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Chapter 1

Introduction

1.1 Quantum Computation

Quantum computers develop computation technology based on quantum mechan-
ical phenomena, e.g. superposition, entanglement and interference. The field of
quantum computing can be traced back to 1980’s. Paul Benioff first put forward
a theoretical demonstration of a quantum mechanical prototype of the Turing ma-
chine [1], but it was not computationally powerful than a conventional classical
one. Two years later, Richard Feynman proposed the first nontrivial application
of quantum physics and believed that it can be only simulated on quantum com-
puters [2]. Subsequently, David Deutsch developed this idea of applying quantum
mechanics to solve computational problems in computer science [3]. However,
these nice ideas destined to remain on paper until 1994 when Peter Shor found
the first potentially useful way to use a hypothetical quantum computer, and
invented the polynomial-time quantum computer algorithm for integer factoriza-
tion [4]. Another remarkable algorithm was discovered by Lov Grover for searching
an unsorted database [5]. Both of them provide a superior speed up over classical
counterpart.

The laws of quantum mechanics enable to do more than encoding what can be
done with bit. They help to solve problems which no classical computer can solve
in any feasible amount of time. This ability is known as quantum supremacy or
quantum advantage [6]. Then it comes to the question, how to perform quantum
computing on a certain physical system? About twenty years ago, David DiVin-
cenzo organized a set of characteristics for the physical realization of a quantum
computer, known as DiVincenzo’s criteria [7], and they will be briefly reviewed
here.
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1.1.1 What is a qubit?

In contrast to classical computers which use bits, quantum computing merges two
great scientific revolutions of the 20th century: computer science and quantum
physics, and uses the quantum states of an object to produce what’s called “quan-
tum bit”, namely qubit. A well-characterized qubit should have a distinguished
two-level system from higher energy levels. The two energy levels of a physical
qubit are often defined as ground state |0) and excited state |1), which are two
orthogonal vectors in a two-dimensional vector space. The energy difference be-
tween the two states is referred to as the qubit frequency by assuming the reduced
Planck constant A = 1.

Similar to classical computers, physical qubits should have the ability to be
scaled up to any numbers. A logical qubit used for programming, consisting of one
or more physical qubits, can be in a superposition, partly in |0) and partly in |1)
state. There are hundreds of physical systems which have well-defined two level
system, and are easily scalable. These quantum systems can be classified in terms
of the qubit characteristics. For instance, qubits can be based on atomic physics
such as trapped ions and neutral atoms. Trapped ions are confined and suspended
in free space using electromagnetic fields [8-10], while neutral atoms are realized in
optical or magnetic traps encoded in hyperfine-Zeeman ground substates [11-14].

Other popular qubits are based on solid-state systems that are integrated into
a solid material with the nanofabrication techniques. Qubits in solid state systems
take advantage of spin states or charge states such as semiconductor qubits [15-
19], superconducting qubits [20-25] and topological qubits [26-29]. Beyond nat-
ural and artificial atomic systems, photonics is also a promising platform and
can be manipulated to create a quantum processor in semiconductor chips, e.g.
Silicon chip [30-33], making possible photon-photon interactions in a compact
chip-integrated device.

1.1.2 How are qubit states reset?

Registers in classical computers should be initialized to a known value before
starting computation. Equivalently in quantum computers qubit states should
be initialized usually to ground state. During quantum operations qubits heat up.
Therefore in order to be able to run quantum algorithms several times one after
the other, one needs a quick cooling method, i.e. resetting. This can be realized
by natural cooling, also called passive cooling, with the residual coupling to the
environment. Although passive cooling benefits in the energy efficiency and lower
financial cost, this protocol is inherently time consuming. The reason is that pas-
sive cooling transfers heat from qubit systems to the environment at the speed of
relaxation rate, which is always minimized to lower the probability of errors in a co-
herent quantum computation. Another approach is active cooling which becomes
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attractive by relying on an external approach to enhance the heat flow. For exam-
ple, by applying laser-based Doppler-cooling the effective temperature of trapped
ions was rapidly reduced [34-36]; driving qubits can induce subsequent relaxation
into the ground state for in superconducting circuits [37-39]. Other promising
tools like quantum-circuit refrigerator (QCR) [40-42] are also demonstrated to be
able to speed up qubit initialization.

1.1.3 How long does a qubit last?

Quantum systems cannot live long due to irreversible heat and quasiparticle ex-
change with environment, which is characterized by coherence time [43-47]. En-
vironment surrounding a qubit cannot be directly controlled or fully isolated,
therefore the qubit-environment interaction can produce undesirable quantum
state changes. Bloch-Redfield theory describes the time evolution of such qubit-
environment coupling system with Markovian approximation and shows that de-
coherence can be represented on the Bloch sphere using longitudinal relaxation,
transverse relaxation and pure dephasing [48], as shown in Fig. 1.1. Longitudinal

(a) Longitudinal relaxation  (b) Pure dephasing (¢) Transverse relaxation
WA WA
z Z  Longitudinal z

|0) noise
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Figure 1.1: (a) Longitudinal relaxation (b) pure dephasing (c) transverse relaxation on
the Bloch sphere.

relaxation arises from the energy exchange between qubit and environment with
transverse noise coupled to the qubit in the x—y plane, while pure dephasing results
from longitudinal noise along the z axis. Combination of these two losses leads
to the transverse relaxation, which loses the orientation of the original trajectory.
The two relaxations characterize coherence times 77 and 715 as

1

I = — 1.1

1 Tl’ ( )
1 I

I's, = —=—+T,. 1.2

2 Tg 2 + [} ( )

T is the time required by a qubit to relax from the first excited state to the ground
state. T5 is the average time in which the energy-level splitting remains unchanged.
To perform high-fidelity quantum computing, coherence times of logical qubits
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must be longer than the operation time. Among physical qubits, trapped ions
can last longer, e.g. up to a few hundred seconds or even a couple of minutes, by
suppressing the limiting factors such as critical current noise [49], magnetic-field
fluctuations [50], frequency instability and leakage of the microwave reference-
oscillator [51-53]. In superconducting qubits the lifetime T3 in the past ten years
for a few microseconds, has been improved to around 100 us [54, 55], and most re-
cently exceeds 300 us by replacing fabricating material niobium with tantalum [56,
57]. In semiconductor spin qubits, the relatively short coherence times of 0.1 to 1
us [68-60], has been improved by five orders of magnitude [61].

1.1.4 What is a universal qubit gate set?

Quantum gates are basic operations on a small number of qubits. They are the
building blocks of quantum circuits, like XOR gates for conventional digital coun-
terpart. Unlike many classical logic gates, quantum gates are reversible. Such
reversible implementations can be expressed using a special class of logic gates,
known as universal sets. In order to perform arbitrary unitary operations, it is
sufficient to have the ability of performing all members of a universal gate set. The
Solovay-Kitaev theorem [62] shows that it is possible to define a universal gate set
with a discrete number of elements that can approximate any unitary with arbi-
trary precision, and the following gate sets can be easily proved universal: the set
of controlled NOT (CNOT) gate and all single qubit gates; the set of CNOT gate,
Hadamard gate and suitable phase flips; the set of three-qubit Toffoli gate and
Hadamard gate.

In reality, most of the physical systems proposed so far consider only two-qubit
unitary transformations. Therefore realizing high-performance single qubit gates
and CNOT gate is crucially important for quantum algorithms.

Single qubit gates correspond to rotations of a spin about the Cartesian axis,
and can be implemented directly with external driving pulses. Usually quantum
gates are written as Pauli matrices, e.g. several commonly used quantum gates

0 1 0 —i 10 10
X:[l 0]’Y:[i 0 ]’Z:[o —1]’82[0 —z’]’ (1-3)

which change the amplitudes or phase of the states |0) and [1). Any single qubit
operation can be decomposed into three Bloch sphere rotations and a global phase

are

factor, so it is easy to perform in experiments. To date single-qubit gate can be
realized accurately enough for fault-tolerant quantum computing [63-65].

A CNOT gate is the controlled version of the X gate and performs a selective
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negation of the target qubit as

CNOT = (1.4)

o O O =
o o = O
= O O O
o = O O

Construction of CNOT gates varies in gate decomposition and qubits of physical
properties. For instance, in trapped ions the CNOT gate can be realized by using
a linear trap and laser beams [66]; in silicon quantum dots, it can be completed
by efficiently resonant drive [67]. The challenge to such a gate is that two-qubit
gates are not accurate enough for quantum error correction although these years
some progresses have been made [68-70]. More improvement is needed to suppress
error rates such that high-fidelity quantum gates are realized.

1.1.5 Measurement

Measuring quantum states determines computational results projected on the
“classical” world. There are three required subsystems for such measurement:
(1) Quantum system whose properties are remaining unknown; (2) Measurement
apparatus, behaves as a classical system that can interact with qubits; (3) Envi-
ronment surrounding the apparatus whose presence supplies the decoherence. One
way to describe quantum measurements is to project the eigenstates of measurable
quantities. A Hermitian measurement operator carries eigenvalues corresponding
to the outcomes of measurement. For a mixed state, the unconditioned final state
of the system is a classical mixture of the output states of all possible measure-
ment outcomes. However, such projective measurements are too restrictive and
can change or destroy the characteristics of quantum systems.

More generalized quantum measurements are so called Positive Operator-Valued
Measure (POVM), which can be viewed as a collection of positive Hermitian oper-
ators. The POVM process is a statistical measurement since each operator corre-
sponds to an outcome of the measurement with a real and non-negative probability.
This measurement is not repeatable, meaning that one can find different results
when repeating the measurement which is independent of a particular realization.
These properties make POVM the most general measurement one can perform on
a quantum system. For instance, it can be used to measure phonon fluctuation in
the ground state [71] and hyperfine qubit levels [72] with trapped ions, perform
state tomography of an exchange-only spin qubit [73], entangle massive fermionic
qubits [74] and also study the characteristics of superconducting qubits [75, 76].
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1.2 Superconducting Quantum Computing

Superconducting qubits have become one of most promising candidates that sat-
isfy DiVincenzo’s criteria and can implement large-scale quantum computing. This
type of qubits is macroscopic in size and lithographically defined with microfabri-
cation technology, making it easy to build and capacitively or inductively coupling
to the others. Frequency domain of the superconducting qubits allows that the
state of a qubit can be changed by existing commercial microwave devices and
equipment.

Superconducting quantum computing is an implementation of quantum com-
puters based on superconducting circuits. Here an arbitrary single qubit gate is
achievable by external microwave drive. Two-qubit gates such as CNOT gates are
realized by combining cross-resonance gate [77, 78] or microwave-activated phase
(MAP) gate [79] with single qubit rotations. The major milestone was the demon-
stration of the first quantum supremacy on a 53-qubit chip [80].

However, there are yet outstanding challenges against high-performance quan-
tum computing [81-84]. Aside from the limited coherence times, the always-on
parasitic interaction among qubits does affect the quality of multi-qubit gates. In
such circuits, qubits are coupled to one another via shared couplers. Although the
nonlinear circuit element Josephson junctions can approximate superconducting
qubits as a two-level system, transitions between computational and noncompu-
tational subspaces inevitably take place. In some cases, this interaction is wanted
and should be strengthened to create desired entanglement. But most of time
it is unwanted, and sets barriers to reach the error correction threshold. More
precisely, the parasitic interaction accumulates phase error in the computational
states, and eventually destroys the multi-qubit gates. Therefore, it must be care-
fully suppressed during the gate operations.

Particularly, the parasitic ZZ interaction between a pair of superconducting
qubits is a limiting factor for two-qubit gates and quantum error correction. Al-
though the ZZ interaction is always one or two orders of magnitude weaker than
the coupling strength, it obviously degrades the performance of many quantum
gates [85-87]. Furthermore, driven two-qubit gates suffer from additional ZZ com-
ponent produced by external pulses [88-90]. Therefore zeroing qubits from the
undesirable ZZ interaction is highly demanded to boost up the gate quality, and
is an important step toward bringing down the overhead of physical qubits. Spe-
cially, for a few gates such as controlled-Z (CZ) gates, the ZZ interaction is wanted,
then we should take advantage of it and make it stronger [91-93].

The main goal of this book is to improve two-qubit gate performance by either
mitigating unwanted parasitic ZZ interaction, or improving wanted ZZ interaction,
whenever the qubits are idle or driven by external pulses. We aim to develop a
theory that can describe the characteristics of ZZ interaction in different circuits.
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Beyond that, we will also generalize our theory of parasitic interaction to a multi-
qubit scheme, and find out the difference from the two-body interaction.

1.3 Outline

In chapter 2 we present generalized formalism of circuit quantization from cor-
responding Lagrangian and Hamiltonian. In particular, we introduce the basic
elements of the superconducting circuit, e.g. the LC resonator and Josephson
junctions, and describe several types of qubits in details such as transmon and ca-
pacitively shunted flux qubit (CSFQ), as well as their variations. After highlighting
the Schrieffer-Wolff transformation, we move to the core part of the Hamiltonian
model — circuit quantum electrodynamics (circuit QED) by taking several exam-
ples.

In chapter 3, we theoretically analyze the origin of static ZZ interaction using
different theory models. We explore the possibility of static ZZ freedom in two
types of devices: CSFQ-transmon pair and transmon-transmon pair coupled via a
harmonic bus resonator, and derive the condition of zeroing static ZZ interaction
for both pairs. We apply our theory to simulate the experimental hybrid CSFQ-
transmon circuit, which is fabricated at IBM and measured at Syracuse university
by our collaborators. We calculate qubit and resonator frequencies and extract
their coupling strengths as well as static ZZ interaction versus flux threading the
CSFQ.

Following the experiment, in chapter 4 we explain what a cross-resonance (CR)
gate is and how it is realized. We study the error source to the gate like classical
crosstalk beyond the intrinsic noise, and show how the errors impact the CR
gate and what we can do to improve the gate fidelity. Our theory predicts the
prerequisite to achieve high-performance CR gate with static ZZ freedom. Inspired
by the experiment, we keep studying the inherent symmetry in a driven system,
and demonstrate the presence of dynamical ZZ freedom.

Chapter 5 introduces some novel gates based on the study of the tunable cou-
pler. We first propose a parasitic free (PF) gate by cancelling unwanted ZZ inter-
action and suppressing external flux noise. Beyond that, we take advantage of the
wanted ZZ interaction to perform a CZ gate, and propose a scheme where the CZ
gate can be fully turned off by tuning qubit frequency.

Chapter 6 presents preliminary results of three-qubit interaction in two setups:
triangle geometry and qubit chain. By calculating Pauli coefficients in the three-
qubit computational subspace, we study characteristics of two-body ZZ and three-
body ZZZ interactions, and take several examples to illustrate them.






Chapter 2

Superconducting Qubits and
Circuit QED

Superconducting qubits have been proved to be versatile on a macroscopic scale for
the study of quantum technology, such as quantum computing [94-96], quantum
simulation [97-99], quantum sensing [100-102], and quantum information process-
ing [103-105]. Due to the amazing properties of the nonlinear Josephson junctions
at sufficiently low temperatures, superconducting qubits act as natural atoms with
discrete level structures, and exhibit extraordinary properties on integration, read-
out and tunability. Over the past decades, this type of qubits has been become a
leading candidate for realizing building blocks of a quantum computer.

Generally speaking, there are three classes of superconducting qubits based
on the relevant degrees of freedom: charge qubit [20, 21], flux qubit [22, 23] and
phase qubit [24, 25]. However these qubits suffer from either charge or flux noise.
To reduce the sensitivity to these noises, transmon [106] and capacitively shunted
flux qubit (CSFQ) [107, 108] have been designed theoretically and tested exper-
imentally by adding a large capacitance shunted to one Josephson junction, and
nowadays widely used in the lab.

Moreover, superconducting quantum circuits have led to circuit quantum elec-
trodynamics (circuit QED), which provides an approach to study the fundamental
light-matter interaction in the solid-state platform. In contrast to cavity quantum
electrodynamics (cavity QED), quantized electromagnetic fields in the microwave
frequency domain are stored in a on-chip resonator and superconducting qubits be-
have as quantum objects. The artificial atom—field coupling can be easily increased
to hundreds of megahertz, and then stepped into the strong coupling regime [109].
This results in faster operation since the transition dipole is mainly determined by
the qubit geometry. Circuit QED now is a very active research direction as well as
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a leading architecture for quantum computation. Beyond superconducting qubits,
circuit QED can also deal with hybrid quantum systems at its origin, losing their
individual identity and combine into something new [110, 111].

This chapter starts with introduction of the basic concepts of superconduct-
ing qubits and circuit QED, including circuit quantization, Josephson effect and
several types of superconducting qubits mainly focusing on transmon and CSFQ.
By means of the perturbative approach, we move to the regime where the qubit-
resonator detuning is larger than coupling strength, namely dispersive regime, and
study the models of one qubit coupled to a harmonic oscillator, and two qubits
coupled via a bus resonator.

2.1 Circuit Quantization

In this section we briefly introduce how to quantize a non-dissipative electrical
circuit, most of the discussion below is from Ref. [112]. The dimension of a physical
circuit is small enough so that electromagnetic waves propagate across the circuit
“almost” instantaneously, this is so called lumped approximation. Within this
consideration, a circuit can be described as a network of elements meeting at
nodes, and elements between two nodes construct a branch as shown in Fig. 2.1.
For each branch at time ¢ two independent variables voltage v(¢) and current i(t)

active node

passive node

ground

Figure 2.1: An example of electrical circuit consists of several loops, same-species elements
meet at active nodes while different species elements meet at passive modes.

flow through it. Conventionally absorbed energy by an element E = [ i(t)v(t)dt
is assumed to be negative, in other words at t = —oo both voltage and current are
zero. Then the two vectors should have opposite sign. To proceed Hamiltonian
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description of electrical circuits, we generalize the definition of fluxes and charges
which are derived from branch voltages and currents by

o(1) = f o(t)dt', (2.1)
Q(t):[;i(t’)dt’. (2.2)

A dispersive element for which the voltage v(t) is only a function of the charge
Q(t) and not directly of the time ¢ or any other variables, is said to be a capacitive
element. Similarly, a dispersive element for which the current i(¢) is only a function
of the flux ®(¢) is said to be an inductive element. For linear capacitance and
inductance, the relation is given by v(t) = Q(¢)/C and i(t) = ®(t)/L, and energy
stored in these basic elements can also be calculated as Q*(t)/2C and ®2(t)/2L,
respectively. Before finding the degrees of freedom of an arbitrary conservative
circuit, one should take into account the build-in constitutive relations at each
node and loop

Yip(t) =0 The Kirchhoff’s current law, (2.3)
k

> op(t) =0 The Kirchhoft’s voltage law, (2.4)
k

which is the famous Kirchhoff’s law. The two equations above correspond to two
standard methods to write the classical Hamiltonian: the node method and the
loop method. In the next, we only show the node method which is applicable for
most practical problems.

With the above background, we summarize the following steps to write a Hamil-
tonian from the electrical circuit:

1. Separate the circuit into capacitive sub-network and inductive sub-network.
Inductances and capacitances meet at active nodes, while only capacitances or
only inductances converge at passive nodes.

2. Name a particular active node “ground”, and choose the set of branches that
connect the ground via capacitances to every other active or passive node without
forming any loops, this is so called spanning tree method.

3. Classify inductive energy into potential energy U and capacitive energy
into kinetic energy T, here one can rewrite the kinetic energy in terms of flux by
noticing that v = ¢ with ¢ being the node flux.

4. Write the Lagrangian of the network as a function of fluxes at nodes in
the form of £(~~~,¢i,q5i7~~~) =T - U, one can check that by applying Lagrange’s
equations.

5. Find the generalized momentum (node charge) which is canonical conjugate
of node fluxes, defined as ¢; = 8E/8q5i;
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6. Express the Hamiltonian in terms of the conjugate pair ¢; and ¢; by per-
forming Legendre transform H =Y ; qidi — L.

Replace the variables with corresponding operators by straightforward adding a
hat ¢ — QAS and ¢ — ¢ which satisfies the commutator relation [gﬁ, 4] = ih, description
of electrical circuit is changed from classical to quantum regime. For simplicity,
the hats on operators can be dropped.

2.2 LC Resonator

The transmission line resonator (TLR) [113] is a narrow one-dimensional device
consisting of a full-wave section of superconducting coplanar waveguide. Each
mode of the TLR is an independent harmonic oscillator. This 1D transmission line
can be expressed by a chain of LC oscillators exhibiting standing wave resonances
with less small loss, making it possible to readout and measure a circuit with high
fidelity. In the vicinity of fundamental frequencies the line can be used as a LC
circuit shown in Fig. 2.2. The LC circuit is an idealized model of zero resistance

Figure 2.2: Isolated LC resonator with kinetic energy 7' stored in the inductor and
potential U stored in the capacitor.

since it assumes that currents can flow essentially without dissipation. The only
one degree of freedom current, flows in the wire of the inductor and accumulates
charge on the capacitor. A LC resonator only contains one inductor and one
capacitor, so the Lagrangian can be easily obtained following steps described in

the circuit quantization
1 ..o ¢
L=T-U==-C¢" -, 2.5
509" o1 (2.5)
with ¢ being flux threading the inductor. Conjugate term charge ¢ can be derived
from ¢ = 0L/0¢. By using Legendre transformation, the Hamiltonian of a LC
resonator is written as
2 2
¢ ¢
==+ —. 2.6
2C 2L (2:6)
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Let us introduce standard creation and annihilation operators r and r! satisfying
the commutation relation [r,77] = 1, and express them in the form of

¢ = dzpr(r+7r7),

] (2.7)
q = —iqzpr(r - TT)»

where zero point fluctuation is expressed as ¢zpr = \/hZp/2 and qzpr = \/h/2Zy
with Zy = \/L/C being the characteristic impedance. The zero point energy is
the lowest possible energy described by Heisenberg uncertainty principle such that
¢zprqzpr = h/2. Hamiltonian then is quantized as a harmonic oscillator

1
H = hwy (TTT + 5) , (2.8)

whose eigenstates are the Fock states |n), satisfying r = ¥, v/n + 1n)(n + 1], ' =
YoV + 1n+1){n| and rir|n) = n|n). Qubit frequency is written as wy = 1/v/LC.
In the rest of this manuscript, 1/2 corresponding to zero-point energy is dropped.

2.3 Josephson Junction

A Josephson junction (JJ) is a quantum mechanical device which consists of two
narrow superconductors separated by a thin insulator as shown in Fig. 2.3. In
superconductors a pair of electrons are attractively bound and behave more or less
like particles, namely Cooper pairs, and nearly all of the pairs will be locked down
at the lowest energy in exactly the same state. However, if the insulator is thin
enough there is a probability for electron pairs to tunnel. This effect later became
known as Josephson tunneling.

sis

< @
Cooperqgiir gooper pair
Vgl

Figure 2.3: Sketch of a Josephson junction.

Based on Ginzburg—Landau theory, in the superconducting state the wave func-
tion Wy is the amplitude to find all electrons on the left side, and Vg is the
corresponding function to find it on the right side. By substituting two eigenvec-
tors Uy, = \/npet and Uy = /nge¥® into the Schrodinger equation across the
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junction, one can show

zha nLet = Upy/nne't + K\/nre'*r, (2.9)
9 , . ,
iha nre'?t = Upgy/ngre?" + K\/npe'¢t, (2.10)

where ¢, and ¢pr are the phases on the two sides of the junction and ny, ngy are
the density of electrons at those two points. K is a coupling constant for the wave
functions across the barrier. If K were zero, these two equations would describe
the lowest energy state with energy U of each superconductor. The two equations
can also be simplified as

ag—tL = —%:%\/nLnRsinw, (2.11)
%9: = _LR;UR (2.12)

with ¢ = ¢or — @, being the phase difference across the junction. The first equation
says what ny and nr would be if there were no extra electric forces due to an
unbalance between the electron fluid and the background of positive ions. It tells
how the densities would start to change, and therefore describe the kind of current
that would begin to flow. Let us suppose the electric potential difference across
the junction is V', then the energy difference between the two superconductors is
Ur - Ur = -2eV. If the two superconductors are made of the same materials,
then charge carrier density becomes universal such that ny = ng = n. Note that
supercurrent I is proportional to the time derivative of charge carrier density n.
Simplifying the solution of Schrédinger equation yields the following relations

I, = I.singp The first Josephson relation, (2.13)
0 2eV
a—f = eT The second Josephson relation, (2.14)

where I is the supercurrent, I. proportional to n is the critical current.

Magnetic flux quantum is defined as ®q = h/2e, therefore the voltage across
the junction can be defined as V' = d®/dt which is analogous to Faraday’s law with
O = (Pg/27)p being the flux. The energy stored in the JJ is

U:/ISth:/ICsingod(I):—EJcoscp, (2.15)

with Ej = I.®q/27 being called the Josephson energy.

2.4 Transmons

Connecting the JJ in series with a capacitor and a voltage source constitutes an
artificial two-level electronic system: a single Cooper-pair box (CPB) also called
charge qubit [20, 21] as shown in Fig. 2.4.
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Figure 2.4: Circuit scheme of the charge qubit with external voltage source Vj.

One can take the node flux and write the circuit Lagrangian as

_ G
2

. C, .
L q)2+7g(q)—Vq)2+EJCOSq)/(I)Q, (2.16)

with which conjugate variable of the flux is

oL ,
Q=7 =(Cr+C)b -G,V (2.17)

In this case the Hamiltonian of the system is given by

(@-G,V)

H
2Cs

- Ejcos®/d, (2.18)
where ) = 2en is the charge with n being the Cooper pair numbers and Cy =
C;+C,. The Hamiltonian can also be rewritten in terms of dimensionless canonical
variables n = Q/2e and ¢ = ®/Py with ¢ € [0, 27]

H=4Ec(n-n,)? - Ejcosp, (2.19)

where Ec = €%/2Cy; is the charging energy and n, = CyV,/2e is the normalized
gate induced charge.

2.4.1 Fixed-frequency transmons

The most popular evolution of the charge qubit is transmon in which CPB is
shunted by an additional large capacitance as shown in Fig. 2.5. This Hamilto-
nian is exactly the same as charge qubit with a new Cx = Cs + C; + C,. The
difference is that large shunting capacitance can dramatically suppress charging
energy. Namely CPB operates in the limit E;/FE¢c < 1 whereas the transmon has
E;/Ec > 1. Later we will show how the ratio makes the transmon exponentially
less sensitive to charge noise.
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67; Cy—— E,X =—=C,

Figure 2.5: Circuit scheme of the transmon qubit with shunting capacitance Cs.

To solve the eigenvalues of the Hamiltonian in Eq. (2.19), Schrodinger equation
in the phase basis is written as [106]

[4Ec<—iai ~ny)? - Bycosip| () = Buin(e), (2.20)

where () is the eigenstate which satisfies the periodic condition ¥y (¢) = ¥ (p+
27). By multiplying both sides of Eq. (2.20) with exp (—ingp) and assuming that
Uy (@) = exp (—ingp)Yr(¢), ny is absorbed into the new eigenstate, the equation
above then is simplified to

82
[_4E05<,02 —EJCOSL)O] Ur(p) = ExUr(p). (2.21)

This equation can be simply recast to the standard Mathieu equation, with the
following solutions [106]

Ek(ng) :EcﬂA (Q[m(k,ng)—ng],—EJ/QEC), (222)
m(k,ng) = Y. [int(2n, +1/2)mod2] {int(ny) + 1(-1)*[(k + 1)div2]},  (2.23)
l=+1

where .# 4 is Mathieu’s characteristic value, int(x) rounds to the integer closest
to x, a mod b denotes the usual modulo operation, and a div b gives the integer
quotient of a and b. Note that eigenvalues only depend on the normalized gate
charge n, and the ratio of E; and E¢.

The lowest three eigenvalues as a function of n, for several E; /Ec are shown
in Fig. 2.6. One can see the anharmonic levels rely on the ratio of E;/Ec with
anharmonicity defined by 0 = E12 — Ep1. Increasing E;/E¢x definitely suppresses
the sensitivity of the system with respect to offset charge ng, finally resulting in
a fixed frequency transmon as shown in Fig. 2.6(d). Large ratio and sufficient
anharmonicity makes a transmon operationally a suitable qubit, since levels can
be individually addressed with different frequencies.
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Figure 2.6: The first three eigenvalues of the Hamiltonian Eq. (2.19) versus the offset ng,
at different F;/Ec. Here Eqg is evaluated at the degeneracy point ng = 0.5.

In order to further quantify the dependency of energy levels on the ratio, we
define the peak-to-peak charge dispersion with ¢;; = E;;(ny = 1/2) — E;j(ng = 0).
Both anharmonicity and charge dispersion are plotted in Fig. 2.7. It shows that
energy levels become less sensitive to the offset charge ny as E;/E¢c increases,
which is consistent with Fig. 2.6. In fig. 2.7(b) the relative anharmonicity ¢/E¢
is negative and can be approximated to 0 ¥ —E¢, a result that we will derive via
other approaches in the next section.

2.4.2 Flux tunable transmons

Due to charge-insensitive property, transmon has been employed as a central com-
ponent of several scalable platforms [114-116], with applications to a wide range
of quantum computation and quantum information processing. The transmon
discussed in Fig. 2.5 was frequency fixed, here we introduce another type of trans-
mon whose frequency is tunable [106, 117]. The circuit scheme of the asymmetric
transmon is shown in Fig. 2.8. The JJ is replaced by the DC superconducting
quantum-interference device (SQUID) consisting of two JJ’s threading by external
flux ®eyy, with which the frequency is tuned within a specific domain.

Circuit Hamiltonian with more than one junction cannot be directly recast
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Figure 2.7: (a) Charge dispersion (b) relative anharmonicity as a function of E;/Ec at
ng =1/2.
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Figure 2.8: Circuit scheme of the asymmetric transmon qubit.

to the Mathieu equation. Therefore it is useful to learn how to approximately
simplify it. In phase basis, potential of the asymmetric transmon is written as
U =-FE i cospi—E s cos py with 1 and o being the phases across two junctions.
The change in macroscopic phase around a closed loop must be zero modulo 27,

so we have
j<1§ Vo -dl =21 = (9o — b)) + (96— 9c) + (9 = 0a) + (Pa — Pa)- (2.24)

From the definition of the gauge invariant phase, the phase difference is given by

2r b .

Ya—pp = <p1+ff A-dl, (2.25)
by Ja
o rd .

Qe — g = —g02+—ﬂ-/ A-dl, (2.26)
by Je

with A being the magnetic vector potential. In superconductors the supercurrent
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equation gives

¢ - 2 e
Cpe = Af J-di 7f A-di, 2.27
©$b — Pe , +(I)0 y ( )
= A[“j dz+21[“,4 di (2.28)
Pd —Pa = J (I)O u . .

where J is the supercurrent density and A depends on the number of Cooper pairs.
Often the contour can be deep within the superconductor where J = 0, in this case
flux quantization condition is

2 1 7 (I)ex
<p1—<p2:27m+l51§A-dl:27rn+277 L (2.29)
(2 D
This equation reduces to p1 — o = 2w f at n =0 with f = @y /Po.
The potential of the asymmetric transmon can be rewritten by defining ¢, =
(p1+@2)/2and a=Ej/Eje as U =-E;(f)cosy, here

® ¢, +arctan[dtan(r f)], (2.30)

Es(f) = Ess\Jeos?(nf)+d?sin?(rf), (2.31)

with Ejx = Ej1+Ejs and d = (a-1)/(a+1), indicating that the effective Josephson
energy can be tuned by threading a magnetic flux through the loop. Therefore the
Hamiltonian of the asymmetric transmon is similar to Eq. (2.19).

Usually the asymmetric transmon have large enough E;/E¢ such that ng can
be safely dropped as shown in Fig. 2.6. In this case the variance of variable ¢ is
small, so it is safe to expand the potential of a transmon up to fourth order in ¢
as

1 1
Hm4Ecn2—EJ(1—§go2+ﬂ<p4). (2.32)

Similar to LC resonator, a transmon canonical operators are defined as

© = @apr(a+ aT),

2.33
n:inzpf(a—aT), ( )

with the zero-point fluctuations ¢,p¢ and n,p¢, satisfying the minimum uncertainty
@upiNapt = 1/2. The fluctuations can be determined by the characteristic impedance

Zy =~\/Ec|Ey, i.e. @,pr =~/hZ; /2. A transmon’s small anharmonicity allows to
approximate the periodic potential energy in the vicinity of minimum with a 4th
degree polynomial, making a Duffing oscillator (h = 1)

b}
H =woa'a + E(aT +a)t, (2.34)

with wg = V8E¢ Ey being the plasma frequency and § = —FE¢ being anharmonicity.
Higher order corrections are known in Ref. [118]. For w > |d] the rotating wave
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approximation (RWA) is valid, only excitation number conservation terms are
kept since the other terms rapidly average out and then can be neglected. Then
transmon Hamiltonian reduces to

)
Hyy =wa'a+ §aTa(aTa -1), (2.35)

with w = wg + 6.

2.5 Flux Qubits

Another type of superconducting qubit is the persistent current qubit, namely flux
qubit [22, 23]. The circuit scheme is depicted in Fig. 2.9.

Ej,, C,

EjC3 X Pex

Ey, Cy

Figure 2.9: Circuit scheme of three-junction flux qubit.

Two in-series identical JJ’s with Ej; = Ej5 = E; and C7 = Cy = C; are in a
closed loop with a third JJ that has critical current aly, capacitance Cs = aC; and
Josephson energy F ;3 = aF; with a < 1. In this qubit two supercurrents circulate
with opposite directions. This type of qubit is insensitive to background charges
and the states can be manipulated with magnetic fields. Based on the analysis of
JJ, the potential of a flux qubit can be written as

U =-FE;(cosp; — cosga +acosps), (2.36)

with ¢; being the phase across junction ¢ (i = 1,2,3). Similarly, integrating V¢
around the loop gives the flux quantization condition ¢ — w9 + 3 =27 f.

To investigate how the flux influences the Josephson energy, we can take the
flux derivative and get

ou

F =27 E sin(p1 — 2 —27f). (2.37)
One can see flux-noise-insensitive configurations take place at f = n/2 with n
being an integer. These points are referred to as “sweet spots” (SS). At the first
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0

@1 /27 @1 /2n
Figure 2.10: Contour plot of potential for f = 0.5 at (a) @ = 0.4 and (b) o = 0.8. The
nested nearly circular shapes mark the maxima in the potential, the near square and
hourglass-shaped contours enclose one and two minima, respectively.

nontrivial SS f = 1/2, we plot the potential for different a in Fig. 2.10. Qubit
states are located inside the single and double well potential.

To find the minimum points of the potential, one can calculate stable solutions
of the following system of equations:

ou
—— =siny; +asin(2rf + o1 —p2) =0,
1
(2.38)
ou . .
—— =sings —asin(2rf + @1 — p2) = 0.
dpa
The solutions (o7, ¢3) is given by combining the two equations
singp] = —sing; =sine”, (2.39)
sinp® = —asin(27f+2¢"). (2.40)

At sweet spot when a < 1/2 there is only one minimum of the potential at (0,0),
while a > 1/2 there are two pairs of solutions (¢*,—¢*) and (-¢*,¢*), this is
consistent with the trend of potential as shown in Fig. 2.10. For « > 1/2, the
two minima in the eight-shaped unit cell of the double well can tunnel across the
barrier between them as it is lower than that from the minimum in one unit cell to
the neighboring unit cell. This makes energy levels anti-cross at sweet spot, which
is not suitable to be considered as a qubit. More details can be found in Ref. [22].

2.5.1 CSFQ

In the last decade, a variation of flux qubit capacitively shunted flux qubit (CSFQ)
has been developed by shunting a capacitance to the smaller JJ, and beneficial for
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the improvement in the coherence time to the microsecond magnitude [107, 108].
The circuit scheme is shown in Fig. 2.11.

EJZ’ CZ

EJla Cl
Figure 2.11: Circuit scheme of CSFQ with shunting capacitance Cs.

Similar to the asymmetric transmon, we can reduce the degrees of freedom by
defining ¢, = (¢1 - ¢2)/2 and @, = (p1 + p2)/2, then Lagrangian of a CSFQ can
be written as

1 (I)O 2 .2 .2
L= 3 (%) Cy [(2 +48) o5, + 2<pp] +2E ;7 cos (ppm cos @y + aEjcos(2m f - 2¢,,),
(2.41)
where 8 = a+C,/C; with Cs > C;. Hamiltonian can be derived following Legendre
transformation

oL .
H=2 o577k

i=m,p

(2.42)
=4Ecmn?, + 4Ecpn12, —2E 7 cos ¢, cos pp — aEjcos(2m f — 2¢,,),

where Ecp, = €2/2C5(1 +283) and E¢, = €2/2C;. The larger shunting capacitance
permits the ¢, direction to behave as a fast free oscillation and can be ignored,
also confirmed using the Born-Oppenheimer analysis [119]. For simplicity we drop
the subscript m from variables, and the Hamiltonian reduces to

H =4FEcn® - 2E cos p — aEycos(2mf - 2¢p), (2.43)

with potential reduced to U = —2E; cos p—aE y cos(2m f —2¢). Similar to the three-
junction flux qubit, corresponding minimum phase satisfies the relation sin ¢y, =
—a8in 2¢min. At o > 1/2 the potential has two minima while at « < 1/2 it conveys
one minimum. Due to the only one degree of freedom, the potential at SS is
one-dimensional and plotted in Fig 2.12 for different a.

In the following we only study the case that o < 1/2 in which the potential can
be used as a qubit because each period conveys one minimum, not more. In this
case energy barrier from the minimum in one unit cell to the neighboring unit cell is
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Figure 2.12: Potential of CSFQ as a function of phase at o = 0.4 and a = 0.8

large enough to guarantee a discrete energy levels. If the external flux f=1/2+4f
is away from SS with §f <« 1/2 — «, the minimum point, denoted by ¢, can be
found by setting the derivative of potential to zero. Since ¢y and 0f are very
small, we assume singg ~ pg and sin(270f — 2pg) » sin (27 f) — 2 cos (270 f) o,
these assumptions yield

asin (2m6f) a
1-2acos (2n0f) 27r5f1 -2a’

Po = (2.44)

Similarly, Hamiltonian of CSFQ can also be rewritten as Eq. (2.35) in the
vicinity of minimum. This potential has the simple form of a Duffing oscillator at
SS, i.e. §f =0, with the periodic frequency and anharmonicity

w=+\/8E,Ec(1/2-a) + 5, (2.45)
§=Ec(8a-1)/(2 - 4a), (2.46)

In contrast to a transmon, a CSFQ with 1/8 < « < 1/2 has positive anharmonicity.
When f is away from SS the less symmetric potential can be approximated to

U(f) = (1 —2a) EJAL/?Q + (8a - 1) E'JAT("DLL + 27T((5f)OéEJ (QA(p— (2A37?0)3 + ..

(2.47)
with Ay = ¢ — pg. However higher order terms cannot be simply ignored due to
nonzero flux shift. More accurate calculation can be found in Appendix A.
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2.6 The Schrieffer-Wolff Transformation

An open question in dealing with quantum many-body systems is how to decouple
lower-energy dynamics from higher-energy degrees of freedom. The Schrieffer-
Wolff (SW) transformation has been proved to effective and consistent to address
this problem [120, 121]. In mathematical language, SW transformation is unitary
operation which can remove generalized off-diagonal terms and hence serves as a
way of diagonalization to determine effective qubit Hamiltonian. Before stepping
into the section of circuit QED, we briefly introduce SW transformation which can
block or fully diagonalize a Hamiltonian in the dispersive regime.
In general, qubit-resonator interacting Hamiltonian can be decomposed into

H=Hy+H =Hy+€V, (2.48)

with Hy being the unperturbed component and H' being the perturbation part.
Unperturbed Hy can be divided into two subspace A and B with assumption that
A is separated from B of the spectrum by a gap A. Let us consider sufficiently
small € so that weak perturbations are not strong enough to cover the gap, in other
words the following limitation should be satisfied

A
€<
2[[V]]

: (2.49)

By translating the Hamiltonian into operator language, Hy is diagonal while
H' = Hy + Hy is off-diagonal with H; being block diagonal and Hy being block
off-diagonal. The unitary operator U = ¢~ with anti-Hermitian S is defined to
diagonal or block-diagonal the Hamiltonian, therefore the choice of S is critical to
this transformation. Effective Hamiltonian is given by

Hag=e¢"He® =Y %[H, 510, (2.50)

j=0J:
here Campbell-Baker-Hausdorff formula is applied and [H, S]¢) = [[H,S]0~Y, S].
The commutation relation between block diagonal and block off-diagonal operators

gives rise to a block off-diagonal matrix and the commutator of two block off-
diagonal results in a block diagonal matrix, therefore the following relation is

obtained
=1 =1 '
Hoff: Ho+ Hy. S (2m+1)+ H>.S (Zm)io. 251
= 2 G ST 2 U S >0

One can expand S in terms of € as

S=3"€s;. (2.52)
j=0
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Since H; and Hy are of the first order in €, then Hermitian operator S satisfies

(Ho,51] = —Ha, (2.53)
[Ho, S2] = -[H1, 51], (2.54)
[Ho, 8] = ~[H1,82] - S [[F2, 1], 1], (2.5%)

Effective Hamiltonian is expressed as

[

Hegt = ;Jej(fjwo, {Su¥_) + fim (H' LS, 120, (2.56)

where f;(A,{Sn}_) = X0 " InlF (A, {S,}) _,,j,n) with F being the function that
takes all n-fold commutation relations between A and S. For instance, we list the

several orders of expansion as

fo(A,S0) = A,
fl(A7SI) = [A7Sl]v

f2(A,51,85) = [, 53] + ~[[A, 511,811,

2
1 1
f3(A,S1,852,53) =[A,S3] + 5([[/1,51],52] +[[A,S2],51]) + 5[[[&51], S1],51].
(2.57)
Up to second order the effective Hamiltonian reduces to
1 ! !
Heﬁ‘ = HO + [Ho,Sl] + [Ho, SQ] + 5[[H0,Sl],51] +H' + [H ,Sl]
(2.58)

1
= H(] + Hl + §[H2,Sl].

Next we take two examples to present how to utilize the SW transformation in
the form of matrix calculation [122]. The first one is to diagonalize a Hamiltonian.
Since Hj is unperturbed and diagonal, one can separate the effective Hamiltonian
into H = Hy + H™ with higher order corrections

H™ =[Hy, S ]+ H™, (2.59)

where H:gm) includes all other commutations. The diagonalized effective Hamilto-
nian requires non-diagonal elements must be zero, namely

(p| H™ |q) = 0 = (p| HoS™ - SU™ Hy |q) + (p| HE™ |q)

(2.60)
= (B = E{) (p| S |g) + (pl H™ Jg),
with p # ¢ and Hy |p) = E;,O) Ip). S™) then is solved as
H(m)

EZ()O) _ E(go) :
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Each order of S can be calculated in this way and then higher order corrections
are obtained.

The second example is to block diagonalize a Hamiltonian, similar approach
is applied. Considering H(®) = Hj is block diagonal, higher order terms can be
expressed as [122]

H™ =H™ . .0 H™..., (2.62)

with & being the direct matrix sum. Since S is block off-diagonal, similarly SJ(TZ)
is defined as
(p| HE |g)

(vl #,” ) ~ {a 1, |a)

An alternative approach is black box quantization in which the circuit is more
complex and might even be a ‘black box’ whose properties are unknown. One can
first consider the black box as a linearized problem with respect to the coupling
between qubit and resonators, and then account for the weak anharmonicity of the
Josephson effect. This method can determine the qubit parameters numerically
much easier and more accurately compared to perturbation theory [123].

(pl S 1g) = -

(2.63)

2.7 Circuit QED

Now let us discuss the circuit QED. Analog to cavity QED which describes the in-
teraction between light and matter at the quantum level, Circuit QED can describe
the interaction between superconducting circuits behaving as artificial atoms and
resonators. This section will build up the general model of qubit-resonator inter-
action based on circuit quantization, and revisit some ideas borrowed from cavity

QED.

2.7.1 Single transmon coupled to a resonator

First we consider the interaction between a harmonic oscillator and one transmon
as shown in Fig. 2.13. Compared to Fig. 2.5, the voltage source is replaced by a
resonator. Lagrangian of the circuit is written as

2

Po\2 1, . . o o2
Lz(g) 5[09072”"'(Cs"‘CJ)SDQ+Cg(‘Pr—<,0)2]—EJCOSgO—ﬁ, (2.64)

with ¢ and ¢, being the phase difference across the junction and the harmonic
resonator, respectively. In the case that C' > (g, the corresponding conjugate
terms n and n, can be approximated as

¢ & |
( _ )z( g oo )(n ) (2.65)
Pr Cls Cs r
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—

Figure 2.13: One transmon couple to one resonator.

with Cx = Cs + Cj + C,. Legendre transformation gives the Hamiltonian

C 2
H=4En?>+4Ecn*+ —2-nn, - E + =L 2.66
n; on acs, nn Jeos@+ o7 (2.66)
where E¢ = ¢?/2Cs, and E, = €?/2C. By expanding Josephson energy to the 4th
order and utilizing the creation and annihilation operators defined in Eq. (2.7) and
Eq. (2.33), the Hamiltonian can be quantized as

5
H=wrlr+wsata+ Eana(aTa ~1)—g(a-a")(r-rh), (2.67)

where w, = 1/v/LC' is the resonator frequency, w, » /8EcE; + ¢ is the qubit
frequency with anharmonicity 6 ~ —FE¢ and coupling strength is

16

g= 9 ﬁ\ /WqWr (268)

Fast oscillation terms, also called counter-rotating terms can be ignored based on
the rotating-wave approximation (RWA), then the Hamiltonian simplifies to

s
H=wrlr+wata+ Eana(aTa ~1)+g(ar’ +a'r). (2.69)

By restricting the transmon to the first two levels and replacing creation and
annihilation operators with Pauli matrix such that a' - o* = |e) (¢| and a - 0~ =
lg) (€], the famous Jaynes-Cummings Hamiltonian is obtained

H=wrlr+ %az +g(o7rT +otr), (2.70)
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with the convention o* = |e) (e| - |g) (g

Previously, we perturbatively expand the cosine potential to fourth order to
quantize the qubit Hamiltonian. However, to proceed accurate calculation, multi-
level form of transmon Hamiltonian is needed, Eq. (2.69) is thus rewritten as

H = wrltr+ 3 w; ) (G1+ Vi +1g; (WM G+ 1+ e+ 1) (), (271)

where |j) is the bare eigenvector of the transmon and g; is the coupling strength,
and w; is the corresponding bare energy by assuming A = 1. With respect to the
dispersive regime |g;/(w,—w;)| <« 1, the Hamiltonian can be full-diagonalized using
SW transformation. Given that the first order in .S has the form of

Si=art i i+ 1 = ar VG + i+ 1) (] (2.72)

Substituting this ansatz into Eq. (2.53) yields

S = —Z”fi“f (rT ) G+ 1] =75+ 1) (1) (2.73)

i wr

Calculating the first order correction and ignoring the two-photon processes leaves

1 g
2,51 = Yl (g aminr = g505) = 67151 13) (il (2.74)
J
where 1; = j/(wy, —wj +w;-1). Summing it together with the unperturbed part Hy
gives the effective Hamiltonian

Ha = (wr £ 1) <j|) rir e ;1) Gl (2.75)

with x; = gj2»+1uj+1 - gjz,uj and @0; = wj — gf-uj. The shift in resonator frequency
is called AC Stark shift, as the nonlinear shift is qubit-state dependent, it is also
known as cross-Kerr effect; While the shift in qubit frequency is called Lamb shift,
as it arises from nonlinearity of JJ’s, it is also known as self-Kerr effect [123].

Generally speaking, the coupling strength g; cannot be readout and measured
directly, but it is worth noting that dressed resonator frequency in the dispersive
regime relies on the state of transmon. Therefore if the resonator is measured with
a swapping frequency, there should be two peaks in the spectrum, with which the
coupling strength can be estimated. More accurate derivation can be found in
Ref. [123, 124].

2.7.2 Two transmons coupled via a resonator

A more complicated example is that two transmons are coupled to each other
via a bus resonator as shown in Fig. 2.14. Similarly, by using standard circuit
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Figure 2.14: Two transmon qubits couple to a LC resonator.

quantization, circuit Lagrangian can be written as

1 . 1 . 1 . 1 . .
L= §(CJ1 +Cs1) 7 + §(CJ2 +Cis2) 3 + 507‘(]53 + §Clr(¢1 - ¢,)?

¢2
2L,

(2.76)

1 . . 2 2
+ =Cor (¢ — ¢2)2 + E ;1 cos (ldh) + I o cos (l%) -
2 02 ®q

where ¢; = (Po/27)p; with ¢ = 1,2, is the flux across each island node. The
kinetic part can also be expressed in matrix form as

T2 2

rol(
2

2
) or'Cy, (2.77)

with @ = (1,9, p2) being the phase at each node and capacitance matrix given
by

CJl + Csl + Clr _Clr 0
C-= _Clr CT + Clr + CQT —CQT . (278)
0 ~Coy Cy2+Csa + Cop
One can rewrite the Hamiltonian in terms of the conjugate term of phase ¢ as
2 P 2 2
H:4%>T2€7077/)—E11 coswl—Echosgp2+(2—;) ;‘j{r, (2.79)

with Cooper pair number operator 7 = (n1,n,,n2). By defining C; = Cjy + Cy1,
Cy = Cjo + Cya, and assuming C1,., Cy, < Cp,Co, C,., the inverse of the matrix can
be simplified to

1 Cir C1rCor
L CCl Cllc,,. C1C2C,
-1 o 1r L 27
C = i o e |- (2.80)
C1:Cor Cor 1

Cl CQ C,- C2 C7- CZ
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Expanding the Hamiltonian in Eq. (2.79) to the general form gives

H= 4E01n% — FEjicospr + 4EC2n§ — Ejocosps + 4Ecrn2 + EL,,QOE

Cl Cr C2 Cr V Cl CZ C’l‘
(2.81)

where Ec; = €2/2C; with i = 1,2,r. Second quantization of the Hamiltonian by
introducing creation and annihilation operators yields
H = wlaJ{al + éaial(aial -1)+ (.4)2(1;0,2 + 63(130,2(0,;(12 -1)+ wrtr
2 2 (2.82)
= g1c(ar —al)(r=r") = gac(az - ab) (r = r1) = g15(a1 - af) (a5 - al),

where the a, (a];) and 7 (r') are annihilation (creation) operators of qubits and
the resonator, respectively. Frequency, anharmonicity and coupling strength are
given by

wg = S\ EcqEjq+dq, (2.83)
0q = -Ecq, (2.84)
w, = 4/EcrELy, (2.85)
1 Oy
9qr = = VWqWr, (286)
2./C.C,
1 CITCQT

= ———/wiws. 2.87
R Wote AR 257
To decouple the resonator from the system, the SW transformation should be
applied. Unitary operator can be solved using Eq. (2.53) as

Yqr g
U =exp {q§2 [Aqq(azr —agrt)+ EL;(a:;rT - aqr)]} ) (2.88)

with Ay = w, —wy and ¥, = w, +w,. Effective Hamiltonian then can be written as

1) 1)
Hog = &1(11111+éaial(a]ial—1)+u~)2a;a2+ga;az(a;a2—1)+J(a1a2+a;a1), (2.89)

where parameters in the dressed frame are

. 11

Wqg = Wq _ggr (A + Z) ) (290)
q q

oy~ Oy (2.91)

rgor [ 1 1 1 1
_91292 (++ )

Jo= o Ay Ay 21+272

(2.92)
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Note that the above expression for J is only valid for single-mode oscillators [125].
In the following chapters, we turn to applications of the circuit QED on two- and
three-qubit interactions.






Chapter 3

Static ZZ Freedom

An arbitrary unitary operation can be decomposed into a set of single-qubit and
two-qubit gates. In today’s quantum processors made up of superconducting
qubits, high-performance two-qubit gates are challenging to realize compared to
fast single qubit rotations [126]. State-of-the-art two-qubit gate error rates remain
0.4% — 1%, which is still above the threshold for error correction [127, 128], de-
spite tremendous improvements in coherence and optimal control [129-131]. One
limiting factor is the intrinsic parasitic interaction between a pair of interacting
qubits. Due to the multilevel system of the physical qubits, computational and
noncomputational energy levels can interact with each other. This coupling shifts
the levels up or down, resulting in the always-on ZZ interaction. Such an inter-
action can accumulate quantum phase in states with Z being the Pauli operator
0,. On one hand, the ZZ interaction is unwanted for most gates and degrades the
performance of desired entanglement [89, 90, 132]. Therefore eliminating it is cru-
cially important to achieve a high-contrast on/off operation modes. On the other
hand, we can utilize ZZ interaction and strengthen it to implement high-speed
controlled-phase (CPHASE) gates such as controlled-Z (CZ) gates, which will be
introduced in chapter 5.

In this chapter we propose several strategies for freeing two idle qubits from the
77 interaction, more distinctly, static ZZ without driving. We demonstrate that
in a circuit consisting of the same-sign-anharmonicity superconducting qubits, e.g.
transmon qubits, the static ZZ interaction vanishes only by switching off qubit-
qubit coupling strength. However applying two-qubit gates on such a noninter-
acting pair does not let them entangle, therefore static ZZ freedom in transmon-
transmon pair is not applicable. We also present a more interesting case, in which
we let qubits eliminate their static ZZ in the presence of qubit-qubit coupling,
therefore can produce parasitic free entanglement. For this aim, We combine qubits
with different-sign anharmonicity, and show that ZZ freedom can take place under
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certain circumstance.

This chapter is based on some parts of our two publications Ref. [133] published
in Physical Review Letters and Ref. [134] published in Physical Review Applied.
Other parts will be discussed in next chapter. First we introduce circuit models
used to study the qubit-qubit coupling problem, both perturbatively and nonper-
turbatively. Using circuit QED theory we then evaluate all interactions between
qubits, including the parasitic interaction. We use delicated theory that static
77 is considered to be 2 or 3 orders of magnitude weaker than normal coupling
between qubits. We search for conditions that warrant the elimination of static ZZ
interaction between idle qubits. We separate our analysis into transmon-transmon
pair with the same sign anharmonicity, and CSFQ-transmon pair with opposite
sign anharmonicity. Lastly, we use our theory model to simulate an experimen-
tal hybrid CSFQ-transmon circuit performed by our collaborators at IBM and
Syracuse University.

3.1 General Model

Two qubits can interact with each other in two ways: (i) direct capacitive coupling,
(ii) indirect coupling via a coupler. Figure 3.1 shows a circuit with both couplings
combined together. Qubits 1 and 2 are coupled via a coupler C with coupling
strength ¢1. and go2., and also capacitively coupled to each other with coupling
strength ¢g15. The two qubits can be the same species e.g. transmon-transmon
pair or different species e.g. CSFQ/transmon pair.

812
T I T
| Coupler C Qubit 2
8ic 82¢

Figure 3.1: Two qubits coupled via a coupler C with indirect coupling gi. and g2., and

also capacitively coupled to each other with direct coupling gi12. Each qubit is measured
by a readout resonator.

To study the circuit Hamiltonian shown in Fig. 3.1 , we can either keep the
coupler throughout our analysis or decouple it and then work in the two-qubit
basis. This in fact refers to two approaches of studying the circuit QED: full
Hamiltonian model and effective Hamiltonian model. The full Hamiltonian model
evaluates higher excitations contribution in the coupler, which is more eivdent
if the coupler is tunable. While the effective Hamiltonian is usually applied if
the coupler is harmonic and is far detuned from qubits. To make our analysis
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more precise, we consider both co-rotating terms and counter-rotating terms in
our calculation.

3.1.1 Full Hamiltonian Model

By considering both qubits and the coupler as multilevel systems, the circuit
Hamiltonian can be quantized as

H =Y wi(n)lni +1)(n; +1] = Y gij(a; - al)(a; - al), (3.1)

i,y j(#1)

where i = 1,2 is the qubit labels and 7 = ¢ the coupler label, aj =Y Vi +1ng +
1)(n| and a; = 3,,, \/nilni){n; +1| are the creation and annihilation operators with
[n) being the Fock states of each element in the circuit, separately. The eigenstates
of the noninteracting Hamiltonian compose of the bare basis. Here we denote bare
energy of each level by Ei(n1) and Es(ns) for qubits and E.(n.) for the coupler.
w;(n;) is the energy gap between the two energy levels E;(n; + 1) and E;(n;) of
subsystem i. A qubit bare frequency is the difference between the lowest two levels
ie. wq /2(0) or simply wy /5. The full Hamiltonian of the circuit contains all possible
interactions even the fast oscillating terms, also called co-rotating terms between
levels in the bare basis of all circuit elements. In the presence of the non-zero
coupling strength, bare energy levels will be shifted up or down, and this causes
modification of qubit frequencies and interaction strengths, sometime appearance
of new unwanted interactions. The new values for such quantities are labeled as
“dressed” values to make them distinct from bare ones.

Once these dressed states are found, and their energies are known, the dynamics
of the system is simple: the eigenstate is a superposition of these bare states with
the amplitudes being constant. To understand how the coupling terms change
the bare basis, let us apply the full Hamiltonian in Eq. (3.1) on the bare states
[n1,ne,ne) for QL, coupler and Q2, respectively. It is worth noticing that in
Eq. (3.1) only one excitation is allowed in each qubit, but in some cases multi-
photon processes can also take place. Generally speaking, one can consider the
first order of g;; with i # j and 7,5 = 1,2, ¢, and expand Eq. (3.1) in terms of single
particle exchange terms:

fﬂnl,nc,ng) = [wi(n1) + we(ne) + wa(ng)]|ng, ne, na)

+ gi12 [\/ (’I’L1 + 1)TL2|’I7,1 + l,nc,ng — 1) + \/nl(ng + 1)|n1 — 1,nc,n2 + 1)
wy/mmalng = 1,ne,ma = 1) +3/(n1+ 1) (ng + Dy +1,ne,m5 +1) |
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+ g1e [\/mml +1,m.-1,n2) + \/m |n1 —1,n.+1,n9)
+/nineng —1,ne - 1,n2) + \/mml +1,n.+ 1,n2)]

+ gac [mml,nc -lng+1)+ mml,nc +1,n9-1)
+/naneng,ne —1,ma — 1) + \/mml,nc +1,n9+ 1)]

The equation above shows different ways of energy transfer between two circuit

(3.2)

elements. We can show energy level-crossing diagram as a function of qubit-qubit
detuning, see Fig. 3.2.
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Figure 3.2: Energy diagram of the circuit in Fig. 3.1. Red heads indicate avoided crossing
by co-rotating terms with one or two particles exchange, while green marks with white
heads indicate counter-rotating interactions.

Let us assume a fixed frequency Q2 is detuned from Q1 by A, i.e. wy = ws — A.
Now we consider more than one particle exchange cases. Given that an eigenstate
of unperturbed Hamiltonian is |ny,n., ns), interacting Hamiltonian provides tran-
sition to |ng + k,ne F k,ng) via the coupling strength (g1.)*, to [n1,ne ¥ k,no + k)
via the coupling strength (go.)* , to |n1 + k,ne,no ¥ k) via the coupling strength
(g12)* , to [n1 £ 1,n. F2,n9 + 1) via the strength gi.gac, also to [ny +1,n, +1,7m5)
via counter rotating terms with the strength gi., to |ny,n. £ 1,12 + 1) via counter
rotating terms with the strength ga., to |ny £ 1,n.,n9 + 1) via counter rotating
terms with the strength g12, and so on. Figure 3.2 marks these transitions with
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red and green heads either at intersections or on dashed-coupled lines, and label
them by maximum two photon couplings. Green marks with white heads indicate
counter rotating interactions such as a;a;, and red heads represent the co-rotating
terms like agaj. One example is that the transition between [200) and |101) takes
place either by direct coupling g1 or via the intermediate state |110) with coupling
gic and go.. In absence of direct coupling the avoided crossing between the two
levels has been found to be \/2g1.g2c/A2(A1 +6) in Ref [135]. The seemingly non-
interacting levels may stay so, or may interact via n photons for n > 2 or under
external gates although the interaction may be way smaller than the first order
coupling.

The full Hamiltonian model is complicated and usually performed numerically.
By writing the Hamiltonian in the bare basis, namely the matrix form, and fully
diagonalizing it, one can find all dressed energies. In this way, the parasitic ZZ
interaction is defined as

¢ = E101 + Eooo = E100 = Eoot, (3.3)

with E‘mncm being the dressed energy and subscripts indicating the state of
[n1,ne,me). This is the original definition of static ZZ interaction without any
approximation.

3.1.2 Effective Hamiltonian Model

The coupler frequency w, is usually assumed to be far detuned from qubits in order
to warrant no backaction from itself. Therefore one can treat the Hamiltonian per-
turbatively in the dispersive regime if g;; << A;; with A;; = w; —w; being frequency
detuning [106]. Within this regime, the coupler can become decoupled from the
system via Schrieffer-Wolff (SW) transformation. Then the circuit Hamiltonian
H is block diagonalized into the qubit subspaces associated with different photon
number of the coupler, the same as Eq. (2.89). In the multilevel two-qubit basis,
the qubit-qubit Hamiltonian reduces to

H = Y Y ag(ng)ng+1){ng+1[+ > /(n1+1)(ny+1)

q Mg ni,n2

X J"th (|n1,n2+1)(n1+1,n2|+h.c.), (34)

where dressed frequency @,(n,) is the difference between E,(n, + 1) and E,(n,)
in dressed basis associated to interacting Hamiltonian, and expressed as

Wqe(ng) = wq(ng) - ggc(nq +1)/Ag(nyg), (3.5)

with gq. being the coupling strength between qubit ¢ and the coupler ¢, Ay(ng) =
we — wq(ng) being the qubit-coupler frequency detuning. We can generalize the
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definition of anharmonicity to
8q = Eq(2) + Eq(1) = E4(0) = 6,[1 - 29§c/Aq(Aq -49)], (3.6)
and the qubit-qubit coupling strength within two photons limit is

J1cY2c 1 . 1
2 5 Ay(ng)  2q(ng) ’
with ¥, (nq) = we+wq(ng). For simplicity, ny = 1 will be dropped from all notations,
e.g wWe(ng=1)=wy, Ag(ng=1)=A, and X4(ngs=1) = %,.
Second round of SW diagonalization can separate the computational subspace
from higher levels. Within the dispersive regime qubit-qubit Hamiltonian in the
the computational form turns out to have the following operator structure:

Jniny = g12 = (3.7)

Heﬂ‘ = (:11 |10> <10| +(:}2 |01> (01| + ((IJ] +(:12 + C:) |11> (11|

- - (3.8)
oW ;C/2ZI— w2 ;C/2IZ N %zz,

where static ZZ interaction in Eq. (3.3) reduces to
¢ = E11 - E1g - Eo1 + Eqo. (3.9)

Let us emphasize that Eq. (3.9) is a variant definition of static ZZ interaction
in two-qubit basis compared to Eq. (3.3). SW transformation can evaluate the
following ¢ and doubly-dressed frequencies within the dispersive regime

§:2J120/(A—51)—2J§1/(A+52), (3.10)
w1 =wq —JgO/A, and Wo :(DQ"’Jgo/A, (311)

with A = &y —@1. One should notice that perturbation theory predicts there are a
number of divergences in Eq. (3.10) and Eq. (3.11) at A = —05,0,6;,--. However
the original definition Eq. (3.9) is free of such divergence due to finiteness of en-
ergy levels and the divergences are mathematical artefacts of perturbation theory.
Therefore ZZ interaction from such theory in the vicinity of these divergences is
inaccurate.

To illustrate the absence of these fake divergences, let us numerically evaluate
the first five nontrivial eigenvalues of free and interacting Hamiltonian by diago-
nalizing Eq. (3.4). Figure 3.3 shows the energy dispersion (Fdress — Fbare) versus
qubit-qubit detuning in a CSFQ-transmon and a transmon-transmon circuit. The
detuning is tuned by changing Q1 frequency while keeping Q2 and coupler fixed.
At the divergence point A = 0 two qubits have the same bare frequency, how-
ever the computational dressed energy levels are changed by small shift, which
corresponds to a finite ZZ interaction.
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Figure 3.3: Dispersion between free and interacting energy levels obtained from Hamilto-
nian (3.1) vs. qubit-qubit detuning in (a) a CSFQ-transmon device and (b) a transmon-
transmon device. Circuit parameters are the same as those used in Fig. 3.4 and Fig.
3.6.

Usually the frequency shift due to the interaction is much smaller than the
energy difference of the adjacent levels, so there will be no change in the relative
position between computational and noncomputational subspaces. Intuitively, in a
CSFQ-transmon pair with coupler frequency far detuned from both qubits, as well
as within the limit of |A| < [0 |, £11 falls in between noncomputational levels Epo
and Esy. F11 can interact with the two levels at the effective coupling strength Jo;
and Jyg, respectively. The lower frequency decreases and the higher increases, this
is called level repulsion. In this device, it is possible to make the two repulsions
cancel each other at certain frequency detuning. However, in a transmon-transmon
pair, the two noncomputational levels Eys and FE5y are in one side of Fq1, which
makes the two repulsions to sum and not cancelled.

3.2 Zeroing Static ZZ Interaction

Perturbation theory shows that parasitic ZZ interaction relies on the effective J
coupling defined in Eq. (3.7). In particular, the frequency shifts depend on the
effective coupling strength Joo, which causes |01) <> (10| transition with excitation
from |0) to |1) in one qubit and absorption in the other qubit from [1) to |0). As
one can see in Eq. (3.11), the two dressed levels are further separated by the
additional gap 2J3, /A with A being the dressed qubit-qubit detuning. J3/ A is
added on the dressed frequency of one qubit, and the same amount is subtracted
from the other qubit. Therefore based on the original definition Eq. (3.9), Joo has
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no contribution to the static ZZ coupling strength. However in higher levels the
scenario is different; Jo; couples [02) <> (11|, and Jy9 does |02) < |11) transition.
The two interaction can cancel one another and free ZZ interaction of Ey1, only
if Jo1 and Jyo become zero simultaneously or the two noncomputational levels are
on both sides of Fq;.

3.2.1 Perturbative ZZ Freedom Condition

Now let us explore the evolution of the computational basis |00), [01), |10) and
|11) by applying time-evolution operator in the form of U = e~*# In contrast to
the free Hamiltonian, static ZZ interaction can accumulate additional phase error
relying on the states. Evolving the idle quantum states [00) and |11) after time
t results in the phase error exp(+i(t/4), while the states |01) and [10) return a
opposite-sign phase exp(—i(t/4). This error will be transmitted across a circuit
and finally lower the two-qubit gate fidelity.

Based on the expression of ZZ in Eq. (3.10), we can search for the possibility
of eliminating the phase error for interacting qubits. One easy solution is to set
Jo1 ~ J1o # 0. A more interesting solution, as discussed before, is to enable the
elimination by finding ways to cancel level repulsions between computational and
noncomputational levels while keeping two qubits coupled. To find out such a
nontrivial solution, we solve the equation ¢ = 0 and obtain the following condition:

Ao hirdn? (3.12)
1-~2
where v = Jy9/Jo1 with Jo; and Jyg defined in Eq. (3.7). Counter-rotating terms
and direct coupling are one order smaller than the co-rotating terms and indirect
coupling, separately, therefore can be ignored. This simplifies v to the following
expression
1-601/(2A2+A)  1-02/Ay
L 6,200 + A 10, /(Ag + A

(3.13)

with As = w.—wsy being the frequency difference between qubit 2 and coupler. The
condition of the static ZZ freedom in Eq. (3.12) makes it possible to explore such
a possibility for certain circuit parameters.

3.2.2 Examples of Static ZZ Freedom

Now we study the elimination of ZZ interaction in two types of circuits: (a) a
CSFQ-transmon pair with the opposite-sign anharmonicity coupled via a coupler;
(b) a transmon-transmon pair with same-sign anharmonicity coupled via a coupler.
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(a) CSFQ-transmon pair

This is an example of opposite-sign anharmonicity pair. Combining a positive
and a negative anharmonic qubits makes it possible to realize static ZZ freedom.
This freedom can take place in the presence of finite J interaction between qubits
that let them entangle once they are driven by gates. Here we search for circuit
characteristics to achieve static ZZ freedom.

Let us consider Q2 in Fig. 3.1 is a transmon with fixed frequency ws cou-
pled to Q1, a CSFQ with A detuned frequency, i.e. w; = ws — A. We write the
Hamiltonian Eq. (3.4) in matrix form with maximum excitation number being
four, i.e. all levels from Eyy up to Egs and E49. We block diagonalize the matrix
into two blocks: computational subspace and noncomputational subspace. Using
Eq. (3.10) we can evaluate the repulsion between computational and noncompu-
tational levels, namely the static ZZ interaction. Figure 3.4 shows ZZ over a wide
range of the frequency detuning A in unit of gigahertz on z axis, and CSFQ an-
harmonicity d; on y axis. The ZZ interaction can be negative or positive with a
nontrivial borderline marked by solid black line between the two regions on which
it vanishes. The marked circle indicates similar parameters of the CSFQ-transmon
circuit experimented which will be introduced in section 3.3.

Figure 3.5(a) compares two different approaches to determine the static ZZ for
CSFQ-transmon pair as a function of different frequency detuning: dashed line
calculating ZZ from effective Hamiltonian in Eq. (3.10), solid line obtained from
numerical analysis by fully diagonalizing the Hamiltonian in Eq. (3.1). Comparing
the two methods reveals that: both effective and full Hamiltonian models show the
consistent presence of ZZ freedom, and perturbation theory becomes more accurate
as detuning A increases. Figure 3.5(b) shows the parameters criteria at which the
static ZZ is zero. The parameter landscape explored here are the normalized
frequency detuning A by transmon-coupler detuning A, and the magnitude of
anharmonicity ratio by keeping the others unchanged. Crossed points show exact
results from full Hamiltonian model, and the solid line is obtained from Eq. (3.12).
The two dashed lines are analytical solutions of Eq. (3.12) in the zeroth and first
order in |d2/As]. For obtaining these analytical solutions we rewrite ZZ interaction
in terms of §; = kd, do = —=0 with &, > 0. We consider no direct coupling between
qubits and the universal qubit-coupler coupling strength g1 = go = g, and A = bAs.
By substituting these parameters in Eq. (3.13), y is simplified to

(I+a)(1+b)(ak-b-2)
 (2+b+a)(ak-b-1) "’

(3.14)

with a = §/Ay. In the absence of a, static ZZ cancellation condition in Eq. (3.12)

then reduces to
B 2+b-3b%-2p°

) 3.15
2+5b+ b2 ( )
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Figure 3.4: Static ZZ interaction in a CSFQ-transmon device. Q1 has the anharmonicity
01 and is detuned from a transmon Q2 by A. Static ZZ interaction dependence on CSFQ
anharmonicity and qubit qubit detuning. The two qubits are uncoupled directly, but they
are indirectly coupled via a bus resonator with frequency w. = 6.492 GHz and coupling
strengths gic = g2 = g = 80 MHz with Q2 frequency and anharmonicity w2 = 5.292 GHz,
02 = —0.33 GHz. The effective ZZ interaction is positive (negative) in red (blue) areas
and it vanishes on the solid lines.

i.e. zeroth order solution. This result gives similar trend as the other two numerical
methods, but the precision is quite low. Adding the first order of a increases the
solution accuracy. One can see for increasing absolute ratio of CSFQ and transmon
anharmonicity the analytical approximation is more trustable.

(b) transmon-transmon pair

This is an example of same-sign anharmonicity pair. Typically there are many
choices of pairs of qubits coupled to each other, but here we only study the most
popular one, transmon. In such a pair both anharmonicities are negative. Let us
start with the trivial solution that Jy; » Jig ~ 0, and revisit the definition of .J
coupling in Eq. (3.7). One can find that zeroing it requires that direct coupling
g12 cancels out the indirect couplings. This freedom has been realized recently in
several experiments [136-138].

However non-interacting qubits cannot be operated to achieve entanglement at
such an operating point and therefore are not useful for quantum computation.
To perform gates on such a transmon-transmon pair with high fidelity, one can
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Figure 3.5: (a) Static ZZ interaction with 0; = 0.6 GHz using the effective (dashed ma-
genta) and full model (solid brown) individually. (b) Static ZZ freedom criteria via the
effective (solid), analytical zeroth-order (dotted), first order (dashed) and full Hamilto-
nian model (cross).

suppress Z7Z interaction by tuning circuit parameters. For this purpose we con-
sider a transmon-transmon pair with almost the same anharmonicity and different
frequencies.

We simulate this device and extract static ZZ and J coupling by diagonalizing
the full Hamiltonian. Figure 3.6(a) shows static ZZ interaction is near-symmetric
and decreases by lowering the magnitude of detuning frequency A without direct
coupling. On top of this we also study for the other two nonzero direct couplings
g12- At gi2 = 5 MHz the ZZ interaction can be dramatically suppressed to a
few tens of kilohertz, and at specific detuning static ZZ freedom is realized with
almost zero J coupling as shown in Fig. 3.6(c). Apart from the static ZZ freedom,
parasitic interaction increases slowly while J coupling can go higher and become
non-zero.

Interestingly the weaker g1o = 2.5 MHz case shows that suppression of ZZ
interaction can be achieved within a rather large domain of detuning frequency
A, making it possible to design a transmon-transmon circuit with suppressed Z7Z
interaction within the dispersive regime A > J. Figure 3.6(b) shows how ZZ
coupling changes by varying transmon-resonator coupling gs.. Although the zero
Z7 points belong to J-interaction-free domain, however in their vicinity one can
see a large class of transmons that not only interact but also their unwanted ZZ
interaction is suppressed. To strengthen J around this region, one can vary the
coupler frequency.

A few months after we post this work on arXiv [134], the idea of suppress-
ing static ZZ interaction in transmon-transmon devices was tested and verified
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Figure 3.6: Static ZZ interaction in a transmon-transmon device with w2 = 4.914 GHz,
we = 6.31 GHz, 61 = d2 = —0.33 GHz and direct coupling gi12 = 0,2.5,5 MHz as a function
of (a) qubit-qubit detuning with g1 = 98 MHz, g» = 83 MHz, (b) transmon-resonator
coupling strength go. with gi. = 98 MHz and A = -0.1 GHz, separately. Corresponding
Jo1 and Jig are plotted in (c) and (d).

in a IBM paper [139]. In that paper, they strengthened the direct coupling by
adding a direct coupler to make static ZZ freedom possible in the all frequency-
fixed transmons circuit. In the vicinity of static ZZ freedom shaded in Fig. 3.7.
They improved Jog and performed an experiment at the frequency marked by the
star. They achieved an effective J of 3.5 MHz with 26 kHz ZZ interaction, and
demonstrated a CNOT gate fidelity of 99.77(2)%.

Searching for other possibilities of ZZ freedom in the presence of J coupling
gives that qubit-coupler coupling gq. is equal or larger than the qubit-resonator
frequency detuning A4, and this goes beyond the dispersive regime and therefore
perturbation theory fails. Exact numerical result from full Hamiltonian presents
consistent non-divergent solution and does not show any possibility for ZZ free-
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Figure 3.7: (a) ZZ vs the mean qubit frequency at different qubit-qubit detunings. The
experimental data is highlighted by the star. The dashed line is the ZZ for a pair of
qubits with A = 60 MHz coupled via a direct coupler. (b) The effective J at different
qubit-qubit detunings, the experiment value is the star. The dotted line is the effective
J for a A = 60 MHz direct coupler device. The shaded region represents the frequency
region where the multi-path coupler shows an improvement in Jeg [139].

dom in the transmon-transmon pair within the domain of quantum computation.
Another approach is to replace frequency-fixed harmonic resonator with a tun-
able coupler i.e. an asymmetric transmon, making it possible to vary static ZZ
interaction close to zero [140-142]. Furthermore, a ZZ-free iSWAP gate is imple-
mented experimentally with the fidelity close to the coherence limit via optimal
control [93].
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3.3 Experimental Setup

In this section, we present the detailed theoretical model of the first experimented
hybrid CSFQ-transmon device. The device was fabricated at IBM, and consists
of one fixed-frequency transmon, one bus resonator, one CSFQ, and readout res-
onators for each qubit. The measurement was taken by our collaborators at Syra-
cuse University. More details can be found in our publication Ref. [133].

3.3.1 Impact of Measurement

Let us briefly discuss the impact of measurement of qubits. Readout measure-
ment usually takes place by means of weakly coupling a qubit to a resonator with
the interaction Hyg = gqr(aq + &};)(dR + dTR). In a circuit where qubits are both
coupled to the coupler and readout resonator, the process of eliminating the read-
out resonator can take place before or after eliminating the coupler. Since both
of the couplings are within the dispersive regime, SW are insensitive to the de-
coupling orders. However in reality the two orders sometime show inconsistent
results [143]. To study the difference of the two decoupling orders, we derive cor-
responding dressed frequency and anharmonicity. Decoupling first readout and
then bus resonator in the dispersive regime gives rise to

9109 1 1\
_ Y91rg2r
[912 2 (wr—a)l + W7<_L:}2 )]

031/2 =W £ = = s (316)
w1 — Wy
defining
2
wq E‘Dq - a)gqib ’
L (3.17)
— qu
Wq = Wq —
WR — Wy
Similarly, first decoupling bus and then readout gives
[912 _ 91r9g2r ( 1 + 1 )]2
By =i+ 2 ewmen e (3.18)
w1 —w2
defining
2 2
. g g
WDy Ewg — —— aft 5 (3.19)
Wr—We  wp—wg - Jar

Wr—Wq

By assuming zero direct coupling g1 = 0 and universal indirect coupling g4z = ggr =
g, we derive the inconsistency in dressed qubit frequency dw = @y — @] = &9 — @4
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and anharmonicity dJ as

dw,  dwy _ (A+2A5)%(A% + AA, + A2)

= 2
g6 g° 2AA3(A + Ag)? ’ (3.20)
déy /2 _ (B2=61p)° + (B2 + D2) A3 L 2 (3.21)
25 (AZAF 0yy2) (Ao = 01y2)* AVAV S .

with universal qubit-resonator detuning Ay = w, g — w2, two qubit detuning A =
wo —w1, and 01,02, A < As. In the dispersive regime, the difference is in the order
of g°/A3A and can be ignored. In the following discussion, we decouple readout
resonator first then bus resonator to reduce the Hamiltonian.

3.3.2 Modeling the Experimental Circuit

First we build a full-circuit Hamiltonian from a lumped-element circuit model for
our CSFQ-transmon device in Fig. 3.8, and the corresponding design parameters
are listed in Tab. 3.1. The circuit contains three subsystems: transmon and its
readout cavity, bus cavity, CSFQ and its readout cavity. By following standard
circuit quantization, Lagrangian of the total system can be obtained. Note that we
label all seven nodes from a to h, and kinetic energy should include all charging
energy stored in the capacitors. Similarly, we define o1 = @y — ¢, ©m = (Ve —

Transmon Bus cavity CSFQ
a — U C I d 1l € VI g 1l h
— 1t 1t 1t
Cap |_"J Cea Cae |_"J |_"J Cen
Cr C G G
Co= Lir —— Cr=F Lr CesrQ == Licsr
% - > |_”—| 1CSFQ > CSFQ
E;
Readout L It Readout
Ca v'ity CboT =Co Co== Cincsrq = Cu Cavity

Figure 3.8: Circuit model for CSFQ-transmon device. Each qubit has its own readout
resonator and they are coupled via a bus resonator.

©g)/2 and ¢, = (pe +©q)/2 - py. The superscript and subscript 7', m/p represent
transmon and CSFQ, respectively. Particularly, m means the phase difference
between two large junctions in CSFQ while p is the phase sum. The Lagrangian
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is then simplified into the following form:

1/(d
L== (70
2\ 27
+ (Canr + Cr)gr? + Cop (85— 61)° + Cripa® + Cae(Be — $a)? + Coobe

+ Cyn (Ge = 200m = 6n)” + 207 (6m” + 6p”) + 4(C5 + CancsrQ)em” (3.22)

2
) [CrrBa” + Cav(Ba = B)° + Crobs” + Cea( B — 1 — Ba)”

. . \2 )
+ Cyo (Pe —20m)" + CTCSFQLth] + E 7 cos or + 2E 7 €08 pp COS Py

%)2 v , Pa ¢
2m 2L,y 2Lr 2L.csro)’

+aEJcos(27Tf—2gpm)—(

where f = ®/®g is the normalized magnetic flux, Cy = Co = Cy, and Ej; = Ejo =
FE ;. The Hamiltonian is calculated from the Legendre transformation of the La-

grangian
oL
H = i— - L=T+U, 3.23
;4,0 0¢i (3.23)
1 Do\ o
T = 7(—0) STCp, (3.24)
2\ 21
U = ELaSO3+ELdSOZ+ELhSO}21+EJTCOS§0T (325)

- 2Ejcosppcosom —aEjcos(2nf - 20m),

where the phase vector in the circuit is defined as @7 = (y, Ve, Pa, PT, Pd> P ©p, Ph)s
and the energies stored in the readout resonators for the transmon, the CSFQ,
and the bus resonator are Er, = ®3/87%L,r, Ercsrq = ®%/87*L.csrq, and
Epg = ®3/87° Ly, respectively.

Capacitance (fF) Josephson energy (GHz)
Cyr 452* Crcsrg 439* Ej1 =Ejo 109*
Cuw 6.6 Cyn 6.6 Ej3=aF 46.8%
Cho 66 Cyo 66 E;r 13.7*
OshT 26 OshCSFQ 26 « 0.43*
Cr |05-17| C1=Cy | 1.2-2.3% Inductance (nH)
Ceo 63 Ceo 63 Lgr 1.3*
Cea 16 Cle 16 L.p 1.2%
CR 469* 03 = 0501 0.5-1% LrCSFQ 1.2*

Table 3.1: Circuit parameters corresponding to each circuit element in Fig. 3.8. The pa-
rameters with * symbol are calculated based on experimental data, while the parameters
without * are design values that are extracted using ANSYS Q3D Extractor simulation
of the qubit layout.

We can decouple the first two redundant phase degrees of freedom since they
are not included in the potential, and ignore the phase sum of CSFQ as discussed
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in section 2.5.1. More details can be found in Appendix B. Now let us rewrite the
Hamiltonian in terms of canonical conjugate n and ¢ as
H =4Fcan? + Epa@? + AEcan3 + Epaps + AEcpn; + Epngs
+ 4ECTn2T - Eyrcoser + 4ECmn72n -2FE 5 coSom —aFEjcos (2 f —20.m,)
+ XamMdNm + ApmMaNm + AgT Mo + AarNanT + A7,

(3.26)
with charging and Josephson energy listed in Tab. 3.2.

’ Description Symbol | Value ‘
Transmon Josephson energy | FEjr 13.7 GHz
Transmon charging energy Ecor 0.286 GHz
CSFQ Josephson energy Em 109 GHz
CSFQ charging energy Ecom 0.292 GHz
CSFQ critical current ratio | « 0.43

Table 3.2: Junction parameters and charging energy of the CSFQ and transmon. CSFQ
Josephson energy is for the larger junctions. The two transmon parameters were calcu-
lated using the measured dressed qubit frequency. Meanwhile, the three CSFQ parame-
ters were obtained by fitting spectroscopy data of the dressed qubit frequencies, @ (0)/27
and @1(1)/27 vs. flux with 1D potential approximation [108].

This Hamiltonian can be decomposed into two parts: free part including read-
out resonators, qubits and bus cavity; interacting parts containing all the interac-
tion. As discussed before, accurate frequency and anharmonicity of transmon and
CSFQ can be derived from Ref. [124] and Appendix A, separately. By introducing
several pairs of creation and annihilation operators, the circuit Hamiltonian can
be quantized as

Hcircuit = WaaTa ~ YGaT (a - aT)(T - TT) + whhTh ~9hm (h - hT)(m - mT)
+wrir+ ZwJT [7) (4] + wan |&) (k| = grm (7" - TT)(m - mT) (3.27)
7 k

- grr (7’ —rT)(T—TT) = gmT (m—mT)(T—TT),

where a and h represent the readout resonators, r is the bus resonator, w% is the
transmon bare energy at level j, and wﬁl is the transmon bare energy at level k.
Corresponding annihilation operators are defined as m = Y, Vk + 1|k) (k + 1| for
CSFQ and T'= Y ; /7 +1|j) (j + 1] for transmon.

We use the notation w?(j) to denote the bare transition frequency between the
energy levels, j + 1 and j in the transmon; similarly, w3(k), the bare transition
frequency between the energy levels, k + 1 and k in the CSFQ. Figure 3.9 shows
the theoretical flux dependence of the bare CSFQ frequency and anharmonicity.
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Figure 3.9: Bare CSFQ frequency and anharmonicity versus flux. (a) The first three bare
transition frequency w?(n) between levels n and n + 1. (b) The first three bare CSFQ
anharmonicity 6%(n) = w?(n+1) - wb(n).

In the dispersive regime we first eliminate the readout resonators and then
the bus, the Hamiltonian in Eq. (3.27) reduces to qubit-qubit Hamiltonian. For
simplicity, we replace the labels j, k with ny for transmon and ns for CSFQ. The
Hamiltonian in the form of multilevel systems is then written as

Heirenit = Hy + Hq
=@rir+ > 2wa(ng) Ing) (ngl +V/(n1 +1)(nz + 1) (3.28)
q=1,2 ng

X Jnl,ng (|7l1 + 1,712) (nl,ng + 1| + |n1,n2 + 1) (Tll + 1,n2|),

where the dressed bus frequency is @, = w; + 3gx% [ng) (ne| with x being the dis-
persive AC-Stark shift of the resonator frequency. wq(n,) is the energy difference
between levels ng+1 and n, for qubit g. J,,, », is the virtual photon exchange rate
calculated from J,,, ,, = JU + J,iﬁdir with the direct coupling being JU = g,,7,

and the indirect coupling J24r beﬂfg [144]
Jindis _YrmgrT ( 1 N 1 . 1 . 1 )
’ 2 Ar(n1)  Az(nz)  Ei(n1)  Ea(ne2)
Ay(ny) = wp —wi(n1),
Ao (n2) = wr —wa(n2), (3.29)
Y1(n1) = wr +wi(ny),
)

EQ(TLQ =Wy + OJQ(HQ),



3.3. Experimental Setup 51

where counter-rotating terms have already been included in the indirect coupling.
In the dispersive regime that |A| > J, the Hamiltonian in Eq. (3.28) can be
fully diagonalized via SW transformation using a unitary operator U as:

ﬁq:UTHqU: Z Z@q(nq)|nq>(nq|- (3.30)

q=1,2 ng

where U can be derived from Eq. (2.53). The dressed qubit frequencies, anhar-
monicity, bare bus frequency, coupling strength, and two-photon exchange rate are
presented in Tab. 3.3. Note that we define @, = @, (0).

To illustrate two-qubit levels in the computational subspace, we plot the fre-
quency diagram in Fig. 3.10(a). The measured primary qubit frequency and an-
harmonicity are 5.051 GHz and +593 MHz for the CSFQ at SS, 5.286 GHz and
—327 MHz for the transmon, and thus the qubit-qubit detuning is 235 MHz. The
flux dependence of the CSFQ spectrum in Fig. 3.10(b) allows us to explore a range
of qubit-qubit detuning in the following experiments. By tuning CSFQ frequency
to be exactly the same as transmon, we can extract Jyg coupling within the com-
putational subspace. This is easy to be proved by truncating the Hamiltonian in
Eq. (3.28) to a 4 x 4 matrix

0 O 0 0
0 w1 J()O 0
H, = 3.31
1 0 JO() Wo 0 ( )
0 0 0 w1 + Wy

Please note that this truncation does not influence the eigenvalues of |01) and
|10) since all interaction has been considered. In the dressed basis eigenvalues can
easily be found as

N 1
Woi/10 = 5 (wl tw £ \/(w1 —wz)?+ 4J§0) . (3.32)

When wy = ws the difference between the two levels is 2Jyg. We fit the anti-crossing
between CSFQ and transmon in 3.10(b) (inset) to obtain the zeroth-order exchange
coupling strength Jyo = 6.3 MHz.

In a CSFQ-transmon circuit the second term of static ZZ interaction in Eq. (3.10)
can be negative, due to the large and positive anharmonicity of the CSFQ. Note
that for a hybrid CSFQ-transmon device, Jy; is quite different from Jig, in con-
trast to a transmon-transmon pair where they are almost the same. This allows
the hybrid CSFQ-transmon pair to be free of ZZ interaction. This interaction
is measured using a Joint Amplification of ZZ (JAZZ) experiment [85], which is
a modified Bilinear Rotational Decoupling (BIRD) sequence [146]. The standard
BIRD sequence used in nuclear magnetic resonance (NMR) is a Ramsey experiment
on one qubit, with echo pulses on both the measured qubit and the coupled qubit.
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’ Description ‘ Symbol ‘ Frequency
CSFQ bare freq. wb(0)/27 | 5.0616 GHz
CSFQ dressed freq. @1(0)/27 | 5.0511 GHz
CSFQ anharmonicity 01 /2w +592.7 MHz
CSFQ bare readout freq. wp /27 6.9065 GHz
CSFQ dressed readout freq. | @, /27 6.9074 GHz
CSFQ-readout coupling hm |27 34 MHz
CSFQ-readout freq. shift Xnm /27 | 550 kHz
Trans. bare freq. wh(0)/27 | 5.2920 GHz
Trans. dressed freq. @2(0)/27 | 5.2855 GHz
Trans. anharmonicity 9o /27 -326.6 MHz
Trans. bare readout freq. Wa /2T 6.8050 GHz
Trans. dressed readout freq. | @, /27 6.8059 GHz
Trans.-readout coupling Jar /2T 36.2 MHz
Trans.-readout freq. shift XaT /27 200 kHz
Bus bare freq. wr /27 6.3062 GHz
Bus dressed freq. 2T 6.3226 GHz
Bus-Trans. freq. shift Xr1/27 -2.2 MHz
Bus-CSFQ freq. shift Xrm/27 | 5.9 MHz
Bus-CSFQ coupling Jrm /27 111.7 MHz
Bus-Trans. coupling grr /27 76.4 MHz
virtual exchange coupling Joo/2m 6.3 MHz & fit
direct coupling gmt /27 | -2.7 MHz

Table 3.3: Frequency scales on device with CSFQ at the sweet spot. Dressed qubit
frequencies are measured from qubit spectroscopy, readout resonator frequencies and
qubit-readout coupling strengths are from resonator measurement. Bare frequencies are
calculated using the same method in Ref. [124]. Bus dressed frequencies and qubit-bus
coupling strengths are from bus spectroscopy [145]. Virtual exchange rate is extracted
from CSFQ spectroscopy as well as theory fit, and direct coupling is estimated using
Eq. (2.87).

In the JAZZ experiment, this sequence is performed twice, for each initial state
of the control qubit [147]. Static ZZ ¢ is equal to the frequency difference found
between the two experiments. The JAZZ experiment is shown in the Fig. 3.11(a)
and measured two frequencies are shown in Fig. 3.11(b).

Based on the measured and estimated parameters, static ZZ interaction has
been extracted and fitted in Fig. 3.12. The maximum ZZ is around 140 kHz at the
SS, away from this point it decreases and eventually crosses zero symmetrically
near ®/®y = 0.496 and 0.504. Corresponding circuit parameters are listed in the
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Figure 3.10: (a) Frequency diagram of transmon and CSFQ at flux sweet spot in the
hybrid circuit. (b) CSFQ qubit frequency spectrum vs. external magnetic flux. Orange
dots indicate flux points where static ZZ becomes zero. (Inset) Anti-crossing of transmon
and CSFQ with fit (red solid line).
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Figure 3.11: (a) Joint Amplification of ZZ (JAZZ) [85] pulse sequences: Ramsey on
one qubit with echo pulses on both qubits. (b) Measured frequencies with (without) =
rotation on control qubit CSFQ at the sweet spot.

plot. It is worth noting that J1¢ is much larger than Jy; in the hybrid circuit. Our
theory agrees well with the experiment except the vicinity of zero-crossing points,
where experimental data exhibit a kink. We speculate the kink could be caused by
the breakdown of perturbation theory used in Eq. (3.10). CSFQ frequency goes
higher when the flux is away from the SS, in other words, qubit-qubit detuning
decreases while Jjo increases, thus pushing the ratio J/A beyond the dispersive
regime. A framework for treating such situation is discussed in Ref. [123].
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smaller than the size of the data symbols. Red solid line represents a theory calculation
using Eq. (3.10). Static ZZ becomes zero at two flux points (0.496, 0.504), and the
corresponding device parameters are shown in the plot.

So far, we have studied the origin of parasitic static ZZ interaction and the
possibility of freeing qubits from it. We show that the static ZZ freedom can take
place in two-types of circuits: 1) In transmon-transmon pair zero ZZ is found with
no entanglement by canceling indirect coupling via increasing direct coupling; 2) In
CSFQ-transmon pair, eliminating ZZ interaction is realized by combining opposite
sign anharmonicity meanwhile keeping two qubits entangled. We also use our
theory to model the experimental hybrid CSFQ-transmon circuit and demonstrate
the presence of static ZZ freedom. In the next chapter, we will study how the ZZ
interaction impacts quantum gates when qubits are driven.



Chapter 4

Cross-Resonance Gate and
Dynamical ZZ Freedom

Static ZZ interaction is one of the major problems to prevent fast and high-
performance two-qubit entanglement such as MAP gate [88], iISWAP gate [127]
and cross-resonance gate [148] in superconducting circuits. In last chapter we dis-
cussed the cancellation of static ZZ in several devices. This chapter we focus on
the cross-resonance gate and show how the ZZ freedom can impact the gate fi-
delity. The main content is from the other parts of our two publications Ref. [133]
published in Physical Review Letters and Ref. [134] published in Physical Review
Applied.

4.1 Cross Resonance Gate

A cross-resonance (CR) gate is enabled by driving the control qubit at the fre-
quency of the target qubit, and this CR drive causes the target qubit state to
rotate in a direction depending on the control qubit state, and thus corresponds
to a ZX gate [78]. This is a general method to implement CNOT gate by CNOT =
X 721X 5221 )5 with additional single-qubit rotations. The CR driving Hamil-
tonian needs to be transferred to the same regime as the the qubit Hamiltonian in
Eq. (3.30). In the dressed frame it is written as

Hy,=U"H,U = Q cos(wqgt) ZUT(\nl) (ny+ 1]+ ny + 1) (ng])U, (4.1)

ni

where U is a unitary operator that diagonalizes the circuit Hamiltonian to Eq. (3.30),
Q is the driving amplitude at driving frequency wy. Now let us move into the ro-
tating frame at the frequency wy on both qubits and ignore the counter rotating
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terms, total Hamiltonian then becomes
H,=WH(H, + H)W —iww, (4.2)

where W = ¥ exp(—iwgthn) |n) (n| with wg = @3. External pulses sometime are
strong enough such that 0.1 < Q/A <1 or even /A > 1 with A being the qubit-
qubit detuning. Since effective Hamiltonian approach is valid only in the dispersive
regime, as shown in Ref. [123], and cannot be performed on qubits in the limit of
strong drives. Therefore we should treat block diagonalization of driving Hamil-
tonian with a nonperturbative method, other than SW.

4.1.1 Principle of Least Action

One approach to explore strong driving impacts is the so called “least action
method” described in Ref. [122, 149]. This method aims to find a unitary operator
T that is closest to the identity operation and can perform a block diagonalization.
The least action unitary operator T' that satisfies Hgp = TTH, T is given by

T=8S%,S5, (4.3)

where S is the nonsingular eigenvector matrix of H,, Spp is the block-diagonal
matrix of S, and Sp = Sp DS]T3 p- However, only part of the full matrix is required
when block diagonalizing a Hamiltonian, and 7" can be simplified as follows: given
a general d xd Hermitian Hamiltonian, it can be transformed into a block diagonal
matrix 2 using Eq. (4.3) with two blocks 47, and J%,,,, where n and m are
the dimensions of the blocks and satisfy d = n + m and n < m. The corresponding
matrix of all eigenvectors S can also be divided into 4 blocks, namely

S’ﬂ/ﬂ Snm
(5 5m). »

As described in Ref. [149], the unitary transformation 7' can be simplified as
T =UUTU)"? where

1 X 1+xxt 0
U= Uty =
(—XT 1 ) ( 0 1+ XTX)’ (45)

with X = =(SmnS;i)T = Spm St . Therefore, only part of the eigenvector matrix
S is needed, for example, the first n eigenvectors.

4.1.2 Effective CR Hamiltonian

To study the impact of the driving pulse on the ZX gate, we block-diagonalize the
total Hamiltonian in the rotating frame into two individual qubit blocks within
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the computational subspace and one block for all higher excited levels to decouple
them. In the case that driving amplitude is large enough to go beyond the dis-
persive regime, the block diagonalization should be applied under the principle of
least action: First two blocks 4x4 and 11x11, and then repeat this approach in the
4 x 4 matrix to divide it into two 2x2 blocks, each associated to a qubit. Finally,
the effective CR, Hamiltonian in the computational subspace can be written as

71 IX 7ZX 77
HCR:O‘ZI?+OZIX?+O‘ZX7+OZZZT- (46)

For a CR gate, only ZX term in the Hamiltonian is desired, the others such as ZZ,
IX, and ZI are unwanted interactions. ZI and IX can be cancelled out by echoed
CR sequences [150], leaving ZX term accompanied with accumulated phase from
77 interaction, resulting in the rotation of the target qubit with errors on the Bloch
sphere. On top of the static ZZ interaction (, which solely comes from the contri-
bution of higher excitation in the qubit-qubit interaction, the CR drive with the
amplitude Q introduces an additional ZZ interaction that depends quadratically
on 2. The two together produce the total ZZ interaction as follows

azz = C+nQ% + 0(Q%), (4.7)

where 7Q? is what we refer to as the dynamical ZZ interaction.

4.1.3 Classical Crosstalk and Active Cancellation

When applying microwave on one qubit, some additional classical changes hap-
pen to another qubit, which is undesirable and should be cancelled, this is called
classical crosstalk. In a CR gate, classical crosstalk is assumed to produce new
unwanted interactions due to targeted drives on non-local elements. The new un-
wanted terms have been demonstrated to be existing in experiments [148]. In
the presence of classical crosstalk, the normal driving Hamiltonian is modified by
adding another term as

HS' = Qcos(wat + ¢o) Y (In1) (na + 1]+ [ng + 1) ()

S

+ RQ cos(wat + o + oRr) Z(\nz) (ng + 1] +[ng + 1) (nal),

n2

(4.8)

where R is a scaling factor for classical crosstalk amplitude, and depends on both
two-qubit gate length and flux. ¢ is the new phase of the CR drive to the control
qubit and ¢p is the phase to the target qubit. When the Hamiltonian with classical
crosstalk is taken to the dressed frame and block diagonalized, one can find the
new terms IY and ZY in the effective CR, Hamiltonian:

71 7ZX 7Y X Y 77
HétR:BZI?+BZX7+ﬁZY7+BIX7 + Py + Pz (4.9)
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Our collaborators also applied CR drive on the CSFQ to perform the CR gate
and investigate the characteristic behavior of the CR effect. Here we present
the theory analysis of the same chip under CR drive: CSFQ is the control qubit
while transmon is the target qubit. On the experimental chip, an external flux
threads CSFQ and sometime is tuned away from the SS. By ignoring higher order
perturbative results in 2, e.g. O(Q*), Pauli coefficients can be approximated as

Bzx = (ByQ+ CpQ?) cos ¢y,
Bzy ~ (B + C Q) sin ¢y,
Brx ~ (D Q+ E;Q%) cos o + RK ;Q cos(po + ¢r)
Bry » (DyQ + E;Q%)sin ¢g + RK ;Qsin(¢o + dr)

ﬁZI N Q71

(4.10)

BZZ N 77,

where B¢, C¢, D¢, Ef are flux-dependent quantities that can be evaluated numer-
ically. The phase shift can be extracted using quantum state tomography. One
intermediate result during the experiment is shown in Fig. 4.1.

Pauli Coefficient vs CR variable

O X
IXfit

Pauli Coefficient (MHz)

o 3 Il 1 1 1 1 1 J
0 1 2 3 4 5 6 7

CR Variable

Figure 4.1: Pauli coefficients as a function of CR variable extracted from quantum state
tomography (dotted) and fitted using effective Hamiltonian (solid) for the hybrid circuit.

All Pauli coefficients at a certain driving amplitude are extracted by varying
the CR phase ¢, added on top of ¢g. Note that the phase difference between IX
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and IY, ZX and ZY remains /2 which is consistent with Eq. (4.10). ¢¢ can be find
at which the ZX component is maximized and ZY is zero. When IY component is
zero, the phase ¢p is also extracted by setting fSry = 0. These terms except desired
7ZX will accumulate errors, therefore must be eliminated in the process. ¢g can be
calibrated to 0 or 7 for achieving the maximum. IX and IY can be removed by
either applying an active cancellation pulse on the target qubit [148] or optimized
rotary echoes [151]. Here we introduce the theory behind the active cancellation.

Active cancellation is accomplished by introducing a second microwave drive
tone on the target qubit. The new pulse has the similar form as classical crosstalk,
i.e. Acos(wat+ @)X, (In2) (ng + 1| + [na + 1) (n2]), and also adds new components
on top of Pauli coefficients. By assuming ¢ is calibrated to w, then ZY term
vanishes and ZX is maximum negative. The additional pulse on the target qubit is
required to cancel the existing IX and IY terms, namely the following conditions
should be satisfied

(DyQ+EfQ*) + RK ;Qcos pr = AK Q2 cos ¢,

(4.11)
RKQsingp = AK¢Qsin ¢.

The next step is to set proper amplitude of the cancellation pulse to remove both IX
and I'Y simultaneously. In experiment, this is realized by sweeping the cancellation
pulse amplitude. If IX and IY are not zero at the same cancellation amplitude
then the cancellation phase is incorrect and has to be calibrated again [148].

From Fig. 4.1 the phase of CR drive to the control qubit can be calibrated
as ¢g = m and ¢p is measured as ¢ = ™+ 0.4. Due to the limit of experimental
apparatus, active cancellation pulse was not performed in the final experiment,
therefore IX and IY will be kept in the Hamiltonian. Using quantum state tomog-
raphy experimental Pauli coefficients at the sweet spot are plotted as a function
of driving amplitude in Fig. 4.2, together with our theory prediction. One can see
that the unwanted ZY vanishes in the device as expected. It is also clear to see
that components IZ and ZZ are small and insensitive to weak CR amplitude. The
measured Pauli coefficients ZX and ZZ are consistent with the results predicted
by the effective Hamiltonian (4.9).

In brief, the active cancellation process includes two parts: phase calibration
can effectively eliminate ZY term, while active cancellation pulse applied on the
target qubit can totally remove both IX and IY terms, leaving the effective CR
Hamiltonian only with Pauli components ZX and ZZ.

4.1.4 Echoed CR Rate

Although active cancellation can remove ZY, IX and IY terms, ZI remains large
in the Hamiltonian (4.9). The standard way to eliminate such a term is to use
echoed CR pulse [150], which involves two Gaussian flat-top CR pulses with 7
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Figure 4.2: Pauli coefficients vs. CR amplitude at the sweet spot: experimental tomo-
graphic measurements (points) and theoretical curves (solid lines). The parameters in
Eq. (4.8) used for simulation are R = 0.0125, ¢g =7 and ¢ =7 + 0.4.

phase difference, and a 7-pulse on the control qubit after each CR pulse as shown
inset of Fig. 4.3. If the ZZ interaction can also be eliminated, then an ideal CR
gate will effectively behave like a two-qubit gate corresponding to ZX, [144]:

cos(0/2)  —isin(0/2) 0 0
ZX = exp [0 (2X[2)] = B Slrt)(a/m C08(00/2) cos(09/2) isin(()H/Q)
0 0 1sin(0/2)  cos(6/2)

(4.12)
By choosing 6 = /2 together with single qubit rotations, the CNOT gate can
be realized. However in reality the ZZ interaction is always on, the frequency of
the echoed CR oscillation, i.e. fgcr, thus can be determined from the following
relation:

JECR = \/(52)( +61x)? + (Bay + Bry)” + (Bz2/2)*
+ \/(ﬁzx - Bix)* + (Bzy - Bry)” + (B2z/2)*.

If all unwanted terms are eliminated, Eq. (4.13) reduces to 28zx. Figure 4.3 shows
the experiential oscillation frequency fgcr of the transmon as a function of the

CR amplitude at different flux bias ®/®¢’s.
At weak driving amplitude, fgcr increases almost linearly, which corresponds

to the first order perturbation theory. And by increasing €2, fgcr deviates from

(4.13)
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Figure 4.3: Echoed CR rate vs. CR amplitude at four representative flux points. Device
parameters are shown in Tab. 3.3. The corresponding qubit-qubit detunings are (234,
217, 166) in MHz. Solid lines correspond to theoretical model. (Inset) Color density plot
of the oscillation of target qubit driven with various CR amplitudes at sweet spot with
CSFQ (control) in ground state. Colorbar represents first excited state probability of
target qubit. Echoed CR pulse sequence illustrated above inset plots.

linearity due to the off-resonant drive on CSFQ [78]. As CR amplitude becomes
stronger, increase of fgcr slows down, eventually changes the sign of slope to the
opposite. This is because the energy levels F1; and Fps get closer to each other
and at certain driving amplitude the anti-crossing takes place as shown in Fig. 4.4.
The resulting theoretical curves for fgcr vs. CR amplitude under the principle of
least action are consistent with the experimental points.

The ZXgo gate produces a Rabi oscillation occurred on the target, where the
axis of oscillation will depend on the state of the control. The time length of CR
pulse and the oscillation frequency of the target qubit satisfy

(27 fror )T = 7/2, (4.14)

where 7 is the total time length of the square echoed CR pulse. In experiment,
one can use Gaussian flat-top CR pulses with rising and falling edges, where 7
is defined to be the length of the flat-top part of each CR pulse. This 7 rotation
includes 20 ns derivative removal via adiabatic gate (DRAG) pulse, and is buffered
by two 10-ns delays. The CR pulses are rounded square with equivalent rise and
fall times of 20 ns. Thus we define the two-qubit gate length to be ¢, = 279+ 160 ns,
where 19 is the average flat-top length of each CR pulse. Due to the finite rise and
fall time, we have 7 > 79, e.g., for 79 = 0, 7 is non-zero. In the weak driving regime,
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Figure 4.4: Dressed energy levels Fq11 and Ep2 vs. CR amplitude for flux points: (a)
f=0.5, (b) f=0.5026, (c) f=0.5036, and (d) f = 0.505. Device parameters are shown
in Tab. 3.3.

the linear oscillation frequency can be expressed as

fecr ~ ()9, (4.15)

with a flux-dependent coefficient (), e.g., 7(0.5) ~ 0.1. The exact flux-dependent
~v(f) can be found from Eq. (4.13). By substituting this approximation into
Eq. (4.14), we obtain the following expression for the CR amplitude to make a
7Xgo gate:

Q(f,7) = 1[4 ()7]. (4.16)

4.2 Two-qubit Gate Error

To qualify the gate performance, we compute two-qubit error per gate in an echoed
CR pulse sequence for implementing a ZXgo gate by considering the density ma-
trix starting in the ground state in the Pauli basis. CR gate errors can come from
several aspects: (1) Limited coherence times compared to operation time. (2)
Classical crosstalk. (3) Parasitic ZZ interaction. Here, ZZ interaction is assumed
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to be a global error, and for each time step we apply actual gate unitary transfor-
mation as well as decoherence terms. The total map following the gate sequences
is

P =Ar1,12,01 © Ar1,12,02 © Azz 0 Ax1 o Acr- o Axt o Acr+[pil, (4.17)
and each map is defined by [132]

Azzlp) =Uzz - p- U},
Axi[p] = XTI p-XI,

Acra[p] = Ucrs - p-Ulg,,

1-¢ T2 1+e T2 (4.18)
AT1,Tz[p] = TZ pl+ Tﬂ
1—et/M 1—et/M
S OV e 0] = S 1) (1] p- 1) (11,
where the unitary operators Uzy and Ucr, are defined as Uyy, = e i2mazzteZZ]4

Ucrs = e 27 HER D) with agy defined in Eq. (4.7) and Hy, defined in Eq. (4.9).

To calculate the CR gate fidelity, we can use a different but efficient visual
representation of process maps, the Pauli transfer matrix R [152], which maps the
input density matrix components to output density matrix components in the basis
of Pauli operators. In contrast to process matrix representation [153], R has several
useful properties. It consists of only real numbers and so contains exactly the same
number of parameters as the gate, with no redundancy due to Hermiticity. Besides,
since it represents the action of a process of density matrix evolution, it can help
establish a number of properties of the underlying process which are otherwise
hidden in the standard representation. Given a Hilbert space of d dimensions
Hq and space of linear operators L£(Hy), any map A: L(Hy) - L(Hy) can be
represented by the Choi matrix [152, 154]

1
pA= Z Eij © A(Ej), (4.19)
2,

with F;; being a matrix with 1 in the ¢ 7' entry and 0’s elsewhere. Now the density
matrix is changed to the space HfiA) ® HéB). In the following, we assume A = B.
In case of the Pauli transfer matrix, the qubit state basis is fixed to Pauli matrices
P; e{1,X,Y,Z}, and then R matrix elements are defined as

Ry = éTr[PiA(Pj)]. (4.20)

Combining with Eq. (4.19) changes the expression to

'R,ij = Tr[PAPjT ® Pl]7 (421)
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with 1
pA = EZRPJ-T@H. (4.22)
1,7

The average gate fidelity thus can be found as [155]

dTr[pigeaip] + 1 Tr[RE, R]/d+1
d+1 - d+1 '
Since no active cancellation is performed on the final experiment, we need

to model the classical crosstalk with amplitude R(f,7)Q(f,7), where R(f,7) is
a flux and gate-length dependent scaling factor. The experimental data on the
CSFQ-transmon device revealed that the classical crosstalk on the target qubit
is much more significant with increasing gate length. This implies that R(f,7)

F=

(4.23)

is an increasing function of the gate time length, which is consistent with the
assumption that more power is pumped in the system if the gate length is longer.
For simplicity, we consider that flux and gate-length dependence are separable,
and fit R(f,7) ~ a(f)r*? which agrees well with the experimental data. The
nonlinearity with respect to 7 was introduced otherwise the IY Pauli coefficient is
consistently larger than the result from measured CR tomography, for example, in
Fig. 4.2. The average two-qubit error per gate for the experimental CR gate was
measured via standard randomized benchmarking (RB) [156] by varying the flux
f and gate length t, shown in Fig. 4.5.

The flux-dependence of «a(f) was extracted by performing separate CR to-
mography measurements [148]. Our collaborators performed such an active can-
cellation experiment for a fixed gate length at three different flux points dur-
ing previous measurement, and found that away from the sweet spot, the clas-
sical crosstalk amplitude R followed a nearly linear decrease. To be consistent
with previous measurement results, we assume the fitting function of the classical
crosstalk to be R = (0.07 — 40|f — 0.5["2)72/3. For the simulation of two-qubit
gate error at the flux sweet spot, we calculate R = (0.0123,0.0220,0.0322,0.0383)
and Q/2m = {70,30,17,12} MHz for the gate length t, = (200,300,440,560) ns,
respectively.

Figure 4.5 shows that with increasing gate length, a characteristic “W”-shaped
pattern develops with flux, both from theory and experiment, showing the largest
errors at sweet spot and two minima at the two flux points f =0.496,0.504, where
static ZZ interaction becomes zero. The fastest gate measured in this experiment
with smallest error rate 1.6 x 1072 is realized at ty = 200 ns. This behavior can be
described by the interplay between fidelity loss from the ZZ interaction and classical
crosstalk on the one hand, and fidelity gain from longer coherence times near the
sweet spot on the other hand. Away from the sweet spot, the ZZ interaction and
classical crosstalk decrease and the gate fidelity approaches the coherence limit.

One of the most prominent advantages of a CSFQ-transmon pair over a transmon-
transmon pair is that the static ZZ interaction can be cancelled by carefully choos-
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Figure 4.5: Average error per two-qubit gate plotted vs. flux for four representative
gate lengths. Device parameters of the hybrid CSFQ-transmon circuit are shown in
Tab. 3.3 Dashed lines indicate theoretical coherence-limited two-qubit gate errors with
no ZZ7 interactions; full theory simulations shown by solid lines.

ing qubit parameters. To make a comparison between hybrid CSFQ-transmon cir-
cuits and transmon-transmon circuits, we calculate the gate error in three samples:
current CSFQ-transmon device (1), a state-of-the-art tested transmon-transmon
device (2) [148], and an ideal CSFQ-transmon device (3) with flux threading CSFQ
at sweet spot. On CSFQ-transmon sample (1), we compare four scenarios: in pres-
ence of classical crosstalk and nonzero ZZ, only ZZ interaction, static ZZ freedom,
only coherence limit. On transmon-transmon sample (2), we compare experimental
results and theoretical prediction with ZZ interaction, as well as coherence limit
with experimental coherence times and ideal coherence times. On ideal CSFQ-
transmon sample (3), we assume both CSFQ and transmon have very long coher-
ence times, and compare the results of static ZZ freedom with coherence limit. In
the ideal circuit, static ZZ freedom at the sweet spot can be realized by only chang-
ing Josephson energy E;. In practice, such a device could be made by potentially
keeping CSFQ at sweet spot, while making the transmon slightly tunable [117].
Corresponding device parameters are listed in Tab. 4.1.

By varying the gate length, we plot the gate error in Fig. 4.6. Here (a) repre-
sents the device with nonzero static ZZ interaction, while (b) represents the device
with static ZZ freedom. Classical crosstalk is only considered in the device marked
with *. Figure 4.6 shows that the CSFQ-transmon device should achieve coher-
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Device | T [ 170 [ 7@ 170 | @ | @ | & | & n

s 1S 1S 155 GHz | GHz | MHz | MHz 1/MHz
(1) | 18 | 15 | 40 | 45 | 5.051 | 5.286 | +593 | —327 | 6.0x 100
(2) | 40 | 54 | 43 | 67 | 5.114 | 4.914 | —330 | —330 | 1.6x 10
(3) 200 | 200 | 200 | 200 | 5.094 | 5.286 | +593 | -327 | 8x107°

Table 4.1: Coherence time, dressed frequency, anharmonicity and nonlinear ZZ interac-
tion rate in Eq. (4.7) for the current device (1), a transmon-transmon device (2) [148],
and an ideal CSFQ-transmon device (3), respectively. 7 is fitted using the data from
Fig. 4.2.

ence times at least as long as this experimental device, while maximizing 75 of
the CSFQ thus enabling a gate error as the device (1b) comparable to the simu-
lated transmon-transmon results on device (2). For the projected longer coherence
times 200 ps [157], the gate error on device (3b) subject to elimination of classical
crosstalk can reach 1 x 1073, This level is inaccessible for a transmon-transmon
device, even with the projected longer coherence times of device (3). Separate
comparison of each device can be found in Appendix D.

While coherence-limited gate errors denoted by dashed lines in Fig. 4.6 decrease
monotonically with gate length, the total error reaches a minimum at an optimum
gate length. This is a universal behavior, even in the absence of static ZZ or
classical crosstalk e.g. device (3b). It can be explained by the dynamic ZZ that
arises from strong CR drive. Since larger CR amplitude is required for shorter gate
length and the dynamic ZZ scales quadratically with CR amplitude, at short gate
times a large ZZ interaction can still exist, which thus limits the minimum gate
error. In next section, we will focus on the additional ZZ component produced by
CR drive, and added on top of static ZZ interaction. The new term is a device-
dependent quantity, so we could find a way to change it, thus making the total ZZ
interaction suppressed.

4.3 Dynamical ZZ Freedom

In previous section we study the CR gate error and predict that at larger driving
amplitude, the dynamical ZZ induced by CR drive leads to a dramatic decrease
in the gate fidelity. In this section, we take several samples of CSFQ-transmon
and transmon-transmon pairs by varying the two-qubit detuning as well as anhar-
monicity of the two qubits to explore the possibility of zeroing total ZZ interaction
at a large domain of CR pulse amplitudes. The general idea is to tune the circuit
parameters and driving amplitude to make the dynamical part cancel out the static
part, meaning that dynamical ZZ should at least has opposite sign with static part.
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Figure 4.6: Experimental data and theory simulation for two-qubit gate error vs. gate
length for our present CSFQ-transmon (a), static ZZ-free CSFQ-transmon (b), and a
transmon-transmon device with non-zero ZZ (thick lines). The CSFQ was placed at
sweet spot. Square CR pulses were used in theory simulation. Three sets of coherence
times used in simulation were color-coded in blue, black, and red, and numbered by
n ={1,2,3}. “Limit (n)" represents coherence-limited gate error. Classical crosstalk is
not included except (1a)”*. Blue squares and black diamond are experimental data points
from present device and Ref. [148], respectively.

We find that CR amplitude can control the magnitude of dynamic part and allows
for vanishing total ZZ strength. Moreover the freedom is persistent as long as CR
gate is active and then improves the CR gate fidelity.

As discussed, when qubits are driven, an additional component is added on
top of the static ZZ interaction described in Eq. (4.7) with 1 being the dynamical
quadratic factor. To achieve dynamical ZZ freedom, the minimum requirement is
that dynamical part should have opposite sign with static part. Static ZZ interac-
tion can be easily calculated from either full Hamiltonian or effective Hamiltonian
in the dispersive regime in chapter 3. In order to evaluate 7, we first derive it from
perturbation theory. Although perturbation theory is not a proper approximation
for such a driving Hamiltonian, especially at strong driving amplitude, it enables us
to find the relation between the dynamical factor and circuit parameters. By block
diagonalizing the Hamiltonian in Eq. (4.2) using SW transformation, dynamical
quadratic factor 7 is given by

i 3 ;
2A%6,(A+ 65)2(A - 102)3 (28— 162) £

Ui Ai(raV)Ai6£67i)7 (424)
0
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with v being the ratio of Jig and Jo; in Eq. (3.7) and r = §;/d2. Detailed A;(r,~)
can be found in Appendix D.

To see how accurate the perturbative result is, we make a comparison between
perturbative approach SW transformation and non-perturbative approach least
action (LA) principle in terms of Pauli coefficients of ZZ and ZX. Given that the
other unwanted terms IX, TY and ZY in the CR Hamiltonian Eq. (4.9) are elimi-
nated by applying active cancellation pulse on the target qubit and calibrating the
global phase of CR pulse to 7, the Hamiltonian is only left with ZX and ZZ terms.
Here we take an example of CSFQ-transmon circuit and plot the corresponding
Pauli coefficients in Fig. 4.7. One can see that for weak driving amplitude pertur-
bative and non-perturbative methods give consistent results, however as expected
they deviate from each other within strong driving domain. This is because in
Eq. (4.7) higher order corrections denoted by O(Q?) starts to contribute in strong
driving limit. In the next we keep a record of the both sets of coupling strengths
and compare them in the results of 7.
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/
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Figure 4.7: ZZ and ZX coupling strengths in a CSFQ-transmon pair versus CR ampli-
tude Q, using Schrieffer-Wolff transformation (dashed) and Least Action transformation
(solid). A =0.1 GHz and the other parameters similar to Fig. 3.5(a).

In Fig. 4.8 we plot the dynamical quadratic factor n in two setups using
perturbative approach up to the second order in solid lines as well as LA principle
in cross points. Figure 4.8(a) shows that in a CSFQ-transmon pair 7 is always
positive under current circuit parameters, which makes CR drive to add up positive
dynamic ZZ component on top of the static part. This may result in suppression
of total ZZ strength if the static part is negative. While in Fig. 4.8(b) a transmon-
transmon pair carries both positive and negative 7 separated by a divergence limit
at certain detuning. Perturbation theory shows that in Eq. (4.24) there exists
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Figure 4.8: 7 in Eq. (4.24) as a function of qubit frequency detuning, (a) CSFQ-transmon
devices similar to Fig. 3.5(a), and (b) transmon-transmon devices similar to Fig. 3.6(a)
with g12 = 2.5 MHz. Cross points are numerical results from LA transformation and solid
line from SW transformation.

poles at detuning values A = -§5,0,d1/2,01, which originates from unexpected
higher-level resonance. However LA transformation finds that the divergence is
nonphysical and that ZZ strength remains finite, similar to Fig. 3.3.

4.3.1 Dynamical ZZ cancellation

The opposite sign of dynamical part and static part makes it possible to realize ZZ
freedom when the two-qubit are driven. To further explore the possibility, we study
five CSFQ-transmon samples labeled from 1 to 5, and five transmon-transmon
samples labeled from 6 to 10, the relative relations of the energy diagrams among
the samples are plotted in Fig. 4.9.

Let us first talk about CSFQ-transmon devices. In Fig. 4.9(a) the energy levels
of |010}, |100), and |001) show their differences in the harmonic resonator and the
two qubit frequencies, noncomputational levels [002) and |200) are in two sides
of |101). Applying CR pulse produces desired ZX entanglement between the two
qubits accompanied with unwanted ZZ term. To get precise prediction we de-
termine dynamical ZZ interaction only from non-perturbative LA transformation.
ZX strengths in CSFQ-transmon devices have been plotted In Fig. 4.10(a). For
each device the strength of ZX coupling increases with the CR amplitude, but
monotonously decreases with increasing two-qubit detuning, which can be seen
by comparing devices 2 to 5. Furthermore, devices 2 has a larger bus resonator
frequency, and shows that smaller qubit-resonator detuning can lead to a fast ZX
rate in contrast to device 1. Total ZZ strengths in CSFQ-transmon devices are
plotted in Fig. 4.10(b). In samples 1-3 the static ZZ, i.e. at Q =0, are negative
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Figure 4.9: (a) Energy diagrams for five CSFQ-transmon circuits 1-5. (b) Energy dia-
grams for five transmon-transmon circuits 6-10.

and in 4 and 5 positive. The dynamical part added on top of static part is always
positive under current circuit parameters, which is consistent with what has been
shown in Fig. 4.8(a). Adding the positive dynamic ZZ component can mitigate
the negative static ZZ in samples 1-3, making the total ZZ to be zero at certain
driving amplitude €.
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Figure 4.10: The coupling strength under CR gate using non-perturbative least action
transformation for: (a) ZX interaction in devices 1-5 and (b) ZZ interaction in 1-5.
Common parameters in 1-5 are 612 = 0.6,-0.33 GHz, g1¢/2. = 80 MHz, and g12 =0. In 1:
A =70 MHz and A = 1.1 GHz. In 2-5: A =70,105,150,180 MHz and Az = 1.2 GHz.
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Similar calculation is also performed in five transmon-transmon samples labeled
from 6 to 10. The corresponding energy levels are depicted in Fig. 4.9(b). In
contrast to CSFQ-transmon devices, the noncomputational states |002) and |200)
in transmon-transmon circuits are both below [101). Figure 4.11(a) shows that ZX
rate is disordered in terms of qubit-qubit detuning, this is because the existence of
the divergence-like condition is satisfied at A = §/2 = =165 MHz where multilevel
resonance can take place. Samples 6 and 7 are in the two sides of this particular
detuning, and device 7 is closer to the point, then the ZX rate is further suppressed,
this can be explained by working out the higher order contributions proportional
to Q3 [138]. Since in these examples the coupler frequency is far detuned from
qubits, the repulsions between [101) and noncomputational levels in transmon-
transmon devices have the same sign and sum together. Dynamical ZZ freedom
takes place in transmon-transmon circuits as it can be seen in devices 8-10, and the
cancellation driving amplitude decreases as the bus resonator frequency is farther
away from the qubits by comparing devices 9 with 10. Note that device 6 is the
IBM experimental circuit used in Ref. [148] and we can see it does not show
total ZZ freedom since static part has the same sign with dynamical part. One
interesting device is 7 where the total ZZ can approach to zero but never cross
it, behaving as a minimum at certain driving amplitude €2, this is because higher
order corrections e.g. O(Q?) at larger amplitude becomes predominant and cannot
be ignored.

(a) (b)
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Figure 4.11: The coupling strength under CR gate using nonperturbative least action
transformation for: (a) ZX interaction in 6-10 and (b) ZZ interaction in 6-10. Common
parameters in 6-10 are d,/o = —0.33 GHz, g1¢/2. = 98,83 MHz, and g12 = 2.5 MHz. In 6-9:
A =-200,-150,-100,-50 MHz and A5 = 1.4 GHz. In 10: A =-70 MHz and A5 = 2 GHz.

To further explore the condition of dynamical ZZ cancellation, we can use
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the dynamical factor n in Eq. (4.24) with sufficient accuracy for weak driving. By
solving azz = (+nQ? = 0, the condition for dynamical ZZ freedom in the first order
of A/ can be solved at the particular CR amplitude in the limit of A/dy «< 1:

. 2(r++2) A
QF = A|\‘ @) /1-05, (4.25)

_ 1/2+ 2y +y2 +r2 +ry(2+ ) +72(1 + 272) /2r
- (r+2)[r+7(2+7)] '

Table 4.2 compares the ten samples including both CSFQ-transmon and transmon-

with
C

(4.26)

transmon pairs, and corresponding cancellation CR amplitude Q* at which dynam-
ical part cancels out the static ZZ interaction. The amplitude 2* is determined
using three different methods: In the row labeled by LA we use non-perturbative
least action method to determine total ZZ and find where it is zero; In O(n) row
we use the SW-evaluated static ZZ coupling ¢ of Eq. (3.10) and the SW-evaluated
n in Eq. (4.24) and substitute them in Eq. (4.7) to find the solution at which
amplitude ZZ becomes zero; Below it we present the results from Eq. (4.25) and
in the last row we evaluate the ratio of A/d2 in each device. One can see the results
are better consistent in the limit of A/dy << 1.

M1 | @ [G]© O 60 |00
LA 42 [ 30 | 24 | No [ No| No | No | 115 | 61 | 82
O(m) | 41 | 31 | 24 [ No [No| No | 71 | 83 [ 46 | 62
Eq(4.25) | 41 | 34 | 40 | 20 [ No | 110 | 104 | 81 | 46 | 61

| A/5y [0a11]011]017[0.25]0.3[061[045] 03 ]0.15]0.21 |

Table 4.2: Q" from different methods in devices 1-10 in unit of MHz. ‘No’ indicates
devices with no dynamic ZZ freedom.

Let us further study the needed cancellation CR amplitudes at which dynamic
freedom is achieved. In what comes next we work with the parameters from
CSFQ-transmons devices 2-5 and transmon-transmons devices 6-9. We plot the
numerical result of dynamic ZZ freedom condition within a large range of qubit-
qubit detuning A in Fig. 4.12(a) and 4.12(b). Dots show non-perturbative results
using LA transformation and lines are SW perturbative results. Shaded area is
the validity domain within dispersive regime in terms of Q/A. Although the ZZ
cancellation on samples takes place below 150 MHz, it does not mean that it is
limited by the two-qubit detuning. To illustrate this, we add three more triangular
points using LA transformation in each setup by changing CSFQ and transmon
anharmonicity accompanied with perturbative fitting lines. In CSFQ-transmon
pairs, cancellation CR amplitude is small so perturbative and non-perturbative
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Figure 4.12: Cancellation amplitude of dynamical ZZ freedom versus qubit detun-
ing, (a) for CSFQ-transmon with parameters similar to circuit 2-5 devices, I with
qubit anharmonicity d,/, = 0.6,-0.33 GHz and II with 0,/ = 0.41,-0.39 GHz, (b) for
transmon-transmon with parameters similar to 6-9 devices, I1I with qubit anharmonicity
012 = -0.33,-0.33 GHz and IV with 6,5 = -0.41,-0.33 GHz. Lines are perturbative
results, dots and triangles are from nonperturbative least action. Shaded area are the
validity domain of perturbation theory.

results agree well with each other. However, in transmon-transmon pairs one can
see perturbation theory is a crude approximation, this is mainly because the static
77 strength in transmon-transmon pairs is usually large and then cancelling it re-
quires strong driving amplitudes, which falls outside of the dispersive regime. One
of the noticeable characteristics of dynamic ZZ freedom in CSFQ-transmon pairs
as seen in Fig. 4.12(a) is that by increasing detuning frequency first cancellation
amplitude increases, and then the amplitude squeezes. In CSFQ-transmon devices
set I, cancellation CR amplitude is small, but becomes larger by changing qubit
anharmonicity, as shown in devices set II. In transmon-transmon pairs of Fig.
4.12(b) the amplitude monotonically changes in a wide domain and then starts to
drop both in device sets III and IV. These behaviors are consistent with what we
found above for the way how ¢ and 7 scale with detuning A.

4.3.2 CR gate error

To quantify the performance of echoed-CR gate with respect to the total ZZ in-
teraction, we numerically simulate the CR gate for several CSFQ-transmon and
transmon-transmon devices in Fig. 4.10 and Fig. 4.11, respectively. Here we con-
sider the CR pulse is round square with negligible rise and fall times, and keep
7w pulse 40 ns long as in the experiment. When performing a CR gate, the flat-
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top of the single CR tone 7 satisfies 7 = 1/8azx for small CR driving amplitude
to achieve ZXgo rotation, therefore the total gate duration is t; = (27 + 80) ns.
Assuming that active cancellation pulse eliminate all unwanted terms except ZZ,
then the Hamiltonian is only left with desirable ZX and the error source ZZ. We
compute the two-qubit error per gate by evaluating how the unitary evolution of
the echoed CR gate evolves an initial state as shown in Eq. (4.23), and project it
into the Pauli basis using Pauli transfer matrix.

Figure 4.13(a) shows the CR gate error caused by ZZ interaction as a function
of gate length in CSFQ-transmon pair with different qubit-qubit detuning. In these
plots the decoherence effect on the gate is negligible as we assume that qubits can
have desirably long coherence times 77 and 7. In CSFQ-transmon devices 2 and
3 the error drops to almost zero at certain gate times, this is exactly where total
Z7 can be dynamically set to zero. Figure 4.10(a) and 4.10(b) show that in device
2 the dynamic freedom takes place at Q ~ 30 MHz, where corresponding ZX rate
is agx ~ 2.7 MHz. Such a ZX rate requires the flap-top length to be 7 ~ 46 ns for
each CR pulse to perform 7/2 ZX gate. The total echoed-CR pulse length then is
around 172 ns, which is consistent with the plot. For device 3 zero ZZ interaction
takes place at Q ~ 21 MHz, where azx is smaller by a factor of 1/1.7 compared
to device 2, this causes the prolongation of the gate length of the single CR pulse
and makes the total gate time to be 235 ns. While the gate error in devices 4 and
5 monotonously decreases as the gate becomes longer, which corresponds to weak
driving amplitude and then smaller total ZZ as the dynamical contribution has
the same sign with static part. The gate error in absence of decoherence is in the
scale of 1073.

Figure 4.13(b) presents the gate error in transmon-transmon devices with ex-
pected similar behavior as the CSFQ-transmon pair. The time length of perfect
7ZX gate in devices 8 and 9 are shorter compared to CSFQ-transmon pairs. The
reason for such improvement is that static ZZ is larger in these transmon-transmon
devices, then the dynamic cancellation requires stronger amplitude where ZX rate
is larger. For device 8 the dynamical ZZ freedom takes place at Q ~ 120 MHz,
where azx ~ 3.5 MHz. Such a ZX rate requires the flat-top length to be 7 ~ 36 ns
for each CR pulse to perform m/2 ZX gate, making the total time to be 152 ns.
While cancellation amplitude is smaller ~ 60 MHz in device 9, but the ZX rate
increases a little faster to 3.7 MHz since the two-qubit detuning is far away from
fake divergence point —4/2, resulting in a shorter gate at 148 ns. However, one can
see that transmon-transmon devices 7, 8, and 9 show some cutoff in their minimum
gate length for ZX,/» gate. The answer can be found from the saturation of ZX in
Fig. 4.11(a), where azx rate starts to saturate after some amplitudes and cannot
increase anymore. This saturation limits the flat-top length 7 such that it cannot
become shorter than a minimum 75, = 1/8a52*. More preciously, this cutoff can
be calculated as 7™ = (1/4a%* + 80) ns. For instance device 7 in Fig. 4.11(b)
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reaches to a maximum at ~ 2.5 MHz and this introduces a gate time cutoff below
~ 180 ns as shown in Fig. 4.13(b). Moreover the device 7 shows a finite minimum
at certain gate time where dynamic ZZ is suppressed to a minimum of ~20 kHz,
which results from the higher order contribution for stronger drive. Although th
error cannot be eliminated, it can be reduced to 107 without decoherence error.
The worst scenario can be seen in device 6 where the gate error increases with gate
time as total ZZ cannot be eliminated.

Following the experiment, we study what the CR gate is and how to constitute
such a gate. We evaluate the gate performance with respect to ZZ interaction and
classical crosstalk. Our theory also predicts that the CR gate with 99.9% fidelity
is achievable in the absence of static ZZ interaction with longer coherence times.
The CR pulse produces new ZZ component adds on top of the static part, thus
leading to a new strategy to cancel the total ZZ interaction, namely dynamical
77 freedom. We show that this freedom is applicable in both transmon-transmon
circuits and CSFQ-transmon circuits. In the next chapter, we will continue the
discussion of parasitic ZZ interaction and propose a new gate at which both static
and dynamical ZZ freedom is realized throughout the operation.
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Chapter 5
Some Novel Gates

In chapter 4 we presented that static ZZ freedom is achievable experimentally on
a superconducting circuit consisting of a pair of opposite sign anharmonicity at
certain parameters. These parameters in the case of our experimental device [133]
could be met by tuning external flux of CSFQ slightly away from the sweet spot.
In that device CSFQ offers another degree of freedom, which is proved to be ef-
ficient for mitigating parasitic unwanted ZZ interaction. One can also achieve
requirements for static ZZ freedom by changing coupling strength, which requires
tuning coupler parameters. However, this tunability always challenges coherence
characteristics of the coupler, as what has been seen in the CSFQ-transmon exper-
iment that tuning flux away from sweet spot leads to a dramatic decrease in the
decoherence time and then restricts the CR gate fidelity. Therefore suppressing
flux noise while keeping tunability is the key factor to a coupler.

Alternatively, there are several types of tunable couplers which have previ-
ously been both designed in theory and tested in experiment [106, 158-160], can
also provide a new degree of freedom. One of the promising candidates is the
asymmetric transmon [106, 117], which plays the same role as a tunable device,
meanwhile the coherence time can slightly decrease to keep the balance of the
two properties. Such an asymmetric transmon can either serve as a control/target
qubit or a coupler instead of a harmonic oscillator. This type of qubit has been
implemented in several devices and enables the improvement of entangling gates
performance, by which desired entanglement can be enhanced or unwanted terms
can be suppressed [93, 161-163].

In this chapter we first introduce the properties of asymmetric transmons in-
cluding frequency tunability and flux noise sensitivity. By including the flux-
controlled tunable coupler with a continuous tunability in superconducting circuits,
we take advantage of the cancellation for unwanted both static and dynamical Z7Z
interaction as described in chapter 3 and chapter 4, then propose a new gate. Later
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we show how to take advantage of wanted ZZ and make it stronger to constitute
a novel CZ gate.

5.1 Properties of an Asymmetric Transmon

Let us revisit the discussion in chapter 2, the asymmetric transmon consists of
two Josephson junctions with external flux threading the loop, plasma frequency
is then changed to

w(f)~\/8EcE;(f) = \/8E0EJZ\/COS2(7Tf) +d?sin? (7 f)2, (5.1)

where Ejs = Ej + Ejy and d = (a—1)/(a+1) with a being the ratio of Josephson
energy F 1 and E 2. Equation (5.1) is a periodic function in terms of flux, meaning
that plasma frequency oscillates with f. Here we consider external flux is limited
to half a period such that f € [0,0.5] as it has covered the whole tunable window
with two boundary frequencies calculated by

w(f = 0.5) = VvV 8dEcEJg, (5.2)
w(f:O) = SECEJE, (5 3)

and w(f =0) > w(f =0.5) since 0 < d < 1. Such two boundaries of the frequency
window indicate that larger ratio a leads to a narrow tunable domain. In the next
we take an example to illustrate how the frequency is tuned.

Given that the asymmetric transmon has E¢ = 0.337 GHz and Ejy = 17.5
GHz, external flux f is tuned between 0 and 0.5, we first plot the bare frequency
fo1 as a function of the ratio a = 1,5,9,13 in Fig. 5.1(a). One can see that the
tunable frequency window becomes narrower with increasing ratio a, from more
than 1.2 GHz at a =1 to around 500 MHz at a = 13. However, the new degree of
freedom also brings some troubles such as flux noise.

Dephasing rate of a qubit is proportional to the frequency gradient as a func-
tion of flux Dg =[0f91/0®|, details can be found in Appendix C. This means that
tuning the flux away from the sweet spot leads to decrease in coherence time. In
other words, large tunability causes more loss. To assess the effect of flux noise on
dephasing, we assume the flux noise power spectrum is identical for all different
ratios, which allows background dephasing to be the same for each ratio. Another
assumption is that the asymmetric transmon has the same modified expression of
dephasing rate as the CSFQ with I's = (0.00288m®,)Dg + 0.039us~L. By calcu-
lating D¢ using data in Fig. 5.1(a) and substituting the derivative into I'g, we
obtain the dephasing rate and plot it for the four ratios in Fig. 5.1(b). It can be
seen that at two ends dephasing rate is the lowest for all ratios, and the two points
are called sweet spots of the asymmetric transmon. The dephasing rate can be
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Figure 5.1: Asymmetric transmon properties (a) frequency fo1 versus flux (b) dephasing

rate versus flux for different a = Ej1/E 2, the ratio of two Josephson energies.

approximated as parabolic function of flux, and the sensitivity to 1/f flux noise
appears to be suppressed with increasing ratio a, i.e. I', is comparably flat across
the entire tuning range with a maximum value less than 0.1 ps~' when the ratio
is 13.



80 Chapter 5. Some Novel Gates

5.2 The Parasitic Free (PF) Gate

In chapter 4 we introduce the dynamical ZZ freedom in driven circuits with a
fixed-frequency bus resonator, which requires non-zero static ZZ interaction when
qubits are idle. However, qubits are not always active or driven in a large quantum
processor, therefore the crosstalk from surrounding qubits does affect the working
qubits.

One way to deal with this problem is replacing the harmonic bus cavity with a
tunable coupler such as the asymmetric transmon. One can first tune the coupler
frequency to turn off static parasitic interaction in idle status, and turn it on
accordingly when qubits are driven to dynamically cancel out ZZ interaction. In
this way we make a gate where ZZ freedom is achieved throughout the gate length,
namely parasitic free (PF) gate. In the following, we discuss the case that two
fixed-frequency transmons are coupled via the tunable coupler. This circuit can
produce perfect ZXgy entanglement when qubits are driven by the CR-type pulses,
and is free of static ZZ interaction when qubits are idle.

The circuit scheme is shown in Fig. 5.2. In the pairwise interacting quantum
circuit, two fixed-frequency transmons are directly coupled via a capacitor C12, and
indirectly couple to each other mediated by the asymmetric transmon through C1.
and Cy, respectively.

Ci
[l
1l

p—

[ Coupler
Qubit 1 Qubit 2

Figure 5.2: Circuit schematic of two fixed-frequency transmon qubits directly coupled to
a tunable coupler via C'i. and Cs., and capacitively couple to each other via Cis.

Usually 9 is much smaller than C7. and Cy., such that qubit-coupler inter-
action is much stronger than the qubit-qubit direct coupling, i.e. gic,g2c > g12.
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The system Hamiltonian is written in the form of multilevel systems as

H = Z Zwi(ni)|ni+1)(ni+1|+22\/(”i+1)(nj+1)

i=1,2,c n i<j n (5.4)

x Gig(Inif(nivil = [nicn)(nal) ® (Ing ) (njal = [njen){n;l),

where w;(n;) = E;(n;+1)— E;(n;) with E;(n;) being the bare energy for subsystem
i (1 =1,2,¢). There are two ways to describe this Hamiltonian: one is the sum
of difference photon number blocks with interaction terms in the off-block part,
the other is the sum of the same excitation number blocks with no interaction in
between if counter-rotating terms are ignored [122]. Since the coupler is assumed to
be far detuned from fixed-frequency transmons, here we choose the first approach
and write the Hamiltonian in matrix form as

0, Go1 Goo
Gor 1, G2
Go2 G2 2,

where i, is the block containing ¢ photons and G;; includes all interaction between
block 7 and block j.

To simplify the Hamiltonian, we can apply SW transformation to decouple
0, block from higher photon excitation numbers, the system thus reduces to the
two-qubit basis. As the coupler is an asymmetric transmon and the levels are
anharmonic, so at least 2, should be included in the full Hamiltonian before de-
coupling. After block diagonalizing Eq. (5.5), the computational subspace can
be fully diagonalized and then has the same form as Eq. (3.8). In the dispersive
regime that g;;/A;; < 1 with A;; = w; —wj, we can calculate the eigenvalues of
each level using perturbation theory up to fourth order correction, and then derive
static ZZ interaction as

¢ o= (@@, (5.6)
@ = b (o) (57)
. 2 2
(B = 291920912 [(A12 —0)A1e (Mg +01) Ao
" AlclAzc " A121A2c - A121A1c]7 (58)
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It is worth noting that higher excitation number in the coupler i.e. the second
excited level with respect to the anharmonicity J. has already been included in
the fourth order correction.

Circuit parameters are assumed as follows: the frequency and anharmonicity
of qubit 1 and 2 are fixed at wy = 5.12 GHz, 6; = -0.322 GHz, and ws = 5.0
GHz, §5 = —-0.322 GHz, separately, the tunable coupler frequency domain is w, =
5.8 - 6.8 GHz, qubit-coupler coupling strength gi. = go. = 120 MHz and direct
coupling strength g2 = 8 MHz by considering a small direct capacitance. By
substituting all parameters into Eqs (5.6)—(5.9), static ZZ interaction for three
coupler anharmonicity is evaluated and plotted in Fig. 5.3. We calculate static
77 using two approaches: perturbation theory in Eq. (5.6) with solid line and full
Hamiltonian in Eq. (5.4) with dashed line.

One can see that the two approaches are consistent when coupler frequency is
large while anharmonicity is small, but deviate from each other at lower coupler
frequency with larger anharmonicity. This disagreement is due to the inaccuracy
of perturbation theory on the edge of the dispersive limit, which is most evident
at lower coupler frequency with anharmonicity d. = =350 MHz. For instance,
at w. = 5.8 GHz, [020) with bare energy 11.25 GHz, interacts with [110) with
bare energy 10.92 GHz and |011) with bare energy 10.8 GHz, via the coupling
strength \/§g1 = \/§g2 ~ 170 MHz, leading to g/A ~ 0.35, which falls outside of the
consistency domain [123].

OFF status: Figure 5.3 shows that static ZZ freedom is achievable in all
devices. As the anharmonicity is more negative, the required coupler frequency for
zeroing Z7 interaction is lower. Such coupler frequency for ZZ freedom when qubits
are in idle status corresponds to the “off” point of the flux sequence threading the
asymmetric transmon.

ON status: Now let us move to driven regime. Based on the discussion in
CR gates we know that fast ZX rate takes place at stronger driving amplitude, at
which dynamical ZZ interaction is also larger. In such a device static ZZ should be
designed large so that required cancellation driving amplitude is also strong. In the
next we will focus on the device with anharmonicity 0. = —150 MHz as the static
77 is the largest compared to the other two curves. The off frequency is about
6.345 GHz read from Fig. 5.3 when the qubits are in idle status. The system
is driven by an echoed CR pulse, with which ZX gate is produced with angle
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Figure 5.3: Static ZZ interaction as a function of coupler frequency for three different
coupler anharmonicity .. Solid line shows the results obtained from perturbation theory
up to four order, dashed line are the results from full Hamiltonian model with off points
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0 = azxt and other terms except ZZ can be eliminated via active cancellation
pulse as described in section 4.1.3. External CR drive adds dynamical ZZ on top
of the static component, and makes it possible to achieve dynamical ZZ freedom
if static and dynamical ZZ have the opposite sign, as shown in Fig. 5.4.

a b 9
® (b)
8 L 4
300 7L J
200 —~ 6F 1
S =
Z 100 S 3 ]
N = 4 :
N 0
— w=6.1 GHz N3t 1
-100F — w,=6.0 GHz 2t J
| — w:=5.9 GHz
—200F __ ).=5.8 GHz 1 7
I I I I 0 I I I I
0 20 40 60 80 100 0 20 40 60 80 100
QO (MHz) QO (MHz)

Figure 5.4: (a) Total ZZ interaction, the sum of static part and CR drive induced dy-
namical part. (b) ZX rate versus CR driving amplitude 2 for four coupler frequencies
with anharmonicity d. = =150 MHz. Dynamical ZZ freedom takes place around €2 = 75

MHz.
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Figure 5.4 shows corresponding ZX and ZZ strength for four different coupler
frequencies using non-perturbative least action transformation. Total ZZ reduces
to the static part at € = 0 which is consistent with Fig. 5.3. Dynamical ZZ
cancellation in all four devices can take place around driving amplitude €2 = 80
MHz, at which ZX component becomes larger with decreasing coupler frequency.
For instance, if the “on” frequency is 5.8 GHz, the dynamic freedom takes place
at 0 ~ 75 MHz, where corresponding ZX rate is azx ~ 7.5 MHz. Such a ZX rate
requires the flat-top length to be 7 ~ 17 ns for each CR pulse to perform 7/2
ZX gate. By considering the each of the echo CR pulse is followed by a 40 ns 7
rotation, the total pulse length is around 114 ns with respect to a square-shape
CR pulse.

Another feature of the PF gate is that flux noise can be suppressed throughout
the operation. As mentioned before, the asymmetric transmon suffers from 1/f
noise when tuning the flux away from sweet spot. In order to reduce the error
caused by flux noise, the circuit design and qubit control are needed to be opti-
mized. As described in Fig. 5.1(b) the flux noise is suppressed most around the
sweet spots f =0 and f = 0.5. If we can find a device where the two on and off
points are around sweet spots with lower dephasing rate I'y,, the gate performance
will undoubtedly be improved. Here we show one example of such an ideal de-
vice. The coupler can be designed as follows: E¢ = 0.142 GHz, E;;/E 2 =10 and
Ejs, = 37.6 GHz. Figure 5.5 plots the coupler frequency as a function of exter-
nal flux. Dashed lines mark on and off frequency with about 50 MHz gap to the
frequencies at sweet spots, which provides room for circuit parameters variations.

6.4

f10 (GHz)
=)
to

-
=)

5.8

Figure 5.5: Coupler frequency versus external flux. On and off frequencies are designed
to be close to sweet spot with a gap about 50 MHz.
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In such a device where the coupler frequency is tunable, we can realize the
universal ZZ freedom. This means that in idle status tuning coupler frequency to
the off point can decouple the ZZ interaction, with which the single-qubit operation
accuracy can be improved; In driven status, first by tuning the coupler frequency
to the on point, a non-zero static parasitic interaction is obtained, then applying
external pulses especially driving control qubit with target frequency adds exactly
the same amount of ZZ but with an opposite sign. The total effect will make
the dynamical ZZ cancellation possible. Compared to the devices described in
chapter 4, the new circuit with the asymmetric transmon can produce a larger ZX
rate, which can effectively reduce the gate length.

5.3 The Tunable CZ Gate

In previous discussion we always aim to suppress or eliminate this parasitic ZZ
interaction. In fact, without any control the free evolution of a system in presence
of ZZ coupling can be used to constitute a controlled-Z (CZ) gate [164]. In a
large quantum processor, we want a pair of interacting qubits to be free of ZZ
interaction in idle status but preserve strong ZZ when performing a CZ gate.
Generally speaking, decoherence time of a superconducting qubit is a couple of
microseconds. To realize high-performance gates the operation time should be
shorter, i.e. several Hundreds of nanosecond, which limits the ZZ interaction to
be in the magnitude of megahertz. Then it comes to the question how can we
choose the frequency domain to fast tune the ZZ interaction from zero to several
megahertz? A few experiments have been performed by replacing the harmonic
resonator with the asymmetric transmon in transmon-transmon pairs [93, 141,
142], and successfully realized shorter CZ gates, but none of them can tune ZZ
interaction to the exact zero.

Here we introduce a device on which an asymmetric transmon coupled to a
CSFQ via a harmonic bus resonator. As discussed, CSFQ-transmon pair is a
good device where static ZZ freedom can be achieved without driving meanwhile
entangling two qubits, although CSFQ suffers from shorter decoherence time as
flux is away from sweet spot. One way to deal with flux noise is fixing CSFQ at the
sweet spot, and utilizing the asymmetric transmon instead to tune ZZ interaction.
Thus we can totally turn off ZZ interaction in idle status, and turn it on to realize
the CZ gate.

The circuit is designed as follows: an asymmetric transmon couples to a CSFQ
mediated by a bus resonator, each qubit is measured by a readout cavity. The
frequency is arranged that bus resonator is in between two qubits. Detailed cir-
cuit scheme is shown in Fig. 5.6. Compared to the experimented hybrid CSFQ-
transmon circuit in chapter 3 and 4, Josephson junction in transmon is replaced by
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a DC SQUID, two more capacitors are included using ANSY'S Q3D software, which
efficiently performs the 3D and 2D quasi-static electromagnetic filed simulations
required for the extraction of RLCG parameters from an interconnect structure.

Qubit 1 Bus Qubit 2
Cy Cyy
1} I}
Readout 1 Readout 2
2 3 " 4 " 5 6 7
1 ¢ 11 'm" |_| |J *—
34 Cys Crg
E.'Tl!CTl EJI!CI EJZﬂCZ
Ej1,,C
T Lg — Cgr E;3,Cs CicsrQ—— Licsro
| | ||
1T Al
CshT CshCSFQ
Cyp— = Cy Cso == == Cy

(1}
Figure 5.6: Circuit scheme of CSFQ coupled to an asymmetric transmon via a bus

resonator.

Before we go deeper into the analysis of the circuit and parameters, one question
should be answered, that is how we can strengthen ZZ interaction and remain the
zero point in the same device. When the bus resonator is far detuned between
two qubits, maximally ZZ is less than 1 MHz as shown in Fig. 3.12. Perturbed
derivation of ZZ interaction in Eq. (3.10) indicates that increasing J coupling can
effectively enlarge it, and the most applicable method is to reduce the bus resonator
frequency. Therefore the qubit-bus detuning should be changed, i.e. less than 1
GHz when the gate is on. Circuit Hamiltonian has the same form as Eq. (3.27),
with corresponding circuit parameters are listed in Tab. 5.1.

Figure 5.7 shows frequency tuning window is about 700 MHz, anharmonicity
changes slowly from —-385 MHz to -394 MHz. Solid blue curve is the numerical
derivation and dashed red is the result from fitting function expressed as

6.51262 - 6.7f% +3.5% +8.1f%,
~0.385807 — 0.0635 % + 0.124 f*.

(5.10)
(5.11)

w1

01

Let us consider Csy < C34 and Cy7 < Coys, thus contribution from the two ad-
ditional capacitors will not affect the expression in Eq. (3.26), and all g couplings
can be obtained by simply replacing a — h with 1-8 correspondingly. By substi-
tuting circuit parameters into the expression in chapter 3, CSFQ bare frequencies,
anharmonicity, bus frequency and coupling strengths are calculated in Tab. 5.2.
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Capacitance (fF) Josephson energy (GHz)

Cio 3.4 Crg 4.44 Err 15.75
Cao 52.8 Cro 68 Ejrs 1.75

Co 43.9 Cso 57.5 a 9
Cont 21 Concsro 2975 | Ep=Ejpn=FE; | 111.70
Cr1 4 Ci=Cy=C 4 Ey=aly 48.03
Cro=Cry 4/9 Cs=aC 1.72 o 0.43
Csy 26.52 Cys 32.6 Inductance (nH)

Con 2.17 Cor 2.24 Lot 1.14
Cor 45473 | Crosrg | 461.32 Lrcsrg 1.15
Cr 600.59 Ly 1.50

Table 5.1: Circuit parameters design values that were extracted using ANSYS Q3D
Extractor simulation of the qubit layout.

(a) (b)  —0385

-0.39+ R

fio (GHz)
6 (GHz)

_0'395 L L L L
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5

S S
Figure 5.7: (a) Asymmetric transmon frequency fo: as a function of flux f(b) Asymmetric
transmon anharmonicity as a function of flux f. Solid line represents the result from
numerical simulation, while dotted line represents corresponding fitting function.

The variation of coupling strength due to tunability of the coupler is tiny and
then ignored. Note that CSFQ-bus detuning is only 400 MHz while corresponding
coupling strength is 167 MHz. Although the system is still within the dispersive
regime, the accuracy of perturbation theory is not enough. In the following we will
denote the asymmetric transmon as Q1, CSFQ as Q2 and deal with the system
using full Hamiltonian model.

To easily illustrate how the CZ gate is operated, we use its energy-eigenstates
|Q1, R, Q2) to describe the system. Figure 5.8 shows system eigenvalues as a func-
tion of Q1 frequency, and only states in the two-excitation manifold are plotted.
Although the anti-crossing is beyond tunable domain, it is also worth noticing that
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CSFQ freq. 4.9 GHz
CSFQ anharm. 577.6 MHz
Bus freq. 5.3 GHz

Bus-CSFQ coupling | 167 MHz
Bus-Trans. coupling | 161 MHz

CSFQ readout 6.9 GHz
CSFQ readout g 42 MHz
trans. readout 7.0 GHz
trans. readout g 40.6 MHz
direct coupling 10.1 MHz

Table 5.2: Frequency scales on device with CSFQ at the sweet spot.

two-photon process between [101) and [020) is possible especially when the gap is
small at lower transmon frequency. For an ideal CZ gate, the computational state
|101) should adiabatically evolve from the off point to the on point at which ZZ
is strengthened, then back to the off point with no leakage to non-computational
states. This can be realized by tuning transmon frequency, during this process
non-zero Z7Z leads to a CZ gate if the total phase accumulation of Q1 is 7. Here
the adiabatic process means unwanted transitions should be avoided. Particularly,
the minimum gap between |101) and other states is a key factor in determining
adiabaticity.

In our device, the minimum gap occurs between |101) and [020) states, and can
be evaluated through near-degenerate perturbation theory when the two states
are near resonance [165]. There is a two-fold degeneracy before interaction Hamil-
tonian is switched on, then we can separate the eigenstates into two sets: |m)
denotes the unperturbed eigenstates of the degenerate energy E; with m € d, and
I} is the set of unperturbed eigenstates with different energies. Note that the two
sets do not coincide with each other. Define projectors Qg = 3 ,,eq|m){m| and
P; =1-Qg, then second order perturbation theory in the degenerate subspace
gives rise to [165]

H0+QdVQd+QdVPd(Ek —Ho)_lpdV—Ek 20, (512)

where Hy is the unperturbed Hamiltonian, V is the interaction Hamiltonian and
FE, is the eigenvalues. By substituting all parameters into the equation above, we
find the minimum gap between two states is ~ 20 MHz, corresponding to 2¢101020,
similar to what we found in Eq. (3.32). When operating at transmon frequency
away from the degenerate point, the condition gig1..020t > 1 should be satisfied,
meaning that the CZ gate should be slow enough to avoid such a transition, i.e.
t > 100 ns.
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Figure 5.8: System eigenvalues as a function of the asymmetric transmon frequency. Only
states in the two-excitation manifold are shown.

Similarly the full Hamiltonian can be diagonalized and rewritten as
H = 1]100)(100] + ©2]001)(001| + (w1 + W + azz)[101)(101], (5.13)

with azz being plotted as a function of transmon frequency in Fig. 5.9.

One can see that under current parameters ZZ coupling can be completely
turned off at w; = 6.257 GHz. Corresponding fitting function marked by dashed
line is

azz(wy) = +1.75(wy - 5.75)% - 2.92 | MHz. (5.14)

0.73(w; - 5.7)

To speed up CZ gate while maintaining no leakage to higher levels, we choose a
relatively large ZZ coupling strength to be 2 MHz as the working point at w; = 5.981
GHz. Corresponding flux can be evaluated from fitting functions Eq. (5.10) as
f=0.214 OFF and f =0.338 ON, separately.

To further suppress the leakage to noncomputational levels, an optimized con-
trol pulse is needed to be implemented such as flat-top Gaussian pulse [141] and
Slepian-based optimal control [93]. In each case the pulse is not square, then
accumulated conditional phase is expressed as

brz = [ au(bit (5.15)

and a CZ gate is realized when ¢z = 7. In the following we will take an example
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w1 (GHz)

Figure 5.9: ZZ interaction as a function of asymmetric transmon frequency, on and off

frequencies are 5.981 GHz and 6.257 GHz, respectively. Solid line represents the result
from numerical simulation, while dotted line represents corresponding fitting function.

of tanh-shaped pulse to estimate the gate length. The pulse is expressed as

F(fo, fend, @, 8,t) = [ fo + tanh(zst)(fena — fo)][sign(1/s - t) + 1]/2 (5.16)
+{fo + tanh[2s(2/s = )] (fena - fo)}[sign(t - 1/s) + 1]/2, ~

where s = 1/2t, with ¢, being the gate length, fy = 0.214, fena = 0.338 and =«
determines the flat-top length. In arbitrary unit this pulse shape is plotted in
Fig. 5.10.

By combining all fitting functions and substituting all parameters, one can
obtain the gate length. For instance, if the pulse take the shape of x = 5, the pulse
is only a function of gate length t,. We first substitute Eq. (5.16) into Eq. (5.10),
and then substitute Eq. (5.10) into Eq. (5.14) to get the gate-length dependent ZZ
interaction, finally we can integrate ZZ interaction from ¢ = 0 to ¢ = ¢, as shown in
Eq. (5.15). By solving the integration ¢zz = 7, a CZ gate is achieved at the gate
length ¢4 ~ 419 ns.

Compared to other schemes to perform CZ gates, this system can completely
turn off parasitic ZZ interaction although the gate length is longer. Different from
other protocols in which the asymmetric transmon serves as a coupler [93, 141,
142], the main leakage source in this device is the transition between |101) and
|020) since transmon frequency is far detuned from CSFQ and bus cavity. This
transition needs to be realized by two-photon process, therefore is comparably
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Figure 5.10: Control pulse with different flat top length versus time (arbitrary unit). f is
the flux threading the loop, and z determines the flat top length as shown in Eq. (5.16).

weak. The CZ gate length can be further reduced by pushing transmon frequency
closer to the bus cavity, meanwhile avoiding the unwanted transition by optimizing
the control pulse.

We have studied two novel gates based on the asymmetric transmon. The first
one, PF gate, is realized in a circuit where two fixed-frequency transmons couple
to each other via the asymmetric transmon. On such a gate we take advantage
of the cancellation for unwanted ZZ interaction throughout the operation, namely
static ZZ freedom in idle status and dynamical ZZ freedom in driven qubits. The
second one, the tunable CZ gate, is performed in a circuit where the asymmetric
transmon serves as a qubit, and couples to a CSFQ via a harmonic bus resonator.
In this device wanted ZZ can be completely switched off when the gate is inactive,
but wanted ZZ should be further strengthened to make the gate length shorter
when it is active.






Chapter 6

Three-Qubit Interaction

In previous chapters we have analyzed the characteristics of wanted & unwanted
two-qubit interaction in superconducting qubits. However, as quantum processors
with many qubits are developed, each qubit is inevitably exposed to interacting
neighbors. Interaction with nearby idle qubits will undoubtedly cause unwanted
entanglement and accumulate errors across the system in the presence or absence
of a two-qubit gate. Such interactions do not obviously affect the resting qubits,
but can give rise to gate parameters change and lower gate performance. For
instance, errors arising from coupling between control/target qubit of a CR gate
and their surrounding idle qubits lead to reduction in the gate fidelity [138, 151,
162].

For a larger quantum processor, i.e. Sycamore [80] which uses 53 qubits and 86
couplers as shown in Fig. 6.1, qubit at one vertex marked by red is connected with
four neighboring qubits marked by green via adjustable couplers, thus four pairs of
two-body interactions will change the qubit parameters and can accumulate errors
to related quantum gates. Furthermore, each neighboring qubit is surrounded by
another three idle qubits marked by yellow, thus there are 12 non-pairwise additive
three-body interaction with respect to the qubit at red vertex. Although three-
qubit interaction is usually weaker than two-body interaction [166], but in total
the contribution to one qubit is nontrivial and can even destroy quantum gates.

This chapter we study the characteristics of such three-body interaction in two
complicated circuit schemes: triangle and planar geometries of three qubits. In
triangle case there are three couplers among the three qubits and in planar one
the number of coupler is two. These circuits can be seen as the continuation of
previous two-qubit model by adding a third qubit. To study how the neighboring
qubits affect two-qubit gates, we briefly describe a three-qubit model with respect
to two-body interaction, and then propose a protocol for static three-qubit Hamil-
tonian tomography to find out the dependency of two- and three-body coupling
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Figure 6.1: Layout of Sycamore processor [80]. Given a qubit marked by red, there are

four qubits marked by green next to it, and each of which is surrounded by another three
qubits marked by orange.

strengths. Finally we present several examples with simulation results to illustrate
the impacts and make a comparison with the two-qubit model.

6.1 Triangle Geometry of Three-Qubit Coupling

First, let us consider a triangle circuit which consists of three superconducting
qubits and three couplers as shown in Fig. 6.2. Here circles represent qubits and
rectangles represent couplers. Each pairwise qubits are connected to each other
via a coupler in the coupling strength g,c, between qubit ¢ and coupler ¢; with
q,t = 1,2, 3, respectively. Meanwhile, they are also capacitively coupled to each
other via direct coupling gqq between qubit ¢ and ¢'. For simplicity, all couplers
are assumed to be harmonic oscillators.

Following the convention used in chapter 3, bare qubit ¢ frequency is w,(ng) =
E,(ng+1)-E,(n,) with bare energy E,(n,) at Fock state |n,) by setting h = 1, and
coupler ¢; frequency is w.,. We can ignore the weak interaction between different
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Figure 6.2: Triangle geometry of three qubit interaction. Each pair of qubits is indirectly
coupled to each other via a coupler, and directly via a capacitor.

resonators, and then write the circuit Hamiltonian H in the basis of multilevels
following the strategy used in the two-qubit model as

3
wcich + Z qu(nq) [ng + 1) (ng +1|
1 q=1n

Z Vg + 19qc; (Ci - Cj) (Ing + 1) {ng| = [ng) (ng + 1) (6.1)
\/nq+1 mq/+1gqqr
q' nm

x (Ing){ng + 1] = Ing + 1){ng|) ® (Img Y my + 1 = [mg ) {mg + 1) .

e
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+
Me
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~.
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The first line in Eq. (6.1) is the unperturbed Hamiltonian of qubits and res-
onators, second line is qubit-coupler interacting Hamiltonian, and the rest is direct
capacitive coupling part. In the case that coupler frequencies are far detuned from
qubits, higher or lower, we can decouple all couplers from the circuit using SW
transformation, then the qubit Hamiltonian H¢ in the dispersive regime is reduced
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to
Hg = ZZqu(nq)\nq+1 g +1- ;%;W\/T
axq’
X JZ(;Z (|n‘J)<nq +1]- ‘nq + 1><n<I|) ® (|mq’)<mq’ +1| - |mq’>q’<mq’ +1]),
(6.2)

where dressed frequency and effective virtual photon exchange rate are

- ”qggcq;

Wq(ng) =we(ng) - 21: m7 (6.3)

J:z;:q “Jaq' = Jandee : + . + : + ! , (6.4)

2 Agei(ng)  Age,(mg)  Xge,(ng)  Bgre,(mg)

with Age, = we, —wy(ng) and Lye, = we, + wg(ng). One can see that effective J
coupling depends on the transition states n and m of pairwise interacting qubits
g and ¢’'. To illustrate how strong the two- and three-qubit interactions are, we
calculate them using the following six approaches.

RWA-PT: The first approach is perturbation theory (PT) with RWA by ig-
noring fast-rotating terms. If the three qubits are the same Species with same
sign anharmonicity, i.e. all transmons, the coupling strength J_ ‘; o 7 can be ap-
proximately state-independent for a pair of interaction as shown in Fig. 3.6(c)
and Fig. 3.6(d) since the anharmonicity of a transmon is small compared to the
frequency. The Hamiltonian then can be rewritten in terms of creation and anni-

hilation operators as

3 )
Hq = Z (@qagaq + ;a; gaqaq) + Z Jqq,(a:;aq/ + az,aq), (6.5)

q=1 q<q’

where @ = @4(0), 64 = @g(1) —@q(0) ~ 6 and Jgq ~ J2% .. Note that here we drop
all counter-rotating terms. The Hamiltonian in Eq. (6.5) describes an interacting
three-body problem, but we can treat it as three pairs of two-body interaction,

and tackle them using similar methods as introduced in previous chapters.

The most straightforward way is the perturbation theory which gives the dressed
energy of each level, then all Pauli coefficients can be derived. The Hamiltonian
in the computational subspace can thus be rewritten in terms of Pauli matrices as

yall 171 117 771 717 177 177
Heg = 04ZII7+0¢IZ17+OZIIZT+O¢ZZIT+OZZIZT"'OKIZZT+0¢ZZZ?7 (6.6)

and Pauli coefficients from perturbation theory up to third order are
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QzI11

171

ar1z

az71

Q717

177,

777

1
1 (Eooo + Eo11 + Eoo1 + Eo10 — E100 — E101 — E110 — E111)

Jh  Jh iz aza amz  azzz
Ap Az ApAgs 2 2 4 7

1
1 (Eooo + Eoo1 + E100 + Evo1 — Eoi0 — Eo11 — E110 — E111)

(6.7)

Jta  J3y Jidisdas  azz aizz azzz (6.5)
Az Az Ay Agg 2 2 4 7’

1
1 (Eooo + Eroo + Eo10 + Ev10 — Eoor — Eo11 — E101 — E111)

Jis  J3 Jidisds azz iz ozzz
Azr Azz AziQAzo 2 2 4

1
3 (Eooo + E110 = Eo10 — Evoo + Eoor + E111 — Evo1 — Eon1)

2.J%,(61 + 62) _ 2J12J13J23(A1as + Brog + Cras) (6.10)
(A2 +61)(A12 - b2) (A1z +01)(A1z - 02) -

1

5 (Eooo + Ero1 = E100 — Eoo1 + Eoio + E111 — Eoi1 — Er1o)
2J123(51 + 53) B 2J12J13J23(A132 + DBi3p + 0132)

(A3 + 1) (A3 —03) (A3 +01)(A13—-03) ’

1

2 (Eooo + Eo11 — Eoor — Eo1o + E100 + E111 — E101 — E110)
2J355(02 + 63) B 2J12J13J23(A231 + Bag1 + Cas1)

(Agz +d2)(Ags —03) (Agg +02)(Agz —d3) '

Eooo + Eo11 — Eoor — Eoio + Eio1 + E110 — Er00 — E111

4J12.J13J23(B123 + C1a3)
(A12 + 51)(A12 - 52) ’

(6.9)

(6.11)

(6.12)

(6.13)

where E; i, is the eigenvalues of state |ijk), parameters A, B and C' are defined as

5:0; — 6: ik — ;A
Aijr = 4 AzkAk " ! ]k, (6.14)
1 J
512 + 6J2 + 51'53‘ + 6ZAIL/€ + 5]'Ajk
(Aig +0:)(Aj +85)
51‘(5‘ + (S(Sk + (Siék - (SZA“C -0;A ik
Ciit = J 7 JIE 6.16
7 (Aig = 6) (Ajk — 0k) (6.16)

Bk

(6.15)

with qubit-qubit detuning A;; = @; —@; (4,7 =1,2,3). In contrast with two-qubit

architecture, one can see that another term proportional to all three couplings is
subtracted from two-qubit ZZ interaction in Eq. (3.10). Now the single-qubit flip-

ping frequency is the combination of dressed qubit frequency with corresponding
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two- and three-qubit interactions. The new three-body interaction term is created
in the form of ZZZ, corresponding coefficient is obviously smaller than two-body
interaction as it is proportional to J3/A2. In other words, the nonzero value first
shows up in the third order correction.

It is worth mentioning that near-degenerate case, in which noncomputational
levels could be in the vicinity of computational levels, is excluded in the calcula-
tion. But if conditions of detrimental multi-qubit frequency collisions are satisfied,
e.g. wy(n) = wy(m), we can still deal with the problem using similar method in
Eq. (5.12).

RWA-SSW: The second approach is simplified SW (SSW) transformation by
considering the Hamiltonian in Eq. (6.5), together with RWA by ignoring fast-
rotating terms. Since the Hamiltonian in matrix form is not in the ascending
order of energies, so we need to reorder it as

Eooo

Elll

J

6.17
Ego2 (6.17)

Es99

The upper block contains all eight computational levels which only allow transi-
tion from 0 to 1, the other higher levels are in the lower block with J representing
all couplings between the two blocks. To decouple higher levels, a second SW
transformation is applied, therefore the Hamiltonian is reduced to a 8 x 8 matrix.
By fully diagonalizing this matrix, all Pauli coefficients can be obtained.

RWA-SW: The third approach is SW transformation by considering the Hamil-
tonian in Eq.(6.2), together with RWA by ignoring fast-rotating terms. Compared
to RWA-SSW, here effective coupling discrepancy is included, the other diagonal-
ization processes are the same.

NRWA-PT: The fourth approach is perturbation theory with NONRWA by
including all counter-rotating terms in the calculation. Detailed formula of fast
oscillation contribution can be found in Appendix E.

NRWA-SSW: The fifth approach is simplified SW by assuming effective J
couplings are only qubit-dependent, and all counter-rotating terms are included in
the calculation. Numerical simulation is the same as RWA-SSW.

NRWA-SW: The last approach is SW by including the state-dependent J
discrepancy, and all counter-rotating terms in the calculation. Numerical simula-
tion is the same as RWA-SW. Note that NRWA-SW gives the most accurate Pauli
coefficients among the six results since it includes both coupling discrepancy and
counter-rotating terms.
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Now let us take two examples in a circuit with fixed-frequency transmons, and
name them Device 1 and Device 2, to show what the difference is among the six
approaches. Frequency, anharmonicity and coupling strength of each subsystem
in Device 1 are listed in Tab. 6.1.

Device 1 unit: GHz
w1 wo w3 01 0o 03 Wey | Wey | Wes
4.9 5.0 5.1 | -0.33 | -0.33 | -0.33 | 6.0 | 6.3 | 6.6

Jici | Yies | 92¢; 92¢, 93¢ 93cs 912 | 913 | 923

0.08 | 0.08 | 0.08 | 0.08 0.08 0.08 0 0 0

Table 6.1: Device 1 parameters.

In Device 1, all coupler frequencies are way larger than qubits. With these
numbers we evaluate Pauli coefficients both analytically and numerically using
the six approaches. Figure 6.3 shows that three-body ZZZ interaction is around
100 kHz while two-body ZZ interaction is at least double of that. By comparing
the RWA with NRWA results, we find that counter rotating terms have the same
sign with co-rotating terms and make the total two- and three-body interaction
stronger. State-independent J for PT and SSW leads to a lager two-body in-
teraction than the numerical SW by a few tens of kilohertz. In contrast to ZZI
component, [ZZ interaction is weaker although the two subsystems have same 100
MHz qubit-qubit detuning. This is because coupler C2 in between Q2 and Q3 has
a higher frequency than C1 in between Q1 and Q2, which results in |Jio| > |Jos|.
This phenomenon is similar to what we found in Fig. 3.6 for the two-qubit models.

Another scenario we explore is that one coupler frequency is below the qubit
while keeping the other parameters of Device 1 unchanged. Frequency, anhar-
monicity and coupling strength of each subsystem are listed in Tab. 6.2.

Device 2 unit: GHz
w1 wa w3 01 0o 03 Wey | Wey | Wes
4.9 5.0 5.1 | =033 | -0.33 | -0.33 | 6.0 | 6.3 | 3.4

Jici | Yies | 92¢; 92¢y 93¢y 93cs 912 | 913 | 923

0.08 | 0.08 | 0.08 | 0.08 0.08 0.08 0 0 0

Table 6.2: Device 2 parameters.

Here the third coupler frequency is changed from 6.6 GHz to 3.4 GHz, and
corresponding Pauli coefficients are shown in Fig. 6.4. One can see that now ZZZ
coefficient is negative since the sign of Jy3 in Eq. (6.4) changes to positive under
the condition that w., < wi,ws. For RWA-PT and RWA-SSW, the decrease in
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coupler C3 frequency leads to increase in Q1 and Q3 dressed frequencies due to
the sign change in Eq. (6.3). From the perturbation theory we find that third
order correction has the same sign with second order under current condition that
only Ji3 is negative. ZZI and IZZ components then get strengthened in contrast
to Fig. 6.3. As for ZIZ, increasing dressed frequency results in reduction of second
order correction term, which is now added by a positive third order correction, the
total effect is that we see a decrease in ZIZ interaction.

Pauli Coeff (kHz)
590

RWA-PT

RWA-SSW 500

RWA-SW 410

320
NRWA-PT
240

NRWA-SSW
150

NRWA-SW 60

127 717 771 777

Figure 6.3: Pauli coefficients of triangle geometry three qubit interaction in Device 1, with
we; > wj (4,7 = 1,2,3) using six approaches. Perturbation theory (PT) and simplified
SW (SSW) results are obtained by assuming effective qubit-qubit coupling J is state-
independent, while the most accurate result is for SW takes into account J discrepancy.
The most accurate result is from NRWA-SW, marked by black box.

Now let us revisit the Sycamore layout in Fig. 6.1. Given that three-qubit
interaction has the same amplitude as what we show in Fig 6.3 and Fig. 6.4, in total
there are 12 non-pairwise three-body interactions accumulating phase errors on the
state of the central qubit. Such total three-body interaction is even comparable
to the total two-body ZZ interaction if they are linearly sum together, e.g. 1
MHz, and becomes more obvious in a complex quantum process, then should be
cancelled out.
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RWA-PT Pauli Coeff (kHz)
670
RWA-SSW 510
RWA-SW 340
NRWA-PT
170
NRWA-SSW 0

NRWA-SW 110

127 717 771 777

Figure 6.4: Pauli coefficients of triangle geometry three qubit interaction in Device 2 using
six approaches in the condition that only C3 frequency is lower than qubits. Perturbation
theory (PT) and simplified SW (SSW) results are obtained by assuming effective qubit-
qubit coupling J is state-independent, while SW takes into account J discrepancy. The
most accurate result is from NRWA-SW, marked by black box.

6.2 Planar Geometry of Three-Qubit chain

A simpler version of three-qubit coupling scheme is a qubit chain, as shown in
Fig. 6.5. This circuit is equivalent to stretch the triangle geometry in Fig. 6.2 to
a line by removing one coupler.

g13

Licl

|1 |1
1 I

g2 £23
Figure 6.5: Geometry of three qubit chain Qubits Q1 and Q3 are coupled to Q2 via
couplers C1 and C2, separately. Each pair of qubits are also capacitively coupled to each

other.

Here we also explore two examples, and name them Device 3 and Device 4. To
make a comparison with triangle geometry, we use the same device parameter in
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Tab 6.1 for Device 3, and assume we,, gic, and gs., to be zero. Corresponding
Pauli coefficients are plotted in Fig. 6.6.

RWA-PT Pauli Coeff (kHz)

620

RWA-SSW
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RWA-SW
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NRWA-SW .
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Figure 6.6: Pauli coefficients of planar geometry three qubit interaction in Device 3.
Perturbation theory (PT) and simplified SW (SSW) results are obtained by assuming
effective qubit-qubit coupling J is state-independent, while SW takes into account J
discrepancy. The most accurate result is from NRWA-SW, marked by black box.

Compared to the triangle geometry, now the effective coupling Jy3 between Q1
and Q3 is zero since direct capacitive coupling g3 = 0. Thus two-body interaction
obtained from perturbation theory reduces to the formula of static ZZ interaction
that we have derived in Eq. (3.10). Three-body ZZZ interaction in Eq. (6.13)
also turns out to be zero. PT gives exact zero ZIZ component, but RWA-SSW
and RWA-SW show ~ 1 kHz contribution. This is because we expand the SW
transformation to the second order, in which cross terms like JZ,.J3;/A12A3, are
included and lead to two orders weaker ZIZ interaction. In contrast to Fig. 6.3,
coefficients of 1ZZ and ZZI become larger since that the third order correction now
is approximated to be zero.

Note that in the discussion above we assume direct coupling g3 to be zero.
But in reality the two qubits can also capacitively interact with each other, leading
to a nonzero direct coupling. In this case we explore the Device 4 in which direct
coupling ¢g13 = 2 MHz, other parameters are the same as Device 3. Accordingly,
Pauli coefficients are plotted in Fig. 6.7.

One can see that both two-body interaction ZIZ and three-body interaction
777 are nonzero. This is because nonzero direct coupling g13 leads to the total



6.2. Planar Geometry of Three-Qubit chain 103

RWA-PT Pauli Coeff (kHz)

650

RWA-SSW
490

RWA-SW
330

NRWA-PT
160

NRWA-SSW

0

NRWA-SW -60

127 717 771 777

Figure 6.7: Pauli coefficients of planar geometry three qubit interaction in Device 4 by
assuming direct coupling gi1s = 2 MHz using six approaches. Perturbation theory (PT)
and simplified SW (SSW) results are obtained by assuming effective qubit-qubit coupling
J is state-independent, while SW takes into account J discrepancy. The most accurate
result is from NRWA-SW, marked by black box.

effective coupling Ji5 = 2 MHz as shown in Eq. (6.4). It is clear that direct coupling
plays an important role in the two- and three-body interaction although it is small.
Z17 component increases from zero to 60 kHz while ZZZ is about —50 kHz. The
sign of ZZZ interaction is changed to negative since now only ¢i3 is positive.

By comparing the triangle geometry and planar geometry of three-qubit inter-
action, we show that the sign of three-body ZZZ interaction can be changed to the
opposite by either changing coupler frequency in triangle geometry or increasing
direct coupling in planar geometry. This provides two potential ways to eliminate
777 interaction. In other words, it is possible to find out a boundary between the
positive region and negative region by changing device parameters, on which ZZZ
interaction is always zero, like what we can see in Fig. 3.4.

In a chain with more than three qubits, there are only 2 non-pairwise three-
body interactions changing the state of a particular qubit. Asshown Fig 6.7, in the
presence of nonzero direct coupling between the two ends of a three-qubit chain,
the total three-body interaction is much weaker than two-body interaction, which
can be safely ignored when performing quantum gates in this processor.

In brief, we explore three-qubit interaction in two setups: triangle geometry
and a qubit chain. We derive the Pauli coefficients using both analytical and
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numerical approaches, and present several examples to illustrate how the two- and
three-qubit interactions are affected by the circuit geometry and parameters. We
show that the sign of ZZZ interaction can be changed to the opposite by either
changing coupler frequency in triangle geometry or increasing direct coupling in the
three-qubit chain. This provides two potential ways to eliminate ZZZ interaction.
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Appendix A

CSFQ Hamiltonian
Quantization

In contrast to a transmon, higher order terms (>4) in the expansion of the CSFQ
potential also contributes to the eigenvalues, which will change the zero point
fluctuation to an unknown number. To be more precise, the Hamiltonian can be
quantized in terms of field operators, e.g. n =i(a—a')/2¢ and ¢ = £(a+a') with
& being the expansion parameter which will minimize the total energy, the normal
ordered Hamiltonian then can be written as

E. S Ususa(0)
H = -=< 2u+2 2u+2
&2 ( ) ;)5 UZE) 2470 (u—v)!
il ( )v+1+w( )v+1 w

X

we (ot 1) (v+1+w)(v+1-w)!

s 2u+1 & Usunl 990)
+ ;} Z 2 (a—0)] (A.1)
v (a;[)u+1+w (a)v,w

X

weor1y (01 + W) (v - w)!
with

Un(p0) = 0"U(po)/0¢G (A.2)
U(po) = -2Ejcospg/2-aFEjcos(2mf - ¢g) (A.3)

where ¢ is the phase of minimum U(gy), i.e. ¢o = -2ma(df)/(1/2 - &), which
vanishes at sweet spot. By solving Schrodinger equation, the eigenenergies E,, can
be obtained using perturbation theory. Unperturbed eigenvalues E,(LO) and first
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three order corrections are given by
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,n)!
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with

nlm!

+ Tmax(m,n)-s,min(m,n)-s |
s=0 s
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k=a u=0 (k a)!la!

(k+b)§k+b

1-46, Ok - 2u) —————

+ b),;luz;) “ u)b(k a)lla!
Ec
52

Sum up unperturbed energy and all three orders corrections, one can obtain the

—0020p2 —-

analytical formula of CSFQ eigenvalues, then frequency wo; = (E1 — Ep)/h and
anharmonicity 6 = (Fy — 2E; + Ey)/h can be evaluated. Here is an example to
illustrate how to find these parameters. Consider a CSFQ with Eo = 0.292 GHz,
E;=108.9 GHz, o = 0.43 and f =0.5. Firstly, expand the potential to 20th order
(L=10) at the sweet spot and plot the frequency fo; as a function of £. Determine
¢ by finding the minimum as shown in Fig. A.1 (approximately & ~ ¢,p¢/ \/§)7 then
substitute £ back to the Eq. (A.4), the corresponding frequency and anharmonicity
spectra are shown in Fig. A.2.
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Figure A.1: Frequency as a function of ¢ at the sweet spot. Simulation parameters
Ec =0.292 GHz, E; =108.9 GHz, a =0.43 and f =0.5.
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Figure A.2: Frequency (a) and anharmonicity (b) as a function of external flux f using
perturbation theory.






Appendix B

Hamiltonian of
Experimental Circuit

It is worth noting that we put the two redundant phase degrees of freedom in
the first place, which will be removed next. In Fig. B.1 we plot the potential
energies associated with the readout resonator coupled to the transmon (a), the bus
resonator (b), the readout resonator coupled to the CSFQ (c), the fixed frequency
transmon (d), the CSFQ at the sweet spot (e), and away from the sweet spot (f).
Since ¢, and ¢, are not included in the potential, and ¢, can also be neglected
as discussed in the section of CFSQ, we can use Cholesky decomposition [167] to
safely remove these three phases, and thus reduce the matrix size of the circuit
Hamiltonian from 8 x 8 to the following 5 x 5:

— . . —
where 7 = (ng,nr, N, m, np) is the canonical term of @, and

C(’l _C(gng _Cacz:(/;cd 0 0
_CuvCar c! CaoCled 0 0
Cto T Cro
' =| -%uCe CaoCled ol _2C4.Cho _CacCyn (B.2)
- Cro Cro r Cimo Cino : ’
0 O _ 2CdeC;L0 Cl 2Cdmdgh
C’Té, m C m0
0 0 _CacCyn 2Cam Cyn ou
CmO CmO h
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Figure B.1: Potential profiles. (a) Readout resonator for transmon. (b) Bus resonator.
(c) Readout resonator for CSFQ. (d) Transmon. (e) CSFQ along the ¢,, direction at
f=0.5. (f) CSFQ along the ¢,, direction at f =0.
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where the new notations are defined from existing ones in Fig. 3.8 as

Cro=Cap+ Cho+ Ceo + Ceq, Cpo = Cygo + Cyp,

Cino = Cge + Ceg + Cyo + Cypp, Cam = Cge + Ceg

Car = Ceq + Ceo,Cao = Cap + Cio
Ch = Car + Capr + O — C21/Cro

C! =2C +4(Cs + Canosrg) — 4C7 | Como +4Cho
Cl =-C?[Cro+Ceq + Cgo + Cp = C2|Cro

C! =-C2%,|Cro+ Cap + Crr

a

C;’L = —th/cmo + Cgh + C’T‘CSFQ-

The relationships between the various coupling strengths g;; and the relevant
capacitances are given by the following expressions:

2Cgthm
9hm ©< — 5
(Cgh + C’I"CSFQ) (CgsCmO - 4Ch0)
G o< 2C3:Cho
m Ccder (40;%0 - CgsCmO)
CapCar
aT &< B.4
Ja (Cab + C’I”T) (CgTCTO - Cg()) ( )
g CchaO
rT ©C —
Ccder (CCQZT - C’gTC’TO)
QCchdeCaOCho
gmT < —

Ceder (CyrCro — C2)) (CysCrno — 4C3)’

where Cgs = 200 + 4090 + 4Cgh + 4(03 + CshCSFQ), CgT = Ccd + Cco + CshT + CT,
and Ccder =Ceq + Cde + CR.






Appendix C

CSFQ Coherence Versus
Flux

For understanding the map of coherence, we must know the coherence times T}
and T5 of each qubit. Transmon frequency is fixed, therefore its T} and 75 can be
extracted with standard Ramsey sequence. To simulate the gate error for different
flux biases, we must model the appropriate flux-dependent dephasing of the CSFQ.
Experimental T5 from Ramsey measurement with a single echo refocusing pulse is
shown in Fig. C.1. However, such a dephasing rate overestimates the gate errors
away from the sweet spot. It means that the effective 75 must be longer than

(a) 0.3 T T T (b)lS T
d 16| T,
0.25F ——Modified T2
14}
0.2 12}
T =10
Lois =l
l’—? ol }## ﬁﬁ
o sttt i
4383 HHH
0.05F !
% 20 0 20 20 0496 0498 05 0502 0.504
Dy (GHZ/‘I’O) Flux ((I>/<I>0)

Figure C.1: (a) Pure dephasing rate I', of the CSFQ vs. qubit frequency gradient Dg.
Red solid line is a linear fit to the linear portion of data. Black dashed line is the modified
pure dephasing rate to account for the reduction in gate errors measured with randomized
benchmarking when dephasing is dominated by 1/f noise, as discussed in text. (b) Hahn-
echo T» vs. flux and the effective T calculated using our modified dephasing model.
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what is measured with the standard protocol. This behavior may be due to the
depolarizing effect from twirling the 1/f noise, which is typically the dominant
contribution to dephasing in flux tunable CSFQ for bias points away from a sweet
spot [117, 168, 169]. If we consider Gaussian noise, the random phase accumulated
at time t is Ap = Dg [Ot dt'§®(t") with respect to flux Dg = 0fp1/0®, and one can
calculate the decay law of the free induction (Ramsey signal) as

fZ’R(t):(exp(iAap)):exp(—%D?p /0 ' fo tdt’dt”(é@(t’)&b(t”))). (C.1)

Note that only in the equilibrium, (§®(¢')0® (")) reduces to power spectrum
Se (|t = t"|) which depends on the time difference, otherwise, time point ¢ and
t"” should be considered. In the equilibrium the free induction decay is simplified
as

0 :exp(—%Dé fo t fo Lt dt S (|t’—t"|)). (C.2)

Fourier transformation of the power spectrum in the frequency domain is written

as
1 +oo . oo
So (I =1"]) = o f S (w) 1l do, (C.3)
T J—o0
By substituting this Fourier transformation, the induction decay changes to
t2 o0 t
for(t) =exp|-—=D3 f Y So (w)sianw— . (C4)
' 2 oo 2T 2

here S¢ (w) = 271 Ag/|lw| and w; < |w| < we, the infra-red cutoff w;,. is usually
determined by the measurement protocol and can be set and controlled in experi-
ments [170]. For 1/f noise, at times ¢ < 1/w;,, the free induction (Ramsey) decay
is dominated by the frequencies w < 1/t, so the formula above reduces to

far(t) =exp [—t2D%Aq> (—1nwirt)] = exp [— (Fcpt)z] . (C.5)

So pure dephasing rate is

I'y =27 Dg\/Ag |Inw;yt|. (C.6)

The modeled pure dephasing rate can be extracted I'y, = (0.00288m®,)Dgs +
0.039 pus™' for Dy > 0 shown as the black dashed line in Fig. C.1(a). Using
this modified I',,, we calculate the effective T3 as a function of flux as shown in
Fig. C.1(b). This approach to accounting for gate error measurements in the pres-
ence of 1/f noise results in calculated coherence-limited gate error vs. flux curves
that agree reasonably well with the experimental data.



Appendix D

CR Gate Error

Error of Experimental Circuit

To explore the impact of classical crosstalk and ZZ interaction on the gate fidelity,
we plot the gate error of echoed CR pulses vs. the flux threading CSFQ at ¢, =
560 ns in Fig. D.1.

0.07 - B
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0.03 - -

Error Per Gate

0.02+- —— 77 + Crosstalk

0.01 - s
— = = (Coherence Limit

0.
0.495 0.5 0.505
Flux (®/dg)

Figure D.1: Error per gate for ¢4 = 560 ns with three different cases of error sources. Thick
dashed line corresponds to coherence-limited gate error, which sets the lower bound for
error per gate. Thin dashed line shows the gate error when ZZ contribution is added
in the simulation. Solid line shows the case where both ZZ and classical crosstalk are

included.
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Figure D.2: Two-qubit gate error for three sets of coherence times.

{Tl(l),Tz(l),Tl(Q),TQ(Q)}, where the superscripts indicate qubit label, are (18, 15,
40, 45) for the experimental chip, (40, 54, 43, 67) for the transmon-transmon device
in Ref. [148], and (200, 200, 200, 200) for an ideal CSFQ-transmon device (all times
in ps). (a) Present CSFQ-transmon device. (b) Transmon-transmon device. (c) Ideal
CSFQ-transmon device. Note that all three figures share the same legend as in (a).
CSFQ is assumed to be at the sweet spot in the simulation.

The flux-dependent gate error is calculated from the theory model for three
cases: only coherence-limited error marked with thick dashed line, ZZ but no
classical crosstalk included marked with thin dashed line, and both ZZ and classical
crosstalk included marked with solid line. One can see that the gate error due to
unwanted terms is the most at the flux sweet spot, despite at which coherence
times are the longest and the ZZ interaction is maximal as shown in Fig. 3.12.
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Away from the sweet spot, all unwanted terms become suppressed, and therefore
the gate fidelity approaches its coherence limit.

To explore how classical crosstalk, static ZZ interaction and coherence times im-
pact the CR gate both in the CSFQ-transmon circuits with transmon-transmon cir-
cuits, we plot the CR gate errors in three samples: experimental CSFQ-transmon
device (1), transmon-transmon device (2) and ideal CSFQ-transmon device (3).
And plot it in Fig. D.2. One can see that eliminating both classical crosstalk and
static ZZ interaction while prolonging the coherence times can suppression the CR
gate error to be around 0.1%.

Dynamical Quadratic Factor

Dynamical quadratic factor is obtained in Eq. (4.24) using perturbation theory,
and corresponding coefficients are given by

Ay = 28%(r+2vy++%)

A = r?[1+4r° - 167 - 697 +2r(29° +4v - 5) ]

Ay = r[r®+22y-2+7(19-32y - 129°) + 2r*(v* + 2y - 10) |

As = 1-5r% =107+ 992 + r(44y - 15) - 23 (3% + 8y - 18) (D.1)
Ay = 4+9r% - 207 + 18y + (227 - 27)

As = T-Tr-107+992

Ag = 2






Appendix E

NONRWA Perturbation
Theory

Pauli coefficients are calculated from two parts: rapid counter rotating terms
(CRW) and slow co-rotating terms. RWA neglects the first term while NRWA
includes the contribution from fast oscillating terms. Therefore the NRWA gives
rise to

afVw = auvw + Ay (E.1)
where U, V and W €{I, X, Y,Z}. RWA results have been derived in chapter 6, so

here we only discuss contribution from counter-rotating terms. Similarly, these
terms can also be defined from perturbation theory as

coun __ coun coun coun coun coun coun coun coun

azir = Egoo + Eoin + Eoor + Eoio — Eioo — Eior — B0 — B
coun coun coun coun coun coun coun coun coun

azr = Egoo + Egor + Evge + Eior — Eoro — Eoin — Erio — Eana
coun __ coun coun coun coun coun coun coun coun

ang = Ego + Eigo + Eglo + Eiio — Eoor — Eoin — Bl — Ehna
coun __ coun coun coun coun coun coun coun coun

20771 = Ege + ETio — Eoro — Eioo + Eoor £ - Bior — Eont (E.2)

coun __ coun coun coun coun coun coun coun coun
aziz, = Egoo + Eion — Eioo — Eoor + Eolo + Eiin — Eoin — Erio

coun __ coun coun coun coun coun coun coun coun
20077 = Egoo + Eoi1 — Eoor — Eoilo + Evoo + B - Eior - Ervo

coun __ coun coun coun coun coun coun coun coun
azzz = Ego + Eori — Eoom — Eoio + Eror + B — Eige — Enta

with Ef"™ being energy shift in state |ijk) (4,j,k = 1,2,3) due to CRW terms.
For brevity’s sake, we define such notations A;; = w; —w; and ¥;; = w; + w; for
qubit frequency detuning and summation, separately. If we consider more than
three order perturbation theory, this correction is not purely fast oscillating terms
but is a combination of both of the two terms. For instance, the third correction

in |101) state contains such a term (101|V[202)(202|V[112)(112|V]101), where the
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first and third transitions are fast oscillating terms while the second is the slow
rotating term. Energy shift from CRW in the computational levels are given by
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In fact, these cross terms such as ¥;;A 5, are dominant compared to pure CRW

transitions like 3;;% .
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