-1

2 2 2 _ N
) A A=
— e _a _a Jia
;3 = 24 24 6 B+ 56 (A2)
4 —a _Ta _a Jia
3 12 3 C+3C

Finding the values for the micromagnetic constants A, B,
and C, given a certain set of reduced units ry, y, and E, is
straightforward as one just inverts Eqs. (4), (5), and (7),

A 1
B|=E|rn1=-y (A3)
C roy

Finally, we find the parameters J;, for a given pair of y and
ro, by setting J; = 40meV, a = 1 A, Ey = 1 meV, and using
Egs. (A2) and (A3).

APPENDIX B: HUE-SATURATION COLOR CODE FOR
SPIN ORIENTATIONS

Figure 7 displays the color code used throughout the article
to indicate the direction of the spin unit vectors {n;}. The
frequently shown n, = 0 isosurfaces only make use of the
colors of the xy-plane ring.

APPENDIX C: ANSATZ FOR INITIAL
HOPFION STRUCTURES

For the initial guess of the hopfion structures, i.e., before
energy minimization, the preceding stabilized hopfion with

y=6/7, ro=>5a
(@) (b)
\\ 333y
Qas |4
~~_\\\i§ | 444
i i l Eizzzz
APV PIssssnn
B o D e
aeessaniIol
o0 o e eeaeeacas
vveeewvvvE——
TR
774y
(c) (d)

FIG. 8. Several depictions of the first globule state encountered
in the collapse of the isotropic hopfion with y = 6/7 and ry = Sa.
(a) The n, = 0 isosurface and arrows for any spin with n, < 0 (b) Cut
through the center of the system orthogonal to the orientation of the
core spins. (¢) The uncolored n, = 0 isosurface and a cut through the
spin system. (d) Cut through the center of the system parallel to the
orientation of the core spins.

the next largest value of the length scale ry and the same sym-
metry parameter y was used. For the largest value ry = 5a,
for which no preceding minimised hopfion was available, a
continuous ansatz field [72] for an isotropic toroidal hopfion
in a ferromagnetic background aligned to the n, direction has
been used,

sint cos f
sintsin f |, (C1)
cost

n(r)=n(r,¢,0) =

where r, ¢, and 6 are the radius, azimuthal, and polar angle of
the position vector respectively and

t(r,0) = arccos (—2 sin® @ sin® & + 1), (C2)
1

f(l", ¢, 9) = ¢ — arctan (W), (C3)

()= ———m, (C4)

/R 2
= ta

with ¢; = 0.4867 and R = 5a. This ansatz field [72] was im-
plemented in the Spirit [66] framework prior to the present

paper.
APPENDIX D: GLOBULE CONFIGURATIONS

An enlarged depiction of the first globule state encountered
along the MEP of Fig. 3, is shown in Fig. 8. It corresponds
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to the state labeled “D” in Fig. 3 and occurs after the Bloch
points have emerged and the outer structure of the hopfion has
contracted. The n, = 0 isosurface has a spherical structure and
consists of two Bloch points at the poles, which are connected
by a string of spins oriented anti-parallel to the background
spin orientation.

APPENDIX E: DETERMINATION OF HOPFION SIZE

To compute the hopfion radius Ry, used in Fig. 5, the
following scheme has been applied: First, the center point
of the hopfion C was found by taking the average of all
lattice positions where the angle between the spin direction n;
and the direction of the ferromagnetic background exceeded
/4,

C= (l‘i> where r; € Rﬂ/4 (ED)

with
Rrs = {r; where Z(n;, &;) > m /4}. (E2)

Then, the direction of the hopfion normal N was determined
by numerically minimizing the objective function

K@.6)= Y IN@.6) ;i —COF.,  (E3)
l‘,‘ER,,/4
with

cos ¢ sin 6
sin¢gsinf |. (E4)
cosf

N(¢.0) =

Finally, we evaluate Ry by taking the average over the
position vectors in the n, = 0 isosurface, projected onto the
equatorial plane,

Ry = (Ir; — (r; - N)N|) with (n;), € [-0.1,0.1]  (E5)
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