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1 Introduction

The efforts in search of new physics have reached a milestone with the observation of
the Higgs boson at CERN’s Large Hadron Collider [1, 2], one of the most important
building blocks of the Standard Model of particle physics (SM). Until now, there is no
evidence for new particles other than the ones contained in the SM, at least up to an energy
scale of the order 1TeV. However, physics beyond the Standard Model (BSM) can arise
from heavy particles with masses above some unknown high-energy scale A exceeding the
TeV range, which is out of experimental reach for the foreseeable future. It is commonly
agreed on that — if such heavy degrees of freedom exist — the SM provides merely an
effective description of the underlying beyond-Standard-Model theory. A convenient way to
approach the effects of the latter below the scale A concerns the construction of effective
field theories, providing a fundamental, model-independent framework. According to the
Appelquist-Carazzone theorem [3] heavy particles decouple in a perturbative manner with
(anomaly-free) interactions in the low-energy range. Hence the underlying BSM theory can
be described by the Standard Model effective field theory (SMEFT), whose perturbative
expansion in powers of the small parameter 1/A yields

1

1
LsvmerT = Lsm + L5 +

A Azt

+%£7+..., with  Lp=> CPQP. (1.1)
K]

In this operator-product-type of expansion the quantity Lgy denotes the renormalizable
Lagrangian of the SM with mass dimension 4, the non-renormalizable Lagrangians Lp
include operators QZD with mass dimensions D > 4 that are suppressed by powers of 1/A,
and the CiD are the respective dimensionless coupling constants known as Wilson coefficients.

In general Loyppr is richer than Lgy itself, as the Lp are only restricted by Lorentz
invariance, the same SU(3)c x SU(2)r, x U(1)y gauge group, and the same particle content
as the SM. In the recent past, much effort has been devoted to the systematic construction
of complete sets of operators contributing to the £p, which includes the classification and



counting of all possible Q¥ (cf. ref. [4] for a short overview) as well as eliminating redundant
operators with the aid of equations of motion, partial integration, and Fierz identities. The
complete operator bases up to and including dimension 9 in SMEFT have been counted
and/or computed in refs. [4-13]. If we exclude the existence of, yet unobserved, hypothetical
light degrees of freedom that couple extremely weakly to the SM particle content, such as
axions and sterile neutrinos, SMEFT reduces to the SM in the limit of small energies. An
extension of SMEFT including new light particles can for instance be found in refs. [14-20].

However, when going to even smaller energies, SMEFT may not be the most convenient
theory to describe phenomena exclusively occurring below the electroweak scale Apw < v,
with v denoting the Higgs vacuum expectation value (vev). In this scenario, particles of the
SM with masses larger than Apw are no observable degrees of freedom anymore and the
gauge group reduces to SU(3)¢ X U(1)en. This means that the top quark, the weak gauge
bosons W and Z9, and the Higgs are integrated out and we are left with the dynamics of
QCD and QED only, while effects of weak interactions are implicitly encoded in the constant
Wilson coefficients, also giving rise to point-like interactions with neutrinos. Nevertheless,
the construction of a consistent and complete basis of such a theory, without operator
redundancies and terms of repeated flavors compositions, and its matching to SMEFT at
larger energies is quite involved [21]. The appropriate theory to handle effects in this energy
regime is known as low-energy effective field theory (LEFT), which is in principle a valid
theory on its own, even without recourse to SMEFT. The continuation of LEFT to energies
above Agw may for instance as well be given by the Higgs effective field theory [22-29],
which, in comparison to SMEFT, does not rely on the conjecture that the Higgs belongs to
an electroweak doublet.! In either way, the operator product expansion of LEFT proceeds
in analogy to eq. (1.1) with a small expansion parameter that can be chosen as 1/v. With
its own Wilson coefficients éld and operators Qf of dimension d, the LEFT Lagrangian can
be written as

LIEFT = 1)23 + Ly xin + [:QCD+QED + %25 + %26 +..., with Ed Z C’ZdQ? , (1.2)

(2
where the three-dimensional Lagrangian L3 refers to a mass term of a possible Majorana
neutrino and the four-dimensional £, ;. includes the kinetic term for neutrinos. All other
dependencies on the Higgs vev are hidden in the respective Wilson coefficients and do not
contribute to the dimensional analysis, so that the different power counting schemes in
SMEFT and in LEFT have to be clearly distinguished. However, assuming SMEFT to be
the underlying theory of LEFT, we can account for the additional suppression in 1/A by
redefining the Wilson coefficients of LEFT as [31]

_ > (Dj—4) _
Cid_}(i) e (1.3)

where the D; denote the dimension of SMEFT operators that can be combined in one
Feynman diagram to construct the desired LEFT operator.

!See ref. [30] for a comprehensive review.



Hitherto, the investigation of the complete basis in LEFT extends up to dimension
9 [21, 31-35], and the inclusion of axions or sterile neutrinos in LEFT can be found in
refs. [19, 36-38]. A famous and maybe historically most important example of a LEFT
operator is the Fermi theory of weak interactions [39, 40].

Our analysis aims at a rigorous derivation of C- and CP-violating sources in the
mesonic sector arising from fundamental quark operators in LEFT.? These, due to the CPT
theorem, T-odd and P-even (ToPe) contributions are of particular interest for cosmology,
as they provide, according to the Sakharov conditions [43], one prerequisite (in addition
to the T-odd, P-odd contributions) for the dynamical creation of the matter-antimatter
asymmetry during the baryogenesis. On the other hand, theoretical work about this class
of symmetry violation is severely lacking in contrast to the one for C-even and P-odd
phenomena. First thoughts on the structure of these BSM operators, independent of which
effective theory they could possibly belong to, were already made in the 1990s [44] and
extended throughout that decade [45-48]. It was claimed that the first C- and C'P-odd
operators at low energies appear at dimension 7 and read?

VDXV 15X 5
Vo AN YFPAGY (1.4)
1;0';“,1#}7‘“)\2;\/ )

for up to two fermion fields ¢ and x. An aspect withheld in these analyses is that the listed
operators are chirality-violating and thus need to be equipped with an additional Higgs
field. Therefore, according to a naive power counting, all these operators are of dimension 8
in SMEFT and of dimension 7 in LEFT. As the Higgs is integrated out in the latter theory,
its vev, which is absorbed in the Wilson coefficients, does not contribute to the dimensional
power. However, this leads to another unpleasant inconsistency: the heavy Z%boson is not
integrated out although we are exclusively dealing with interactions at low energies. We have
not yet specified chirality-conserving C- and C' P-odd operators of dimension 8 in LEFT.
These are a priori not suppressed with respect to the chirality-violating ones at dimension 7
in LEFT, as both can originate from operators of dimension 8 in SMEFT and thus have
the same suppression in 1/A. In a similar way this point was observed in nucleon EDM
analyses [49-51], which found that T- and P-odd chirality-violating operators of dimension
5 in LEFT can effectively be of the same order of magnitude as chirality-conserving ones
at dimension 6 in LEFT. Furthermore, at the time the operators in eq. (1.4) had been
proposed, the rigorously derived complete operator basis in LEFT was not available.
Going down to even smaller energies, cf. figure 1, some effort has been devoted to
constructing chiral effective theories from underlying quark-level operators in SMEFT or
LEFT, to access BSM phenomena including mesonic interactions below the hadronic scale of
A, =~ 1.2GeV. Most of these works rely (implicitly) on the spurion analysis introduced in the

2 An alternative path for the C- and CP-violating sources could be realized in SMEFT at the W-scale, cf.
refs. [41, 42], and should yield a set of operators that is equivalent to the one considered and presented in
this work.

3There are different formulations of the four-fermion operator in the cited literature, which are consistent
with each other when using the Gordon identity.



work of Gasser and Leutwyler [52, 53] and were for instance applied to neutrinoless double
beta decays [54-57], baryon- and lepton-number-violating interactions [58—-63], neutron-
antineutron oscillation [64], C'P violation in axion interactions [38], EDM analyses in the
chiral SU(2) case [49, 50, 65, 66], or in Lorentz- and C'PT-violating extensions of the
SM [67-69]. However, probably due to the missing set of ToPe operators on the quark
level, a rigorous and complete derivation of C- and C P-violating mesonic operators is still
missing in the literature.

For the application of these ToPe operators, the n meson is of particular interest,
because it is an eigenstate of C. It allows us to investigate ToPe forces in the absence of
the weak interaction, and provides an ideal stage to probe C' and C'P violation outside the
nuclear arena (see the review [70] and references therein), which does not place rigorous
bounds to constrain ToPe forces [71]. Furthermore, the new efforts of the REDTOP [72-74]
and JEF [75-77] collaborations to search for rare n decays underline the timeliness of
model-independent C- and CP-violating operators in the 7 sector. This complements
renewed recent interest in the feasibility to probe P- and C'P-violating operators in 7 and
n' decays [78-80], despite strong constraints from electric dipole moments.

At this point we would like to emphasize the importance of the effective field the-
ory (EFT) approaches applied in this work. The breakdown of different energy scales in
the EFT spirit is essential to incorporate the appropriate suppression of ToPe forces in
terms of A, v, and A,. Furthermore, given the unknown underlying mechanism above the
scale A, the use of xPT in analogy to its usual application in the non-perturbative realm of
QCD is inevitable. We will confirm in the following that ToPe operators necessarily are of
higher dimension than, e.g., the lowest-dimensional T-odd and P-odd operators that can
generate EDMs; EFT naturalness arguments, both in SMEFT and LEFT, therefore suggest
the former to be further suppressed compared to the latter, and hence more difficult to
detect. The motivation to undertake the present study at this point is clearly experiment-
driven: the interpretation of new, improved limits on C- and C P-violating effects requires
a dedicated theory framework, which we here provide. Even if new measurements continue
to be essentially null tests, they can be viewed as tests of the SMEFT or LEFT picture of
BSM physics, which is especially important when compared to similar EF'T approaches in
EDM analyses mentioned above.

In this work we thoroughly revisit the C- and C' P-violating operators up to and including
dimension 8 in LEFT and provide the first complete set of these operators. Readers who are
primarily interested in light-meson applications and implications for experimental analyses
may proceed directly to section 5. With focus on the application to ToPe forces in n decays,
we restrict our analysis to flavor-conserving quark operators (with couplings to the gluon
and photon fields). Additionally we quote the corresponding semi-leptonic operators. A
generalization to flavor-changing processes can be carried out in complete analogy and is
left for future analyses, if the phenomenological interest in these operators is given. To
undertake this venture, we start with fundamental C- and C'P-violating operators on the
quark level from LEFT in section 2, by first providing a concise overview of discrete space-
time symmetries in section 2.1 and summarizing the full list of ToPe operators in section 2.2,
whose derivation from known LEFT bases is sketched in appendix A. Subsequently, in
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Figure 1. Comparison of effective field theories at different energy scales p.

section 3, we match these quark operators to mesonic physics. For this endeavor we rely on
the well-established techniques from chiral perturbation theory (yPT) and introduce the
latter to the reader in section 3.1. We summarize the discrete symmetries of each building
block of xPT in section 3.2, and subsequently explain the matching procedure between
LEFT and xPT in section 3.3. Afterwards we illustrate the principles of matching in detail
at the hand of the original dimension-7 operators in LEFT and furthermore translate the
dimension-8 operators in sections 3.4 and 3.5, respectively. As a short intermediate summary
we provide an overview of the corresponding overall C- and C P-violating Lagrangian in
section 3.6. In section 4 the ToPe chiral theory is taken to the large-N, limit, allowing
for a consistent description of the n’. Finally, we sketch the application of our formalism
to various flavor-conserving decays of 7 and 7’ mesons in section 5 and close with a brief
summary in section 6.

2 Effective beyond Standard Model theories: fundamental C- and CP-
violating operators

In this section we shortly introduce the LEFT bases under consideration, as well as the
notation and conventions used for our analysis.

Below the electroweak scale, the important degrees of freedom in the SM are two
up-type and three down-type quarks, which we summarize by ¢ € {u,c,d,s,b}, three
charged leptons ¢ € {e, s, 7}, and the corresponding left-handed neutrinos vy, € {v§, v}, v] }.
Except for the latter, these fermions are described by the QCD and QED Lagrangians by
means of*

1 1 » »
EQED-;—QCD =— ZF#VF’W — ZGZVG(WV + Ziﬁ(’le — mw)i/J + ZE(ZZD — mg)e, (2'1
P L

~—

4One can in principle also include the QCD 6-term.



with photonic and gluonic field-strength tensors F},,, GZV. We denote the representations
of these tensors in dual space by X, = €05 X’ with X, € {Fju, G, }. The gauge
covariant derivative acting on quarks is chosen to be

(9 + 1eQA, +igT*G4)b,

D =
= (O e . (2.2)
D, =0, —ieQA, — ng“GZ) ,

with DMZJ = (DH@ZJ)WO. In this equation ) and T = %Aa are the generators of U(1)en, and
SU(3)¢, respectively, where A% denote the Gell-Mann matrices obeying the relations

1
[Tm Tb] = ifabCTC 5 {Ta7 Tb} = géab + dabcTc . (23)

The quantities fu. and dgp. denote the totally antisymmetric and symmetric structure
constants of SU(3). The gauge covariant derivative acting on ¢ is defined analogously,
but without a coupling to gluons. We will henceforth indicate the direction to which the
derivative acts by arrows, i.e., &D’;ﬂﬁ = (D) and &Duw = (D). It proves useful to
introduce a hermitian version of the gauge covariant derivative by

&iﬁlﬂﬁ = &iﬁ/ﬂ/’ - T/Gib;ﬂ/ﬁ (2.4)

The remaining Lagrangian terms in the LEFT Lagrangian from eq. (1.2) are built from the
same degrees of freedom contained in eq. (2.1) obeying the gauge group SU(3). X U(1)em.
The choice of LEFT basis is not unique, we can for instance employ the Gordon identity,
equations of motion, Fierz identities, as well as integration by parts to shift operators
between the classes. In this work we consider the LEFT basis derived in ref. [31] for
operators with mass dimension d < 6 (5963 hermitian operators), ref. [35] for operators
of dimension 7 (5218 hermitian operators), and ref. [21] for the ones at d = 8 (35058
hermitian operators).

To tackle the overwhelming amount of more than 45 - 103 operators up to dimension
8 in LEFT, we restrict our investigation to operators that may possibly contribute ToPe
forces in 7 decays. Therefore we ignore operators including neutrinos,® drop all operators
that violate lepton- and/or baryon-number conservation, and restrict the analysis to C-
and CP-odd operators only that are at the same time flavor-conserving.® Still, we allow for
chirality-conserving and -violating operators.

2.1 Discrete space-time symmetries

In this section we shortly summarize the discrete symmetries of several quantities that
constitute the respective LEFT operators, to pick the correct C- and C P-violating operators
from the LEFT bases.

®The 7 decay listed as T'zo in ref. [81], n — 7Te™ D + c.c., is in fact a C- and T-allowed decay.
5We note that the requirement of C' and C'P violation places a very selective constraint, reducing the
amount of 45 - 10% operators tremendously.



For any combination of Dirac matrices I', the well-known transformations of fermion
bilinears under C, P, and T read

— C _

C: YI'x ——  —xv7I ey,

P: 9Tx 5 grlx, (2.5)
_ . _ .

T: yI'x — Yyl X

where I'"" denotes the transposed of I', T'* is its complex conjugate, and the factor —1 in the
first line arises from the anticommutation of fermion creation and annihilation operators.
As the fermions in each bilinear change places under C, it may not be evident at first glance
that the original covariant derivative l_jM contributes to both eigenstates of ', in contrast
to Bu-7

The discrete symmetries of the gauge fields can be deduced from the requirement
that their interaction with the quark currents implied by eq. (2.1) preserves C, P, and T
separately. The hermitian generators T, of SU(3) transform as T, — T/ = T, under C and
T. Hence the discrete symmetries of all color structures can be derived with [82]

C P T
Ty E— 2 T, — T, T, E— roTy ,
C P T
ar S _par, ar Py g ar Iy petar,  (26)
C P T
N ¢ AT e D ¢ L e 7

where we used z, = 1 for a € {1,3,4,6,8} and z, = —1 for a € {2,5, 7} to keep the notation
short. The sign e equals 1 for p = 0 and —1 for p € {1,2,3}. To compile the discrete
symmetries of operators including SU(3) structure constants note that the non-vanishing
values of fape (dape) contain an odd (even) number of indices picked from {2,5,7}. Let us
illustrate this at a simple example: consider the C-transformation of the Weinberg-type
term fachZ”Gg”GZ“, which according to eq. (2.6) has the eigenvalue (—1)3x,zpz.. Due to
the color contraction with fy., either one or all signs x, . must be negative, such that
the operator is C-even. In complete analogy, one can compute the discrete symmetries of
arbitrary color contractions.

We summarize the C, P, and T transformations of various quark bilinears, gauge
fields, and color structures in table 1, which comes in handy when searching for C- and
C P-violating operators in LEFT.

2.2 C- and CP-odd operators in LEFT

In this section we list our most convenient choice of linearly independent ToPe operators up
to and including mass dimension 8 in LEFT, based on the operator bases in refs. [21, 31, 35].
Details on the derivation of the full set of C- and C P-violating operators can be found in
appendix A, which also takes care of operators that are not hermitian in the first place.
At this point we shortly summarize the straightforward but, given the vast number
of operators, quite tedious procedure. First, multiply each LEFT operator by a complex

"For the standard derivative D one needs the decomposition 9D, = X [(ﬁu +D,)— (D, — D_'M)] )
to obtain (two distinct) C' eigenstates.
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c + 4+ — + - - - - + - +
— ek —eht ehe? —eheV eh ehe? + + ghe?
- et et —ehe? eke? et —ghe? + - ehe?

Table 1. Discrete space-time symmetries of quark bilinears with a single flavor and several gauge
terms. In this simplified notation each SU(3) color generator T, is thought to be part of one
quark bilinear. We furthermore introduce X, € {A,,T,G},} and X, € {F.,,T.GY,, }. Replacing
any field-strength tensor by its representation in dual space X, i.e., any contraction with the
Levi-Civita symbol €qg,.,, flips the signs of P and T'. An exchange of the structure constants fup.
and dgpe changes signs of C' and T. When multiplying each term with the imaginary unit ¢ the sign
of T flips, while the inclusion of D  in a bilinear flips the signs of C' and T'. If necessary, factors of ¢
are multiplied to render quark bilinears hermitian.

Wilson coefficient and add the hermitian conjugate. All LEFT bases under consideration are
formulated in terms of left- and right-handed fermions, such that the resulting multilinears
do not necessarily have definite eigenvalues under C, P, and T. To remedy this issue we
decompose the chiral fields into their (pseudo)scalar, (axial)vector, and (pseudo)tensor
contributions and compile their eigenvalues with the aid of table 1 and similar relations for
different color structures. Finally we have to identify chirality-conserving and -violating
operators. If both appear at the same mass dimension of LEFT, we can ignore the latter,
which is in some more detail discussed in section 2.2.2.

While the identification of chirality-violating fermion bilinears is straightforward, special
care has to be taken for quadrilinear quark operators. Some four-quark operators that are
naively found to be chirality-breaking may be mediated by gauge-invariant BSM couplings of
left-handed ¥ bosons to right-handed currents, induced via mixing of the W+ bosons with
their right-handed BSM counterparts. For instance, the dimension-6 P- and T-violating
quadrilinear quark operator of Ng and Tulin [83]

z% {(ary*dr)(dpruur) = (dry*ur)(@ryud) | (2.7)

(with Wilson coefficient Cxt) can be traced back to the following gauge-invariant, manifestly
chirally symmetric dimension-6 operator (resulting, e.g., in the reduction of minimal left-
right-symmetric models [84, 85]—a subclass of left-right models [86, 87])

%( B D, H) (g dg) + hec. (2.8)

Here H with H = irpH* is the Higgs doublet field, D, =0, +igW? a=1,2, and Crr

the pertinent Wilson coefficient. This term yields, after electroweak symmetry breaking, in
unitary gauge

23 | Az R

with h the lightest Higgs boson of the model, which corresponds to the physical Higgs

2
hdp W+ h.c.] (1 + 2) , (2.9)

boson, and v its vacuum expectation value. After integrating out the Higgs and W bosons,



we obtain, just below the W mass, the four-quark operator (2.7) to leading order. Note
that the Higgs vev v cancels against the mass of the W* bosons, as the coupling to the
right-handed current involved the Higgs kinetic term and is therefore not of Yukawa nature.
More details can be found in refs. [88, 89], see also ref. [90].

In accordance with this argument, the chirality-conserving operators can also be easily
identified by the fact that they must appear at the same order in both LEFT and SMEFT,
if a consistent operator basis is used.

To shorten the notation in the following subsections, we omit the ratio of scales v* /A%,
which according to eq. (1.3) is common to all our operators. Regarding eq. (1.2), the
suppression in terms of these heavy scales can explicitly be restored by multiplying each
LEFT operator of dimension 7 by v/A% and the ones of dimension 8 by 1/A%.

2.2.1 Dimension-7 operators

We show in appendix A that there are indeed no ToPe operators below dimension 7 in
LEFT as already implicitly claimed decades ago [44], but which was — to the best of our
knowledge — not proven explicitly in the literature.® At dimension 7 we can confirm that
exactly the operators already quoted in eq. (1.4) contribute (except the one including the
Z-boson, which obviously does not belong to LEFT), i.e.,

O\ = 9 D s X 5
Px (2% H (2.10)

(’)l(f) = cff) zZT“aszFM,JGgP,

(a)

(b)
where Cox

and Cy denote real-valued Wilson coefficients with flavor indices ¢, ¥ combined
with superscripts (a), (b) serving as labels to classify operators unambiguously. The quadri-
linear in this equation can in principle appear with two different color contractions.? In

addition, we find the (semi-leptonic) operators containing quarks and charged leptons
ng) = Céf/,) D5ty s, 2.11)
d d) 7 = '
Oéw) = c&w) P yslap D s

2.2.2 Dimension-8 operators

As all terms in section 2.2.1 are chirality-breaking, we can a priori not neglect chirality-
conserving operators at dimension 8 in LEFT. Investigating the latter, we do not find any
ToPe operators for pure gauge terms or terms including four fermions and two derivatives.

8To consistently construct a C- and C'P-odd operator from lower-dimensional ones, one could for instance
include a T- and P-odd operator of dimension 6 of SMEFT in a C-violating electroweak loop. However,
integrating out the weak gauge boson with mass dimension 1, i.e., replacing it by the quark current of
dimension 3, effectively leads to a dimension-8 operator in LEFT. Due to the completeness of the LEFT
operator bases used in this work, these contributions are automatically taken care of.

9We note that according to refs. [51, 90], the four-quark operator in eq. (2.10) should be valid just
below the W threshold. This means that one expects QCD corrections when running down to a scale p,
1GeV <« p < Mw+, such that the quadrilinear in eq. (2.10) would mix with its corresponding different
color contraction. These corrections are beyond the scope of our analysis and do not have any effect once
the LEFT basis is matched onto xPT.



For quark multilinears coupling to gluon field-strength tensors (henceforth called gluonic
operators) we identify

O = el fanety"iD" T*¥ G G5P

o) = ) oy ToxG,

0 = ) sy s TGS, |

O = ¢ ety TRy TN G, |

0 =) dupeln" T3y TN G, (2.12)
0 = ) i ys TRy 15 TOXGE,, |

Of) = ) i[T xxo" ) + s TOXXo" 51 — (1 + X)) G,

o) wa i[hxxo™ T + pysx X T — (¢ = X)]GL,

PXx
O = ) [P T x0 ) + Doy T X058 + (1 < X))

as C- and C' P-odd. Among these operators, Ofw)(, (91(;3(, (91(;2, (’)() are antisymmetric under
flavor interchange, while Oi(bx) is symmetric.
Similar to the operators in eq. (2.12) we find quark quadrilinears including photon

field-strength tensors (photonic operators), i.e.,
o) = wa DYXY X F s
Ofﬁ){ = %X PV Y5 XY Vs X Fw
Oy = e o7 T Uxy T XE (2.13)
Offi = c(q) Py 5T YxY V5T X Fyu
OL) = cb)i[pxxa" v + Prsx o™ 15t — (1  X)]

which, due to fewer possible color contractions, allow for fewer C- and C P-violating con-
tributions than the gluonic operators. Each of these photonic operators is completely
antisymmetric under interchange of quark flavors, up to the unknown Wilson coefficients.

Therefore the operators (’);ZJ}, with z € {n, 0,p, ¢, 7}, can in principle always be absorbed by

Oz(;;z with an appropriate redefinition of the Wilson coefficients, leaving us with three inde-
pendent flavor combinations to consider for the off-diagonal contributions, e.g., (’)1(;), (’)&?,
z

and 0&?- Note that the diagonal elements Oq(ﬁt), Ogd), and (’)g? vanish for all operators in
eq. (2.13).

There are only two ToPe operators in dimension 8 LEFT that contain quark bilinears,
photons, and gluon field-strength tensors (photo-gluonic operators), which explicitly read

Ob) = cf;) PyYHiD TONs ) Fyy GOP

v (2.14)
O(t) _ )7 W mva ~a p '
w = Cy D T sy F Gy,

~10 -



Finally we quote our findings for semi-leptonic operators. The inclusion of leptonic
bilinears reduces the amount of possible color contractions and hence the number of
contributing ToPe operators enormously. Our results for gluonic operators at dimension 8
in LEFT read

78]

(922) = céz) P lpy? TP G

) o) - (2.15)
O&p = Cyy EVH’YE)&Z)’YV’YSTQ@bGZV’
while the ones for photonic terms are
O(w) — C(w)g ME’(E Vi F
by — Y v 1/} J ]
(2.16)

0% = ) Iy ys i y50 Fr

We list C- and C'P-odd chirality-breaking quark quadrilinears in dimension 8 of LEFT,
which do not gain any further consideration, in appendix A.3.5. These can surely be neglected
because, other than all the operators listed above, they do not arise from dimension 8
in SMEFT and thus originate from higher-dimensional operators in the SMEFT power

counting, which implies a corresponding suppression due to additional inverse powers of the
BSM scale A.

3 Construction of effective C- and C P-violating chiral Lagrangians

In the following we summarize and extend the principles of matching between LEFT and
XPT operators to obtain a model-independent effective SU(3) theory for C and C'P violation
in flavor-conserving light-meson interactions, originating from the complete list of C- and
C'P-odd operators worked out in the previous chapter. We refer to this theory as T-odd,
P-even chiral perturbation theory (ToPexPT). In particular, we work out the non-trivial
matching of quark multilinears with derivative character and couplings to gluons, which
is in this sense not included in the current literature, while introducing the formalism in
detail. Whenever possible, we restrict the matching to the leading order in the chiral power
counting and C and C'P violation.

3.1 Chiral perturbation theory: notation and conventions

According to Gasser and Leutwyler [52, 53], the massless QCD Lagrangian E%CD can be
extended by introducing external sources to obtain the most general non-kinetic quark
operators, by means of

T T

L = Lcp + @Y luar + Gy rudr — Grsar — aus'qr + o™ tuwar + Gro’th,qr, (3.1)

with the light-quark triplet ¢ = (u, d, s)T, and external sources r, = TL, l, = lL,
which are three-dimensional quadratic matrices in flavor space. The tensor source t,, was
first introduced in ref. [91]. The spontaneous breakdown of the SU(3); x SU(3)r x U(1)y

global and continuous gauge group of this theory results in an SU(3)y x U(1)y symmetry,

s, and t,,,

thus generating eight Goldstone bosons ¢, as the relevant degrees of freedom.

- 11 -



The chiral theory (for reviews, see, e.g., refs. [92-94]), which exhibits a certain power
counting in terms of soft momenta and light quark masses, can then be described by the
unitary matrix U defined as

WO'f‘%T]S V2rt V2K

D
U =exp (;{)) . with ®=X0%=| V27~ a0 +ﬁng V2K || (3.2)
V2K~ V2K?  —Tong

where Fy < Fr = 92.2MeV [81] is the pion decay constant in the chiral limit and 7g the
octet part of the 7 mesons. The matrix x = 2Bys includes the scalar source and a low-energy
coefficient By, and the field-strength tensors are given as

N e (0 I T ) Lo L N (3.3)

The dynamics of the Goldstone bosons is driven by the gauge covariant derivative acting on
U and Ut defined as'®

DU =d,U —ir,U +iUl,, DU =08,U" +iU'r, —il, U, (3.4)

which is necessary to ensure invariance under local extension of the global gauge transforma-
tions.!! In particular, note that the product rule applies to these derivatives [96], thereby —
together with the unitarity of U — inducing the important identity D, UU f=_U D,U . To
keep the notation as simple as possible, we use the convention that the covariant derivative
only acts on the object immediately to its right, by means of DMUUT = (DMU)UT and
D,D,UU t= (D.D,U) U't. We remark that the covariant derivative may in principle also
act on any combination of chiral building blocks that transforms in the same manner as U
or UT, respectively, for instance on U f} or UT f&".

Our fundamental building blocks, ordered according to their power counting in soft
momenta, transform under SU(3) x SU(3)g group actions as

IURE U —RUL, Ul — LU'RT,

O(ph) DU — RD,UL', D, U' - LD,U'RT, 55
o?) : X — RxLl, X' = Lx'RT,

O@?) : % = RfZR A A A

where L € SU(3)r, R € SU(3)g. Any mesonic operator in Standard Model xPT (SMxPT)
can be built by coupling these building blocks in all Lorentz covariant ways that respect the
conservation of discrete symmetries C, P, and 7', and the invariance under SU(3)z x SU(3)r
group actions. The latter condition demands the inclusion of traces in flavor space, which
we indicate as (...). The lowest-order SMxPT Lagrangian thus yields

2
£ — Fy

F2
= <D#UD“UT>+TO<XUT+XTU>. (3.6)

0Confusion with the LEFT covariant derivative, which includes gluons, should be avoided by the context
and the fact we only use the LEFT derivative 5# in vector notation.
A local chiral symmetry is required to ensure that proper chiral Ward identities hold, cf. ref. [95].
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To access mesonic interactions encoded in this Lagrangian, the matrix U can be expanded
in a simple Taylor series according to

U=1+ 1o L o> ' g3, 3.7

R 2F¢ 6F; (3.7)

Once the chiral Lagrangian has been built, the external sources can be fixed to their physical
values, i.e.,

s My, T —eQA,, l,— —eQA,, tu —0, (3.8)

with the matrices M, = diag(m, mg4, ms) and Q = diag(2/3,—1/3,—1/3). Finally, we
quote the equation of motion to leading order [53, 92-94]

D2UUY —UD?UT — xUT + U + = <><UT Ux'y =0, (3.9)
with D? = D, D*#, which proves useful to remove redundancies.

3.2 Discrete space-time symmetries

Similar to section 2.1, we now discuss the transformation properties of the fundamental
chiral building blocks under discrete space-time symmetries, which can be derived from
those of the underlying quark currents and densities.

The discrete symmetries of the mesons matrix ® and the external sources r,, and [, are
similar to the ones of the hermitian pseudoscalar quark density ¢gysq and the quark currents
qrYuqr and qry.qr, respectively. This leads, upon suppressing the explicit dependencies
on the space-time coordinates, to

<% o, oo, oL o,
. (3.10)
ru<———>—lz: ru<—f—> ", TM<—Z—> r#.

To proceed, consider that T is an anti-unitary operator, such that T": ¢ — —i, and that the
derivative transforms as 1" : 9, — —0*. Hence we can conclude from the defining equations
of U and f# /R 85 well as the fact that y has to have the same dlscrete symmetries as U,
the followmg transformation properties of our building blocks:!

U <yt U <Lt v U,
DU« D,UT, DU <X DrUT, DU« —DMU,
o . ro . (3.11)
X X X X, X X,
R/L v T L/R
fL/R (fR/L) ) fL/R “y/ , fg/RH_qu/ .

12T iterature about the T-transformation of the chiral building blocks is scarce, cf. refs. [97, 98]. Unfor-
tunately, ref. [98] adapted the T transformation from ref. [97] erroneously, by choosing ® L ®, which
would imply that [according to eq. (3.7)] U is no eigenstate of T'. Moreover, ref. [98] quotes the wrong time
reversal of r,, {,, and fi“/'m which should transform under T like the physical photon and the photonic
field-strength tensor, respectively.
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Here and in the following we use the definitions D,U? = (D,U)T and D,U* = (D,U)*,
respectively. Regarding products of chiral building blocks, these transformations apply to
each matrix separately, while the algebraic properties of the trace play a vital role. For
convenience we explicitly illustrate the transformation under discrete symmetries at the
simple example of £§<2). Under charge conjugation the Lagrangian transforms as

F§ F3
@5 DD + (U U

g i S ot f
= HD"UTDU) + = (U + UxT) (3.12)

Fg gty 0 gt t
:Z<DMUD U >+I<XU +x'U),

and is thus invariant. In the first equality we used that traces are invariant under matrix
transposition, leading to the observation that for any operator consisting of the building
blocks from eq. (3.11) C' merely reverses the order of the matrices (and flips sign and
handedness of ffl/'R), whereas in the second equality we applied the cyclic property of the

trace. Analogously, cyclicity renders ng) parity-invariant, while its T transformation is

trivial. At this point, note that the terms yUT and xTU are summed without a relative
factor to ensure that we have an eigenstate of P. We will make ample use of this observation
in the following sections.

3.3 Matching LEFT and xPT: building the chiral basis

Having provided the fundamental building blocks as well as their transformation under
SU(3)r, x SU(3)g group actions and discrete space-time symmetries C, P, and T', we may
now match the C- and C P-violating LEFT operators from section 2.2 onto xPT.

For this endeavour, we begin by regarding our LEFT operators as additional external
sources, cf. eq. (3.1). These sources can be written as general chiral irreducible representa-
tions, which for an arbitrary quark multilinear consisting of n bilinears takes the form

O = Tupr.anby (@ ATIA 5,01 - - (G, AnTn AL 4 avi) s (3.13)

with /A\Zibi as 3 x 3 matrices (not single matrix elements) projecting out the flavor a;,b; €
{u,d, s} of each quark bilinear, chiralities X;,Y; € {L, R}, any combination of Dirac
matrices I';, arbitrary operators A; that leave the chiral structure invariant (these may
include derivatives acting on quark fields, leptonic terms, as well as photonic or gluonic field-

1 An
aiby " Aanbn,

the quark flavor and includes the Wilson coefficients of the respective LEFT operators. Upon

~

strength tensors), and a coefficient tensor T' = Tg,p, ..q,6, A which depends on

treating the coefficients T of the external sources as spurions with well-defined transformation
properties under SU(3)y x SU(3)g group actions, we can render the operators in eq. (3.13),
in which the quarks triplets transform as

qr. — Lqr,, qr — arL', qr — Rqr, dr — qrR", (3.14)

chirally invariant.!® This procedure is completely analogous to the inclusion of quark masses
using the building block y.

13The matrices I and R should not be mixed up with the chiral projection operators Pr p = (L £~s)/2.
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The only terms in our LEFT operators, cf. eq. (3.13), that survive (at lowest order
in the QED coupling) the transition from energies above the chiral scale A, to the ones
below it, are photonic field-strength tensors and leptonic bilinears encoded in the A; and
the spurion 7. All other quantites are either too heavy (already accounted for in LEFT,
like W- and Z-bosons) or no observable degrees of freedom due to color confinement, as
quarks — therefore also derivatives acting on them — and gluons. However, although the
latter do not appear as observable quantities in the effective theory, we still have to account
for the information on their discrete symmetries and Lorentz structure when constructing
the effective theory. For the explicit mapping of quark-level operators to the mesonic level
we proceed as follows.

o First, rewrite each LEFT operator in terms of chiral irreps, cf. eq. (3.13), and identify
the spurions and their transformation properties under chiral group actions and C, P,
and 7.

o Next, attach chiral building blocks to the spurions, respect the initial Lorentz structure
of quark-gluon terms (which, at leading order, only includes the contraction with the
metric tensor g, but at higher orders also with the Levi-Civita symbol €,3,, ), and
contract flavor indices to form chirally invariant traces in all possible ways at the
lowest possible order in chiral power counting, cf. eq. (3.5). This also includes the
product of invariant flavor traces.

e Finally ensure hermiticity and the appropriate discrete symmetries by constraining
respective coupling constants (multiplied, if needed, by a factor of ) to be equal up
to a sign. These symmetries encode the remaining information from gluons, quark
bilinears, and their derivatives that were all in some sense integrated out.

e In order to establish operators at higher chiral orders, one may repeat the above
procedure with further insertions of D, ), and f}’%’VL to build chiral invariants or
multiply other chirally invariant traces to the operators obtained at lower orders. In
either way, one has to ensure throughout that hermiticity and proper transformations
under the discrete symmetries are respected. In principle, higher-order operators can
also arise from products of the spurion 7' [55] or loops of lower-order operators. We
restrict the analysis to linear effects in the already strongly suppressed ToPe forces
and only work at tree level.

e Make sure to constantly get rid of redundancies by identifying independent and
non-vanishing operators.

We furthermore remark that there is no one-to-one correspondence between quark operators
with those at the mesonic level and that, as usual when building chiral theories to higher
orders, there is no way to know the number of possible operators a priori. One still has to
keep in mind that, after building the chiral bases as described above for each LEFT operator,
there still remains the question how these operators can be distinguished in experiment, if
this is possible at all.
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(2)

In the following we will denote the mesonic counterpart of any LEFT operator wa

(2)
by X\
3.4 Matching dimension-7 LEFT operators

This section is devoted to providing a detailed discussion of the yPT Lagrangian arising
from the C- and C'P-odd dimension-7 LEFT quark operators listed in eq. (2.10) and the
semi-leptonic ones from eq. (2.11).

3.4.1 The quark quadrilinear operator

First we investigate the operator
0 = e Dyt s x (3.15)
In terms of chiral irreps, this operator can analytically be rewritten as

Ofpa)z = C(a;[(CYLB;;)\TQR)@R'YN)‘RQR) — (GrD ML) (GrY" ARr4R)

_ _ (3.16)
+ (qrDuAar)(@ry"Mrar) — (@D qr) (@ Arar)]

where, compared to eq. (3.13), we use the abbreviations ;\1(/2} =\, S\)LO/‘R = A r and

hence keep the dependence on the quark flavor implicit. For convenience we have chosen a
notation such that the spurions — which do in our case not contribute to the chiral power
counting — transform analogously to the building blocks from eq. (3.5), i.e.,

OP°): A — RALT, M — LATRT,

(3.17)
Op°): Ar— RAgR', A\ — LALLT,

such that (’)z(pa; is a chiral invariant. In fact, A transforms analogously to U or x, while Ar
transforms, e.g., as UAT (or as AUT) and Aj, as ATU (or as UT)).
The discrete symmetries of the A yield

A <aT o Bty
A AT AR AL, Ar e AR, (3.18)
PR D VP VD VR e v

Once the chiral operator basis is established, each spurion can be set to its physical
value, i.e., the respective 3 x 3 matrix projecting out the correct flavor in each bilinear,
or more explicitly A(F), Ar/r € {diag(1,0,0), diag(0,1,0), diag(0,0,1)}. This gives rise to
the conditions A = AT, A\;, = A, and, for the case ) = y, A = A. Furthermore note that
A =X = Xfor ¢ = x and A\, = 0 for v # x.

Assigning the chiral irreps to each of the four summands in eq. (3.16), we can symboli-
cally write

OY) =3, ® (155 3r) — 3, ® (I5p @ 3r) + (15, ©3.) ® 35 — (15, ©3,) ® 3. (3.19)
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At the mesonic level, these irreps come (a priori) with independent coupling constants,
called low-energy constants (LECs), which encode all information about the involved non-
perturbative QCD effects. The first summand in the equation above has, for instance, the
LEC 93, (15p@3r) = 93,0155 T 93,03, Pach of these unknown LECs is common to all xPT
operators arising from the same irrep operator of eq. (3.19). However, chiral symmetry does
not fix the relative size of mesonic operators in each single irrep, thus generating additional
LECs that have to be determined by external input.

We may now move on to the xPT operator basis and consider only the dominant linear
effects in the spurions as higher orders in A would imply an additional suppression by the
small expansion parameter of LEFT.!* Let us start with the lowest possible order p°, which
only allows for A(), X\, /R, and U to occur in the traces. There are two possible ways of
arranging the \: either A() and A\, /R are part of the same trace, or of two different traces.
We cannot multiply by any other traces, as there is no non-constant chirally invariant trace
solely consisting of U and UT.15

Due to the unitarity of U, the only invariant traces that can be built in the first of the
two cases are

(a) (a) (a) A(a)
9t5p030)03,90 MUY 0570 (15 a0 AT ARU) (3.20)
(a) ~(a) (a) (a) .
9(15,83,)23,90 (AAT), 93,0 (15r@3R) 90 (ArAUT),

(a) ~(a) ~(a) -(a)

where g5,y ',y > 9y denote LECs, and the superscripts like g(a)

(15, ®3L)®3R
to distinguish LECs that correspond to the same irrep, but may in principle be different

are introduced

when they are derived from other operators of LEFT. Any linear combination of these
traces gives a chiral term consistent with the SU(3)z x SU(3)r symmetry of the underlying
LEFT operator, yet still does not account for the discrete space-time symmetries. The
inclusion of the correct C, P, and T transformations in the chiral operator implies an
appropriate linear combination of these four traces, while the LECs are constrained to be
the same up to a sign (multiplied by a factor of ¢ if necessary), as already done for the
mass term (xU t it ) in the original work of ref. [52]. Hence the corresponding C- and
C P-odd operator takes the form

i((MLUT + MARU) — (A\LATU + AgAUT)), (3.21)
(a) (a)

a
(15L693L)®3Rgo
of the four combination of LECs listed in eq. (3.20).!% The expression in each parenthesis is

with only one overall LEC that can conventionally be chosen to be g or any

" Translating each quark bilinear separately from LEFT to xPT has hidden complications. In ref. [41] this
was done to illustrate examples of operators in xPT. In general there is no guarantee for the completeness
of the operator basis, neither for the correct assignment of independent LECs nor for finding the lowest
contributing order. We thank Peter Stoffer for pointing this out to us. The last of these aspects is also
mentioned in ref. [61]. Moreover, the translation of separate bilinears is doomed to fail if non-trivial color
structures occur, as we can only translate color-neutral objects to xPT.

15In general, one can neither multiply any additional chirally invariant trace that contains only fields
U and less than two derivatives, as all such traces can be brought to the form <DHUUT> = 0 using the
unitarity of U and the cyclic property of the trace.

5Tn the literature one often introduces a set of (anti-)hermitian chiral building blocks, cf. for instance
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parity-invariant on its own, while the relative minus sign ensures C' violation. An imaginary
unit in front of the trace is required by hermiticity and the T-odd nature of the initial
LEFT operator.'” Analogously, we find the operator

i AUT = MUY L — AR) (3.22)

for the case where the spurions appear in two different traces. Unfortunately, both of the
operators in egs. (3.21) and (3.22) vanish once the spurions are set to their physical values
described previously. Hence, we must move to the next higher order O(p?) and proceed
in the same manner. This order is obviously more intricate, as we have to consider more
chiral building blocks from eq. (3.5). Since the strategy should be clear by now, we directly
write down our results for all independent traces of combinations of spurions and chiral
building blocks that form hermitian C-, CP-, and T-odd operators that are at the same
time chiral and Lorentz invariants and do not vanish after the spurions acquire their physical

realizations. Henceforth we will drop all LECs belonging to chiral irreps, like g(a)

3.®(15r®3R)’
as they can always be absorbed by the relative LECs between each operator. Up to O(p?)
we obtain:
a UV (a . (a
X = ﬁcfp;[ ig™ (AD,UT + XD, UYL DFUTU + A DFUTT)

+igs (ADUTUA LU + X D2UUTARD)
~ WMUALD2UTU + AUTARD?UTT))
+igs (ADUTDFUALUT + M D*UD,UARD)
— NUNDUTDHU + AUt AR D*UD,UT))

(3.23)

+igl(ADUTUAL DUt + A DFUUARD, D)
— (N'DLUNUTD*U + ADFUTARUD, UT))
+0(pY)].

Keeping the implicit dependence of Ar/r and A1) on the flavor 1, x in mind, each of the
(a)

for summands proportional to the g, gives in principle rise to nine operators, i.e., one for

each combination of flavor indices.
There is also another color contraction for the underlying LEFT operator (’)(62; as
stated in ref. [59] this leads to the same operator basis but merely with different LECs.

However the latter can always be absorbed by redefining the LECs in eq. (3.23).

3.4.2 The quark bilinear operator

The matching of
0 = 0 410y F,, G, (3.24)

refs. [91-94], which make it easier to get rid of redundancies in higher-order operators. These building blocks
are eigenstates of the discrete symmetries and thus already have constraints imposed on the LECs, at least
to some extent, built in. However, as we are interested in leading contributions of C- and CP-violating
effects, the more historic building blocks quoted in eq. (3.5) do not have any major disadvantage.

7The constraints of hermiticity and the correct T transformation are often correlated.
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proceeds in the same manner, but includes further subtleties due to the presence of the
photonic and gluonic field-strength tensor. Once more we start with the decomposition in
chiral irreps by

0 = P [grAB o Az, + G A" A gg] (3.25)

with ALbV) =TGP F,), j‘z(z:?b = \D) with the same transformations under the gauge group
action and discrete symmetries as quoted in egs. (3.17) and (3.18). Again, when setting
the spurions to their physical values we can apply A = Af.

The quark-gluon structure of this operator is a Lorentz tensor coupling to the photonic
field-strength tensor F),,. If we allow for further interactions of the photon with quarks,
F,, has to be treated in the same manner as G, in the course of our matching procedure.
However, these contributions are suppressed by the QED coupling . Working at lowest
order in «, £y, on its own cannot contribute to hadronic states and can thus be considered
a fixed external source. In this case the corresponding xyPT operator for Off) has to take
the form

x = %cff) (XY Ey (3.26)

with a mesonic Lorentz tensor (X q(pb))uv that includes the traces over spurions and chiral
building blocks.'® As a consequence (Xg’))” ” must not be symmetric under y <+ v and X éjb)
has to be at least of chiral order p*.1 In accordance with ref. [99], the gluon in eq. (3.24),
which is a chiral singlet, merely enters X é;b) as an overall constant that can — together with
all unknown non-perturbative QCD effects — be absorbed in the LECs. Apart from this,
the external source F),, already reproduces the correct discrete symmetries of the operator
(’)g) ), such that (Xt(pb))/w has to be matched to an operator that preserves C, P, and T
separately. As we search for a Lorentz tensor at lowest possible order, we either have to
build the chiral operator with two derivatives acting on matrices Ut or one field-strength

tensor flL%%' In the first of these cases both derivatives have to enter the same trace, as a
trace without spurions and only one derivative, i.e., (D*UUT), vanishes. However, as we
have only one spurion, these single traces are always symmetric under the exchange p < v,
which can easily be seen using D*UD"U' = —(UD*UT)(UDYUT). For the remaining option
with fZL/VR the relative signs within each trace are fixed by the correct C' transformation.

These relative signs lead to a cancellation of the respective traces, since A\() and fg/"R are

diagonal and therefore commute, and furthermore for physical values A = AT and 1" = f&”.

(b)

Hence, there is no non-vanishing contribution to X wb at order p. To find chiral analogs of

the LEFT operator Off ) we must extend our search to operators at order p®. However, the
derivation of the complete operator set at this order is beyond the scope of our analysis.
Although X 1(;) is suppressed in the chiral power counting compared to the one found in
eq. (3.23), it may still be of relevance for physical applications, as it can contribute with a
different field content and different quantum numbers, e.g., partial waves.

8 As for any external source one can in general take derivatives of F),,. However, these derivatives can be
shifted into the hadronic part of Xl(pb) by partial integration.

19We need at least two Lorentz indices, which according to eq. (3.5) result in one power in the chiral
counting each, to build (Xg))w. Moreover, we know that Fj,, is of order 2.
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Remember, throughout we will, for all operators, work at the lowest order in « and

hence treat F},, and semi-leptonic bilinears as fixed external sources.?’

3.4.3 Semi-leptonic operators

Starting with (’)éfb), we can in this case match the quark-gluon structure, which is simply
given by the axialvector current y~*v51, onto YPT by identifying traces built from the
spurions A7/ that are Lorentz vectors and have the signature C' PT = + — +. The operator
complying with these requirements is

x{ = %cggg@ (ID,50) i A\LDPUTU — AgD*UUT) + O(p?) . (3.27)

Regarding the mesonic analog of (’)gj}), it can be easily checked that there is no contribution

to Xéi) at O(p?).

3.5 Matching dimension-8 LEFT operators

In this section we quote our results for the yPT expressions derived from the dimension-8
quark level in LEFT. Again we restrict the chiral basis to linear contributions in 1/A%,
lowest order in «, as well as to O(p?) for gluonic operators and O(p*) for photonic and
photo-gluonic ones, or in other words the lowest order for each contribution.

3.5.1 Gluonic operators

)

There is only one leading-order contribution to X 7(;

)

% i((A\LD*UTU + A\gD*UUY) — (\LUTD?U + AgUD?UT)) + O(p"), (3.28)

which vanishes for physical values of the spurions as demanded by the equations of mo-
tion (3.9). Thus X (<) Starts at the next higher order. We refrain from deriving the numerous
contributions of higher orders at this early stage in the analysis of ToPe operators and
proceed similarly for all other operators.

The LEFT operators Of:9:1:43) differ only in their color contractions and their vector or
axialvector Dirac structure and therefore map to the same xyPT operator, but with different

201f we allow F),, to hadronize, every of our remaining LEFT operators with a photonic field-strength
tensor maps onto the same yPT expression as a corresponding gluonic one, but with different LECs and an
additional suppression in «.
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LECs. They cannot be distinguished at the mesonic level and give rise to the operator

(fohig) _ 1 (fg.hig)
Xx =74 Cx

% [ig§f7g’h’i’j)<(/\LUTD2UUT5\RU+)\RUDzUTUS\LUT)
— (ARUDAUTUALUT + A\ UTD*UUTARU))
+ gl oD (AL DL UTUDMUTARU + ApD, UU D*UALUY)
— (A\LUTARD,UUTDHU + AgUA D UtUDRUT))  (3:29)
+iglh o) (AL D2UTARU + AR D2UALUT)
— (AgD2UALUT + A, D2UTARU))
+igy D N UTARU = ARUALUTY(XTU — xUT)
+0(")],

where we defined the products of Wilson coefficients and LECs by cgbf)’(g hidsg) gff 9h7) —

> =f.g.hi c(i)(ggz). We will use this notation throughout for any combination of indices.
The diagonal matrices Az, r(Ar/r) project out the flavor 1(x) in complete analogy to the
definitions in the previous sections. Some terms can be discarded using ( D2UUT—~D2UTU) =
D, ({(D*UU' — D*UTU)) = 0, which can also easily be deduced from eq. (3.9).

Analogously, %) and O®) can be projected onto one single mesonic operator. The
peculiarity of these quadrilinears is that the physical values of their spurions, let us call
them wa = ) and S\Xw = ), appearing in the two contributing bilinears are no eigenstates
of hermitian conjugation. To simplify the evaluation we introduce the hermitian and
antihermitian combinations Ay = A + X\.2! When the spurions acquire their physical values,
we can set AL = A, AL = =X\ AuAL =1, and A A_ = —A_\,, independently of their
explicit flavor indices. Moreover, the Ay are real and thus A} = )\L. As A and A transform
according to the first line in eq. (3.18), the discrete symmetries of AL become

pYIPECENGY S WP D VPRI Y (3.30)

The minus sign for the parity transform of A_ may be unintuitive, but compensates for the
fact that A_ is anti-hermitian, i.e., after inserting the physical values A_ is invariant under
parity as it should. With this new set of spurions — and noting that the antisymmetry of
the LEFT operator under v <+ x demands that one bilinear includes )\ST) while the other

M) we can evaluate the xPT analogs of Ofp];l) in the familiar way.

one has to contain A
However, we do not find any operator at chiral order p? and hence ignore the contribution
of X for now.

)

Analogously, the symmetry of the operator (’)1(;; under 1 <> x demands that either

both quark bilinears include all possible combinations of the spurions ADND o of /\ST))\S[).
Again there is no non-vanishing C- and C' P-odd mesonic operator at leading order.

21Going back to the irreducible representation of a general quark multilinear from eq. (3.13), this
redefinition of the spurions merely leads to another redefinition of the LECs.
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3.5.2 Photonic operators

As previously seen for the gluonic operators, we can again match several photonic operators

from LEFT to the same xPT operator upon redefining the LECs. Hence the mesonic
(r,0,p,q)

counterpart of the operator (’)wx

yields to lowest order

(nopg) _ 1 (nop.a)
Xox =74 Cux

[P o ((ALUTAR LU — ARUMLFEPU)

+ (ARUALUT 28 — A UTARU £27))
+ g§moPD (A DU + AgD, UUWALD,UU + AgD,UUT)
+ g\ oP V(N DU — AgD, UUNALD,UU — XRDVUUW
x P + O(p%).

(3.31)

Note that the e-tensor flips sign under P and 7. The photonic LEFT quadrilinear (91(;;)(,
mixing quark flavors in each bilinear, can again be conveniently matched using the (anti-)
hermitian spurions Aﬁ) . But once more, we do not find any operator up to and including

chiral order p*.

3.5.3 Photo-gluonic operators

Both photo-gluonic operators O&s’t) map onto the same yPT expression

S 1 S S o (67 v
Xl(b K :Fci(b 7t)9§ 7t)€aﬁm/<)‘LUTfRﬁU - )\RUfLBUT>Fu + O<P6) : (3.32)

3.5.4 Semi-leptonic operators

We find that the C- and C'P-violating contributions from the gluonic semi-leptonic operators
(’)EZ), (’)EZ) vanish at O(p?), while the photonic ones oW o give rise to

ey Y
w 1 w w) . "
Xy = ﬂcéw) A"V iALDLUTU + AgD,UU Ny, 0F™ + O(p) (3.33)
and )
X\ = W;%gfg iALD,UNU — AgD, UUN by, 50 F* + O(p5) (3.34)
respectively.

3.6 Summary of the effective C- and C P-odd Lagrangian

In the preceding sections we derived the lowest possible contributing order of mesonic
operators for all flavor-conserving, neutrinoless C- and C P-violating sources (except purely
leptonic ones) that preserve baryon and lepton number up to dimension 8 in LEFT. Working
to lowest order in the QED coupling «, i.e., treating photons and leptons as fixed external
sources, these contributions start at O(p?) for gluonic and semi-leptonic operators and at

O(p*) for photonic ones. We identified that the 24 LEFT operators (’)1(;2, e Oéi) (without
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counting different flavor combinations) listed in egs. (2.10)—(2.15) give in general rise to 15
different groups of operators X (¥) on the mesonic level, which build the full chiral Lagrangian

_ @ 4 x® 4 x© o x@ @ y(Fahid) | kD) L (m)
Lopr =30 [X03 + X7+ X0 + X5+ X0+ XM X0+ X
PxL (3.35)
+ X500 4 x4+ X004 X5+ X))+ xg) + X))

In this Lagrange density, the terms X ((;), X fpb), X éfp), X éZ) originate from dimension 7 of

LEFT, the rest from dimension 8. The contributions of order p? for the gluonic operators

Xg;), Xéj;’g’h’i’j) can be found in egs. (3.23) and (3.29), respectively, while X(iz, Xl(p];l), ng)

start at higher orders. The photonic operator X g;o,p D g mapped to its lowest possible
r)

order p* in eq. (3.31), whereas Xz(px first appears at O(p®). For the photo-gluonic operators
we find that qu)b) only starts at O(p®), and Xijs’t) at O(p*) is given in eq. (3.32). Finally,

the lowest possible contribution at O(p?) to the semi-leptonic operators X lffp), é:; ), éfz)

are listed in egs. (3.27), (3.33), and (3.34), while Xéj)), Xéf;), ng) start at higher orders.

4 The large-N,. extension

So far, the framework of ToPexPT covers the sector of the meson octet. It can, however, be
generalized to include the singlet 7, whose mass M,  remains non-vanishing in the chiral
limit due to the U(1)4 anomaly, in a straightforward manner. Taking the number of colors
N, to be large, this anomaly is suppressed, so that the 7’ is rendered massless and takes
the role of the ninth Goldstone boson.

As a consequence for the perturbative treatment in the effective low-energy theory, not
only the momentum p but also M, needs to be considered as small. This can be achieved
by simultaneously expanding the chiral Lagrangian in soft momenta, light quark masses,
and powers of 1/N.. One hence introduces a small counting parameter ¢ and uses

p=0(Ve), m=0(), 1/N.=0(). (4.1)

The large- N, extension of SMyPT has been subject to many previous analyses, see for
instance refs. [100-108] and the numerous references therein. As these considerations rely
on general gluon dynamics, we can apply the large- N, extension in this section to ToPexPT
without much trouble, and refer to the abovementioned works for further details.

To include the singlet in our formalism at the level of the general Lagrangian from
eq. (3.1), we add the term Ly, = 6w with a new external source 6, whose physical value is
the QCD vacuum angle qcp, and the winding number density w = gz/(327r2)GZVC~J“W.22
The first modifications we have to make in order to enhance the SU(3)z x SU(3) g symmetry
to U(3)r x U(3)g is to replace

U—U=¢e¥U, (4.2)

22Note that none of the LEFT operators considered in this work can contribute to a singlet under SU(3), x
SU(3)r, so that Ly, , which arises naturally from QCD, is indeed the only external source with the desired
transformation property we can add to eq. (3.1).
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where ¢ = 1/2/310/ Fy, and the new chiral transformation reads U — RULT with L € U(3),
and R € U(3)r. The remaining chiral building blocks stay unchanged, except that they
transform with L, R as elements of U(3)r, r instead of SU(3)r, r. We shall not introduce
a new notation for the large-N. case of these building blocks, which is unambiguously
fixed by the use of either U or U in each operator. At leading order, the octet and singlet
components 7g and 79 are related to the physical mass eigenstates by the single-angle mixing

78 cosf sinfd n
= . 4.3
<T]0) (— sin 6 cos 9) (77’) (43)

Henceforth we work with the ideal mixing angle § = arcsin(—1/3), so that

) %77’4-\/%77‘1'”0 Vort V2K+
_ id _
U =exp (;‘0> ,  with &= V2 %77’ + \/gn -7 V2K°
VIK VIRl \[hy
(4.4)

scheme

For convenience and later use we quote ¢ in terms of the physical n and 7’ fields, i.e.,

V2 4
Y= n+ n.
3V3F) 3v/3Fy

We have to introduce new building blocks from the pure singlet contribution, which are

(4.5)

(p+0)— (p+0), D,y = Dyp, D, — D,0, (4.6)

with
D, =0up—2(a,) and D,0=03,0+2(a,), (4.7)

where 2(a,) = (r, —1,,) is the singlet axial current discussed in more detail in ref. [107].%3

With these new building blocks we cannot only construct completely new operators, e.g.,
by contracting a vector operator with D, or D0, but can also multiply any Lorentz
invariant combination of them to any operator without affecting the transformation under
U(@3)r x U(3)r. As ¢ and 6 transform as CPT = + — — [106], odd powers of them will
change the discrete symmetries of the overall operator.

However, we do not have to consider the infinite amount of all new operators that
arise from insertions of the elements in eq. (4.6), as the latter affect the power counting in
4, which can be summarized as follows. Traceless operators are subject to purely gluonic
interactions, which scale at leading order as N2. Each trace in flavor space originates from
one quark loop, leading to a suppression of 1/N.. Moreover each ¢ and € counts as another
factor 1/N.. Hence the generalized power counting in large-N. xPT, i.e., the order of §,
can be understood as 1

O5 = =24 Ny + §NX + Ny, (4.8)

where N, denotes the number of traces, N, indicates the power of ¢ and 0, and N, =
N, + 2N, is the power counting in standard yPT as described in section 3.1, which keeps

#More precisely, we have ¢ — ¢ —iln(det R) +4In(det L) and 6 — 6 +iln(det R) —iIn(det L), so that ¢
and 6 are not invariant on their own. However, D, ¢ and D, 0 are still invariant as separate quantities.
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track of the power of soft momenta N, and the power of light quark masses N,,. This
power counting allows for four different contributions at order §°, namely (N, Ny,N,) €
{(2,0,0),(1,2,0),(1,0,1),(0,0,2)}, out of which only (1,2,0) can contribute to a C-odd
operator. Hence the leading contribution to all gluonic operators at large N, can directly
be read off the respective contributions in standard ToPeyPT, which consist of one single
trace. Similarly, all photonic and photo-gluonic operators start at O(¢) in large-N,, as they
require IV, > 4 and can thus be obtained by the corresponding ToPexPT operators with
Ny =1, N, = 0. Considering the matching of LEFT operators that initially had no chiral
counterpart at O(p?) for N, = 3, the chiral singlets from eq. (4.6) allow for new chirally
invariant operators in the large- N, limit, so that these LEFT sources may indeed show up
at O(p?) but at higher order in 4.

For convenience we quote the order §° analog to eq. (3.35) in the large-N, limit as

Lopr = Z { NOADTTOALUT + AT D2TTTARD) — hic.)
%xf

fp“;gga)«quTD#UALUT + MDD, UARD) — hic.)
+ g (DU UN DT + AT DFUUTARD,U) — hec.)
+ )9\ ID, st AL D*UNT — ARDFU T
o ef Mg N (O DPOT AR + ARUD*UTOALTT) ~ hic.)
1 (foni e o
+ e Mg M (AL D,TTUDUARD + ArD, OTD*UALTY) ~ huc.)
+ c;fxg PbD) gt (L D2UTART + ApD2*UALUT) = hic.)

+O®©)].

(4.9)
Interactions at higher order in § can be obtained by the procedure described above. In the
following sections we will refer to the large-N, limit of a ToPexPT operator XISJZX) as Xl(;g
As a final remark, all operators in ToPexPT and its large- N, extension that only differ
by the shift U — U carry the same LECs at leading order, as is the case for the leading
order in large-N. SMyxPT [107]. Nevertheless, we will still denote the LECs in the large- N,
theory by g@

; to be as general as possible.

5 Application to C- and C'P-violating decays

Up to now, various experiments have actively searched for C' violation in 7 decays (in the
following we will use the abbreviation n(") to refer to both 5 and '), as in n) — 3~ [109-
111], n — 7% [112], ) — 70¢+¢= [113-115] and 5/ — n¢*T¢~ [114, 115] driven by a single
virtual photon, n — 7F7 =y [116-118], n — 270y [111, 119], n — 370y [111, 119], and in
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70 — 3 [120], without strong empirical evidence for this kind of BSM physics.?* However,
in the foreseeable future the new experimental setups from the REDTOP [72-74] and
JEF [75-77] collaborations will search for rare n(") decays with an increased accuracy that
may allow us to set more stringent bounds on ToPe forces.

The model-independent effective theory derived in the previous sections provides the
theoretical foundation to identify the most promising decays to observe and to figure out
any, as yet unknown, correlation between different C- and C P-violating transitions. As
the sources of the latter are rigorously worked out on the quark level, we can provide the
explicit dependence of C- and C'P-odd observables on the new-physics scale A. To this
end, we not only restrict our analysis to pure BSM processes, but also investigate the
interference of SM and C-violating contributions for suitable candidates. A list of all decays
considered in this work is contained in table 2, which summarizes our results in a compact
way. Each C- and C'P-odd contribution to these decays, except for n — 379, exhibits a
unique representation in terms of mesonic degrees of freedom. Identifying these mesonic
operators first eases the search for a corresponding ToPeyxPT operator that generates the
desired transition. These chiral operators in turn can be related to the underlying quark
operators. For a consistent treatment of n and 7’ decays, we will work with ToPexPT in the
large- N, limit with generalized power counting in ¢ throughout, as explained in section 4.
However, we may still quote the power counting in soft momenta p, because it is directly
visible in the operators at the mesonic level. As central numeric results of this work we
give the theoretical estimates of observables in dependence on A (explained in more detail
below), while the limits that can be set on A with the currently most precise measurements
are quoted in the respective sections. In the rest of this manuscript we explain in detail the
assumptions and simplifications entering table 2.

First of all, we need to emphasize that the computation of most of the considered
decays with ToPexPT is rather meant to be a proof of principle. As we will see in the
following, a rigorous evaluation would require the complete construction of the chiral basis
for all C- and C'P-odd LEFT operators also including higher orders in ToPexPT, which
leads to a large number of free LECs that cannot be fixed at the present stage. Therefore we
do not investigate each single ToPexPT operator. Instead, we focus on one set of operators
that stands out, namely the ones derived from the LEFT source

a v a) TR —
O A o D5 5 X (5.1)

for which, in comparison to eq. (2.10), we restored the explicit dependence on the EFT scale.
This is the only LEFT operator able to generate the C- and C P-violating contributions to
all mesonic decays listed in table 2 at the corresponding leading orders in p. The special
feature that makes this operator unique in our analysis and allows us to in particular
generate 77(’ ) — w077~ at lowest order is its compositeness of both spurions A(P) and A L.R-

24Some of the listed decays may in principle also be driven by C- and P-odd operators, which are not
covered by our framework. These contributions have less physical motivation, as they conserve C'P, and are
beyond the scope of this work. Therefore we assume all decay widths of C-violating amplitudes to originate
solely from sources with additional T" violation and ignore possible P-violating effects at this stage.

— 96 —



Decay Mesonic operator Lowest order Current measurement Theoretical estimate Section

n") — rOnta— in a0 (rtdyn— — ndumt) p?(6°) g2 = —9.3(4.5) - 10%/TeV? [121]  |go| ~ 31074 TeV?Z/A* 5.1
n —ngrta inotn(rtoum — ndumt) 2 (1) g1 = 0.7(1.0) - 10%/TeV? [121] lg1] ~ 3-10"*TeVZ/A* 5.2
") — 70y* 3,,7](’) 8, mOFH p*(6?) — — 5.3
0 =y 0,m dunFH” p* (62) 5.3
n — mlete” n0,m0 éye p? (oY) BR < 7.5-1076 [113] BR ~ 710727 TeV®/A® 5.4
n— moutp~ 7O iyt p?(6Y) BR < 5-107% [115] BR ~ 210727 TeV®/A® 5.4
n — mlete 79,0 eyte P2 (61) BR < 1.4-1073 [114] BR~9-10"28TeV8/AS 5.4
0 — Ot 7' 0,m° ytu p% (o) BR < 6-107° [115] BR ~ 610728 TeV®/A® 5.4
n —nete” 7 Oumevte p?(6Y) BR < 2.4-1073 [114] BR ~ 910729 TeV®/A® 5.4
0 = nutu 7' Oun iy 1 P2 (61) BR < 1.5-107° [115] BR ~3-1072 TeV8/A8 5.4
n—ataTy €apuy N(OVTTOPOITT + 1 0PI T T) D, PP 5 (6%) Apr = 0.009(4) [81] |ALg| ~ 510716 Tev4 /A% 5.5
n = atry a1 (DT OPOIT™ + OV~ 9P T) 8, P % (6?) Apg = 0.03(4) [81] |[ALg| ~ 11071 Tev* /A% 5.5
n — mOn0y o (0" T00P 0170 + 0V r00P O 70) 0, FP 5 (6%) BR < 5-107* [119] BR ~ 11072 TeV8/A8 5.6
7 — 7070y €apun 1 (Y T00POHTO + OV n00P 01 0) 9, P 5 (6%) — BR~2-10"28TeV8/A8 5.6
0 — nry €apun 1 OO TO P p* (6%) — BR ~ 210728 TeV®/A® 5.7
0 — nronly 7' 0,mm°0,mO Frv p* (0%) BR ~ 210732 TeV®/A® 5.8
n — 370y 0,m0, 00,000~ Frv 5 (6%) BR < 6-107° [119] BR ~1-107% TeV8/A8 5.9
7 — 3y €07 1)/ (0V F) (0403 F po ) Fus 0 (6%) BR < 1-107* [109] BR ~ 3-107% TeV8/AS 5.10
n— 3y €07 9o (07 FP) (0405 F pr ) Fruy p'0(6%) BR < 4-107° [112] BR ~ 1-10730 TeV®/A® 5.10
70— 3y 07 9o (0 FP) (0,05 F po ) Fus pt0(6%) BR < 3.1-107% [120] BR ~2-107% TeV8/A® 5.10

Table 2. Overview of C- and C' P-odd decays analyzed in this work. At the lowest possible order
in soft momenta p, each process exhibits a unique representation in terms of mesonic degrees of
freedom (up to overall normalizations and partial integration) as quoted in the second column,
except for the decay 1 — 379, for which we list only one possible momentum assignment. Each
operator can be seen as part of a Lagrangian once multiplied with a real-valued coupling constant.
The decays are ordered according to increasing number of photons (the dilepton decays are assumed
to proceed via single virtual photons), and furthermore according to increasing number of mesons
involved. As numerical results we quote the explicit dependence on the BSM scale A derived from
the LEFT operator &ﬁuyg,ﬁ;)ﬁ“% x in the fifth column. The assumptions and simplifications these
results (i.e., coupling constants gi o, left-right asymmetries Ay g, and branching ratios BR) rely on,
can be found in the main text and referenced sections.

These are the only decays, according to the third row in table 2, that occur at lowest order
in 6 and p.°

Comparing the fourth and fifth columns of table 2 we see that in order to set a realistic
lower limit on A in the TeV range, the biggest chance to find evidence for ToPe forces
in future experiments is given by processes including an interference of SM and BSM
contributions. This is no surprising result, as the respective observables scale linearly with
BSM physics [122], i.e., with 1/A%, as opposed to purely C-odd decays that can only be
observed by quadratic effects scaling with 1/A8. Still, one can judge from our numerical
results which pure BSM processes are more suitable candidates for experimental setups
than others, e.g., 7° — 37 is the least suitable one since a realistic limit on A ~ 1 TeV would

Z5The remaining non-vanishing terms in the leading-order Lagrangian from eq. (4.9) contribute either to
interactions of the type n'n(rT0*n~ + 7~ 9*nT)A, or to operators with a larger number of mesons.
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require the experiment to measure a branching ratio that is roughly 103 times smaller than
the currently most stringent limit.

Before investigating each decay appearing in table 2 in detail, we would like to comment
on the method we use to estimate the included coupling constants. As a rough order-of-
magnitude estimate we rely on naive dimensional analysis (NDA) [123-127]. The latter
describes a method to estimate the scale of coupling constants of an effective field theory
by simply counting powers of the mass dimension and keeping track of factors of 47 in each
operator. This simple kind of power counting already proved to be very successful when
estimating the order of magnitude of the LECs at O(p?) in SMPT, as illustrated in ref. [127].
To properly account for the matching of LEFT and ToPexPT at the renormalization scale
A, = 4nFy we pursue the following strategy: for a generic coupling g in any of our EFTs
we introduce, in accordance to Weinberg’s power counting scheme [124], a reduced coupling
constant

= (4m)* ALy, (5.2)

where n indicates the number of involved fields and d is the canonical dimension of the
operator, i.e., the overall mass dimension of fields and derivatives but without counting
couplings. This procedure renders the reduced coupling § dimensionless and approximately
of order unity. We first consider the case without dynamical photons and apply the rescaling

to the coupling constant Cl(bx) = Cfmz in eq. (5.1), yielding

a) 7,3 o — 4m)? - a) 7,3 2 _
CP(8, — D)1 15 = ( Ag) $9(8 — D)5 5 (5.3)
X

where we obtained CZE} 9 — C&C;)Ai (4m)? ~ O(1) from eq. (5.2) with n = 4 and d = 7. When
matching to a ToPexPT operator with m photons, we have to include additional factors
of the reduced QED coupling, i.e., multiply the LEFT operator by e™/(47)™.26 In this
way we continuously keep track of what causes the yPT operator to occur, as necessary
for a consistent description by NDA. At the level of ToPexPT we proceed analogously for
any given operator that is derived from this LEFT source and relate the LECs ( f]z(a)) to
reduced ones (gZ(“)). To connect the corresponding reduced LECs g§“) ~ O(1) to LEFT
as the underlying theory we can set g§“) ~ C’ffx) for mesonic operators without dynamical
photons (and similarly for ToPexPT operators with additional photons). This is justified
as NDA merely provides an order of magnitude estimate for coupling constants, which may
well differ by a factor of a few. With this matching between reduced couplings in LEFT
and ToPexPT we can read off the approximate order of magnitude for the LECs §§“), which
can be used as a numerical input for the chiral theory.

51 n") = 7O0ntg—

In this section we investigate possible C- and C P-violating contributions to the three-body
decay n'") — 797t 7~ with ToPexPT. As already pointed out in ref. [122] these BSM

26This statement is consistent with Weinberg’s power counting. If we take for instance the minimal
coupling of a photon via the covariant derivative, i.e., the part left out in eq. (5.3), the NDA rule demands
the reduced coupling eC’(a) = (a)AS/(47T) ~O(l),asn=5and d=71.
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contributions are driven by transitions of total isospin I = 0 and I = 2. Hence the
amplitude can be decomposed as

MY (s, t,u) = Moa(s, t,u) + ./\/lg(s, t,u). (5.4)

These contributions were constructed in ref. [121] using dispersion-theoretical methods.
Regression to the respective Dalitz-plot distribution [128] resulted in limits on the BSM
coupling constants gg, g2 € R defined via

M (s, t,u) ~igo(s —t)(t —u)(u—s),

5.5
Mg(s,t,u) ~ igo(t —u). (5:5)

While T violation arises naturally by the imaginary unit i, C' violation is encoded in
the antisymmetry in the Mandelstam variables. In the following we investigate how to
reconstruct these amplitudes with ToPexPT, so that gy and g9 serve as input for this
effective theory allowing us to set limits on the BSM scale A.

5.1.1 Kinematics and isospin projections

We define the C- and C'P-odd contribution to the T-matrix element of ) — 7 T7 =70 by

(7t (py) 7 (p=) 70 (po) [iT | (P)) = (2m)* 6 (P — py — p— — po) iM7 (s, t,u) (5.6)

and work in the isospin limit, i.e., M; = M+ = M 0. The Mandelstam variables are chosen
to be

s= (B —p)?, t=(Pn—py)?, u=(Pon—p-), (5.7)

which are related to each other by
s—i—t—l—u:Mg(,)—i—fiM?ESr. (5.8)

The isospin decomposition of the isoscalar and isotensor three-pion final states, i.e., |I = 0)

and |I = 2) respectively, are given by [129]

(frta077) = 7 a7 h)) + (Jx0r ) — [0ty

1 -
(|77~ 7™y — |7% T2 7)) — 2(jn "t a0 — |7t 70))

+ (|rt 7)) — ]7777707r+>)} , (5.9)

:(|7T07I'_7T+> — |t 7)) + (|77t %) — |7t %)

+ (Irt 7)) — ]7777707r+>)} ,

where the integer in parenthesis denote the isospin of the first two pions. From this Clebsch-
Gordan series one can already judge that the isoscalar and isotensor contributions are
antisymmetric under exchange of the charged pions and thus C-violating (the |0) state
has also an enhanced symmetry under exchange of any two pions). Hence each ToPexPT
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T~ can for instance be associated with an isospin

operator that contributes to n) — 797
state of the form |7~ 7+ 70) — |77~ 7Y). With eq. (5.9) we can project out the single isospin
contributions by means of?”

+

|m=at 7% — |at a2l = 7 (\[\O( )) —2\2(1))) . (5.10)

5.1.2 Limits on the BSM physics scale

Starting from the large- N Lagrangian at leading order 6°, cf. eq. (4.9), we can evaluate the
matrix element M% upon expanding U up to second order in ® and neglecting photons. We
will first investigate the decay of the 7 meson and discuss the 1’ at the end of this section.

Whenever possible, we conventionally eliminate derivatives acting on the decay particle
by partial integration, helping us to find a more compact notation of our operators. The
operator generating the C- and C' P-odd contributions to the desired decay is

Z¢'PT A4F4 2Ny 3 O T (7T O™ — O ) + L (5.11)

where the ellipsis includes operators that cannot generate the desired transition at O(&%)
and the normalization, given as a linear combinations of Wilson coefficients and LECs,
reads

2 a a a —(a —(a
Ny = 42 6l = le) — i) + ) (6 — 38). (5.12)

We see that the leading-order contributions to n — 7077~ arises solely from X 15;(;) and
(a)

furthermore note that all contributions proportional to Cooy with ¢ = s and/or y = s vanish.
The evaluation of the corresponding amplitude M? yields

.
MY = ZA4F42Nnﬁ3npo(p —p+) = ZATF(?

Niosar (= u). (5.13)
In order to match the included coupling constants to known observables, we first have to
separate the different isospin contributions to this matrix element. According to eq. (5.10),

MY decomposes into®®

M? = \}3 (VomE —2mF) . (5.14)

The isoscalar and isotensor contributions in this equation can be evaluated in compliance
with eq. (5.9) by taking the appropriate linear combinations with interchange of pions.

2"One could as well use |77 7% ~) — |7 =707 F) = %(\/5\0(1)>+|2(1))+\/§|2(2)>) or the order |7%7 7)) —
|77 Ty = (\[|0( 1) +12(1)) = v/3]2(2))). As we cannot distinguish between the states |2(1)) and |2(2))
we can only make a statement for the overall isospin 2 contribution. The latter, as well as the overall isoscalar
Ty — Tl ™) — |n 7%z h), and

contribution, is the same for all of the three sequences |7~ |7t~ 7% |

|707 7wy — 797t 7), as long as we stay consistent in notation. Hence, it does not matter which order we
choose for the pions in the isospin state for our ToPexPT operators.
28The decomposition in eq. (5.4), used for the dispersive approach in ref. [121], absorbs the relative factors

\/2/3 and 2/\/3 directly in the coupling constants go and g2, respectively.
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Noting that under 7t <+ 7~ (77 < 7%, 7= <> 7°) the Mandelstam variables exchange as
t < u, (t <> s, s <> u), the amplitudes Mgg become

v 1
ME = iN, g ————(s
0 n— A4F61\/6[

z . v o1 . voV3
My =1 n—>3nATFéT\/§[(S—t)—2(t—u)—(8—u)] = —i n%BwATFSLT(t—U)v
(5.15)

—t)+(t—u)+(u—s)]=0,

and hence M? = —2/v/3 M at chiral order &°.

Similarly, all contributions of /\/lg' vanish in the isospin limit up to O(J) and we thus
need at least six derivatives to have enough freedom to reproduce the totally antisymmetric
behaviour of the isospin 0 state. This fact was already known decades ago, cf. ref. [130].
Hence, to evaluate a possible contribution of ./\/l()@ we have to construct the contributions to
X >(<C1Lb) at order 6. Unfortunately this involves the construction of an overwhelming amount of
operators with independent free parameters to fix the already strongly suppressed amplitude
/\/lg . One can bring all of these numerous operators to the form of eq. (5.5) and effectively
fix one overall normalization that would correspond to gg. However, this would not provide
new physical insights, because these operators at order 62 are less likely to contribute to
any other process in a meaningful way and the theory does thus not gain any predictive

power by fixing this normalization. Nevertheless, we give one arbitrarily chosen example
(a)

how the I = 0 contribution arises from X v

ie.,

>(a UV (a)(a). = T - - U =
X 2 geindsi{(M29,0,0.01 040" 00T + X Ar0,0,0,U00"0"T10°T) ~ hc.)
(5.16)

as a proof of concept.

However, as we control the dominant isotensor contribution, we can use the result of
ref. [121], i.e., g2 = —0.0093(46) GeV 2, to place bounds on the BSM scale A. For simplicity,
we first consider the NDA estimate of a generic meson operator included in eq. (5.11) like

(a)

. v _(a — —
ZA4F616 ng‘( )77811770(7#(9;17T — 7O, (5.17)

According to Weinberg’s power counting from eq. (5.2) the reduced coupling for this generic
operator with n =4 and d = 6 reads

2
) V(o)) M
G, A4F64%Xgi (in)? ~O(1). (5.18)
On the other side, we have already seen in eq. (5.3) that the reduced coupling for the

underlying LEFT operator Xz(p';), withn=4and d=7, is

3
~@) _ U (@) Ay
el = e recie o(1). (5.19)

As both couplings are by construction of the same order of magnitude, we can set éz(p(;) ~ C?,ga)
(a)

to obtain g, ~ AXFél. As long as there is no unexpected fine tuning of the Wilson coefficients
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or LECs, we can apply the same NDA estimate to their linear combination encoded in
the normalization /\/7,_>37r and therefore obtain Nn_>37r ~ AxFél. Combining this estimate
with the external input for the isotensor coupling (for simplicity we will only consider the
respective central value) by means of

[

: o
= iqaprNisn(t —0) Ziga(t — ), (5.20)

the currently best experimental precision for the n — 7%+ 7~ Dalitz plot [128] can merely
set

v 1/4
2

as the lower limit on the BSM scale A.2? This result depends of course strongly on the
validity of NDA, but should give a reasonable approximation for the order of magnitude.
If we were to estimate a more realistic limit on A, i.e., a value in the TeV range, one
should expect an increase by a factor of 10? (staying in the framework of naive dimensional
analysis). Hence, to set a reasonable limit on A, let us take for instance A ~ 1TeV, the
charge asymmetry in the n — 797 "7~ Dalitz-plot distribution, which is proportional to
g2, has to be roughly 10® times smaller than the current value of ref. [128], which can be
readily obtained from eq. (5.21):3"

lga| ~ %AX ~ 31074 TeVZ/A%. (5.22)

We now turn the focus on the decay amplitude n’ — 7% 7~ that can be computed
with the same Lagrangian of eq. (4.9) and reads

v
MY = ZWNn’a?m(t —u), (5.23)
0

where Ny _3r = Nyos3r/ V2. Hence, the C- and CP-violating contributions to the decays

tn~ and ¥ — 70777~ are maximally correlated at leading order in large-N..

n — 70r
They merely differ by their available phase space and an overall factor /2. Unfortunately,
the current data situation [131] does not allow for a rigorous regression to the respective
Dalitz-plot distribution, cf. ref. [121]. Therefore we can at this point not cross-check the

limit on go set above.

52 n > nnta~

In this section we focus on another interference of SM contributions and ToPe forces. The
decay ' — nm 7~ is driven by a transition of total isospin I = 1 and is at leading order of
the form

MY (s, t,u) = igi(t — u), (5.24)

2Note that NDA does not fix the sign of the normalization N, _3-. In order to pick the correct sign of
the latter and thereby ensure that A € R we take the absolute value of gs.

39Gimilarly, the more suppressed isoscalar coupling would have to take a value go ~ Ai g2 as demanded
by NDA.
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with the same reasoning as for n) — 707T7~. A result for the isovector coupling g
(within the scope of current experimental precision) can again be found in ref. [121]. In the
following we use the same kinematics as in the previous chapter but replace pg — P, and
Pn(/) — P77"

There is no leading-order contribution from eq. (4.9) that does not vanish after partial
integration. Non-vanishing contributions could be generated at subleading order in 4, i.e.,
in the N, counting; at higher orders in the chiral expansion, which, given that we look for
the exact energy dependence of eq. (5.24), would amount to quark-mass suppression; or
via isospin-breaking mixing of 7° and 1), surely the smallest and most negligible effect.
We thus consider operators at O(6%) but with O(p?) and use the freedom of the large- N,
expansion to include the 7’ via the chiral singlet (¢ + #). Henceforth we will directly drop
the contribution of § entering this chiral building block. Note that ¢ includes a linear
combination of  and n’. There are only a couple of operators that generate the desired
transition at the given order, as for instance

x5 %cg;;gg@ o {((AOTARD,T"TT — \TUAL,UT0T) + h.c.), (5.25)

which gives rise to

Zwa D 1A4F4 2Ny S O (T O™ — O (5.26)
w7

The normalization of this operator is

V2

5 () — il + e —ei)ay” (5.27)

Nn '—snmT — =4—
We note that every other operator able to generate ' — nr™n~ at O(p?), which can be
obtained by letting one of the two derivatives in eq. (5.25) act on another chiral buildung
block, can analytically be written in this form and absorbed by a shift in the normalization.
The respective matrix element reads

v
MY = 2Ny sper Po(p— — pi) = i——1
! A4F4 o AF

Ny nrr (t —u) . (5.28)
With the NDA prediction Ny _prr ~ AXFél, this result can be compared to the isovector
coupling g1 = 0.7(1.0) GeV =2 of ref. [121]. This reveals that the current experimental limit
on the Dalitz-plot asymmetries [132] constrains the new-physics scale roughly as

v 1/4
A~ (gAX) > 4GeV, (5.29)
1

where we applied the central value of g;. A scale A ~ 1TeV could be tested if the experiment
restricted the isovector coupling g; and thus the corresponding mirror asymmetry to a value
that is approximately 10~® times the current value.
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53 1) = 7%* and ' — nv*

In this section we consider the simplest C-violating decays of the 77(’ ) into an odd number of
photons. To shorten the notation we will refer to () — 799* and 7/ — ny* by X — Y~*
and ignore the decay into a real photon, as it has to either violate gauge invariance or does
not preserve angular momentum [70, 133]. The latter enforces a relative P-wave between
the pion and photon, which moreover demands that parity is conserved and hence CP is
violated. Already in the 1960s it was proposed that the Lagrangian driving the n — 7%v*
transition starts at chiral order p* [134], by means of

L, yr0x X Oun A, FH + O(p°). (5.30)

This manifestation of gauge invariance was also applied in the SM contributions to kaon
decays [135, 136] and holds similarly for all processes X — Y~* with pseudoscalars X, Y.

Without deriving the full set of mesonic operators for X ;(&) at next-to-leading order, we
just give one example of how this operator contributes to X — Y~*. As similarly argued
in section 3.4.2, a single-trace operator with the correct discrete symmetries that includes
both derivatives vanishes due to the antisymmetry of F*. Therefore we have to increase
the order of 0 by either using J,¢, i.e., the derivative of the chiral singlet, or simply writing
down a double-trace operator. To recover the form of eq. (5.30) we stick to the latter
strategy and obtain

X0 :465/»2 N 0,01 = M 0,0) — he)(Apd, U0 — Apd, UTT)  (5.31)

at O(6?), yielding

7(‘1) v
1/, A4FO N’X—)Y’y 8 Xa YFH' EX—>Y’Y*7 (532)

with
a 8 2 a a a a
Ny = 36 )3\/; (- 4ele) + 268 — 2] + ) + ) = 7)),

Ny osmige = =g == (2] +2¢{8) + co) +c§2) + ) = 7)), (5.33)

@) 8V2 (= 26le) + e — cle) — ).

NW'—”TY* =96 3 us T Cas — Csu — Cad

One has to keep in mind that each of our LEFT operators, once taken to O(42), may in
principle also contribute at the same order of magnitude as Xg;) But again, the full set
of NLO expression derived from all C- and C P-violating LEFT operators is beyond the
scope of this work. However, we already proved at this point that the decays at hand
provide orthogonal probes of ToPe forces as their normalizations in eq. (5.33) are linearly
independent.

Still, we would like to comment on the contribution of the second original dimension-7
LEFT operator from eq. (2.10), i.e., the bilinear Og’ ). We note that the leading-order

contribution of the latter in the SU(3) case does not contribute to the desired decays of
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order p*. However, we can still consider the U(3) version of this operator by including ¢
using

> (b .V (b)=(b = = v
Xy 2i5ey' 8 Gup) (00,0 - Mo, U) P, (5.34)

which involves only one trace and is therefore of the order O(6%) and O(p?).

We continue with L£x_,y~ from eq. (5.32) and consider the decay of the virtual photon
in section 5.4 to extract physical observables. To this end, we quote the normalization
according to NDA as similarly derived in section 5.1.2, i.e., Nx_,yq« ~ Fy/ A, and remark
that any other leading-order contribution derived from (’)1(;)2 just leads to additional linear
combinations of LECs and Wilson coefficients, which can be absorbed by a redefinition of
Nx_y~+ but do not affect the naive power counting. For further calculations it is convenient
to describe the decay X — Y~* in terms of a singularity-free electromagnetic transition
form factor F'xy(s). Using Poincaré invariance and current conservation, the amplitude
can be decomposed as [136, 137]

Y I O)X(P) = =i [s(P +p)— (P2 =g Fxv(s),  (5:35)
with electromagnetic current J:™, q,, = (P — p),, and s = 7.

54 1) — 7%te~ and ' — nete-

The framework presented in this paper allows us to consider the decays n) — 7%¢t¢~ and
n' — nfT¢~ (abbreviated with X — Y/*£7) in two ways: we can either compute the decay
chain X — Y~* — Y/*/~ or even directly access it as a point interaction originating from
semi-leptonic operators. Note that in the decay chain the photon pole 1/¢? cancels against
a necessary ¢> term in the numerator if the coupling to £7¢~ respects gauge invariance. As
a consequence, the single-photon and the direct amplitude cannot be separated by searching
for a photon pole [134, 137, 138]. Note that within the SM, these decays can be generated
via two-photon intermediate states [139-141].

The operator from eq. (5.32) coupling to a conserved lepton current gives a dominant
contribution to X — Y/ /¢~ if the underlying C- and C P-violating mechanism is driven
by a one-photon exchange. The only semi-leptonic operator at order §° is the one from
eq. (4.9), which does not generate the desired transition. Instead of deriving the full set
of operators at O(Jd) for all six semi-leptonic LEFT sources, we can easily discard most of
them with the following considerations. First of all, the photonic semi-leptonic operators
are obviously not involved at lowest order in o as we have no photon in the initial or final
state. Moreover, operators including a pseudoscalar or axialvector lepton bilinear must
couple to an hadronic operator that is P-odd to preserve parity. On the hadronic level, a
P-odd operator that involves an even number of pseudoscalars (in our case n(), %) requires
a contraction with the Levi-Civita symbol, as explained in more detail Section 5.5. The
only Lorentz structure left that can contract with the e-tensor includes three derivatives,
which have to act on different U(") to generate a non-vanishing operator. However, this
goes along with an interaction containing at least three pseudoscalars. Hence, the only
LEFT operator that can contribute to X — Y /¢~ at lowest order is the one involving the

P-even lepton bilinear, i.e., Oéz) . Using partial integration and the Dirac equation for the
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leptons, one can pin down the requested leading-order semi-leptonic four-point interaction
to only one operator at O(J) and O(p?):

(u)
v \u ¢ —(u) . — 1 — .=
Xé¢) % 3" ip(AL0, U0 — Apd, OT Y0 (5.36)
This chiral operator gives rise to an expression of the form

(X0,Y)ly"e. (5.37)

For now we continue with the one-photon exchange driven by the LEFT operator (91(;)2 in
focus of this chapter and define the corresponding T-matrix element as

(Y () (pee )0 (pe- ) iT|X (P)) = (27)* 6 (P — p — ppr — pg-)iM(s, t,u),  (5.38)
where the amplitude M depends on the three Mandelstam variables
s=(P-p?, te=P-pp)’, w=(P-p-), (5.39)

which obey s+t +u = M)z( + M%, + Zm%. Starting from eq. (5.32) we allow the photon
with momentum ¢ = p,+ + py- to decay into a lepton pair, so that the amplitude becomes

. v 1 _ y
ZM(S?t’u) - WGQNX%YW** (Pupu - zxpu)qu Ur(pé—)7 Ur’(p€+)
O S
v

P NX oy Py (pg- )7 v (pg+ ) (5.40)

T A
= e*(P + p)uFxv (s) tr(pg- )" vi (o) -

In the second line we simplified the expression using ¢> = s and the fact that g, con-
tracted with the lepton current vanishes as demanded by the Dirac equation. As a
consistency check, we expressed the amplitude in terms of the transition form factor
Fxy(s) = vNx_y«/(2eA*F§) from eq. (5.35). We observe that the form factor is a
constant at leading chiral order, which meets our expectations. Note that the second line
in eq. (5.40), which comes from a LEFT operator of dimension 7, gives the same structure
as the chiral operator (5.36), which comes from an LEFT operator of dimension 8.
In analogy to ref. [142], the doubly differential decay width reads

dlx Sy p+e- ( v )2 a’
= N2 _ v (Ns, M%, ME) —12), 5.41

dsdr NFZ) 64mME XY (Mo M, ) = 7°) (5.41)
with the electromagnetic fine structure constant o = €2 /4, the Killén function \(x,y, 2) =
22+ 9%+ 22 —2(xy+ 2 +yz), and the Lorentz invariant 7 = t; —up. An analytic integration
over T yields

2

dlx Ly ete- v \? o? 9 3/2 2 as2 oy(s)
35 = <A4F02) 327TM§’( NX%Y’y* A / (S7MX7MY) UZ(S) 1- 3 ) (542)

where o4(s) = /1 — 4m2/s and the physical range is restricted to 4mj < s < (Mx — My)%.
After an additional numeric integration over s we can investigate how rigorously the bounds

— 36 —



on the new-physics scale A can be placed with measurements of the electronic and muonic
decay channels. With the shorthand notation

v? o?

Ax_ype- = T 3 N)Z(HYV*
FO FX%YZ"’Z_ 327TMX

-1072GeV® (5.43)

we obtain the limits

A~ (0.087 A, yr00+0-)"/8 > 2.3GeV, (0.027 A,y p0,,- )8 > 2.1GeV

A ~ M+M7
A~ (1010 ypo0pr0- )8 >385GeV, A~ (TANy 0,0,- )8 >35GeV, (5.44)
A~

A~ (LOAy pete- )VE>0.7GeV, (0.3A )8 > 1.1GeV,

n'—=nutu=

where we applied the NDA estimate N, _, o« ~ F§ /Ay, used M, = 547.86 MeV, Mo =
134.98 MeV, m, = 0.51 MeV, m,, = 105.67 MeV [81], neglected their errors with respect to
the dominating uncertainty from NDA, and inserted the branching ratios from table 2.
We can again reverse this argument, i.e., the semi-leptonic branching ratios in explicit
dependence of A read
BR, p0pte- ~T7-1077TeV® /A%, BR, 0 ~ 210727 TeV8 /A8
~6-10728 TeVE /A8 (5.45)

~ 31072 TeV8 /A"

wrp~

BR, p0ete- ~ 9- 107 TeV3 /A%, BR,y 0,4,

BR,/ pete- ~9-107TeVE/A®,  BRyyptpm

respectively.?! At this point we once more underline that these estimates are only valid
for the mechanism X — Y~* — Y /¢~ driven by (’)1(;2 A more thorough investigation of
X — YT/~ including the remaining LEFT sources, semi-leptonic four-point interactions,
as well as hadronic contributions to the X — Y~* form factor is left for future work.

55 n) > atr—~

While the SM contribution to the anomalous decay n() — 77~ is well known and has
been studied extensively in particular using dispersion-theoretical approaches [143-148],
the considerations of C' violation in n — 77~y date back to the 1960s [137, 149] and
1970s [116-118]. Let us define the respective matrix element by

(Tt (p) 7™ () (@)iT " (P)) = 2m)* (P — py — p— — @)iMc(s, te,uc),  (5.46)
with Mandelstam variables
§ = (P—q)2, t. = (P—p+)2, Up = (P—p_)2 (5.47)

obeying s + t. + ue. = Msm + 2M?2. Unless otherwise stated, we work in the isospin limit.
We begin our discussion by relaxing the constraint of C-invariance and split the amplitude
according to

iMe(s,te,ue) = ME (s, te,ue) + M (s, te,ue) . (5.48)

31Note that, here and henceforth, we use the total decay width I,y = 0.23 MeV indicated as PDG average
in ref. [81].
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The SM contribution M (s, t., u.) is, at leading order, given by the Wess-Zumino-
Witten (WZW) term [150, 151] and can be described by

/\/lcc(s,tc,uc) = ieaguys*aqﬁpipi Cc(s,tc,uc) . (5.49)

The invariant function FC can be expanded in terms of pion-pion partial waves according

to [152]

B s(t —u) + (M7 — MQQ)Ms(/)
A2 (s, M, M) (M2, — s)

Fg(satCauC) = Zpé(zs)fé(s)a Zs
0

(5.50)

where z is the cosine of the scattering angle, Pj(zs) refers to the first derivatives of the
Legendre polynomials, and for convenience and later use we keep the dependence on the
masses of the two mesons in the final state explicit. For the application at hand we can
simply set My = My = M,.. For the C-even SM amplitude, only partial waves of odd £
contribute. Accounting for s-channel final-state rescattering and restricting the calculation
to the dominant P-wave, the scalar function F¢ becomes

S

FO(s,t0 1) = P(s)Q(s),  Qs) = exp ( / Y e (5(@) (5.51)
e ’ T Janz  x(x—s) )
where Q(s) is the Omnes function [153], d(s) is the mm P-wave phase shift, for which we
employ the parameterization of ref. [154], and P(s) is a real-valued subtraction polynomial,
for which we employ P(s) = 5.09/GeV?3(1+2.40s/GeV? —2.425? /GeV*) for the decay of the
n and P(s) = 5.05/GeV3(1 +0.995/GeVZ — 0.5552 /GeV*?) for the ' [155]. For our purposes
we can neglect all parameter uncertainties, left-hand cuts, and higher partial waves.

In contrast, we only work at leading order for the yPT analog of the C-violating
contribution M (s, t., u.), which was found in ref. [149] to be O(p%). It is commonly known
that an interaction with an odd number of pseudoscalars requires an e-tensor to render the
Lagrangian invariant under parity.*? Thus we naively start at O(p*) like the WZW term.
To furthermore violate C' the dipion system must have an even orbital angular momentum
I. Hence, when interchanging the pions, we find |[7+77) = (=1)!}7~7*) = |7~ «T). Finally
demanding Bose statistics, i.e., symmetrizing under interchange of the pions, the amplitude
at O(p?) vanishes due to contraction with the e-tensor. Thus we need to equip the matrix
element by another momentum configuration that is antisymmetric under 7 <+ 7, which
leads to

Mc@<3a tes Uc) ~ eaﬂuvg*aqﬁpipli%(pp— - pi) (5.52)

in consistency with ref. [149]. Note that this matrix element also differs from the WZW
term by a relative factor ¢, ensuring T violation and hence C' PT-invariance. For better

32This statement is also manifest in the construction of chirally invariant traces: a parity-violating
trace, i.e., a trace with a relative minus sign between its parity transformed as for instance <)\UT - )\TU>,
always includes an odd number of pseudoscalars according to eq. (3.7). The only freedom we have in the
construction of xPT operators to restore parity invariance without flipping this relative sign or multiplying
other parity-violating traces (which both lead to an overall even number of pseudoscalars) is the inclusion of
an e-tensor. We remark that this argument does not hold for semi-leptonic interactions, as the multiplication
with a parity-flipping lepton current or density does not change the number of mesons.
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comparability of eq. (5.52) with the SM amplitude in eq. (5.49), we can also define a scalar
function in the C-violating case, i.e.,

FY (s,te,ue) = qp(p” —ph) 4= (te —ue) /24 ..., (5.53)

where the ellipsis denotes higher-order terms in the chiral expansion. Comparing to eq. (5.50),
we see that the amplitude (5.53) indeed corresponds to the leading C-odd partial wave, a
D-wayve.

We now wish to reconstruct eq. (5.52) with ToPexPT and again pick one arbitrary
operator that may generate this matrix element at lowest order. One contribution at O(52)
originates from

x5 ix1 D5 s (ML T, f37 00T 00T — NINg0" T, 770" U10°T) — hc.) .
(5.54)
If we only consider contributions to n — 777, use partial integration, and make use of
the amplitude’s symmetry, this operator evaluates to the compact expression

wZX(a) D) €A4F3N ) sata—r CaBuv 77( )(ay +8pa“7r + ' apa#ﬂ_ )(9 Fe IB (5'55)
7X

The constants

4 _

Nosmtn—ry = \@Nn’—mﬂr—w Ny smtn—ry = _7§g$a) (Ci(fv? CEIZI)) (5.56)
serve as the normalizations. We cannot claim at hand of this single example that n — 777~y
and ' — 777~ are maximally correlated. From this operator we can compute the matrix

element
M?(S, te,Ue) = €A4LF(£)’>N77(’>—W+¢‘7 €aBu € aqﬁp“p” (te — ue) (5.57)
in consistency with the previous considerations. The respective NDA estimate yields
./\/’,7(/)_>7r+7r7,y ~ }7’61/1\?<
The interference of the SM and BSM amplitudes M and M¥ gives rise to an asymmetry
in the distribution of charged pion momenta. To quantify this so-called left-right asymmetry,

we introduce the ratio
I(te > ue) — I(ue > te)

Fn(’)—>7r+7r—'y

Arp = : (5.58)

where the I' denote the phase space integrals over |M.(s, t.,u.)|? for t. > ue, ue > t., and
the full range, respectively. These integrals are explicitly defined by

max

M2/ 20
H zmin

with 2 313/2 2 2
(Mn(/) - 3) A / (87M1>M2)

16(87 M, )3 s ’

again keeping the final-state masses M; and Ms general for generalization in the coming

(5.60)

To(s) =

sections. The limits of the angular integration 2™ »MaX are fixed by 0 < z; < 1 for
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D(te > ue), =1 < 2 <0 for T'(ue > t.), and —1 < 25 < 1 for L)) yptn—r- Note that only
the contribution of the interference term, i.e.,

* 2
2Re [iF (s, te, ue) (FY (5 teue)) | € ‘z’FCC(s,tc,uC)—i—Fca(s,tc,uC) , (5.61)

survives in the numerator of Ayg, while the denominator is dominated by the SM part.
We can now express F¥ (s, t., u.) in terms of z, and carry out the dz, integral analytically,
yielding

2

ev tn—ny (M
T(te > ue) — Dlue > to) = ‘%@M A e To(s)a(s) (MZ,, — s) P(s)Tm ((s)) .
(5.62)

The last factor demonstrates a crucial aspect about the C-odd asymmetry: due to the
relative factor of i between C-conserving and C-violating amplitude, their interference
would actually vanish, were it not for strong rescattering phases. For the two different
decays of the n and 1’ we obtain

D(te > ue) = D(ue > te)], oy, = —6.6-1072 GeVO x eA4F3Nn%+ﬂ_7,

(5.63)
D(te > ue) = Due > te)|, i, = —1.5-107 T GeVl x 6A4F3N’7’*”+”’”’
respectively. The polynomial P(s) is already normalized such that the integral over the
full decay range reproduces the experimental decay width, i.e., I', , +,-, ~ 55eV and
Ly sntn—~ = 56 keV, respectively. Finally, the lower bound on the new-physics scale as a
function of Apr = 0.009(4) [81] for the decay of the n and Arr = 0.03(4) [81] for the n’
under the abovementioned NDA approximation becomes

1/4
_ v
Alysmtr—ry ~ (1.2 2107 GeV?® eALRA3 F0> > 0.5GeV,
X

(5.64)

1/4
Al smtm—ry ™~ (1 107" GeVoe F0> > 0.8GeV.

v

3
ALRNAY
Both results were computed with the central values of the empirical asymmetries. In terms
of the BSM scale, the left-right asymmetries become

|ALR|ysmtn—y ~ 510710 TeV*t /A%,

(5.65)
[ALRLy rtmy ~ 1- 107 TeVE /AT,

respectively. The significantly larger asymmetry in the n’ decay is mainly due to the fact
that the phase space covers the whole region of the p(770) resonance in the 77~ invariant
mass, with its associated phase motion and peaking imaginary part. — In principle, the
D-wave phase motion of the C-violating amplitude would induce another contribution to
the asymmetry, which we have neglected in the above. However, this is strongly suppressed
relative to the P-wave in the near-threshold region covered in the n decay, staying well
below 1°, while it rises only up to about 10° at the 1’ mass [154], where it competes with
the resonating P-wave. Neither effect is relevant at the present level of accuracy.
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56 0 — 70x0y

In full analogy to the charged 77~ final state from the previous section, we will investigate
070y, as was suggested by refs. [156, 157], and
furthermore extend the analysis straightforwardly to n’ — 7%%y. The T-matrix element

C' violation via the neutral one n — «

(7 (p1)7° (p2)y ()T " (P)) = (2m)* 8 (P = p1 = p2 — @)iMu(s, t, un) (5.66)

is described by the Mandelstam variables
s=(P-q)?, ta={P-m)?, u,=(P—p2)?, (5.67)

fulfilling the relation s + t, + u, = M,? + 2M7?0. The matrix element M,, has the same
structure as given in eq. (5.52). The ToPexPT operator from eq. (5.54) we found in the
charged channel is not able to generate non-vanishing contributions to the uncharged one.
This is rooted in the fact that all interactions in which no charged mesons participate
are located in the diagonal entries of matrices U("). Hence, any product of the latter
commutes with the spurions and fi“}z upon setting all charged mesons to zero. This fact

rules out single-trace operators at O(62) derived from X 1(;;) Thus we once more consider a
double-trace operator (although the chiral singlet d,,¢ multiplied with a single trace might
work as well), so that the lowest-order operator we find occurs at O(63) and reads®

X =i N DD sy (UOOTT 4+ TN 04T ) (AL, 770" U — N AR, 570" TU) ~hc.)
(5.68)
which yields

Z X(a A4F3N (1) —y7£0 70 Eaﬂuy n(’)aywoapﬁ“woapFaﬂ . (569)

The normalizations

16

16 /2 @) (g00) _ @) | o
N 798 (2051,72 Cdd + Cgs)) , ./\/;7l*>71.07.l.0,y = ﬁ

n—mOn0y = ? 3 géa) (2CQ(L @) — CElCcLl) 205@?)
(5.70)
show that both decays are uncorrelated. In particular, as the LECs involved differ from
the ones relevant for the 777~ final state studied in the previous section, we note that
the C-violating operators do not relate to pion pairs of definite isospin. Finally, the decay

amplitude of the neutral channel becomes
% *
My (s, tn, up) = eWNX_)yﬂoveaﬁW&? aqﬁp’fpg(tn — Uy), (5.71)
0

where NDA presumes that Nn@_moﬂ% ~ FS‘/A?(. As in eq. (5.53), this corresponds to a
D-wave amplitude: for two identical neutral pions, only even partial waves are allowed, the
odd ones are forbidden by Bose symmetry.

33Note we have not explicitly checked whether a contribution at lower order in § can be derived from one
of the other numerous C- and C' P-odd LEFT operators. However, the lowest possible order in soft momenta
must still be p®.
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As the decay at hand has no contribution by SM physics, the relevant observable is the
full decay width

2
MX

1 v 2 1
Fn(/)—MTOﬂ'O’Y = 5 <€AA4_F’§N7](/)_>7FOWO,Y) AM2 ds FO(S) /_1 dZS (1 — Zg)(tn — Un)2
=0

2 v 2 pM% (M3 — s)*(s — 4M%))
= T (€A4Fg/\/’n(/)_ﬂroﬂo,y) AM% dsTo(s) . ,

(5.72)

where the kinematical functions can be adapted from eq. (5.60) and the additional factor
1/2 accounts for Bose symmetry as we have two identical particles in the final state. The
numeric values of the phase space integrals yield

2
v _
L, n0m0, = (aw/\/nﬂoﬂ@ X 6.4-10713 GeV1t,
, (5.73)
v _
Ly o0, = (e/\“FS’N”’ﬁ”O”O”) x 2.5-107 GeV'!t,

With the NDA estimate quoted above, the current experimental measurements of the decay
widths listed in table 2 set the limits

A (6.4-10_13 Ge\/na s Fo

1/8
v > 0.6 GeV, (5.74)
Fnﬁﬂoﬂo,y Ai)

while no search has been performed for n — 7%7%y to date. For arbitrary A the respective
branching ratios behave as

BR, s z070, ~ 11072 TeV®/A®,
NP (5.75)
BR, 5070, ~ 210728 TeV®/AS .

This tremendous suppression is due to the A~ dependence of the decay width and underlines

that decays allowing for an interference of SM and BSM amplitudes — as the charged

channel n — 77~y — are much more suitable to search for this kind of new physics, as

they scale with A=,

5.7 1 — nnly

In this section we focus on the decay 1’ — nm’y, for which no measurement has been
recorded so far. We define the corresponding matrix element via

()™ (p2)V (@ iITIn"(P)) = (2m)*6W (P — p1 — pa — q)iM(s,t,u), (5.76)
with Mandelstam variables
s=(P-q)?, t={P-p)*, u=(P—p)°, (5.77)

obeying s+t+u = Mg, + M,? + Mﬁo. At the mesonic level, the driving operator must have
the form
€aBuv n oo 70 FoB (5.78)
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in compliance with section 5.5. Similar to the arguments given in section 5.6 we cannot
build an operator at O(4'). The lowest order contribution we find is

X&g{) X cfbaigé @) €apur P (OLfEPORTTT — ApfalorUUT) —he.) (AU = A6 T) (5.79)

at O(63).3* The corresponding Lagrangian
1

wZwa X Fs SN ey €app 1/ 000" T F P, (5.80)
X
with normalization
Ny = 02 () ) 2l — ) 428+ ) (531)
results in the matrix element
iM= eA4F3J\/'n/_,mo7 Capur PP g% . (5.82)

The lower number of derivatives/momenta involved in this amplitude as compared to the
decays ) — 7079 discussed in the previous section can again be understood in terms
of the contributing leading partial waves: while all of these decays violate C' and do not
allow for a SM decay amplitude as the similar ones with a 77~ pair in the final state,
there are no restrictions from Bose symmetry on the 7 final state, and hence the leading
contribution (5.82) is a P-, not a D-wave; note how the nm P-wave combines to Jre
quantum numbers 1~ 7. The respective decay width can be evaluated in the same manner
as in the previous sections and becomes

v 24 My
Pn’—>777r0'y = (6A4Fg./\/’77/_mﬂ0,y) g/M dSF()( ) (583)

min

with Myin = M,, + M,0. A numeric integration yields

r N,

2
nqm%) x 1.6-1072GeV7, (5.84)

=y = (eAng
so that the NDA estimate N, 0., ~ Fg /Ay finally results in

BR,y_yym0 ~ 2+ 1072 TeV® /AS. (5.85)
5.8 n' — nnlnly

Another C-violating decay that has not yet been searched for is ' — nn%7%y. Let us define
the corresponding T-matrix element as

(1% (p1) 7 (p2)n(p3)y(pa) [iT 1) (P)) = (20) 6 (P — p1 — pa — p3 — pa)iM(p1,p2, p3, pa) -
(5.86)

34We have not explicitly checked whether any of the remaining LEFT operators can generate 1/ — nn’y
at O(d') or O(8?).
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On the mesonic level this decay requires an operator coupling uncharged pseudoscalars to a
photon. As the covariant derivative only couples the photon to charged mesons, the desired
operator has to include one F),,,, similar to the Lagrangian in eq. (5.30). This leaves us with

7 0,mm°8, 7’ FH (5.87)

as the only possible assignment of derivatives that does not vanish for an on-shell photon
respecting gauge invariance, i.e., upon setting ¢> = 0 and q'e, = 0. Any operator
with a derivative acting on 1’ can be brought to the same form as the one above using
partial integration.

We thus arbitrarily choose the chiral operator
X©@ 5 L @) 0, o) (ML 8,0 — A pfi¥8,0) — h.c.) (5.88)
(5% A4 ¢X910 /'1/90 L)y, v RJR Yv o .

as a contribution at lowest possible order. Only keeping non-vanishing terms, the corre-
sponding Lagrangian at O(§?) in mesonic degrees of freedom reads

- v
>2 X D eapaNormmonoy W 0unm 0, m F1 (5.89)
¥,x 0
with
4v2
Nn’—>n7r07r0'y = _TQ&L)) (26531) - CEIIZI)) : (590)
The resulting matrix element evaluates to
. v *
iM(p1,p2,P3,Pa) = €5 g Ny om0y (D5 (P + P3) = PE (Y + P5))paue (5.91)
0
and is related to the decay width by
4 S 2
Fr]’—)mroﬁofy = (271’) m/d@4z |M(p17p2ap3ap4)| : (592)

pol.

Here d®, is the four-body phase space, M is the mass of the decaying particle, and we
explicitly accounted for a symmetry factor S. We now turn the focus on the computation
of the four-body phase space and divide the final state into the two-body subsystems, with
momenta ¢ = p1+p2 and k = p3+p4. At this point we will keep the mass assignments of the
particles as general as possible in order to be able to re-use the calculation at a later stage.
Introducing s19 = ¢? and s34 = k2, the absolute values of the occurring three-momenta read

|q| _ )\1/2(M2,512,834) |p12| _ Al/Q(Slg,m%,m%) ’p34| _ )\1/2(334,m§,mi)
2M ’ ! 21/812 ’ 3 2\/534 ’

(5.93)
where the additional indices 12 and 34 indicate the respective center-of-mass systems chosen
for the evaluation and q is taken in the rest frame of the decaying particle. The explicit
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expressions for the four-momenta are

T
p1 = (712(E%2 + Bra|pi?|cosb12), |pi%[sinbia, 0, y12(Bi2EL? + [pi?| cos 912)) ;

2= (712(E212 — Bia|pi?|cosb12), —|p1°|sinbiz, 0, vi2(Br2Fs” — |pi°|cos 912))T,

ps = (184(E3* + Baa|p3'| cos Oa) , —[p3"| sin 04 cos dua, —|p}|sin By sin da
734(—/634E§4 — |p§4| cos 934))T ,

pa= (734(E24 — Baalp3!cosbsa),  |p3'|sinbsacosdza,  [p3'|sinbsasin g,

T
V34(—Bsa B3t + |p3*| cos 934)) ,
(5.94)

with EjJ = /m2 + i |2, Bi2 = ||/ By, Bsa = |K|/Ey, E? = |q|? + s12, E} = || + s34, and
vij = 1/4/1 — 3] The four-body phase space in terms of the five independent variables

reads
1 lal Ipi?| I3 .
d®y = ———=dsj2ds3zq db12 df3q dp3y— —— 0 0 5.95
1= B0 d#12 dssa 012 dba ¢34M\/@\/ﬂsm 128in 034, (5.95)

where the non-trivial integration limits are
(m1 +ma)? < s12 < (M — mgz —myg)?, (3 + mg)? < s34 < (M — \/812)2 . (5.96)

For the remaining details regarding the kinematics we refer to ref. [158], while equivalent
formulations can be found in refs. [159-161].

Inserting the explicit masses of the contributing particles and applying S = 1/2, we
finally find with the NDA estimate N, 00, ~ F§ /A, that the branching ratio yields

2

1107~ 21072 TeV8 /A8 )
ﬂaFn/AiAS 0 0 eV®/ (5.97)

BRyy o0y ~ 4

5.9 n — 310

In complete analogy to section 5.8, we can derive the transition 7 — 37y by appropriately
replacing the four-momenta and masses of 1’ and 7 by the ones for n and 7°.3° However,
the enhanced symmetry of this process prohibits any operator whose derivatives on pion
fields contract with the field-strength tensor. Thus, we require a term with at least four

derivatives that does not lead to mass terms, as for instance

0,um0, 000 FH (5.98)

35We do not consider the decay n° — 37%y here, as the increased phase space allows for an w in the

intermediate state. As a consequence, we would expect this to rather test the C-violating vector-meson

+

decay w — 37°, analogously to how 1’ — nt7~ 7%y is dominated by 1’ — w in the Standard Model.
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which we consider as an example for this decay. The corresponding chiral Lagrangian from

X 15;(;) at lowest order (i.e., §3) obtains a contribution from?¢
—(a UV (a) - . o Ve 77T 7 o PV o TTT =z
x5 chb; 911 1(0,0) (ML F17 0, T T 0, U — A ARd* £ 0,00 10,0) —hc.), (5.99)

leading to the operator
7 v 0 0,0
ZXTS;() D) eATFSLNn_)?ﬂrOA/ ({“)Mnayﬂ' 8a7T ™ ({“)QF’W, (5100)
X
with the normalization

4 /2 _
Nn—>3ﬂ'0'y = _3\/;.95&1) (20553 + Cglccbl)) : (5101)
Accordingly, the overall matrix element becomes
. v
iM(P1, P2 3, pa) = e Nysaeoy PP (p1P5 + p5pf + pID§ + pEPT + p5p5 + p5p5)
0

X Pia (p4u€z - p41/5;) .
(5.102)
With the same four-body phase space as in section 5.8, but with appropriately re-assigned
masses, a symmetry factor S = 1/6, the NDA prediction N,_ 370, ~ FS‘/A?(, and the
experimental width T30, listed in table 2 we find the lower limit

9 1/8
A~ [ 4ra 5 6-1072 GeV'? > 140 MeV (5.103)
Fn—>37r0'yAX
or
BR, 370, ~ 1107 TeV®/A® (5.104)

for the theoretically estimated branching ratio, respectively.

510 7" — 3~ and 70 — 3~

In this section we investigate the C'P-odd contributions of the C-violating decays n\") — 3~
and 7 — 3+, which have been considered in refs. [157, 162, 163] while possible C- and
P-violating contributions through weak interactions (in the case of 7°) have been discussed
in ref. [164]. For this purpose we introduce the T-matrix element

(V(@1)7(g2)7(g3) iT| X (P)) = (27)*6“ (P — g1 — g2 — q3)iM(s, 1, ) (5.105)
with X =7/, n, 7% and define the Mandelstam variables
s=(P—q)’, t=(P—-q), u=(P—g), (5.106)

with s +t 4+ u = M%. The three-photon final state sets demanding constraints on the
amplitude. First of all, the covariant derivative only couples charged mesons to the photon,

36 Again, we have not considered other LEFT operators that may contribute at order 6.
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thus we need exactly three field-strength tensors picked from f1"”, f5”, F,,, to generate the
3 final state and can use 0, instead of D,. Since we have an odd number of pseudoscalars,
a Levi-Civita symbol has to be involved when contracting the Lorentz indices to respect
parity invariance. Moreover Bose statistics demands a symmetrized 3 final state, so that
non-vanishing operators require at least four additional derivatives [162]. Finally, to obtain
a coupling with a single meson (multiple) derivatives can only act on one single U or U at
a time. We can now pick one ToPexPT operator that meets all these requirements (which
demand an operator starting at O(64)) and arbitrarily choose

5@ (@)

— v
X o % 07 (L FE 0 F250,05 F1 0a T — AR FROY £270,05 F2.0,0) — hic.),
(5.107)
giving rise to
DX 2 € g 2Ny 70X (07 F°) (0,03 F o) Fps (5.108)
5%

with

—(a 2 a a a 2 2 a a a
Nﬂ0%3'Y = 952)277( - 8c§m) - Cgld)) ) NnaS'y 952)27 \/7( 80( ) + C((id) - gs)) )

—(a 2 a a
NW'*)3’Y g§2)27\/>( 80( ) + Cgld) + 26( ))
(5.109)

This result is consistent with refs. [157, 162] who claimed that the only contribution to
X — 3 arises at order p'° in soft momenta.

Although the derivation of the full set of ToPexPT operators up to chiral order p'°
far beyond the scope of this work, every operator that contributes to X — 3+ at this order
has to have the same functional form as in eq. (5.108), modulo partial integrations, so that
all contributions from the genuine LEFT operator Oq(;;z lead to the same NDA estimate.
We continue the computation of the matrix element following ref. [162] and write

2
Z|M s,t,u) < Ny 2NX~>37) 32 (q192)(9293)(g3q1)

pol

X [(611612)2 (133 — ©203)° + (0103)* (102 — 6302)* + (0203)? (@21 — Q3Q1)2]

2
= ( 3A4F NX—>37> stu {uQ (t—s)? +t% (u—s)* + 5> (u—tﬂ .

(5.110)
Inserting this result in the decay width
S M3 M2 —s )
Tx g = 2567731\45’2/0 ds/o at S [ M(s, )] (5.111)
pol

with symmetry factor S = 1/6 and carrying out the integrals over s and ¢ analytically, we

obtain - )

a’M 1 v

r = R : 5.112
X—3y 24 5040(A4F0NX—>37> ( )
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With the NDA estimate Nx_,3, ~ A;3(47r)*4, the experimental decay widths, cf. table 2,

and the abbreviation

~ 1 v2a?

A3, =
17 5040 24FZAS (47)8

(5.113)

we set the following lower limits on A:

r M1/5 T 1/8

A~ |—"Agy|  >160MeV,
_Fn’ai’w _

VLS -1/8
A~ T Ay > 120MeV , (5.114)

roMB 11/8
A~ ™ Asy| >40MeV.

Reversing the argument, the branching ratios as functions of A are

BR,/ 3, ~3-107% TeV®/A%,
BR, 3y ~ 1-107%0 TeV®/AS, (5.115)
BRyo_,3, ~ 2107 TeV® /A% .

6 Summary and outlook

In this article, we provided a complete set of fundamental neutrinoless, flavor-preserving,
lepton- and baryon-number-conserving C- and C'P-odd quark-level operators in LEFT
up to and including mass dimension 8. We have verified the operators from dimension-7
LEFT that were known before, but have also tackled the issue that these operators are
chirality-violating, hence carefully taking chirality-conserving operators of mass dimension
8 into account. These may in principle be of the same numerical size as those of dimension
7, because both can arise from operators of dimension 8 of SMEFT; similar observations
were made previously for dimension-5 and -6 operators in nucleon EDM analyses. As
a consequence, as long as SMEFT is accepted as the universal starting point of our
investigation, every C- and CP-odd operator we identified is suppressed by 1/A*, with A
indicating the new-physics scale.

By matching these LEFT operators thoroughly onto xyPT we established a new rigorous
and model-independent framework to access possible C- and C P-violating effects in flavor-
conserving decays of 1, 1/, and 7°, which solely relies on the conjecture that these BSM
effects arise from phenomena at scales of yet unknown high energies, for which QCD plus
QED provide an appropriate low-energy approximation. In this context, novel 3 x 3 spurion
matrices were applied to ensure the transfer of the u,d, s flavor degrees of freedom and
chirality structure of the quark bilinears from the SMEFT and/or LEFT levels to chiral
operators at the xPT level. Knowing the underlying mechanisms at the level of LEFT and
xPT, we derived mesonic operators, amplitudes, and observables for more than 20 decays
in total.
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Furthermore, we estimated that the currently most precise experiments searching for
C and CP violation in the light-meson sector can merely restrict the SMEFT scale A to
the few GeV range. Due to the lack of sufficient input to fix the numerous low-energy
constants and Wilson coeflicients entering the effective chiral theory, these estimates are
based on naive dimensional analysis, which does not only require knowledge about the
mesonic operators (some of them were already known in the 1960s) but also about the
particular sources of these operators on the quark level.

As the central numerical results of our analysis we reversed this argument and expressed
the observable branching ratios for pure BSM processes as well as asymmetry parameters
for interferences of SM and BSM contributions in terms of the new-physics scale. While
the former scale with 1/A8, the interference effects are proportional to 1/A* and are thus
more suitable candidates for experimental searches. Hence, the most promising of our
investigated decays to find evidence for ToPe forces are n) — 7%t 7~, 1/ — patn—, and
n") — 7t7~. In addition, our estimates for the pure C-violating decays allow us to weed
out those that require significantly higher experimental precision than others.

We find that the currently most rigorous experimental limits on ToPe forces in the
light-meson sector must become more stringent by roughly a factor of 107 in order to test
this scenario for a BSM scale of A ~ 1TeV. Although these theoretical bounds cannot
be reached by experiments in the near future, the search for the decays proposed in this
work — prospectively conducted, for instance, by the REDTOP [72-74] and JEF [75-77]
collaborations — can still provide important insights to understand the sources of possible
C and C'P violation. Any experimental evidence for these decays could imply, for instance,
that a simultaneous violation of C' and C'P violation originates from (weakly coupled)
light degrees of freedom, or that the SMEFT and/or LEFT power counting is bypassed by
another, yet unknown mechanism.

Obviously, this casts doubt at the possibility to interpret any observable C- and C'P-
odd signals in terms of SMEFT. However, we can relax the constraints obtained here
to some extent by concentrating on LEFT without any reference to SMEFT at all; this
would effectively replace the TeV scale A by an electroweak scale of the order of 100 GeV,
and therefore reduce the discrepancy between our theoretical expectation and current
experimental sensitivity by a factor of about /4 x 103 — 10 for interferences with SM
amplitudes and 10° — 10® for pure BSM transitions.

Our analysis opens a new window to model-independent theoretical analyses of C
and C'P violation with a vast number of possible future extensions. These are not only
restricted to applications to meson scattering and decays not covered in this work, especially
to ones that include interferences of SM and BSM physics, but also to extensions to flavor-
changing transitions [41], to heavy-quark physics, to processes in the baryon or nuclear
sector [165-170], and cross-relations to EDMs [171].
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A Characterization of discrete symmetries in LEFT operators up to di-
mension 8

In this appendix we comment on our classification of C- and C P-violating LEFT operators
presented in section 2, based on the complete sets from ref. [31] up to and including mass
dimension 6, ref. [35] for dimension 7, and ref. [21] for dimension-8 operators. For simplicity
we do not quote all of the numerous contributing operators in these bases, but go directly to
their characterization in terms of C-, P-, and T-eigenstates. The genuine LEFT operators
are written in terms of chiral projectors, i.e.,
1= 1+
2 2

and thus include in general superpositions of states with different discrete symmetries. Our

Yrr = PrrY,  with  Pp = , Pr (A1)

C- and C'P-odd operators will be identified as linear combinations of these LEFT operators,
such that the separated (pseudo)scalar, (axial)vector, and (pseudo)tensor contributions
have definite eigenvalues under C, P, and T'. Technically, we merely write each projector
explicitly in terms of Dirac matrices and separate the summands with different discrete
symmetries. We will rephrase the quark portion of each LEFT operator in this way and
drop possible field-strength tensors and SU(3) generators in the first place, which can be
restored in most cases straightforwardly.

To keep the notation as short and simple as possible we use a rather sloppy notation
and refer to generic Wilson coefficients by ¢ € C, whose numerical value may be different in
each operator. This abuse of notation shall not bother us, as we are solely interested in
LEFT and not in any matching between operators in SMEFT and LEFT. The notes on
the following pages are all restricted to the flavor-conserving case. However, flavor-violating
LEFT operators that may contribute to ToPe forces, which are less relevant for our analysis
of 1 decays, can be derived in a similar manner. Other than that, we will follow the strategy
already sketched in section 2.

The outline of this appendix is as follows. In section A.1 we explicitly confirm at hand
of well-known operator bases of LEFT that there are no ToPe interactions of dimension < 6.
Subsequently we investigate the operators at dimension 7 and 8 LEFT in sections A.2
and A.3, respectively, and carefully distinguish between the ones that are chirality-violating
and chirality-conserving.

A.1 Dimension < 6 LEFT

In this section we consider LEFT operators carefully worked out by ref. [31] and explicitly
show that there are indeed no ToPe operators below dimension 7 in LEFT. We directly
discard the dimension-3 operators, which are solely given by neutrino bilinears [31].
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A.1.1 Dimension 5 LEFT

The modest number of dimension-5 operators only allows for quarks with the sole Dirac
structure &LUW@ZJ r. We can multiply this structure with the Wilson coefficient and respect
hermiticity, to obtain

¢, Prip + h.c. = Re cpoib + i Tm c o, s . (A.2)

After contracting with the gluon or photon field-strength tensor, we can read off from table 1
that the resulting terms preserve C.

A.1.2 Dimension 6 LEFT

In dimension 6 LEFT we encounter operators including the quadrilinear

_ ) 1 _— . _
c¥YuPr/d Xy Pryrx +hoc. = SRec (DX X + Y15 X Y 15 X

£ Py XY X £ Py s X] -

(A.3)
While the first two summands have the signature CPT = + + +, the last two have the
eigenvalues CPT = — — 4. Therefore these cannot contribute to ToPe interactions. The

same holds for 1Z’YMPL¢X7“PRX, which just distinguishes by relative signs from the case
discussed above. Next, consider

e PrxXPri + h.c. = %Re ¢ [Ox XY + Yysx Y] + %Imc[lE%XT@/J +Yxxs] . (Ad)

While the summand scaling with Re ¢ has CPT = + + 4+ the one proportional to Im c is
CPT = + — —. Analogously, this is also true for ¢ PrxPrx.

Using O'LV = Y00 Yo We can easily derive

_ B 1 _ _ _ B
c o Prxxo" Prip + h.c. = sRec [0 x X" ) + Yo ysx X 5]

+ %Im c[boursxXo Y + Yo xxo" 5]

(A.5)
where the two summands have CPT = + + 4+ and CPT = + — —, respectively. Again,
the term @UWPL@ZJ)ZU‘“’PLX proceeds in the same manner. The remaining dimension-6
operators under consideration are the triple gauge terms

fachZangch and fabcézangch ) (Aﬁ)

which, according to table 1, have the symmetries CPT = + + + and CPT = + — —,
respectively.

Thus no operator in dimension-6 LEFT can create ToPe effects. Furthermore note that
one can neither build a loop consisting of two dimension-6 LEFT operators that results in
a C- and C'P-odd transition.
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A.2 Dimension-7 LEFT

Considering the — for our purposes relevant — lepton- and baryon-number-conserving
operators, there occur two different types of fermion bilinears: ¥rty, and QERUuyw - Let us
again neglect the (hermitian) product of field-strength tensors accompanying these bilinears
for now. Accounting for the respective Wilson coefficients, the hermitian bilinears can be
rewritten as

crir, +h.c. = Rec Yy — Im e Yiysy) (A.7)

and

C@Raw/w,; +h.c. = Rec &auyw —Ime @Ziam,75¢. (A.8)

In complete analogy, the two types of fermion quadrilinears (@Lfy”sz)(g Li ﬁuXR) and
(YrY*YR)(XLiDuxR) become

¢ (Pry"$1)(XeiDyuxr) + hee. = %Rec |(XiD,) (97"9) = (XD ) (97359

- %Imc [(xﬁmsx)(%"w) - (>’<5w5x)(%“75w)} ;
(A.9)

where in the second step Pr, + Pr = 1 and Pr — P, = 75 were applied. Similarly, we obtain

e Wrrbr) (XwiDyxn) + e = SRee [(XiBu) (@79) + (6B, (250

- %Imc {(xﬁufyg,x)(vfw“w + (XBW5X)(1/;V”’Y5¢)} )
(A.10)

with the same operators as eq. (A.9), but with different real-valued prefactors. Note that
the factor ¢ from the Wilson coefficients flips the sign of time reversal, while 5 changes the
one of parity. Attaching the products of field-strength tensors to the fermion bilinears, like
explicitly done in table 3, we can formulate the operators of ref. [35] in a way that allows
us to directly read off the transformation properties under the discrete symmetries C, P,
and T'. According to table 3, there are only two operators at dimension 7 in LEFT which
violate C and C'P, namely

Q/ZTAUMVQ/)FM)GSP )

. - (A.11)

XD s x v s,
with the same form as already proposed decades ago, cf. eq. (1.4). There is in principle also
another color contraction for the quark quadrilinear allowed, but we refrain from quoting it
explicitly because it leads to the same effective operator on the mesonic level and in this
way we are as consistent as possible with the original operators from eq. (1.4). Furthermore,
as already stated in section 2.2.1, in this work we do not consider corrections due to QCD

running, which arise from possible mixing of different color contractions.

~52 -



C P T
la) Y F,, FM + o+ o+
1b) @EWE)%Z)FMVFW + - -
2a) YTAYFIGa, - + +
2b) YT FH Gy, + — —
3a) YTAcHYE,,GoP - + —
3b)  YTAcHiysyF,,GAP — - -
da)  duppT4PGE GO + + +
4b)  daptpTAiysp G, GO + - -
5a)  fared TG GSP + o+ o+
5b)  fae Tt inspGRGEP | + - -
6a) Y F,, Fr - - -
6b)  Piys F, P + - +
Ta) YTAPFHGE, + - -
) YT Fr G, + + -
8a)  dapctd T4YGE GO + - —
8b)  daphTAinsGE, GO + o+ o+
9)  (XiDux)(Wy") + o+ o+
10)  (XDuysx) (") + - -
1) (XiDyx) (7 51)) - - +
12) (XD x) (W y50) - + -

Table 3. Operators in dimension 7 LEFT with well defined discrete space-time symmetries. All
operators listed are hermitian and have to be multiplied by a real-valued coefficient corresponding
to real or imaginary parts of the respective Wilson coeflicients. This table covers the operators that
are not discarded beforehand, as described in section 2, and can be generalized in future analyses.
The operators 3a) and 12) are C- and C'P-odd.

A.3 Dimension-8 LEFT

We proceed with the classification of dimension-8 operators from ref. [21]. For the sake of
simplicity, we categorize the operators according to the number n of contributing quarks
(™), derivatives (D™), and gauge field-strength tensors (X"). Once more, we first focus
on the Dirac structure of each operator and characterize different combinations (given in
the original basis of LEFT operators) with X", structure constants dgpe, fape, and SU(3)
generators T in tables 4-12. Operators that are not listed in these tables do either not
appear in the original LEFT basis of ref. [21] or are beforehand identified as irrelevant for
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our analysis, cf. section 2. The results, i.e., chirality-conserving and -violating dimension-8
LEFT operators, are summarized in section A.3.5.

A.3.1 Operator class X*

Each field-strength tensor X, has the signature CPT = — + —, while the ones in dual
space, i.e., X uvy obey CPT = — — 4. Hence any combination of four field-strength tensors
with no or trivial color contractions, i.e., contractions without structure constants f,;. or
dape, conserves C. Having a look at these non-trivial color structures, there appear either
terms including three gluons and one photon or four gluons and no photon. In the LEFT
basis under consideration the former always involve the symmetric structure constant dgp.,
so that terms of the form

oG, GO GE g FOP (A.12)

are always C-even, as can be read off from table 1. The possible four-gluon operators
include structures like
dabedege G, G G GHP (A.13)

which conserve each of the three fundamental discrete symmetries separately. This can
easily be checked analogously to the example given in section 2.1. The exchange of any of
these field-strength tensors with its dual representation preserves the C-even nature of the
operators. Thus there is no C-violating operator in this class.

A.3.2 Operator class ¥2X2D
In this operator class we encounter
chyuiDy Pryrtp + hoc. = Rec (y,iDytp + 0y, 75iDy1)) - (A.14)

Taking appropriate linear combinations, these Dirac structures can be reduced to

yuiDyp and  PysiD, b, (A.15)

which have to be multiplied with a real-valued linear combination of Wilson coefficients
that can be absorbed in a single overall normalization for each of these two operators. All
combinations with attached field strengths are listed in table 4.

A.3.3 Operator class ¥4 X

The simplest quadrilinears occurring in the class 1*X read

" AV 1 " AV " AV
cYy! PLyxy” Prx + h.c. = §Rec (VY Xy x — vy s xy 15X (A.16)
— PV s XYY X + VYR 15 X)
and

_ B 1 _ _ _ B
ey PryoXy” Pryx +hec. = sRec (VYD xY” x + vy s Xy s X

£ Py sy’ x £ Py Xy s X) -

(A.17)
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Note that the expression ¢y P Xy Prx is (up to a sign) the same as vy PrXYY Prx
after a contraction with the field-strength tensor and a re-labelling i) <+ x. Therefore it
suffices to consider only one of them. In analogy to eq. (A.15) we can write these operators
as linearly independent combinations with the same eigenvalue of C' by means of

PYYXY X £ PV sy sx and Py x £ PrFexy vsX - (A.18)

After contracting with F),, or wa and attaching the respective color structures, the discrete
symmetries of these operators can be read off straightforwardly.

Next, we have a look at

c Py PLx XY’ Pre + h.c. = Re ¢ (Y PLxxy” Pry + ¥ Prx X" PLib)

i} ) (A.19)
+iImc (V" Puxxy” PrY — ¥y PRXXY* PLY) -

To simplify the expression after expanding the projectors, we need to contract the operator
with the field-strength tensors. The antisymmetry of F},, under interchange of the Lorentz
indices leads to

" AV 1 3 AV /s AV
(cy*Puxxy" Pry) + h.c.)Fpy = sRec (VY XXV 5 — vy s xxy ) Fruw
(A.20)

% - _ - Vv
+ STme (V"X v = oy 1 xX 59) Fw -

Special care has to be taking when working out the C-transformation of operators mixing
different flavors in a single bilinear, as is the case for the operator above. The charge
conjugate of the first summand in eq. (A.20) reads

C [ XX7 5% — DY XX7" ) B | = (97" 16XX7" 0 — 97" XX7*95%) Fra

= (= Py XX Y + DY 1)

(A.21)

where, in the last step, we renamed p <+ v and again used the antisymmetry of F,,. For

the second summand one can proceed analogously. Hence the operator in eq. (A.20) is

a
uy
more intricate, as we need to account for the SU(3) color generator T:

C-even. The case when contracting the quadrilinear with G¢, instead of F},, is slightly

c &VMPLTaxi’y”PRwGZV +h.c. =
iRe ¢ [T XXV Y + OV TXXY 150 — vV ysTx XY Y
— s TOXXY 8 + (0 < ]G, (A22)
+ %Imc (DA TOXXAY Y + Py T XXy 50 — Py s T XXV Y

— Py s TXXY 59 — (1 > X)] Gy -
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As already done several times, one can conveniently split this operator into its C-even and
C-odd eigenstates. In complete analogy, we now evaluate

¢ fabe UV PLT X X7’ PRT"WGS,,, + h.c. =
1 7 - 7 —
gRec fape (VY TXXY T = P95 T XX T 0] Gl (A.23)

i _ . _ _
+ Ime fape [P T XXV T 58 — 0" 5T XX T'Y] Gy,

where we simplified the expression using the antisymmetry of the structure constant fup.
and Gy, Similarly, we find

¢ dape '(L’YuPLTaXX’YVPRwaGZV + h.c.
) ) o b (A.24)
= gRecdape [V7TX 3T = Yy T XXy T Gl

where terms symmetric under v <> x drop out, because the operator is symmetric under
a <> b and antisymmetric under p <> v. We continue with

_ N 1 - _ _
cyPripxot Prx + h.c. = Rec (Voxot x + Yysxot vs5x)

, (A.25)
) - _ -
+ glme (X x + Yo ysx) -
The next quadrilinear under consideration has the form
cPrxXo"" Prtp + h.c.
= Rec (YPrxXo" Prp + X Prypo” Prx)
+ilm ¢ (Y Prx X" Prip — XPLppo™™ PLx)
1 - - - _ _
= JRec [ (XX + XD X + 15X X" 158 + XI5$X" 15%) (A.26)

+ (1 XXT P + DX Y5 — XVUXMX — XY 15 |
i TR 112 oy fy MV 7 o UV - o MV
+qlme [(@xxo™™ ¥ = Xpdo™ X + prsXX* 351 — XI51X0™ 5%)

+ (1 XXT P + DX Y5 + XVUXX + XY 5x) |

In this equation, the terms are ordered such that each expression in parenthesis has the
same eigenvalue under charge conjugation. In the same manner, the last operator occurring

— 56 —



in this class is

C’LLO'M)\PRX)ZO'AVPPJ/) + h.c.
= Re c(?/;a”/\PRX)ZJA”PRw + @/;O#/\PLX)ZO'AVPLw)

+ilm e (o’ Prxxo™ Prip — oty PLxxo™ PLy)

1 n o AV - I AV n o LAV - o LAV
= JRee (oo™ + Xo" o x + Do’y 15X X0 s + X0y 15X )
+ (o3 x X1 + Yoty xxo M st — X'y sxe N x — ot pdo X))
i . - . ) i} i}
+ jIme [(oronxe ™ — Xovdo™ x + ot sxXe st — Xo'y 15X )

+($ot\ XX + Doty xXo M5t + Ko\ sexe ™y + ot e sx) |
(A.27)
Once multiplied with the field-strength tensors, many operators of this class simplify
depending on their color contractions. We list the operators presented in this section with
all allowed (non-vanishing) contractions with field-strength tensors in tables 5-8.

A.3.4 Operator class ¥ D?

The fermion multilinears in the class ¢*D? have the simplest structure and (ignoring the
derivatives for now) either appear as quadrilinears consisting of two quark currents, i.e.,

_ _ 1 _ B _ _
cY PLyXyuPrX + hc. = §Re e (PY*OXYX — DYV X Y5 X

) ) (A.28)
— Py ysX X + VY OX Y5 X) 5
_ _ 1 _ B _ B

ey  Pryt b XvuPrjux + hoc. = iRe ¢ (O OXYuX + DY XY X (A.29)

+ PV Y XTuX £ YV YXY5X)

and )
ey PLxxy* Prip + h.c. = sRec (Vyuxx b — vyuvsx Xyt sv)

(A.30)

+ %Imc (P1ux X959 — Py 15X XVY) 5
or as a product of two densities like
cPPRXXPRY + h.c. = %Re ¢ (VXX + s XX5Y) + %Imc (Oxxysy + Prsxxy) (A1)
and
cpPripxPrx + h.c. = %Re ¢ (PPXX + PysPXT5X) + %Imc (PxYsX + Pr5xx) - (A.32)

These Dirac structures are categorized with all allowed combinations of derivatives in
tables 9-12.
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A.3.5 Summary of C- and CP-odd operators

For LEFT dimension-8 ToPe operators that are chirality-breaking, i.e., they do not arise at
dimension 8 in SMEFT and are hence suppressed with respect to the chirality-breaking
dimension-7 LEFT and chirality-conserving dimension-8 LEFT operators by at least one
additional inverse power of the new-physics scale A, we find (note that all these operators
vanish for ¢ = x)

[t XXy T — oyt v xxy T s + (< X)| Gl

[y s x XY T — hy'x Xy T ys1 — (¥ <> )]GS,

T XX T + YT XX T = (¥ X)] Fw (A.33)

idape (VT XX T + 5T XX 35T — (v 4 X)) Gy

Fabe [UT XX T + pysTOx XM 4T P + (¢ & X)] Gy -
The fact that these operators are indeed chirality-violating can also be understood as follows.
Quark quadrilinears in which both bilinears contain an SU(3)¢c generator cannot originate
from a coupling to a W-boson as described in detail in section 2.2. Although less obvious,
the same holds for the first two operators in eq. (A.33) as they both arise from quadrilinears
with the handedness ¥y XL XrY %¥r. Thus, all of the operators listed above are point
interactions that convert left-handed 1 and x to respective right-handed ones.

Our results for LEFT dimension-8 ToPe operators that are chirality-conserving and a
priori not necessarily suppressed by the chirality-violating dimension-7 ToPe operators read

Fabethy"iD" T GY,,G<P |

DY Ty (F,GoP + F,,GaP)

(LY Uy x £ Vv 15 XY ¥5X) Fuw »

(AT XY T X £ oy 95T UXY 15 TX) Fuw

(Y Xy TX £ Py 159Xy 15 TX) G

Fabe (0P ysT XA T x £ Py T hxy 15 T°X) G5, |

abe (YT YXY T X £ Yy 5T UXY T %) G

i[hx X + Pysx o st — (Y > X)] Fuw

(YT xxo"" 9 + pysTxXX T 51 — (¢ > X)] Gy
i[x X T + pysxxo™ T — (¢ > x)| Gy,
(YoM TONXO ) + YoMy TXXow 5P + (¥ < X)]GSY
[ XX T + YoM 95 x X0 s T + (4 X)]GS”

(A.34)

Note that these operators are not unique, as they depend on the LEFT operator basis and
the linear combinations chosen to group respective operators together with an appropriate
redefinition of the Wilson coefficients. For example, the last two operators in eq. (A.34)
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@ZL/RW‘LiBVT/JL/R ¢ P T
la)  yHiD¥y Fy,FP + o+ o+
1b)  yHiD¥ys5¢) Fy, FP — - +
2a)  yiDVep GY,GoP + + +
2b)  YyHiD sy GO, G - - +
3a)  fabey"iDV T G, G -+ -
3b)  fabehy"iDV T 51 G, G + - -
) dapepy"iD T GY,,GEP + + +
4b)  dapey"iD" T 50 G, G - -+
Ba) i DV T (F,,GeP + F,,Ger) + + +
Bb) i DV Ty (FpGLP £ F,,GoP) - — +
6a) Yy"iDY T (FpGor + F,,GaP) + — —
6b) Py D" Toy50) (FupGer + F,pGor) - + —
Ta)  facd DT (GG GG | - = 4
) fareViD Ty (G, GeP £ GL,GEP) |+ + +

Table 4. Operators of the class 12 X2D with well defined discrete space-time symmetries. All
operators follow the description given in table 3. The operators 3a) and 6b) are C- and C P-odd.
Note that for the cases 1a) to 4b) there are no operators with the dual field-strength tensor X{,’ in
the considered LEFT basis of ref. [21].

are linearly dependent, which can be shown using the antisymmetry of o, and G$", so
that they can be understood as only one operator with an appropriately redefined Wilson
coefficient. In a similar manner one can decompose all LEFT operators with ‘4’ into two
linearly independent operators each. Moreover, we remark that operators that only differ
(up to an overall sign) in the interchange of 1) and x can be summarized as one operator by
adding flavor indices.
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UL R L XL RY XL/ R & YLYMYLXRY XR ¢ P T
la)  (py" XYY X £ VYY" V5 X) Fu - + -
1b) (VY y59X7" X £ DY XY V5 X) Fuw + - -
2a)  (VY"UXYIX £ VY YsPXY 5 X) Fl - - +
2b) (PP X £ YYHEXY 5 X) Flw + + +
3a)  (VYPTpxy Tx £ Py T XY 15 TX) Fu -~ + -
3b) (s T Xy Tx + Py T Xy 15 TX) Fu + - -
da)  (PY TRV TX £ Py T YXY 15TX) Flu - - 4+
ab) (VY sTYXy X £ Dy T XY 5 TX) Fuw + o+ +
5a)  (PyRxy Tx £ Yy sy 1T x) GY, - + -
5b) (s Tx £ Py pxy T x) Gl + - =
6a) (PP Tx £ Yy sy s Tx) GY, - - 4+
6b) (s Tx £ Py pxy T x) GY, + 4+ +
7a)  fae (YT PXY TOx £ Oy s T Xy vsT0X)GS, |+ + +
) fabe (T TOX £ Oy T x5 T0x)Gs, | — —  +
8a)  fabe(VYFT XY TOx £ pytys Ty s TOx)GS,, |+ - -
8b)  fabe (VY s T XY TP X £ Py T Xy 15T %) GSy | — + -
92)  dape (VY TYXY TOx £ Py ysTXY TGS, | - + =
9b)  dape (VYT YXY TOX £ PP T XY TX) G, |+ — -
108)  dape (PY"TO XY TOx + pyiysTOYxY TGS, | = =+
10b)  dape (VY5 T XY TP X £ Py T Xy 1T x) GG, | + + +

Table 5. Operators of the class ¢* X with well defined discrete space-time symmetries. All operators
follow the description given in table 3. The operators la), 3a), 5a), 8b), and 9a) are C- and C'P-odd.
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VLY XLXRY VR C P T
la) (YY" 95XX7" Y — YV XXV V5¢) Fuw + - -
1b) (YY" XX Y — PY* s XXV 15¢) Frw + o+ 4
2a)  (PY XXV — PYXXY 50 B + o+ o+
2b) i(PYXXY Y — DY sXXY 1Y) Fyu + - -
3a) (Y ysTOxXXY T % — vy TOXXY 5T Y) F + - -
3b) (YT XX T — vy s T XXV 15 TY) + + +
da) (s TNV T — Py T XXV 1 T) + o+ o+
4b) (YT XXy T — 5T XXV 5T D) + - -
5a) [y XY T — Py sx Xy Ty + (¢ X)] G2 -+ -
5b) [y s x Xy T — oy xxy Ty + (¢ X)] G2 + - -
5¢) [Py T — Oy sx Xy Tt — (¥ < X)]Ge, |+ + +
5d) il X T — oy xxy Ty — (Y < x)]GS, | - —  +
6a) [y xXY T — pyPysx Xy T 59 + (¢ < X)) Z S
6b) [y s XY T — py XXy Tt + (1 < X)) Z + + +
6c) i[Oy XY T — oy T s — (0 x)]GY, |+ = =
6d) i[YyHrsx Xy T — oy x Xy T 59 — (¢ > X)) GZV - + -
7a) i fabe (U TXXY Ty5tp — oy Ty x Xy TO) G, + - -
D) fabe (YT XXV T — oy Ty x Xy T y51) G + o+ o+
8a) i fabe (WY TOXXY T y5t) — Yy Tysx XV TP¢) G, + + +
8b)  fabe (VYT XXV TP — Yy T ysx X7 T ys)) GS, + - -
9 dabe (VYT XXV T 5 — Py T s x Xy TP) GS + - -
10)  dape (VY TOxXY T 50 — DT s x Xy T) GS, + 4+ +

Table 6. Operators of the class ¥* X with well defined discrete space-time symmetries. All operators
follow the description given in table 3. The operators 5a) and 6d) are C- and C'P-odd.
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VILXRXLOM VR

—_

la) [ X"y + Yysx X s — (1 < X)] Fuw
b) i[sx XY + Px ot sy + (¥ < X)) Flw
) [hxxo" Y + ysx o sy + (¥ > X)]F

—_

[17%

1d)  [PysxXo Y + Px o st — (Y < X)| Fu
2a) i [T T4 + Pys T X 15T — (¥ <> X)]
2b) i[O TW + YT s T4 + (Y > X

W NN

a)

b) i[pysT xxo" P + YT x X" v59 + (¢ > X)] GY.

) [YTxX0" ¢ + YysT XX 51 + (¥ = X)] G

d) [T oxxo™ ¢ + YT xxo" 59 — (¥ < X)] G2

i[oxxo TP + Yysxxo 1T — (¥ < x)|GY,
)
)]G
)]G

=~ W W W

a

e

)
b) i[Pysx X T + Pxxo T4 + (¢ <> x)] G
) [UxXe* T + Pysx Xy T4 + (1 < x
d) [Py Xo T + xxot T4 — (1 + X)

L

a

[ S G )

b

D D

¢)  [YTxx*TU + Ppys TN T + (P <> X)
d)  [YysTox X" T4 + pTox Yo 15 T4 — (¥ > X)
i[PT xxo " + pysTxX* 51 — (¢ > X)]GS,

[ Fuw
,uzz

;w

) idape [T XX TP + hysTOx Yo 5T — (¢ < X)] G,
b) idape [Py T XXM TP + YT XX TP + (¢ < x)] G,
¢)  dape [QT XX TP + pysTOxXX* 5T + (¢ > x)] G,
d)  dase [Py T XX T + T XX 5T — (1 <> x)] G,
a)  ifae[YT XX TP 4+ Yy T x X" sT0% — (¢ X)] G5,

) ifabe [T XX TP + YTOxXH TP + (¢ < )G,
€)  fabe [T XX TP + hysTOx X 35T + (¢  X)] G,

)]Gy,

6d)  fape [PrsT XX TP + T XX 35T — (3 ++ X

4
L -
+ o+ o+
- - 4
4
L
+ o+ O+
- - 4
L
L -
+ o+ o+
- - 4+
L
L -
+ o+ o+
- - 4+
L
L -
+ o+ o+
e
+ o+ o+
- - 4+
4
L

Table 7. Operators of the class ¢* X with well-defined discrete space-time symmetries. All operators

follow the description given in table 3. The operators la),

2a), 3a), 4a), 5

a), and 6¢) are C- and

CP-odd. Note that there are no operators with the dual field-strength tensor X? in the considered

LEFT basis of ref. [21].
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VLM X RXLOw R C P T
la)  i[po M xxoub + hoMysxXowys)| FY + + +
1b)  [po s xXout + YoM XX 5] FY - -
2a) Q[P T X X0, T + YoMy TOxXX 0wy T ) FY + + T
2b) [P0y TOXX0 T + YoM TOXX0 s T FY + - -
3a) z'wa/\“T“X)Zchw + QEO')‘“’YsTaXXU;w’st (¥ < x)]GS” + + +
3b) [Ny TOXXO ) + YoM T Yo YsY + (Y > X)]GLY | — - +
3c) [wa)‘“Taxxa,ww + ¢U>‘”’)/5TGXXUW’YS¢ + (¢ < x)]GYY - + -
3d)  [hoMysTOXXO Wb + YoM T X0 sl — (P < x)]GSY + - -
da) i[oMxxow T + YoM ysxXouw T — (¥ < )]GS |+ +  +
4b) [Ny Xou T + YoM xXow T + (Y < )]GS | - =+
de)  [YoxXou T + PysxXouw s T + (1 < x)|GL” - - -
4d) [0 M ysxXouw T + bo M xxou T — (0 < )]GS |+ - =
5a)  idape (YoM TN T + oMy T X015 T GSY S
5b)  dape [P T X X0 T + o T\ X0 s TP GSY + - -
6a)  ifabe [1;0/\“75T“X)_(0WTI’1/1 + TEU)‘“TQXXUW’YSwa)] G + - -
6b)  fabe (VoM T XX T + ho? s T X X015 TO] GSY + o+ o+

Table 8. Operators of the class ©/*X with well defined discrete space-time symmetries. All operators
follow the description given in table 3. The operators 3c) and 4c) are C- and C'P-odd. Note that
there are no operators with the dual field-strength tensor X,’j in the considered LEFT basis of
ref. [21].
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L RV L RX LRV X LR & YL RV L RX R/ LY XR)L ¢ P T
la) Dy (y,8) DY (Xx7*x) £ Do (y,75¢) DY (X775 X) + 4+ +
1b) Dy (¥yu1) DY (X" ¥5x) = Do (¥y95%) D¥ (X1*X) - - +
2a) U, DX DX £ s Dbyt as DY x + + +
2b) Py, Dy DY ysx £ s Dyt DV x - - 4
3a) D, (Y T Y)DY (VT x) £ Dy (s T ) DY (v vT%) |+ +  +
3b) Dy (1 ) DY (3" vTx) + Dy (byuysT ) D" (x*Tx) | —  —  +
da) 9y Dy TUxA* DY TX % 9,5 Dy TUYxAF DY To% + o+ 4+
4b) 0y, D, TUYxAH D5 TX £ 5 Dy TOUXA# DY T - - 4+

Table 9. Operators of the class 1*D? with well defined discrete space-time symmetries. All
operators follow the description given in table 3. None of these operators is C- and C P-odd.

VLY XLXRY' VR C P T
la) Dy (¥y,x) DY (X7*¥) — Dy (¥y75X) DY (X775 + 4+ o+
1b)  i[Dy(4y,X)D” (X7*¥5%) — Dy (¥75X) DY (X7#0)] + - =
2a) Yy, Dy x X DY — Yyuvs Dy xx s DV + o+ o+
2b) i[9, Dy XXV DV 51 — s Dy x iy D) + - -
3a) Dy, (yuTX) DY (XA*TY) = Dy (95T x) DY (X" s T9) + o+ o+
3b) i[Dy (v TX) D" (15T Y) — Dy (s ToX) DY (X)) |+ = =
4a) Py DyTOXXAP DY T — §ryy5 Dy TOx X5 DV T + + +
4b) [y, Dy TOxXA* DYy T — 75 Dy T X" DY T + - -

Table 10. Operators of the class 1*D? with well defined discrete space-time symmetries. All
operators follow the description given in table 3. None of these operators is C- and C P-odd.
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VLXRXLVR C P T
la) Dy (x)D*(x¥) + Du(yysx) D*(X5¢) + o+ F
1b)  i[Du(¥x) D" (Xv5%) + Dpu(¥ysx) D (X)) S
2a) YD xxD"y + s Dyuxvys DM + o+ o+
2b) [ D, xxD"y50 + ¥ys Dyxx D] + - -
3a)  Du(YTx) D*(XT*)) + Dyu(rsTx) DH (X1T) + o+ 4+
3b) i[Du(WT X)D*(xysTY) + Dy(ysToX)DH(XT* )] | + = —
da) D, T D*T%) + )ry5 D, T X5 D*T%) + + +
4b)  i[P D, TxX D" ysT + thys D, T\ X D*T)) + - -~

Table 11. Operators of the class 1*D? with well defined discrete space-time symmetries. All
operators follow the description given in table 3. None of these operators is C- and CP-odd.

VLYRXLXR ¢ P T
la)  Dyu($) D*(xx) + Dpu(vy50) D (X5X) + o+ o+
1b) [ Dy () D*(Xy5x) + Dpu(¥y59) D* (X)) + - -
2a) D xD"x + s Dupxvs Dl x +  +F
2b) i D D5 x + Uy DR DPy] L
3a) Dy (T*)DH(XTX) + Dy(rsT) D*(Xy5Tx) + o+ o+
3b) i[Du(¥T)D*(xv5Tx) + Dp(ys T ) D*(XTX)] |+ - -
da) DT px DPTX + drys Dy THhxys DT x + o+
ab) i[ D, Tx D" 5T + 5D, T x D*T] + - -

Table 12. Operators of the class 1*D? with well defined discrete space-time symmetries. All
operators follow the description given in table 3. None of these operators is C- and C' P-odd.
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