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ABSTRACT: Ring polymers have fascinated theorists, simulators,
and experimentalists as they are the simplest polymer without ends,
giving rise to important topology related properties. We present the
state of the art of recent synthetic efforts and investigations into the
structure and dynamics of dense nonconcatenated ring polymer
systems. Analyzing the existing knowledge, we identify challenges
for future research: In the realm of synthesis the creation of well-
defined high molecular weight rings based on different monomers
are highly desirable. In the field of ring conformations, the
existence of double folded structures that are at the basis of many
theoretical approaches was severely challenged and further scrutiny
is needed. Similarly, the issue of the size dependent transition to
mass fractal structures, or the effect of local stiffness on the
conformation and dynamics are open questions. The role of ring−ring threading in the terminal dynamics of rings needs to be
further elucidated. In particular, the novel proposed topological glass transition for very high molecular weight ring melts awaits
experimental verification. Experimentally, ring-linear blends are very seldomly investigated: only a small number of studies on the
miscibility and the conformation of rings in such blends are available. Microscopic experiments on the dynamics are nearly entirely
missing. Finally, as different theoretical approaches are always backed by corresponding simulations, a crucial task would be to find
out how the different approaches connect to each other and which experiments should be performed.

1. INTRODUCTION
Polymeric liquids display a multitude of fascinating properties
that to a large extent relate to their huge number of internal
degrees of freedom and variety of architectures (linear,
branched, ring, etc). In the melt of linear polymers (LP) the
mutual interaction is screened, and the LP conformation
assumes a Gaussian Random Walk, while the chain dynamics
is governed by reptation�long mutually interpenetrating LP
confine each other in tubes around their coarse-grained profile:
The polymer relaxation takes place in creeping out of the
confining tubes by the chain ends. This famous reptation
concept is supported by numerous experiments including
rheology1 and microscopic neutron spin echo (NSE) inves-
tigations.2 The viscoelastic properties at intermediate times are
rubber-like with a plateau modulus related to the tube step
length. For branched systems, strands have to fold back, in order
to find a new conformation without crossing any other chain,
resulting in an exponential growth of the longest relaxation time
due to the entropy barrier between different states.3,4

Interestingly ring polymers were first detected in the realm of
biology, where e.g., the DNA in the genome forms cyclic
structures.5 Chromatin fibers are packed at a reasonably high
density like a melt of linear chains; However, the different
chromosomes in the nucleus do not intermix, but instead

segregate in stable territories as the ring conformations in a melt.
Also, various cyclic peptides have been found from plants and
bacteria which exhibit enhanced stability against heating and
degradation compared to their linear counterparts.6

The noncrossing requirement in nonconcatenated ring
polymers creates topological constraints, which impose
important restrictions on the phase space of the system. For
ring polymers interpenetration is costly entropically and
compact structures evolve for high molecular weights�ring
polymers are assumed to become mass fractals confining rings
into territories. Grosberg hypothesized that the equilibrium state
of nonconcatenated ring polymers in the melt is a crumpled
globule; each subchain condenses on itself with the result that
the polymer backbone is self-similar to a fractal dimension of 3.7

Cates and Deutsch proposed that nonconcatenated rings in the
melt may exhibit statistics intermediate between those of
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collapsed (ν = 1/3) and Gaussian (ν = 1/2) chains.8 On the basis
of a Flory type mean field theory they conjectured on a scaling
exponent ν = 2/5. Numerical simulations appeared to support
this conjecture but recent simulations claimed a mass fractal
statistics ν = 1/3 for sufficiently long rings9−13 suggesting an
interesting relation between polymer topology and biologically
important problems such as the formation of the chromosome
territories.14 Finally, Halverson et al. provided coarse grained
MD simulations on the conformation of cyclic polymers with the
so far largest size up to 57 N/Ne, where Ne denotes the
entanglement distance of the corresponding linear chain.15

These simulations indicate the crossover to mass fractal
behavior.16

Other than the dynamics of linear or branched chains that
predominantly takes place via the chain ends, rings do not feature
ends and their dynamics is considered to be self-similar and thus
fundamentally different from those of chains displaying ends
with the consequence that, e.g., the dynamic modulus of a ring
melt does not exhibit a plateau regime but instead displays a
power law relaxation.17 For the internal dynamics of a self-similar
ring polymer Grosberg derived a terminal relaxation time τd ≈
τe(N/Ne,0)2.56, where τe is relaxation time of an entanglement
strand and Ne,0 is an elementary loop size that relates to the
entanglement strand size Ne in the corresponding linear
polymer.18 Finally in 2016 Rubinstein developed the self-
consistent Fractal Loopy Globule (FLG) model, which is based
on the conjecture that the overlap criterion19,20 in the packing
model for entanglements also governs the rule for overlapping
loops in polymer rings. The constant overlap of loops is
conjectured to occur in a self-similar way over a wide range of
length scales from Ne,0 up to ring size R. The dynamics of such
rings in a melt is governed by topological constraints that dilute
with progressing time, because with time loops of increasing sizes
are relaxed and cease to be obstacles. Recently, combining results
of SANS21 with PFG-NMR and NSE the unique topology driven
self-similar ring dynamics predicted by the FLG model could be
verified experimentally.22

Aside of the power law relaxation the dynamic modulus of ring
melts displays a very slow tail that is ascribed to ring−ring
threadings, which exhibit relaxation times much longer than
those of the internal ring relaxations. Simulations have revealed
multiple threading events with their relative number increasing
with the ring Mw.23,24 Simulations by Michieletto and Turner
suggest that these threadings for large rings may immobilize the
melt and induce a novel topological glass transition.25 Finally, by
analogy of ring systems with soft colloids Sakaue introduced the
concept of a topological volume that allows to estimate the large
scale collective dynamics of dense ring systems.26,27 From the
experimental side also a possible role of linear contaminants was
brought forward.17

Another open field is the structure and dynamics of ring−
linear blends: There, threading events between rings and linear
components to a large extend are expected to govern the
dynamic properties such as COM diffusion. Tsalikis and
Mavrantzas by atomistic simulation investigated the threading
phenomenon on ring-linear PEO blends.28 For higher Mw the
occurrence of multiple threading events was evidenced. The
threading dynamics, thereby, is slow: a linear molecule threading
a cyclic one may need times up to an order of magnitude longer
than the longest ring relaxation time to fully pass through the
ring. Unexpectedly Kruteva et al. observed two distinctly
different diffusion modes for dilute large rings in a highly
entangled linear host;29 a phenomenon that still waits for an

explanation. Gooßen et al. by NSE found evidence that dilute
rings immersed in a highly entangled linear host sense the
entanglement dynamics of the host.30

Other than for linear polymers many facets of ring structure
and dynamics are still mysterious: e.g., are lattice trees good
models for rings in the melt? Does the delayed terminal
relaxation relate to ring−ring threading? And does such
threading possibly induce a topological glass transition. In this
perspective paper we survey recent progress in the under-
standing of dense polymer ring systems with the goal to identify
open questions and future directions emphasizing thereby,
fundamental aspects. We begin with the current status of
polymer ring synthesis underscoring the need for novel routes
toward well-defined large ring molecules based on a variety of
different monomers. Then we focus on the ring conformation
presenting theoretical, simulation and experimental results. The
next part deals with the dynamics of pure ring systems discussing
theoretical approaches, large scale simulations and experimental
results on large ring systems; the issue of threading is particularly
emphasized. In particular, we address the dynamics of ring-linear
blends, where ring-linear threadings are governing the dynamics.
In the following section we discuss the idea of a topological glass
transition, which is proposed based on MD simulations.
Unfortunately, microscopic experiments are still missing. In
the last part we wrap up and summarize the most important
challenges and perspectives for future work.

2. SYNTHESIS
In order to study structural and dynamic properties of ring
polymers, samples of high structural purity are required which
exhibit narrow molecular weight distributions (MWDs). In
addition, it must be possible to predetermine Mw. Especially
rheological studies require a broad range of different Mw up to
long chains where the linear analogs are highly entangled.
Depending on the technique used, the required sample
quantities are usually within the 100 mg to gram range.

In the past decades a huge number of different techniques was
developed for the synthesis of ring-shaped polymers covering a
large variety of different monomers. Mainly two synthetic
strategies were employed: the ring closure technique and the ring
expansion technique31−41 (Figure 1). In the ring closure
approach, first linear precursors are synthesized using living or

Figure 1. Synthetic pathways for the production of ring polymers: (a)
ring closure technique, (b) ring expansion technique.
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controlled polymerization techniques, which also allow for
equipping the chain ends with functional groups. Depending on
the nature of the end groups, unimolecular or bimolecular
strategies are used for the following cyclization step (Figure 1a).
The ring expansion technique follows a completely different
strategy. Here monomers are continuously inserted into a ring
low Mw initiator molecule (Figure 1b). Most of the model ring
polymers used for the study of fundamental physical properties
were synthesized using the ring closure procedure. Therefore, in
this chapter we will mainly focus on this technique.

Anionic polymerization techniques were among the first ones
used for the ring closure approach. Styrene and diene monomers
were polymerized with difunctional initiators and the sub-
sequent reaction of the carbanionic head groups with difunc-
tional chlorosilane agents yielded the ring products.42,43

Generally, the polymerization of styrene and diene monomers
with lithium organic initiators exhibits a very low degree of
termination reactions in nonpolar solvents and the reaction of
lithium organic head groups with chlorosilane agents are
basically free of side reactions. However, difunctional initiators
have low solubility especially in hydrocarbon solvents and
initiation processes are slow, leading to somewhat broader
MWDs of the resulting linear precursors. Therefore, in later
studies protected initiators were used for the polymerization
processes in combination with a large variety of different linking
approaches for the cyclization reactions.44−48 By means of a
different strategy, styrene was polymerized with a vinyl
functionalized lithium organic initiator. The living chains were
dimerized with a dichlororosilane linker and the metathesis
cyclization reaction was performed with a Grubbs catalyst. As
nondimerized polystyrene chains were functionalized with OH-
groups after the dimerization step, linear byproducts could easily
be eliminated in a simple chromatography procedure.49 For the
synthesis of ring polylactides, first a linear α-azide-ω-alkyne
precursor was produced by polymerizing the lactide monomer
using an azide functionalized alcohol initiator and converting the
alcohol end group into an alkyne functionality. Azide−alkyne
click chemistry was used in the following step for the ring closure
reaction.50

Besides a large variety of other techniques, the anionic ring
opening polymerization of epoxides is of relevance for the
synthesis of ring model polymers. By means of functional
initiators, heterodifunctional ring closure reactions can be
applied.51 Using ethylene oxide as monomer, very simple ring
closure chemistries are possible as the use of diol initiators yields
poly(ethylene glycol)s (PEGs) which by nature contain two
alcohol end groups. These functionalities can be used for the
cyclization reaction.44,52−54 In an approach to increase product
yield, the cyclization reaction of PEG was carried out on a high
concentration level.55 As a consequence, visible amounts of
mainly linear unimeric and chain extended side products were
present in the reaction mixtures (Fugure 2). For the removal of
linear chains, a process was developed which comprised the
quantitative oxidation of alcoholic PEG chain ends to carboxylic
acid groups and their subsequent removal using a basic ion-
exchange resin. As a result, ring PEG was obtained in high
structural purity up to aMw of 20 kg/mol in quantities of several
grams. The method was later improved by using a more efficient
ion-exchange resin and carrying out the polymerization with a
protected initiator.56 This allowed applying the more efficient
heterodifunctional pathway for the ring closure reaction. As a
result, the Mw range could be extended to 100 kg/mol.

Besides anionic polymerization techniques mainly controlled
radical processes were employed for the polymerization of a
multitude of different monomers. This technique allows one to
very efficiently to carry out the cyclization reaction as there is a
huge variety of available end groups and the polymer chains can
be equipped with different functionalities, directly reacting in a
heterodifunctional ring closure pathway (Figure 1). Many of the
cyclization reactions are based on azide/alkyne or thiol/ene click
reactions57−63 but also other ring closure reactions were
used.64−66

In ring expansion polymerization processes ring monomers
are incorporated into a ring molecule, which contains a weak
covalent or noncovalent bond. In the past years, a huge variety of
different strategies were developed. One of the most promising
ones is based on the metathesis polymerization of ring alkenes.
This procedure was pioneered by Grubbs et al.67 Later this
strategy was used to synthesize a variety of other ring
polymers.68−72 A different technique based on zwitterionic
reaction centers was applied to synthesize macrocycles out of low
Mw ring esters but also other monomers.36,73−77

Ring expansion polymerization represents a very powerful
possibility for the synthesis of ring polymers as the ring structure
exists from the beginning and there is no entropic loss for the ring
closure reaction. In addition, high molecular weights are
accessible and large sample quantities can be obtained as it is
possible to perform the polymerization reactions at high
concentrations. However, the polymerization techniques used
for the ring expansion approach usually result in polymers with
broader MWDs. The coexistence of linear chains in the ring
products is difficult to check, which is particularly the case for
highMw. However, detailed physical studies rely on preciseMw,
narrow MWDs and low contents of contamination with linear
chains. This is especially of importance for rheological studies,
where both experimental and simulation results show that
already small quantities of linear impurities strongly influence
the behavior of ring polymers.16,17,78,79

These requirements are more fulfilled for the ring closure
processes, where living and controlled polymerization techni-
ques are employed. As a result, the linear precursor polymers
have narrow MWDs and the Mw can be predetermined. In
addition, these polymerization procedures allow for equipping
the chain ends with the desired functionalities for the following
ring closure reaction. Among the polymerization techniques
used for ring closure procedures, controlled radical techniques
are very powerful as the end groups can be equipped with a wide
variety of different functionalities for the ring closure reaction.

Figure 2. Chain extended side products being formed during the ring
closure reaction of the linear precursor.
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However, the controlled radical processes are largely limited to
smaller Mw as the radical nature of the polymerization event
causes termination reactions, leading to nonfunctional chain
ends and as a consequence thereof to incomplete ring formation.
By nature, the termination reactions get more prominent with
increasing chain length. Anionic polymerization techniques,
however, are restricted to a limited number of monomers and
functional initiators, but higher polymerization degrees are
accessible compared to the controlled radical procedures. This is
especially the case for styrene, diene, and ethylene oxide. For
these monomers, polymerization degrees of 10 000 and more are
possible with still narrow MWDs. In addition, 1,4-polydienes
and PEG possess small entanglement Mw so that ring polymers
are accessible where the linear analogs are highly entangled.

A drawback of the ring closure procedure is the limited sample
quantity, which usually is more in the milligram than the gram
quantity. The reason for this is that the ring closure reaction is
always accompanied by the reaction of chain ends of two
different chains, leading to higher Mw chain extended products
(Figure 2). The latter reaction can be minimized by carrying out
the ring closure at high dilution. For practical reasons, this results
in small sample quantities.

A possible way out of this dilemma is to perform the ring
closure reaction at higher concentration and to remove
inevitable side products in a subsequent purification step. Here
especially the linear chain extended molecules and in that case
the mother compound has to be considered.55 Chain extended
ring molecules play a minor role as the probability for the ring
closure reaction is strongly reduced with increasing chain
length.80 Purification steps also may be necessary if a high
structural purity of the product is required, especially for high
Mw. However, separating the different structures is challenging
because of the largely similar chemical and physical properties of
the different architectures. So far liquid chromatography
procedures81−83 and liquid chromatography in combination
with other methods48 have been used successfully to separate
ring and linear chains in smaller quantities. In the future also
other techniques might be used, which are based on other
differences between linear and ring structures.84 Especially the
postring closure chemical modification of the end groups of
remaining linear chains is a powerful tool to increase the
difference between ring and linear chains and to separate also
larger sample quantities.49,55

It should be emphasized that not only new and improved
synthetic procedures for ring polymers are of relevance but also
the analytical characterization is a key element in this research
field. Usually, the analysis task gets more difficult with increasing
Mw of the polymer. For lower Mw MALDI-TOF mass
spectrometry is very a powerful analysis technique. It allows
one to prove the ring formation and to identify possible linear
side products on a qualitative or semiquantitative scale. The
method, however, loses its advantages for highMw due to the loss
of resolution power. Size exclusion chromatography (SEC),
however, is of limited use because of the small separation
efficiency between ring and linear architectures.85 Therefore, the
detection of smaller quantities of linear material is normally not
possible using SEC. Liquid chromatography at the critical
condition (LCCC) has proven to be the most powerful method
for the precise analysis of ring polymers due to its superior
resolution power in separating cycles from linear structures.85−88

However, this method is by far more complex in the use as a
routine method compared to SEC. Besides chromatography
techniques, proton NMR can be used to detect linear

contaminants if end-group signals can be separated from the
other polymer signals.55 Again, this method is limited to Mw up
to a few 10 kg/mol. Especially if the fraction of linear chains is in
the percent or even subpercent range, the end group signals
become so small that even powerful NMR instruments in
combination with extended measurement times do not allow
resolving these signals.

In order to improve the availability of cyclic polymers for
physical experiments, it is important to have access to cyclic
samples up to highMw, where the linear analog is well entangled.
The neededMw can be minimized if polymers with smallMe are
used. This is especially the case for PEG and 1,4-polybtadiene
(1,4-PB), both having entanglement molecular weights of 2 kg/
mol. 1,4-PB is of particular interest due to its low glass transition
temperature of about −80 °C, which makes it a useful material
for rheological experiments. Besides polymer properties and
accessible Mw, sample quantities are of high relevance from the
practical standpoint. For many physical experiments sample
quantities in the gram scale are needed. However, if the ring
closure reaction is carried out at high dilution, only substantially
smaller quantities are accessible. Therefore, alternative proce-
dures are needed, where the ring closure reaction takes place at
higher concentration. Such procedures require purification steps
to remove chain-extended byproducts. Liquid chromatography
techniques can be very useful for this purpose. But due to small
sample quantities automated processes are required to repeat the
experiment many times. Alternatively, chain-end refunctionali-
zation of the linear byproducts with subsequent separation
processes might be applied. It is obvious, that with increasing
chain length such procedures get more challenging. So far for 1,4-
PB the outlined processes are still missing but would be a
significant step forward for the physical investigation of cyclic
polymers.

Finally, we like to give an example. In order to get rid of the
final residual contamination the Jülich group56 applied ion
exchange chromatography. There the unreacted chain ends are
oxidized yielding a carbonic acid terminal group that reacts with
the walls of the column. The remaining pure rings are washed
out. To demonstrate the accomplished purity, the SEC
chromatogram in Figure 3 compares the purified 100 kg/mol

Figure 3. SEC chromatograms of the 100 K deuterated ring with and
without of 1% linear 100 kg/mol material. The inset magnifies the
region between 18.7 and 19.4 min elution time.56 Reproduced with
permission from ref 56. Copyright 2021 AIP Publishing.
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ring with the same ring, where 1% 100 kg/mol linear
contamination was added. The inset shows the difference
between the traces−1% contamination can be clearly distin-
guished and safely excluded.

3. RING CONFORMATION
Polymer macromolecules have a hierarchical structure charac-
terized by several regions where different interactions play a role.
On the segmental level the short-range interactions between the
neighboring segments or solvent molecules determine the local
structure of the polymer chain. On the larger scale the connected
segments can interact through topological long-living inter-
actions. The topological interactions are especially important for
ring polymers: compared to linear polymers that easily
interpenetrate, the nonconcatenation constraint goes along
with entropic penalties that make interpenetration costly. A
consequence of the specific topological interactions is threading
of a ring by neighbors that is in particular important for the
blends of rings with the other topologies, e.g., linear or branched
polymer chains. Due to the synthesis limitations, only a few
experimental works on the conformation of ring polymers are
known. Mainly they are represented by small angle neutron
scattering (SANS).
3.1. Pure Ring Conformation. 3.1.1. Theory. Over the

years several theories were suggested to describe the multiscale
conformation of ring polymers.7,8,18,26,27,89−95 Ring conforma-
tions were described in terms of tree-like models also reflecting a
globular structure that takes into account effects of topological
constraints. We will describe the existing theories in chrono-
logical order.

Although not related to the specific ring conformation, the
scaling ideas based on self-similarity were quite important for the
further development of theoretical approaches for the ring
conformation. The double folded lattice animal (DFLA) model of
a ring suggested by Rubinstein considers randomly branched
double folded loops that maximize entropy.92 The model leads
to a fractal dimension df = 4 and considers branching between
fixed obstacles (Figure 4).

In parallel with Rubinstein’s scaling model Cates and Deutsch
(CD) made conjectures concerning the equilibrium statistics of
ring polymers based on amean f ield theory.8 They calculated the
free energy cost of topological interactions from the balance
between the topological free energy taken as proportional to the
overlap parameter OCD: kBTOCD ≈ kBTR3/Nv0 with the free
energy penalty due to constraints: kBTNl2/R2. Minimization

leads to ring size R∼N2/5 or df = 2.5 (N: overall chain length; v0:
monomer volume, l: monomer length). Suzuki et al. modified the
mean f ield theory in three dimensions.94 Free energy per ring in
the melt was estimated from the consideration of an osmotic
pressure due to neighboring molecules instead of using the
overlap parameter and an entropic penalty of polymer chain
conformations. The modifiedmean f ield theory predictsR∼N1/3.
Bond fluctuation model (BFM) simulation results are consistent
with the mean f ield theory: The fractal exponent ν decreases
gradually with increasing N, and finally it reaches the limiting
value, 1/3, in the range of N > 1536, i.e., R ∼ N1/3.

However, for the accessible range of N, where R ∼ N2/5 is
observed, it was shown by several works90,96 that the number of
concatenations among rings grows linearly with N, when rings
are allowed to freely penetrate each other. Since these
concatenated states are the states that have to be kicked out
for nonconcatenated ring melts, the penalty for nonconcatena-
tion must scale accordingly. Thus, the first term for the
topological free energy is wrong in the CD model. Also, the
second term is not correct since three-body interactions should
stabilize the compression of the rings as proposed by Sakaue93

and Lang et al.90 Thus, both terms in the CD model are known to
be incorrect. This relates also to later works basing on the CD
theory.

Sakaue described the topological constraints in terms of an
excluded volume concept called the topological volume.27 He
predicted a broad crossover of the ring conformation toward a
globular state. The onset of compact statistics was estimated to
occur aroundN* ≈ 10Ne. This conformation change was related
to a topological phase transition and a topological glassy state−
both phenomena will be considered in the following chapters.

Quantitative estimations of the ring conformations are
presented in a later manuscript by Sakaue that introduces a
number of different topological regimes inducing various
conformations.93 First of all the presence of (i) an intrinsic
topological length scale N1 ≈ Ne is assumed which signals the
onset of the topological effect−rings smaller than N1 in the melt
display Gaussian statistics; (ii) the characteristic length or
topological mesh ξ(N1) = lsegN1

1/2 increases in a broad transition
regime with the ring length N as ξ(N) ∼ N1/5 until the compact
mass fractal state at N2 is reached. (iii) in the broad transition
regime the radius of gyration follows a power law Rg ∼ Nνeff with
νeff = 0.4 very close to the CD conjecture.8 Note that Sakaue
proposes an N-dependent elementary loop size ξ(N). The
geometrical behavior of the ring dimension is related to the
number of ring neighborsNR that increases from about 6 atN1 to
in the order of 15 at the onset of compact statistics realized atN2.

The DFLA model was generalized by Grosberg, allowing for
overlapping of loops.18 The ring conformation underlies a
skeleton lattice tree that branches randomly at the entanglement
spacing d l Ntube e where l l C n0 b= is the monomer
length (nb: number of main chain bonds in a monomer, C∞: the
characteristic ratio l0: bond length). In addition to the randomly
branched statistics assumed by Rubinstein92 the backbone
primitive path was considered as a self-avoiding random walk.
Thus, the free energy becomes a function of the backbone length
L of the lattice tree with a statistic following a self-avoiding
random walk with a fractal dimension db = 5/3 and for the whole
ring df = 3. For the DFLA model db = 2 and df = 4 was found.

Obukhov considered rings as a collection of Gaussian loops
ranging from Ne,0 to the size of the backbone L ∼ N2/3 that are
assembled in random trees.91 The so-called decorated loop

Figure 4. (a) Ring polymer in a gel can be mapped onto (b) a lattice tree
on a dual lattice.92 Reproduced with permission from ref 92. Copyright
1986 American Physical Society.
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model is based on a geometrical description of the ring structure
and for the radius of gyration Rg predicts:
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where Ne,0 ≅ Ne and Re,0
2 = l2Ne,0/12 the size of the elementary

loop. Equation 1 describes a very slow crossover to the
asymptotic df = 3 mass fractal.

Kavassalis and Noolandi suggested that a minimum number of
different linear chains (∼20) must overlap in a volume, called
entanglement volume, in order to create an entanglement−
entanglements relate to chain packing.19 This overlap criterion
was used by Ge et al. in order to describe ring conformations.95

They developed the Fractal Loopy Globule (FLG) model,
assuming the overlap parameter O l N / 20KN

3
e
1/2

0 verified
for numerous linear polymer melts in terms of the packing
model20 also governs the loop overlap in ring systems. Following
the overlapping criterion, ring conformations consist of large
loops that obeying the overlap criterion OKN with similar sized
loops of neighboring rings, and a set of smaller loops (Figure 5).

The constant overlap of loops is conjectured to occur in a self-
similar way over a wide range of length scales from the
entanglement length d l Ntube e,0= up to the ring size
(OKNNv0)1/3. It is pointed out that the description of loop
overlaps on all length scales usingOKN is a conjecture and need to
be studied by experimental methods and simulations.

Motivated by simulation works, Dell et al. adopted a two-
fractal exponent ring model for the intramolecular structure
factor.89 At smaller length scales a ring behaves as a linear chain,
while on larger scales it corresponds to a space-feeling object
with a fractal dimension df = ds = 3. The crossover between these
two regimes is related to the entanglement length of the linear
chain analog. The number of nearest neighbor rings increases at
small N, akin to linear chain melts, but then tends to saturate at
large N, in accord with simulations. The model was initially
developed for soft suspensions and does not consider effects

specific for the rings, e.g., threading. It is based on a well-
established philosophy: construct minimalistic coarse-grained
polymer models and use them in conjunction with liquid state
polymeric integral equation theory at the segmental level, to
predict the equilibrium collective and intermolecular packing
structure of dense fluids of globules and nonconcatenated ring
polymers. The authors suppose that this theoretical approach
can be used to describe the behavior of other complex fluids
composed of soft partially interpenetrating objects such as core−
shell microgels and nanogels, hairy colloids, and highly branched
dendritic nanoparticles.

3.1.2. Computer Simulations.Ring conformations have been
subject of numerous simulations including atomistic molecular
dynamics (MD) simulations and larger scale coarse-grained
approaches. Mainly they focused on nonconcatenated unknot-
ted rings and some of them emphasized the similarity to packing
of chromatin in the nucleus.97 Depending on the applied
simulation technique, the details of the single ring conformation,
e.g., the form factor, and interactions between the neighboring
rings at high concentrations were elucidated. In this way double-
folding on branched or tree-like conformations, self-similarity,
threadings, and entanglements on different length scales are
discussed. Finally, the simulations support the theoretical
prediction of a topological glassy state and conditions for
topological phase transitions described in the chapter “Topo-
logical Glass Transition”.

Halverson et al. rescaled many simulation results in terms of
N/Ne,0, resulting in a master curve combining all results for the
ring size Rg (Figure 6).16 They found a common crossover from

R∼N2/5 in the intermediate regime to mass fractal behavior R∼
N1/3 at aroundN/Ne,0 ≅ 15. Coarse-grained molecular dynamics
(MD) studies on the static properties of a melt of non-
concatenated rings show that the ring dimension appears to
approach aN1/3 power law. At that the ring conformations are far
from trivial: the simulations demonstrate significant mutual
interpenetration. Moreover, the entropic barrier to form large
open loops is small and therefore the larger loops are frequently
observed.15

From a primitive path analysis of the MD simulation results by
Halverson et al.,15 Ge et al. arrived at a crossover for the
characteristic size of the primitive path segment to df = 3 as a

Figure 5. Schematic sketch of the fractal loopy globule (FLG)
conformation of a ring (black line) in a melt of nonconcatenated rings.
Regular circles of different colors indicate the length scales where loops
of various sizes overlap with similar size neighbors at the same overlap
parameter OKN. Circles associated with other rings are shown as the
dimmed background. a � Re,0 is the size of the elementary loop.95

Reproduced with permission from ref 95. Copyright 2016 American
Chemical Society.

Figure 6. Dependence of the ring Rg
2 on the reduced chain length. For

the references to the other simulation and experimental data see the
original paper.16 Note thatNe =Ne,0. The large magenta circles indicate
the experimental values obtained by SANS.56 Reproduced with
permission from ref 16. Copyright 2012 American Physical Society.
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function of the reduced contour length.95 Simulations by Rosa
and Everaers support Rubinstein’s conjecture92 and find strong
evidence for the scenario that rings crumple by adopting lattice
tree-like ribbon structures characterized by randomly branched
looping on the entanglement scale.98 Using their multiscale
approach, they were able to show that melts of rings of total
contour length Lr can be quantitatively mapped onto melts of
interacting lattice trees with gyration radii Rg

2(Lr) ∼ Lr
2ν and ν =

0.32 ± 0.01.
Atomistic MD simulations of polyethylene performed by

Jeong and Douglas led to the conclusion that the excluded
volume interactions in the ring melt are not screened as in the
case of linear polymers. For large rings N > 7 Ne,0 their shape
resembles percolation clusters of branched structures.99 As a
measure for the changed shape the average principal eigenvalues
of the gyration tensor are considered. Another MD simulation
performed on polyethylene rings report R ∼ N2/5 which
reproduces Halverson’s results for the intermediate regime.100

Apparently, the mass fractal behavior has yet not been reached.
Mavrantzas et al. performed atomistic MD simulations of

poly(ethylene oxide) rings with a molecular weight ofMw ∼ 10
Me, where Me is the entanglement molecular weight.101 Their
predictions for the mean squared radius of gyration ⟨Rg

2⟩ of rings
in the melt are described remarkably well by the decorated loop
model proposed by Obukhov et al.91 The molecular weight
dependence of macroscopic properties, i.e., viscosity and COM
diffusion, demonstrate a crossover at Mw ∼ Me. For larger rings
the authors found a COM diffusion coefficient and a viscosity
scaling as D ∼ Mw

−2 and η ∼ Mw
1.9, respectively. These findings

compare well with a number of experimental works studying
corresponding ring sizes. However, the ring sizes investigated
seem to be not large enough for a quantitative estimation of the
molecular weight dependence.

Monte Carlo simulations of ring in solution allowed to find the
scaling relationship between the concentration dependence and
the chain-length dependence of the radius of gyration. In limiting
case of a melt, Reigh and Yoon obtain ⟨Rg

2⟩ ∼ N0.72, indicating
highly collapsed conformations for long-chain ring polymers in
the melt.102

On the basis of Monte Carlo simulations of ring melts with
different bending rigidities Rosa et al. were able to separate
threading from branching of unknotted and nonconcatenated
rings in melt. They reported that rings are double-folded, even
more strongly for stiffer rings, on and above the entanglement
length scale, while the threadings are localized on smaller
scales.96 Such effects influence strongly the dynamics and will be
discussed in the chapter “Ring dynamics”.

The Bond Fluctuation Model (BFM) was used by Lang et al.
to study the role of topology on the ring dynamics as a function of
ring size and concentration.90 They spanned the concentration
range from a solution of entangled nonconcatenated rings
(diluted solution) to interpenetrating rings (melt) and found
different regimes for the conformation. The number of
nonconcatenated conformations allowed in a melt of con-
catenated rings was counted. These allowed conformations were
found to decay exponentially with the area bound by a ring
polymer. According to the authors from this observation an
estimation of the entropic penalty for nonconcatenation could
be obtained. For the intermediate regimes the scaling of the ring
sizes R ∼ N2/5 resulted from balancing nonconcatenation with
weak compression of rings. For larger rings the power law regime
changes to R ∼ N3/8, where nonconcatenation and strong
compression are implied.

The properties of ring polymers under confinement are largely
unexplored. A pioneering coarse-grained simulation investigated
the conformation of ring polymer melts under planar confine-
ment.103 The authors found that the architectural difference
between ring and linear polymers has no effect on the monomer-
scale packing close to the wall (Figure 7a). Normalized COM

densities analyzed for the rings of different sizes indicate that the
ring polymers are less compressed in the direction normal to the
walls (Figure 7b). Figure 7c indicates that the confined rings tend
to separate and form territories (Figure 7c). The COM densities
(Figure 7b) are discussed in terms of the correlation hole effect
found by simulations for linear polymers under 2D cylindrical
confinement. For ring polymers the correlation hole effect was
enhanced at these confinement conditions. Moreover, in highly
confined systems, the strong correlation hole effect prevents
other rings from penetrating, thus trending toward molecular
segregation.

Determination of specific ring conformations at different
confinement conditions might provide basic information

Figure 7. (a) Monomer density of ring polymers for different degrees of
polymerization (N = 50, 100, 200, and 350) and linear polymers withN
= 50 at the confinement thickness of H = 10σ. This film thickness
corresponds to H/2Rg = 1.94, 1.41, 1.05, 0.81, and 1.40 (linear),
respectively. (b) Normalized COM density of ring polymers and linear
polymers at the same confined situation as the monomer density plot in
(a). The positions of the polymers in the confinements z are normalized
by 2Rg, where Rg is the bulk radius of gyration for each chain length and
z/2Rg = 0 is the center of the film. (c) Rings of chain length N = 350
forming territories in thin film confinement with a thickness of H =
5σ.103 Reproduced with permission from ref 103. Copyright 2020 AIP
Publishing.
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regarding the origin of the hypothetical topological phase
transition and specific dynamical properties of the pure rings and
their blends with other topologies.
3.1.3. Experiments. In general, experimental techniques

allowing one to elucidate the conformations on the single ring
level are limited to scattering techniques. There are a few
experimental works on fluorescent microscopy allowing to
measure conformation of a single labeled chain in the presence of
surrounding macromolecules. These single molecule methods
are mainly focused on the study of DNA molecules in solution.90

In particular, the highly concentrated DNA solutions are used as
a model system to probe entanglement properties for different
topologies of ring polymers and blends of linear and ring
polymers.

Depending on the contrast conditions Small Angle X-ray
Scattering (SAXS) can be used to measure the conformation of
polymer rings in a solvent.104 For huge ring specimens as DNA
different types of microscopies (TEM, SEM) can be applied.
Main disadvantage of SAXS techniques relates to the
degradation of polymers because of γ − radiation and its
limitation to dilute solutions. Neutrons do not have this
disadvantage and allow to study the ring conformation without
damage. Furthermore, exploiting the contrast between hydro-
genated and deuterated polymers Small Angle Neutron
Scattering (SANS) allows to decipher the ring conformation
even in dense ring systems. In earlier works of the Higgins’ group
ring poly(dimethylsiloxane) (PDMS) melts were studied by
SANS.105 It has been shown that rings in the melt are partially
collapsed compared to linear chains obeying a gyration radii
dependence Rg ∼ N0.4 in agreement with simulations and
theories (see e.g., ref105). Detailed analysis of the SANS
scattering functions demonstrated that the Debye equation106

cannot describe the ring scattering function, at least up toMw <
10 kg/mol.107 The Casassa form factor was found to give a better
representation of the SANS data108
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where t = Q2Rg2 and Dw(x) is the Dawson integral. The authors
show that this function which was initially developed for
monodisperse rings is still adequate to describe slightly
polydisperse systems. This work appears to be one of the first
observation of the Casassa form factor (eq 2) for macro-
molecules of ring topology.

By SANS Iwamoto et al. studied polystyrene (PS) ring melts
over a wide range of molecular weight.109 They determined the
radii of gyration Rg of the ring polymers by the Guinier
approximation. Rg was found to depend on the degree of
polymerizationN asRg ∼Nν=0.47 that is in fact very close to linear
chains with Gaussian statistics. The authors related the
observation of such a large exponent ν to a contamination of
the ring samples with linear chains. However, as will be shown
below the contribution of linear chains to the ring form factor in
the limit of highly concentrated rings in a linear matrix is
relatively small.110

In our recent work we were able to identify the crossover from
Gaussian chain statistics to a more compact conformation to
occur at a distance along the ring corresponding approximately
to the entanglement distance of the corresponding linear chain
Ne,0.

21,56 At distances larger than Ne,0 along the ring contour
length the compressed conformation is expected. This is clearly
seen on the SANS data presented in the Figure 8. This finding

was considered as a clear signature of the theoretically predicted
elementary loops that build up the ring conformation.

The compressed conformation is described in terms of the real
space distances r between monomers i and j which relate to a
monomer random walk more compact than Gaussian with a
fractal dimension df
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= = . The second term in eq 3 arises

from the ring closure condition. The common exponentiation of
both terms bases on an investigation by Bensafi et al.111 For |i− j|
≤Ne,0 Gaussian statistics prevails and 1

2
= holds. We consider

a smooth crossover between both regimes and describe it by a
sum of Fermi functions of width νwidth centered atNe,0. Then the
ring form factor becomes
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where loc
1
2

= is the local chain expansion exponent and ν =
1/df the large-scale expansion exponent, l is a monomer length.

The solid lines in Figure 8 are the result of a joint fit of eqs 4
and 5 to the corrected SANS data. Thereby the length of the
Gaussian substructures Ne,0 was varied jointly for all ring sizes,

Figure 8. Kratky plot I(Q)Q2 vs Q of the SANS data obtained for the
rings of different sizes (10K: 10 kg/mol, 20K: 20 kg/mol, 40K: 40 kg/
mol, 100 K: 100 kg/mol). For better visibility the data are shifted
vertically by a factor of 2 with respect to each other. The vertical solid
line marks the position of the crossover between the fractal and
Gaussian regimes.
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while the other parameters: total intensity, fractal exponent ν and
monomer length l were varied independently. In addition, to
correct small mistakes in the background subtraction a flat
background was considered that turned out to be in the order of
10−3. With this approach a nearly perfect fit for all rings was
achieved. For the crucial size of the Gaussian substructures taken
as elementary loop size, we found Ne,0 = 45 ± 2.5. We note that
this result contradicts the assertion of Sakaue, who proposed a
topological mesh size that increase with N as N1/5. For the
investigated range of ringN a change ofNe,0 by a factor 1.5 would
have been expected, which can be safely excluded.

Other than extracted from numerous simulations that are
interpreted in terms of a crossover to mass fractal behavior with a
fractal dimension df = 3 and Rg ∼ N1/3around N ≅ 10−15Ne,0
such a crossover was not observed even for larger rings N ≅
44Ne,0. For the ring size, rather Rg ∼ N0.39 was found over the
entire size range in good agreement with the results of Obukhov
et al.91 (eq 1).

Using neutron scattering we were able to scrutinize the result
of Halverson et al. for large PEO rings up toN/Ne ≅ 44.56 As may
be seen in Figure 6 without any correction factors the normalized
simulation data follow very precisely the experimental results. As
directly found by the measured N-dependence of Rg for the
reduced chain lengthN/3Ne values (Ne =Ne,0) the experimental
points do not reach the asymptotic mass fractal regime and again
other than insinuated by Figure 6 the crossover appears to be
very broad.
3.2. Conformations of Ring-Linear Blends. One

intriguing scientific challenge is posed by blends of ring and
linear polymers. Blending rings with linear chains very strongly
affects both, the ring conformation and dynamics. The ring
conformations in a blend with linear chains at low ring
concentration assume a Gaussian shape that is very similar to
dilute rings in a θ-solvent.112

Because of specific topological interactions between rings and
linear chains the ring conformation changes, and diffusivity is
strongly reduced. Threading by linear chains leads to long-living
correlations between the different topological specimens. As a
consequence of topology, phase transition lines are shifted in the
sense that blending of rings with linear chains increases the
miscibility. Depending on concentration rings in a matrix of
linear chains are swelling. The degree of swelling depends on the
ring concentration, demonstrating a crossover from Gaussian
conformation to the pure ring globule. Interestingly, at high ring
concentration where the linear chains play a role of contaminant,
the ring structure is not changed, in contrast to dynamics and
rheological properties.
3.2.1. Theories and Simulations. Swelling of rings as a

consequence of their topology was first addressed by Moore and
Grosberg113 by simulation. Theoretical investigations of ring-
linear blends are limited to mean field and scaling theories.
Scaling arguments based on the blob model was applied by Iyer
et al., in order to describe the transition between swollen ring
conformation at low ring concentrations and compact behavior
for pure rings.114 In the dilute region the sizes of the components
are independent of the ring concentration or volume fraction ϕR.
Above the ring overlap volume fraction the size of the linear
component stays unchangedRg,l ∼ (1 − ϕR)0 and continues to be
independent of the ring concentration. However, the ring size
shrinks as Rg,r ∼ ϕR

−1/5 (Figure 9). The overlap concentration
between the two regimes scales withNr

−1/2 in agreement with the
scaling for linear chains: for the larger rings the overlap
concentration is smaller.

Using the bond fluctuation model (Monte Carlo simulations)
Iyer et al. confirmed the main results of scaling approach.114

Later the primitive path length and the average number of
entanglements between rings and linear components (thread-
ings) have been analyzed and were found to be independent of
the blend composition.115 In contrast, the primitive path length,
and the average number of entanglements on a ring molecule
increases approximately linearly with the fraction of linear
chains, and for largeN, they approached values comparable with
linear chains.

By using polymers of different topology, i.e., rings and linear
chains, the miscibility of polymer blends, a classical problem in
polymer science, is altered. Sakaue et al. considered the idea of a
topological free volume (TFV) as a basis for a mean field theory
to clarify how the topological constraints in ring polymers affect
the phase behavior of the blends.116 While a large enhancement
of miscibility is expected for ring-linear polymer blends, the
opposite trend toward demixing, albeit comparatively weak, is
predicted for ring−ring polymer blends. In the topological
volume model of Sakaue the conformation of linear chains and
rings up to the scale ofNe,0 is assumed to be Gaussian.26 At larger
scales, the rings get more compact and exhibit a tendency of
mutual segregation. The conventional Flory−Huggins theory
was adopted to represent the nontopological part of the free
energy. To elucidate the topological effects, the condition under
which Flory−Huggins-type approximations can be valid were
determined. The authors clarify various length scales relevant to
the polymer collapse and phase-separation in the ring-linear
blend and determine the conditions for Gaussian conformation.

Atomistic MD simulation results of Jeong and Douglas
obtained on polyethylene demonstrate significant swelling of the
rings arising from altered self-excluded volume interactions.99 A
corresponding shape change is qualitatively similar to dissolving
rings in a good solvent of small molecules. Calculating the
gyration radii tensor, the shape of the rings in the linear matrix
was found to be changed: going from more symmetric
conformation at large ring concentrations to more elongated
conformation at high concentration of linear chains.

On the basis of the atomistic MD of PEO Mavrantzas et al.
concluded that the presence of linear chains (even in small
amounts) can dramatically influence the underlying topological
structure of the blend.117 They pointed to strong and long-lived
topological interactions�threadings�in the ring−linear blends
which, however, leave the conformational properties of the linear

Figure 9. A log−log plot of the mean-squared radii of gyration of rings
(circles) and linear chains (triangles) for a blend of ring and linear
molecules withNr =Nl = 300 at different compositions. The last six data
points in the semidilute and concentrated region are used to fit the
straight line to Rr.

114 Reproduced with permission from ref 114.
Copyright 2007 American Chemical Society.
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melt practically unaffected. Overall, threading of ring chains by
linear molecules causes a dramatic reduction in the diffusivity
and orientational relaxation of rings rendering the system’s
overall dynamics highly heterogeneous that is reviewed in detail
in the chapter “Ring Dynamics”.

The dependence of the ring size vs volume fraction of the ring
ϕR in ring-linear blends Rg ∼ ϕR

−α was analyzed in work of Hagita
et al. by coarse-grained MD simulations.118 In particular, they
investigated the ring-size dependence of the exponent α and
ring−linear penetration for given ϕR analyzing the number of
linear chain penetrations per ring (nP). For the larger rings α =
−0.09 and for the smaller ones α = −0.06 was obtained. Since α
shows a dependence on the ring chain length, the results were
used to compare Rg with the experimental data of Iwamoto et
al.119 At least for the larger rings the results agreed. On the basis
of the analysis of nP the author stated that the penetration of
linear chains into the ring polymer is enhanced by a decrease of
ϕR.

Very recently Grest et al. studied the entropic mixing of ring−
linear polymer blends.120 In the case identical monomers for
both components they found a strongly negative Flory−Huggins
parameter χF,RL that promotes ring-linear mixing. They also
noted that the topological enthropy of mixing does not scale with
the chain length χF,RL ∼ − 1/N, but rather with the elementary
loop length χF,RL ∼ − 1/Ne,0 resulting in a very strong
compatibilization effect.
3.2.2. Experiments. Using SANS, Kobayashi et al. studied

conformation and miscibility of highly purified hydrogenous ring
poly(4-trimethylsilylstyrene) (h-PT) and deuterated ring
polyisoprene (d-PI) samples as well as their linear counterparts
and their blends.48 At 50/50 vol % concentration of the
hydrogenated and deuterated components the authors find that
in the low Q regime the scattering profiles of ring−ring blend
exhibit much higher scattering intensity than linear−linear and
ring−linear blends, while the latter two show similar profiles. On
the basis of the miscibility analysis at a given temperature the
concentration fluctuations are largest for the ring−ring blend
and rather similar for the ring−linear and linear−linear blends.
This indicates for the ring−ring blend a proximity of a phase
transition which is not evident for the other two blends.

Recently we found that the ring radius of gyration Rg shrinks
with increasing ring fraction and nearly reaches the Rg of the ring
melt at a volume fraction of ϕR = 0.5.110 At the same time the
fractal dimension df, which is close to a Gaussian conformation at
low ϕR, increases to the value of the ring melt. Aside from very
short matrices the ring size is independent from the host length.
Following a random phase approximation (RPA) treatment, the
effective Flory−Huggins parameter (χF,RL) is negative and
independent of ϕR, signifying ring-linear attraction that leads to
ring−ring repulsion. χF,RL decreases with decreasing ring size,
which might relate to the decreasing possibility of threading
events, when the ring size becomes smaller. The ϕR dependent
data at low Q before the Porod scattering Q−4 regime display a
Q−2 intensity regime, the intensity of which increases propor-
tional with ϕR. The origin of thisQ−2 contribution is not clear but
may relate to critical fluctuations or microphase separation
induced by a nonlocal positive contribution to χF,RL. The
experimental results fit well into the general picture that mainly
bases on simulations, even though in detail quantitative
differences are obvious. Finally, these results are in qualitative
agreement with earlier studies on PS ring-linear blends.
3.3. Perspectives: RingConformations. It has been stated

experimentally and confirmed by simulations that the con-

formation of ring macromolecules in the pure ring melt is more
compact than that of linear counterparts. This is a consequence
of the topological constraints acting on nonconcatenated rings
leading to conformational self-similarity on scales beyond the
elementary loop size. The ring polymer is built by elementary
loops−characterized by Gaussian statistics, as stated by theories,
and supported by simulations and scattering experiments on
different synthetic polymers. However, the larger scale effect of
double-folded conformations described by theories has never
been observed experimentally. Some simulation works report the
“double-folded” conformations of the ring polymers.76 The
others do not find an indication of the tree-like structures.15,117

In the respective calculation of Halverson et al. the directional
distribution of vectors along the chain was investigated reaching
out to different spatial volumes.15 For all distances up to a
distance 2⟨Rg

2(Ne,0)⟩1/2 the vectors assumed random orienta-
tions confirming that rings in the melt are not double stranded.
Such a finding casts severe doubt on approaches which are based
on lattice animal arguments. As mentioned in ref 121, double-
folded conformations of rings in the melt are rather questionable
and may be an artifact of very long relaxation times of such
structures. In light of these results, the question needs to be
posed, whether the tree structures found in simulations relate to
the initial double folded structures that are imposed as the
starting conformations. One may have to rethink, how to
construct “by first-principles” equilibrated solutions of ring
polymers not based on double-folded conformations. Exper-
imental works on the ring conformation should focus on an
analysis the data in terms of tree-like “double-folded” structures.

Another interesting direction is related to the topological glass
state in ring melts and their blends found by theory and
simulations. The role of the mixing entropy as a function of a ring
loop size and ring dimension is another aspect of the physical
properties of ring-linear blends.

In general, theoretical investigations mainly focus on the
description of flexible ring polymers that may not be correct for
the locally stiff DNA-like polymers or some synthetic polymers
with certain segmental stiffness.122,123 Deviations from the
Gaussian conformational statistics on the chain or subchain level
would result in additional topological constraints. The question
of local chain stiffness was considered by Sakaue.93 He predicted
that the crossover to compact statistics R ∼ N1/3 (fractal
behavior) decreases sharply with increasing stiffness, meaning
that the topological effects are even more important for worm-
like ring chains such as DNA. Coarse-grained simulations of
Stano et al. demonstrate lower mixing energies for rings with
increasing bending stiffness, in contrast to their linear counter-
parts, which are known to demix into two phases.124 Flexible and
stiff rings demonstrate quite different threading behavior:
Flexible rings pierce the surface of the other ring several times
but only shallowly, as compared to the stiff rings which pierce less
frequently but deeply. This demonstrates the conditions for the
threading mechanisms essentially change with the ring stiffness.
Systematic experimental investigations of the increased ring
stiffness on the conformational properties accompanied by
topological phase investigation are missing. They could transfer
the problem in the direction of biology.

4. RING DYNAMICS
4.1. Theory and Simulations. Early works considered the

conformation and motion of polymer rings through an array of
fixed obstacles. The DFLA model92 proposed an analogy to
randomly branched polymers�the lattice tree model, where
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relaxation occurs by the retraction of double folded strands
leading to a terminal relaxation time τd ∼ N3 with N being the
number of monomers, fractal dimension of df = 4 and a COM
diffusion D ∼ N−2. Later, the model was refined correcting the
terminal time to τd ∼ N2.5. In this work Grosberg dismissed the
unrealistic limiting fractal dimension of the DFLA model and
considered a skeleton lattice tree that branches randomly at an
entanglement spacing dtube = lNe,0

1/2, resulting in a fractal
dimension of the backbone or trunk of the lattice tree of db = 5/3,
the statistics of a self-avoiding random walk.125

For the dynamics of this self-similar structure, Grosberg
derived τd ≈ τe(N/Ne,0)2.56, where τe is the entanglement time.18

The self-consistent FLG model conjecturing that the overlap
of loops is limited by an overlap criterion, similar to that for linear
melts, also leads to a limiting fractal dimension of df = 3.95 As the
FLG model has been thoroughly studied experimentally, we
discuss this model in some detail. An important observation in
establishing this model was that in a melt of rings, the topological
constraints are diluting with the progressing time, because with
time loops of increasing sizes are relaxed and cease to be
obstacles in a similar way as tube dilation occurs, e.g., in
polydisperse linear melts.4,126,127 The time scale is set by the time
a loop of a given size has traveled over its own size defining,
thereby, the effective time-dependent tube diameter

d g t r g r g t( , ) ( ) ( , )e
2 1/2

com
2 1/2= = (6)

where re is the diameter of a loop containing g monomers and
Δrcom

2 is the mean squared displacement of the loop COM. The
equation holds for complete tube dilation, which is supported by
MD-simulations.98 For df = 3, the time-dependent tube diameter
becomes d(g,t) ≅ d0[g(t)/Ne,0]1/3 and d(Ne,0, τe) = d0. The FLG
model, assuming complete tube dilation, is also termed self-
consistent FLG model and leads to
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For the COM diffusion constant the model predicts
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with DR,e = dtube
2 /τe being the Rouse diffusion coefficient of one

elementary loop. Without tube dilation in the naiv̈e FLG model,

the terminal time is
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. Self-similar relaxation implies

that any section of the ring larger than Ne,0 relaxes in the same
way as the whole ring; thus, the FLG model for a mode “p” leads
to
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and correspondingly, for the naiv̈e FLG modelÄ
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. Given this property, we call the scaling

models also spectral models and the exponents spectral
exponents. On the basis of the experimentally determined fractal
ring dimensions of the PEO rings df = 1/ν21 with small variations

owed to slightly different ν, for the spectral exponents, the
models predict: FLG: 2.45; DFLA: 2.5; Grosberg: 2.75; naiv̈e
FLG: 2.9.

Aside from theoretical modeling, a significant number of MD
simulations is available. Using coarse grained models, the largest
MD simulation effort so far is due to Halverson et al., where rings
up to 57Ne,0 were simulated.128 In disagreement to the
predictions of the scaling models, for ring COM diffusion, they
found Dcom ∼ N−2.3. Furthermore, the N-dependencies of the
ring and linear counterparts were found equal, with the prefactor
for ring diffusion about seven times larger than that for linear
chains. In agreement with theoretical predictions, for early
diffusion, the simulation revealed subdiffusive behavior ⟨rcom

2 (t)⟩
∼ t0.75 up to times and distances of about two to three times Rg.
The internal rearrangements of longer rings were found to occur
much faster than the time it takes to diffuse over their own size.
But, alternatively, the t1/4 regime in the segment self-correlation
function extends to two to three times of Rg; there exists no
second t1/2 regime as for linear chains.1 The rings were found to
relax stress much faster than linear polymers, and the zero-shear
viscosity was observed to vary as η0 ∼ N2.2±0.3 which is weaker
than the N3.4 behavior of linear chains, but stronger than that of
commonly known models for polymer dynamics.129

Atomistic simulations on large PEO rings on 10 kg/mol and
20 kg/mol samples were analyzed in terms of Rouse modes that
were found to provide an orthogonal basis also for rings.130 The
analysis in terms of Rouse modes revealed that the power law
exponent for the Rouse spectrum τp ∼ p2 did not change even for
the largest ring, while the Rouse amplitudes were diminishing for
low p. Very recently, Wong and Choi in terms of a united atom
model presented MD-simulation for PE rings in connection with
the PRISM theory, where aside from normal Fickian diffusion, a
short time regime with ⟨rcom

2 (t)⟩ ∼ t0.42 was observed.131

Finally, Michieletto and Sakaue reported a “dynamical
entanglement analysis” (DEA) with the aim to extract spatial
and temporal entanglement structures from the pairwise
displacement correlation of the entangled chains. Applying this
method to large-scale molecular dynamics simulations of linear
and unknotted, nonconcatenated ring polymers, they found
strong cooperative dynamics.132

4.2. Threading Phenomena. Rings tend to interpenetrate
each other, a mechanism called threading. Such threadings are
believed to strongly affect the dynamics, as their relaxation might
become much slower than the longest ring internal relaxation.
One important manifestation of this phenomenon is observed
for the dynamic modulus of ring melts. The self-similar models
predict a power relaxation133 as
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where τd is the longest internal relaxation time. Figure 10 displays
results from polyisoprene (PI) and PS ring melts.

Even though there is a very good agreement between
theoretical predictions, simulations and experimental results in
the power law regime, severe deviations are present at longer
times. Clearly the single exponential decay predicted by theory is
not present�the relaxation processes extend to much longer
times. Such long-time relaxation processes might be related to
small amounts of linear contaminants and/or ring−ring
threading.

In order to clarify the role of threadings, Tsalikis et al. have
performed a geometrical analysis of atomistic simulation data of
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monodisperse PEO rings.23 The analysis involved three steps:
(1) The ensembles were reduced to coarse-grained paths; then
(2) the resulting three-dimensional polygons were triangulated;
and finally, (3) the interpenetrations were identified by vector
calculus, thereby, locating ring−ring threading events and
quantifying their strength and survival times. Figure 11 displays
such a threading event identified for the 10 kg/mol PEO melt.

The simulations reveal single and multiple threading events,
which appear to dominate at least for the largest ring. The
amount of multiple threadings was found to increase linearly
with ring size. For the larger rings the lifetime of these threadings
were observed to extend up to several times the longest ring
internal relaxation time.

Smrek et al. investigated the effect of threading phenomena in
the context of the randomly branching tree model that bases on

double folded structures. This model describes unconcatenated
ring polymers in concentrated solutions and melt remarkably
well. However, the tree model does not comprise the significant
interpenetration of adjacent rings in the form of long-lived
topological constraints or threadings. In order to better
understand the occurrence of such threadings the authors
employed a minimal surface concept.24 As illustrated in Figure
12, in this model rings are considered as threaded if their minimal
surface is crossed by another ring.

The authors show that tree models are incomplete as they
underestimate the amount of threading. The relaxation of
threadings take the form of a power law and the connected time
scales match those of COM diffusion and are substantially longer
than the internal relaxation.

Also Ubertini et al.96 investigated the apparent contradiction
between the view of rings as double folded structures in the melt
state and the phenomenon of ring threading. While simulations
appear to support the tree picture on a single ring level, in
particular dynamic studies show that rings thread each other, a
feature not present in the tree theories. Using Monte Carlo
simulations of ring melts with different bending rigidities the
simulations show that rings are double-folded on the scale of the
entanglement length Ne,0, while the threadings are localized on
smaller scales. However, as discussed in the section 3.3, double-
folded structures appear not to exist in ring melts.
4.3. Experimental Observations on the Scale of the

Ring−Neutron Scattering. As a result of the difficulties to
synthesize well-defined large ring polymers with fast enough
local dynamics to be observed by quasi-elastic neutron scattering
techniques (QENS), only recently reports are found in the
literature. These techniques are limited to relaxation times faster
than 500 to 1000 ns (Neutron Spin Echo, NSE). First NSE
experiments were reported by Bras et al.,134 who compared the
dynamics of a Mw = 2 kg/mol PEO ring with its linear
counterpart. The COM diffusion as compared to the linear
polymer was found to be significantly faster than expected. While
the smaller Rg and the lower viscosity of the rings are in
quantitative agreement with the Rouse theory, the much faster

Figure 10. Stress relaxation modulus for PI and PS rings at T− Tg = 65
°C:PI 81 kg/mol (blue triangle); PI 38 kg/mol (red square); PS 198 kg/
mol (black diamond); PS 160 kg/mol (black square). The stars and the
crosses are from molecular dynamic simulations on coarse-grained
bead−spring rings with Z≈ 3.6 and 14.4. The blue and the red lines are
model predictions for PI 81 kg/mol and 38 kg/mol, respectively. The
dash-dotted line is the relaxation modulus for the PI 81 kg/mol linear
polymer, exhibiting an entanglement plateau. The Rouse time for
entanglements, τe, of the linear PI 81 kg/mol is also depicted for
reference. Inset: Scaled version of the same plot, without the linear
polymer data for clarity.129 Reproduced with permission from ref 129.
Copyright 2013 American Chemical Society.

Figure 11. Snapshot from the geometric analysis of the 10 kg/mol PEO
melt, demonstrating the threading of a ring PEO molecule (represented
by the sequence of yellow beads and strands) by another ring molecule
(represented by the sequence of green beads and strands), after the
reduction of the corresponding atomistic chains to primitive paths.23

Reproduced with permission from ref 23. Copyright 2016 American
Chemical Society.

Figure 12. Top: Minimal surfaces of a pair of close-by rings modeled as
double-folded polymers on interacting branched primitive trees (IBP
model). Bottom: Schematic representation of one ring (black and gray)
penetrating the minimal surface of another ring (orange) of total
contour length Lc and Ltdi

is the contour length of subchain i penetrating
the second ring. In this example, four surface penetrations split the
penetrating ring into the segment pairs (Ltd1

, Ltd3
) and (Ltd2

, Ltd4
) which are

on opposite sides of the surface this defines the separation length, Lsep,
and its complementary, Lc − Lsep.

24 Reproduced with permission from
ref 24. Copyright 2019 American Chemical Society.
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diffusion demonstrates an obvious violation of this model. The
COM diffusion is clearly not solely determined by segmental
friction and the number of segments as predicted in the Rouse
model. In contrary it shows an unexpected dependency on the
architecture.

In 2014 the same group studied the dynamics of PEO rings of a
molecular weight amounting to 2.5 Ne = 5 kg/mol.135 Among
others in a surprising analogy to the cage effect known from
glassy dynamics, the NSE experiments revealed pronounced
non-Gaussian (NG) behavior of the COM diffusion. Correcting
for the Gaussian approximation for S(Q, t) to first order NG
effects are described in terms of a fourth order contribution inQ:
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with α(t) the NG-parameter. Figure 13 displays α(t), as obtained
from the experimental data. Comparing with results from
molecular glass formers the shape of α(t) is a typical result of a
cage effect.

With the increasing capabilities of ring polymer synthesis,
recently very large rings in terms ofN/Ne,0 < 45 became available
allowing at test of the different scaling models for the self-similar
ring dynamics.21,30,56,135,136 Altogether the dynamics of 4
different well characterized PEO ring melts with 5 ≤ N/Ne,0 ≤
44 were studied. Figure 14a presents the COM MSD for the 2
smallest rings (10 kg/mol ≡ R10 and 20 kg/mol ≡ R20); they
were derived from the dynamic structure factor as
r t S Q t( ) ln ( , )

Qcom
2 6

2= [ ]. Figure 14b demonstrates the

molecular weight dependence of the ring Fickian diffusion
coefficient.

Figure 14a displays the 3 dynamic regimes for the COM
diffusion: at early times the COM MSD is strongly subdiffusive
with an exponent that decreases with increasing ring size. At ⟨r12⟩
it crosses over to the theoretically predicted t0.75 regime. Finally,
at ⟨r22⟩ the Fickian regime is approached. For R10, where the
second crossover could be observed directly, we have ⟨r12⟩/Rg

2 ≅
2.6 in very good agreement with Halverson’s simulation. From
the ratio of the values for ⟨r12⟩, which was found to be very close to
the ratio of the respective radii of gyration, it was concluded that
the first crossover might relate to cooperative dynamics resulting
from the correlation hole as predicted by Guenza for linear

polymers.137 From Figure 14b we observe that the Fickian
diffusion coefficients as a function of ring size follow a very
similar power law as that for their linear counterparts in good
agreement with simulation and the topological free volume
theory of Sakaue. However, the result disagrees with the
predictions from the scaling models that always predict power
law exponents less than 2 (see eq 8)

At scales below the elementary loop size the internal dynamics
is well described by ring Rouse motion. As may be seen from
Figure 15 at larger scales the dynamics is self-similar and follows
very well the predictions of the scaling models with preference
for the FLG model.

We note that over the full time regime up to the longest times
the spectra perfectly agree with the scaling model with no sign of
any retardation that might be related to threading events.

The segmental MSD may be directly studied by incoherent
neutron scattering, which measures the self-correlation function
of the protons. In this case, the structure factor arising from the
self-correlation function has the form:
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where ⟨r2(t)⟩ is the average MSD of a monomer containing both
motion by intra chain relaxation as well by translational COM
diffusion and A(Q) is the Debye−Waller factor. Figure 16
displays the ⟨r2(t)⟩ for the 100 kg/mol ring (R100) and its linear
counterpart L100, that following eq 12 were evaluated from the
incoherent spectra.

As predicted by the Rouse model, initially the MSD follows a
t1/2 power law. Then, for the linear chain at a crossover time τself

≅ 8 ns, the power law weakens and changes to a time dependence
compatible with t1/4 power law, which is expected for local
reptation. While for the linear chain the crossover to local
reptation is evident, for the ring, the relative slowing down of the
MSD appears to be somewhat less pronounced and takes place at
a later time (13.5 ns). Finally, Figure 17 displays the results for
the R100 ring in the context of the overall picture of ring
dynamics, as it was derived on the basis of the coherent scattering
explained above. Using the model parameters obtained from the
spectral fit, the predictions for the MSD due to translational and
internal motion are estimated up to times in the order of 106 ns,
where Fickian diffusion takes over. The red dashed-dotted line
presents the segmental MSD, while the green solid line marks the
COM MSD. Both add to the solid blue line describing the total
MSD of a segment that is observed by the incoherent
experiment. It is very satisfying to find the excellent agreement
between the data for the self-correlation function obtained in an
independent experiment with the prediction based on the
coherent scattering data underlining the consistency of the data
evaluation.

Finally, measuring the self-correlation function by incoherent
scattering, the dynamics on the segmental level for PDMS rings
was investigated by Arrighi et al.138 For linear PDMS see also.139

Having available only small rings of a size up to about 2Ne,0, the
focus was on the effect of ring closure on the segmental dynamics
by a comparison with linear counter parts. First of all, the results
show, that the rather prominent CH3 group rotation is not
affected by the ring topology. For the smaller rings the data reveal
that the segmental relaxation times for rings are always longer
than those of the corresponding linear polymers. Partly this
relates to the presence of chain ends that are not existing for
rings. However, as the authors show, for small rings missing chain

Figure 13. Non-Gaussian parameter α(t) as obtained from the NSE
spectra due to COM motion. The points result from a point-by-point
analysis of the spectra at differentQ; the solid line is obtained from a fit
of the data with eq 11.135 Reproduced with permission from ref 135.
Copyright 2014 The Royal Society of Chemistry.
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ends alone cannot explain the rather important slow-down of
relaxation. As the local relaxation takes place through rotational
transitions around the main chain bonds, apparently ring closure
for small rings imposes constraints for these transitions. With
increasing molecular weight the relaxation times of rings and
linear polymers approach each other�the constraints cease to
exist.
4.4. Challenges for the Future: Pure Ring Dynamics.

We have presented self-similar scaling approaches that are
proposed to capture the dynamics of ring melts. These models
were refined several times to culminate in the self-consistent
FLG model of Rubinstein. These models were thoroughly
investigated by NSE that covers the proper time and length
scales. The data analysis showed that the data are in best
agreement with the FLG model. The study of the rheology of
large rings displayed a power law regime as predicted by the
scaling theories. However, the longtime cut off ofG(t) was found
to be much broader than expected from self-similar dynamics.

These finding triggered simulations searching for long living
inter ring threadings, which were evidenced in large atomistic
MD simulations. Similarly, the translational diffusion exhibits a
much stronger dependence on molecular size than predicted by
scaling models. Finally, also the double-folded conformations
displayed by simulations are not established yet. With this state
of the art a number of open questions need to be solved in the
future:

• In view of contradicting simulation results, double-folded
conformations of rings in the melt are rather questionable
and may be an artifact of very long relaxation times of such
structures. Considering these results, the question needs
to be posed, whether the tree structures found in
simulations relate to the initial double folded structures
that are imposed as the starting conformations. One may
have to rethink how to construct “by first-principles”
equilibrated solutions of ring polymers not based on
double-folded conformations.121

Figure 14. (a) COM MSD as evaluated directly from the measured dynamic structure factors for 10 kg/mol (R10, upper red) and 20 kg/mol (R20,
bottom blue). Red crossed squares, open and filled circles correspond toQ = 0.3, 0.5, and 0.8 nm−1 for R10; blue filled and open circles relate toQ = 0.3,
0.5 nm−1 for R20. The horizontal lines mark the different crossovers ⟨r12⟩ and ⟨r22⟩. Dashed black line shows the MSD extrapolated from the PFG-NMR
diffusivity measured for R10 ring. (b) PFG-NMR results for the diffusion constants of rings in the melt (upper red squares) as a function of chain length.
Bottom black squares show diffusion coefficients for corresponding linear PEO melts.56 Reproduced with permission from ref 56. Copyright 2021 AIP
Publishing.

Figure 15.NSE-spectra addressing the intra ring pair correlation function (a) from the 40 kg/mol ≡ R40 melt and (b) from 100 kg/mol ≡ R100 melt;
the Q-values from above are 0.42, 0.49, 0.55, 0.69, 0.78, 0.86, 1.1, 1.2, 1.3 nm−1. The solid lines present the best joint fit using the self-similar scaling
model. The inset displays the mean squared error χ2 from the combined fit of the R40 and R100 rings as a function of the spectral exponent μ. The errors
indicate the expectations from the different scaling models.22 Reproduced with permission from ref 22. Copyright 2020 American Physical Society.
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• The degree of cooperativity of motion is another very
interesting issue: Using a novel dynamical entanglement
analysis (DEA) Michieletto and Sakaue opened the way to
quantitatively study dynamic correlations between pairs of
polymers albeit rings on the level of diffusion.132 In the
future it would be interesting to study such cooperativity
on the monomer or even better on the level of
entanglement strands. The observed long and spatially
extended cooperativity using DEA and the notion of
entrainment may explain the discrepancies of rheology
experiments with theories for linear129 and ring17

polymers and their long subdiffusive regime compared

with their self-diffusion time. The experimentally
observed 3 diffusive regimes with strong subdiffusivity at
early times was tentatively related to a correlation hole
effect, a deeper theoretical foundation is still missing.22

• The molecular weight dependence of ring melt viscosity η
∼ N2.2±0.3 identified in recent experiments is stronger129

than both molecular dynamics simulation results128 and
various scaling model predictions. This discrepancy is
likely due to minute contaminants of linear polymers in a
ring melt, which enhance the melt viscosity with respect to
that of pure rings. More systematic purification and
characterization of ring polymers are needed to investigate
the long time “foot” in the stress relaxation function and to
obtain a more accurate estimate of the molecular weight
dependence of pure ring melt viscosity.

• NG dynamics has been identified experimentally for rings
with N/Ne,0 = 1 and N/Ne,0 = 2.5 that show a time
dependent NG-parameter related to a cage effect well-
known for glass forming liquids. For the small ring with an
Mw corresponding to the elementary loop size, the
decaging time determined at the peak position αmax of
α(t) directly relates to the decorrelation time for COM
diffusion. For the larger ring the decaging time (30 ns) was
found to be a factor of 4 shorter than the diffusion
decorrelation time (125 ns). With the first p = 2 internal
mode suppressed, the first active mode p= 4 also is a factor
of 4 faster than the nonactive first mode. Could it be that
the caging relates to the elementary loop size and not to
the full molecule?

• Finally on the segment level for small PDMS rings a
retardation of the segmental relaxation time compared to
the linear counterpart was observed. Beyond the
correction for free ends, this essential intramolecular
process seems to be affected by the closure constraint in
ring molecules which slows down the segmental
relaxation. The smaller the ring, the more pronounced is
this effect. It remains to be seen, whether this is a feature of
the PDMS samples is applicable to other ring systems such
as PEO rings.

4.5. Ring−Linear Blends. Blends of ring and linear
polymers pose fascinating challenges. While in such blends the
dynamics of linear chains is hardly affected, minute concen-
trations of linear chains have a large effect on ring rheology.17

Early investigations on the dynamics of ring linear blends
focused on the diffusion of the constituents. Very instructive
experimental results were reported by the Kramers group140 on
blends of dilute PS rings in linear matrices. The authors observed
a strong slowing down of ring diffusion with increasing host
molecular weight as well as for increasing ring size in identical
matrices. The experimental results were discussed in terms of
three basic diffusion mechanisms: (i) small rings are not
confined by entanglements and perform Rouse type diffusion;
(ii) among the rings threaded by host molecules, once threaded
species are thought to move following the contour of the long
linear chain; and (iii) finally multiple threaded rings diffuse by
constraint release by the linear host.

Also, early rheological results were reported in the late eighties
and nineties of the last century.141,142 Larger efforts started in the
late 2000s. In 2008 Subramanian and Shanbhag used a lattice
model to estimate the self-diffusivity of entangled ring-linear
blend in various compositions.115 To interpret simulation
results, they proposed a constraint release (CR) model for the

Figure 16. Segmental MSD derived from the incoherent spectra from
the R100 ring. The lines present the limiting power laws for Rouse
motion (t1/2) and local reptation (t1/4) and an empirical power law for
rings.56 Reproduced with permission from ref 56. Copyright 2021 AIP
Publishing.

Figure 17. Comparison of the segmental MSD for the R100 ring,
directly obtained from the self-correlation function (incoherent
scattering) (symbols). The solid blue line presents MSD calculated
from the best fit of the pair correlation function. Dashed horizontal lines
show the ⟨r12⟩ and ⟨r22⟩. The solid green line represents the COM MSD
and the red dashed-dotted line is the segmental MSD. The black solid
lines demonstrate power laws as indicated in the figure, the vertical lines
τe, τring = τd indicate the loop Rouse time or entanglement time and
longest relaxation time of the ring, respectively. The figure extends the
time range showing the predicted full dynamic regime based on the
obtained fit parameters.22 Reproduced with permission from ref 22.
Copyright 2020 American Physical Society.
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diffusion of a ring polymer threaded by linear chains, which
propounds that CR processes enacted by the linear component
progress in series. In a large scale simulation Halverson et al.
investigated the structure, dynamics and rheology of ring-linear
blends up to 14 entanglements.16 In qualitative agreement with
Kapnistos et al.17 they found that small amounts of linear chains
in a ring melt affect the ring melt viscosity at a concentration well
below their overlap concentration. Ring diffusion is found to
decrease with increasing fraction of linear chains. Above about
the overlap concentration of linear chains ring diffusivity is
strongly reduced. A 50/50 blend ring diffusion was observed to
be slowed down by a factor of about 75 compared to the pure ring
melt. However, the linear chains are hardly affected.

By PFG-NMR Kruteva et al. investigated the diffusion of
differently sized PEO rings in linear PEO matrices of various
molecular weights that revealed the astonishing result of two
distinctly different diffusion modes for larger rings in entangled
linear hosts: (i) fast diffusion that depends inversely on the host
chain length and (ii) much slower diffusion depending much
more strongly on the host molecular weight.29 In contrast, the
diffusion coefficient for a ring with a Mw corresponding to the
entanglement length Ne in entangled hosts does not depend on
the host size. Figure 18 displays an overview of the observed
diffusion coefficients for rings of differentMw as a function of the
host size.

The observations of two well-separated diffusion modes
contradict simulation results that all find a broad distribution of
heterogeneities compatible with a CR picture with no further
evidence of a fast mode.28,117,143 The observed two-mode
structure supports the hypothesis of qualitatively different
possibilities for the rings to diffuse. Quantifying the scaling

predictions, the authors find that the fast mode quantitatively
agrees with the assertion of a diffusion mode for once threaded
rings140

D D
N

N N
8

15R1 0
e

R L (13)

with D k T
0

B= where ξ denotes the monomeric friction. The
suggestion of unthreaded rings undergoing reptation in the tubes
provided by the host could not be supported. For the slow mode,
different predictions are presented in the literature. From Figure
18 it is evident that diffusion by a conventional CR process
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without any adjustable parameter the slow mode was shown to
nearly quantitative agree with this approach. In eq 14 Drep
denotes the reptation diffusion coefficient of the linear host,
which was measured independently. We note that with this
approach also theMw-dependence of the matrix diffusion may be
described naturally. Finally, the two well-defined significantly
different diffusive modes with characteristic times in the
millisecond range would be expected to interchange. However,
a detailed analysis in terms of a two-state diffusion model
allowing for state changes clearly shows that within the
experimental sensitivity of several seconds no such exchanges
take place.145,146

Scrutinizing Kruteva’s observations by atomistic MD-
simulations Tsalikis and Mavrantzas showed that ring diffusivity
is governed by the rate with which threadings are created and
released and hypothesized that ring−linear threadings are the
key mechanism governing dynamic behavior of ring−linear
polymer blends.147 These threadings, which in most cases are
multiple threadings, cause rings to swell considerably and to
move slower compared to their own melt. Concerning the
diffusion of rings in short linear host or the diffusion of small
rings in long entangled hosts the MD-results are in qualitative
and quantitative agreement with the PFG-NMR data. However,
the simulations do not reproduce the observation of two well
separated diffusive modes for large rings in strongly entangled
linear melts. Finally, we note that presently no good theoretical
explanation for the fast diffusion exists. Further studies on
different polymer systems would be desirable.

Also, in a very recent dynamic Monte Carlo (MC) study using
the bond fluctuation model148 the authors investigated the
diffusion of differently sized rings in a linear host of different
length.149 As the NMR and the MD simulations above for small
rings the diffusion coefficient was found to be independent of the
linear host length. For large rings the authors found a self-
diffusion scaling with an exponent between −1 and −1.5,
indicating a scaling behavior similar to the intermediate 5K ring
in the NMR study (see green line in Figure 18). The case of large
rings in long linear melts apparently was not touched.

Similar to the study on ring melts, Tsalikis and Mavrantzas
investigated ring linear threading events by an atomistic MD-
simulation on PEO ring−linear blends in terms of a geometrical
analysis.28 The simulations have been conducted using ring−
linear PEO blends of the same size, over a series of molecular

Figure 18. COM diffusion coefficients of different rings as a function of
molecular weight of the host: dashed red line, matrix independent
diffusion of the 2 kg/mol ring; full black line, power law behavior of
linear chain diffusionDCOM ∼N−2.4; solid blue line, slow diffusion mode
for the 20 kg/mol ring, dashed black line, prediction for the reptation
diffusion of a flat 20 kg/mol ring in the tube provided by the matrix;
dashed-dotted blue line, prediction for diffusion of a once threaded 20
kg/mol ring; dashed blue line, prediction for diffusion by constraint
release of a 20 kg/mol ring.29 Reproduced with permission from ref 29.
Copyright 2017 American Chemical Society.
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lengths and compositions. The simulations reveal the occurrence
of multiple threading events. The lifetime of these threadings
were found to be up to 10 times longer than the longest ring
relaxation time in its own melt. Figure 19 displays the

distribution of lifetimes for ring-linear threadings in a symmetric
10K PEO blend for 3 different concentrations of linear chains,
clearly revealing exceptionally long ring retardations by the
threading events.

Subsequently, the case of a small number of PEO rings in a
linear PEO melt was investigated.143 For these conditions they
found that the internal ring dynamics is slaved for longer host
linear chains, while in unentangled linear chains, the rings exhibit
a Rouse-like dynamics that is faster than the internal dynamics in
its own melt. In blends with long, entangled linear chains, the
ring dynamics is strongly altered. Its dynamic structure factor
S(Q, t) exhibits a steep initial decay up to times on the order of
the entanglement time τe of the linear host, then for t > τe S(Q, t)
becomes practically time-independent approaching Q-depend-
ent plateau values consistent with a neutron spin echo
spectroscopy study by Gooßen et al.136

Parisi et al. investigated the stress relaxation and zero shear
viscosity of symmetric ring-linear blends for ring volume
fractions up to ϕR = 0.3.150 Even though in their own melts
rings display a lower viscosity compared to the linear
counterpart, in the blends the with increasing ring fraction the
viscosity increases above that of the pure linear melt. The
phenomenon is believed to origin from ring linear threadings
that experience longer lifetimes than the terminal time in the
corresponding pure linear melt�the blend can only relax by CR
of the threading linear chains. The authors extend the theory by
Rubinstein and Colby for CR in linear blends considering the
additional contribution from CR processes liberating the rings.
The model predicts that the relative viscosity at ring overlap
increases in proportion with the square root of the ring mass:
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This result demonstrates the possibility to tune linear polymer
processing condition in adding a fraction of polymer rings.

By coarse grained MD simulation O’Connor et al. investigated
the entanglement topology and extensional rheology of
symmetric ring-linear blends across the full composition
range.151 The authors use primitive path analysis, to visualize
the structure of the composite entanglement network. While
linear chain diffusivity displays little sensitivity toward blending,
as ϕR decreases ring polymers become heavily threaded by linear
chains and eventually are embedded in the linear entanglement
network. In this way rings swell by up to 20% and the ring
diffusion is reduced by 2 orders of magnitude relative to the pure
ring melt.

Finally, by MD simulation and dielectric spectroscopy Mo et
al. studied topological effects on the local concentration ϕeff of
segments around a probe segment in linear−linear, ring−linear
and ring−ring blends.149 For linear blends the Lodge−McLeish
self-concentration model is supported, while in ring−ring blends
chain back bending increases ϕeff compared to the linear case. In
ring−linear blends the strong penetration of rings by linear
chains recovers the case of linear blends. These results are
supported by dielectric studies on miscible PS/PVME blends of
different architecture.
4.6. Challenges for the Future: Ring−Linear Blends.

The dynamics of ring−linear blends have been by far less
investigated compared to pure ring melts. The available dynamic
studies to a significant amount focused on rheological and
diffusional properties in such blends. For large enough rings
diffusion of rings in such blends is governed by ring−linear
threadings. The interpenetration of linear chains into the ring
leads to long living constraints that restrain ring mobility. Such
threadings were characterized by geometrical analysis displaying
a large distribution of threading amounts and lifetimes. Diffusion
is thought to take place via constraint release processes, where
the multiply treading chains must leave the ring contour. Other
than expected large rings immersed in long entangled linear hosts
appear to show two distinct diffusion modes. Apart from one
study136 the internal segmental dynamics of rings in linear melts
has not been touched. Concerning rheological properties
blending linear melts with ring seems to be a novel path to
tune linear�as well as nonlinear rheological properties.

Starting with the segmental dynamics of rings in the blend, a
thorough investigation across the full volume fraction regime on
large rings in long entangled linear hosts needs to be performed.
Such investigations will provide insight on the multiple
interactions of the threaded ring with the interpenetrating linear
chains.

On the side of simulation most of the blend systems were
symmetric looking on ring-linear systems of identical molecular
weights. As the PFG-NMR studies on asymmetric blends
revealed, novel phenomena might be found in simulations of
such systems.

The mystery of the two diffusive modes in long chain ring−
linear blends needs to be lifted. It would be important to
investigate a chemically different ring−linear system, to proof the
generic character of the two diffusion modes. Do simulations
miss the two-mode structure because the investigated systems
are not large enough?

As recently found in simulations, both linear viscoelasticity
and nonlinear rheological properties are very complex and might
bear surprises for the future. For example, the coupling of ring−
linear topologies leads to an intermediate maximum of the zero
shear viscosity as a function of ring volume fraction151 or under
elongational flow a strong stress overshoot is predicted. The

Figure 19. Distribution of lifetimes of ring linear threadings within a
symmetric ring-linear blend of 10K PEO for 3 different concentrations
of the ring polymers. The time is given in units of the linear PEO Rouse
time.28 Reproduced with permission from ref 28. Copyright 2014
American Chemical Society.
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subject lays outside the frame of this paper but should be kept in
mind in future investigations.

Another challenge are ring−ring blends, which were largely
overlooked so far. Certainly, these are much harder to realize, in
particular experimentally, but should provide a better under-
standing of the impact of the surrounding melt of rings on the
diffusion of individual rings.

Finally, we note that beyond the importance of the discussed
findings for synthetic polymers we expect that the results might
have important implications also for biological systems such as
the organization of chromatin in the cell nucleus152 or the
stabilization of protein structures.153

5. TOPOLOGICAL GLASS TRANSITION
5.1. The Role of Threading. An intriguing aspect of ring

polymer dynamics relates to the possibility of a topological glass
transition, where the dynamical arrest does not occur on the level
of the monomeric polymer building blocks but on the scale of the
chain size and beyond. In terms of large scale MD-simulations on
polymer rings embedded in a gel structure, Michieletto et al.
realized that in concentrated solution inter-ring threadings of
nonconcatenated ring polymers might lead to a percolating
network of interpenetrated rings, where the lifetime of the
threadings increase with ring size, ultimately leading to a
topologically jammed state.154

Then in 2016 these phenomena were further developed
toward a theory of topological glass formation in dense ring
polymer systems.25 In pinning randomly a small ring fraction
again by MD-simulations Michieletto and Turner established
evidence for a transition to a kinetically arrested state, a
phenomenon not observed for linear polymers. They attributed
the transition to inter-ring topological interactions or threadings
that for very large rings may spontaneously lead to an arrested
state even without pinning.

It was shown that the number of threadings scales extensively
with the ring mass and therefore is larger for large rings. On
different scales the threadings establish a hierarchical sequence
of constraints that can span the entire system such that the
network of constraints can eventually suppress the translational
degrees of freedom of the rings. The constraint of uncrossability
between chains then creates topological hindrance for the
motion of the rings leading to an important slowdown of motion.
This retardation increases with the length of rings.

Random pinning of a fraction of rings creates a field of
quenched disorder leading to kinetical arrest. For large rings even
a small number of such pinned regions is inducing arrest, because
the network by threadings is percolating even for a small number
of pinned regions. To assess the impact of kinetical hindrance, it
was important to study the lifetime of the threadings.
Decorrelation of rings takes place when their contact spheres
separate. The authors found that the decorrelation functions of
the threadings are stretched exponentials with exponents β from
1 for small rings to 1/2 for the largest ring investigated. The
corresponding Kohlrausch−Williams−Watts (KWW) times
increase exponentially with ring size. Furthermore, it was
found that long lasting ring−ring correlations survive even
after rings have moved beyond their own size. Tracking the
dynamics of unfrozen rings, it was realized that threading also
slows down the unfrozen rings. They become caged, while
corresponding linear polymers are more or less unaffected. In
turn this observation was taken as direct evidence for the
existence of threading events. As discussed above, another
method to observe threadings was employed by the Mavrantzas

group, who performed a geometrical analysis of the simulated
ring ensembles.

Varying the fraction of pinned regions, displayed the existence
of a critical frozen fraction cf, above which all unfrozen rings are
caged leading to a topological glass transition of the unfrozen
rings. As a criterion for cf the freezing of the translational
diffusion coefficient is used.

D c g t t( ) lim ( ) /6 0f
t

eff 3 (16)

Thereby g3(t) is the COM correlation function. Going to larger
rings the decay of Deff(c) becomes increasingly steeper and cf
becomes smaller.

We note that the topological glass transition in ring melts is of
very different nature than that in ordinary liquids or linear
polymers were freezing occurs on the level of the molecule or
monomer, respectively. Since locally the motion of the ring
monomers is nearly unaffected, at large momentum transfers Q
the dynamic structure factor S(Q, t) of the unfrozen rings is
predicted to decay rapidly, while at small Q the decay will be
frozen. Thus, the threadings control mainly the small wave-
number modes. In this sense threadings decouple the displace-
ments involving the COM from the internal degrees of freedom.
The authors hypothesize that this separation might be the
reason, why in the shear modulusG(t) the plateau, characteristic
for linear polymers, is replaced by a power low decay. At
intermediate time the modulus relates to internal rearrange-
ments, which are unaffected by the topological arrest. Bringing
together all simulation results the authors proposed a dynamic
phase diagram, which as a function of the pinned fraction
separates liquid and glassy behavior. One can see that with
increasing molecular weight (small 1/M on the Figure 20) the
glass transition takes place at a decreasing fraction of pinned
rings.

The blue glass transition line is the result from a fit with a
phenomenological obtained exponential N* = Ng exp[−3.3c],
whereN* is the number of beads making up the ring and c is the
pinned fraction and Ng ≈ 3500; pr is the probability to find an
uncaged ring at a 95% confidence interval obtained from a

Figure 20. Figure shows the phase space (1/M, c) for systems of rings
with length M, in which a fraction c of rings are permanently frozen in
space and time. The transition line (1/Mf,cf) is shown together with an
exponential fit (dotted line). The colored data points in the diagram
indicate whether the system displays a finite diffusion coefficient at large
time (red) or whether it is irreversibly caged with vanishing Deff (blue).
Along the transition line, the value of the probability p of finding an
uncaged ring in any one test performed at fixed c is presented.25

Reproduced with permission from ref 25. Copyright 2016 National
Academy of Science.
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binomial distribution (1−pr)(1−cf)M = 0.05, where M is the
number of rings in the ensemble. Thus, large ring systems appear
to be very sensitive to a small amount of pinning that drives the
system to a dynamical arrest. It in some way relates to the
cooperativity ideas behind the common glass transition.155

The phase diagram suggests that with decreasing 1/N finally
spontaneous vitrification takes place. Considering Ng as the
theoretical ring size upon which spontaneous arrest takes place
the relation between cf and N was further specified as156
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where Ng is the theoretical bead number required for
spontaneous vitrification and f N is a nonuniversal prefactor.
Similarly, also the dependence of vitrification on the ring volume
fraction in concentrated solutions was studied showing a very
similar relationship as above.
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where ρg is the corresponding theoretical volume fraction above
which for a givenM vitrification sets in. ρg and Ng are related by
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yielding a universal function for the theoretical glass line.
Finally, they note that in concentrated ring solutions and melts

dynamic heterogeneity or non-Gaussian dynamics is resulting
from clustering into distinct fast and slow moving components.

Roy et al. investigated the effect of polymer stiffness and
pressure on the topological vitrification of dense ring systems.
Stiffer rings get more easily arrested at lower pressures. While
flexible rings at ambient pressure only arrest for large N at a
reasonably low pinning fraction, stiffer rings are already affected
at smaller sizes. The authors presented a phenomenology of ring
conformations under pressure and stiffness: flexible rings deform
to crumbled globules, semi flexible rings tend to assume rod-like
shape, while stiff rings form elongated plate like conformations
transforming under pressure to circular shapes promoting
clustering. For all stiffnesses pressure promotes threading that
slows down the dynamics and the lifetime of threading events
increases with pressure.

Combining the observed structural and dynamical properties,
the simulations show the spontaneous emergence of slow, glassy
dynamics in ring polymer systems. By suitable selection of ring
polymer stiffness and pressures, slow dynamics can be induced in
ring polymers at low pressure values. The formation of such
topologically constrained states were also observed for relatively
small ring sizes compared to what has been explored earlier,
indicating that the access to such states can be obtained by tuning
the properties of the ring.

Very recently J. Li et al.157 investigated the glass formation of
mechanically interlocked rings on the nanometer-scale using
molecular dynamics simulations. They found that decreasing the
chain length in the mechanically interlocked system is equivalent
to inducing an effective chain stiffness on the subrings, which
provides an explanation for the transient dynamic arrest in the
system of interlocked rings with rather short chains.
5.2. Topological Volume.Considering the similarity of ring

systems with soft colloids a very different approach based on a

topological free volume (TFV) was taken by Sakaue.26 For linear
polymers the number X of interpenetrating chains with a given
chain is extensive:
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whereR= lN1/2 is the chain radius and l the segment or monomer
length. X grows unrestrictedly with an increase of N. The large
interpenetration leads to entanglements that restrict lateral chain
motion and promotes reptation, where chain ends play an
essential role. For large enough rings, where R ∼ N1/3 holds,
following eq 20 X becomes constant, even though X≫ 1. Thus,
for rings a soft particle picture holds that, however, allows for
much overlap. The related topological constraints (TC) are
qualitatively different from those for linear polymers. As is
intuitively evident, the TC impose entropic repulsion on a given
ring against the surrounding rings. The distance between rings r
∼ R/X1/3 looks like the interparticle distance in systems of rigid
particles and the effect of TC may be treated as in liquids and
glass transition physics. Comparing the inter-ring distance r≅R/
X1/3 with the distance between rigid colloidal particles at a
volume fraction ψ: r≅ b/ψ1/3, we have r > R for rigid colloids but
r < R for interpenetrating rings. Realizing the connection
between ordinary colloidal and ring physics, facilitates the
application of colloidal physics including glass transition exploits
for an understanding of the physics of ring systems.

Relating to ordinary glass transition physics, the ring lengthN
replaces the temperatureT. Since rings are built from elementary
loops of size Ne, there is a limiting scale toward small N: Xe ≡
X(N = Ne) ∼ Re

3/(Nea3) ∼ Ne
1/2. For typical Ne between 50 and

100:7 <Xe < 10. The key difference to ordinary liquids or colloids
is that rings can penetrate each other strongly such that the radius
R is much larger than the quantity that would arise from the ring
volume fraction ψ ≡ X/Xc. Xc is the maximum number of
interpenetrating rings that is achieved in the limit of large N. ψ
then is termed as the topological volume fraction. With this in
place a phenomenological free energy F may be constructed

i
k
jjj y

{
zzzF

k T
N
N

X
X

ln(1 )
B e

e
1/(3 1)o

= +
(21)

The first term favors smaller topological volume fractions,
while the second term is the penalty for ring squeezing and would
prefer larger rings. For the discussion of the exponent ν0 ≅ 0.588,
the critical exponent for a self-avoiding chain, see the original
paper. The minimization of F gives R(N) as a universal function
of N/Ne. Figure 21 compares the result with simulations by
Vettorel, Halverson and Michieletto. Nearly perfect agreement is
achieved: R/Re up toN/Ne ≈ 30−40 follows a power law with ν
≅ 2/5. The crossover to ν = 1/3 is hardly visible even for the
largest N/Ne ≈ 60 (Figure 21b). Figure 20a displays the
interpenetration number X/Xe as a function of N/Ne. Also, the
simulation results are included. Again, very good agreement with
simulation results is found. We note that beyondXe atN =Ne the
penetration number for very large rings increases by less than a
factor of 2.

Using the relationship between colloidal and ring physics, the
cooperative dynamics of the ring system may be estimated. The
basic time becomes the Rouse time of the elementary loop τe ∼
τ0Ne

2. For solid particles structural arrest occurs at a critical
volume fraction ψc, because the particles cannot interpenetrate.
In contrast for rings the centers of mass can fully overlap in space
leading to growing cooperativity for volume fractions ψ ≥ ψe
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where ψe =Xe/Xc andXc is the limiting value for largeN/Ne. The
global structural relaxation time is predicted to grow with a
power law in N/Ne, which in the large N limit becomes

( )N
N

z

e

eff

with zeff ≅ 3. Evaluating the COM diffusion as

Dcom(N) ∼ R(N)2/τ(N) reveals Dcom ∼ N−≅2.3 in very good
agreement with simulations and PFG-NMR measurements on
PEO rings. We note that (i) scaling theories generally lead to
exponents below 2 and (ii) the assumption of full overlap leads to
a power law slowing down but not to dynamical arrest.
5.3. Microscopic Theory. The Schweizer group formulated

a microscopic theory at the level of forces between segments for
the COM motion of ring polymers putting together ideas from
polymer, colloid, and liquid statistical physics.158 They started
from static topological effects occurring on the level of intra- and
inter-ring segmental pair correlation functions. Thereby, higher
order correlations leading, e.g., to threading effects were not
addressed. The approach relates caging effects to the segmental
scale repulsive forces that also determine friction. The core idea
is that slow ring COM dynamics is causally related to structural
pair correlations via a dynamic caging mechanism formulated at
the segmental level, where forces act.

The theory predicts a breakdown of the Rouse theory related
to length scale-dependent temporal correlation of forces exerted
on pairs of tagged ring segments from surrounding polymers. At
large enough degrees of polymerization (N), the scaling of the
COM diffusion constantDcom ∝N−2 is predicted. The crossover
size ND is related to the product of the macromolecular volume
fraction and a dimensionless compressibility. Furthermore, the
intermediate time COM transport is described in terms of a
generalized Langevin equation. Because of the self-similar
internal ring structure non−Fickian transport is predicted with
two subdiffusive regimes.

Figure 22a displays the dimensionless COM MSD in units of
the radius of gyration for melts of different sized rings as a
function of the reduced r/τ0 time ( k T

l0
B

0
2= , with ξ0 the

monomeric friction coefficient and l the monomer length). The
intermediate time subdiffusive regime preceding Fickian
diffusion displays a power law in time with an exponent that
diminishes with increasing size. For the largest ring ⟨Rcom

2 ⟩ ∼ t1/2

is assumed.
However, a larger interval with constant time exponents does

not exist, but the apparent exponent changes with time and
depends strongly on the ring size N. Figure 22b displays the
exponent γ for different ring sizes as a function of reduced MSD.
From early times γ starts at unity (short-time Rouse diffusion),
then decreases to a minimum value that becomes smaller with
growingN and then for long times again increases to unity, when
the Fickian regime is reached.

Given that polymer rings are unusual (ultrasoft) objects, with
this approach a crossover to activated motion and a kinetic glass
transition is not a priori assured. Future developments might lead
to a microscopic theory of strong self-consistent caging effects,
activated dynamics, and kinetic vitrification under both
quiescent and quenched disorder pinning conditions.
5.4. Challenges for the Future. We have presented three

different approaches to deal with the slowing down of motion in
large ring systems including the possibility of kinetic arrest. The
first starts from the idea of threadings that develop a percolating
network, with the consequence that pinning a small fraction of
rings by the network connectivity the whole is driven into kinetic
arrest. The topological volume idea dwells on the similarity of
rings and soft colloids. Each ring is surrounded by a stable finite
number of other rings that form a cage. However, since rings may
fully interpenetrate each other, this cage does not lead to

Figure 21. Comparison of free energy prediction (solid line) with
numerical simulation data for the coordination numberX (a) and spatial
size R (b) of rings in dense solution of nonconcatenated rings.
Numerical data are obtained from literature (squares,9 circles,15

triangles25). Before reaching the asymptotic compact scaling with ν =
1/3, there exists a broad crossover, which may be fit reasonably well by
an effective exponent νeff ≃ 0.4.26 Reproduced with permission from ref
26. Copyright 2018 Elsevier B.V. Reprinted in part with permission
from ref 9. Copyright 2010 IOP Publishing. Reprinted in part with
permission from ref 15. Copyright 2011 AIP Publishing. Reprinted in
part with permission from ref 16. Copyright 2012.

Figure 22. (a) Dimensionless ring COM MSD in units of the mean square radius of gyration as a function of reduced segmental time (units of the
elementary time scale τ0) for a wide range of N values and a typical melt value of dimensionless compressibility S0 = 0.1. (b) Time evolution of the
effective temporal power law scaling exponent for the ring COM MSD data presented in (a): γ = ∂ log(R̃2)/∂ log(t). Most results are for S0 = 0.1 as in (a),
with two examples shown for much smaller values at fixedN= 6400. The apparent exponent is plotted vs reduced mean displacement R̃(t) =R(t)/Rg.

158

Reproduced with permission from ref 158. Copyright 2020 American Chemical Society.
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kinetical arrest but rather to a power law slowing down of the
diffusivity. Finally, a microscopic theory basing on generalized
Langevin equations again predicts significant slowing down
however not yet a glass transition. On the experimental side, only
studies dealing with caging as possible precursor for a glass
transition exists. In this work a well pronounced non-Gaussian
behavior of the COM diffusion was detected that showed
analogies to the cage effect known from glassy systems.

Given the different theoretical approaches and the missing
experimental results a lot of future efforts are needed:

The first and to us most important issue relates to an
experimental verification of a topological glass transition in
dense ring systems. Such an experimental approach would need
to combine diffusion studies on the scale, where Fickian diffusion
prevails and experiments on the nanoscale, where the segmental
and loop motion is visible.

Given the fact that the different theoretical approaches in
some way are always backed by simulations, a crucial task would
be to find out how the different approaches connect to each
other: (i) The relation of the TFV picture and the threading
approach (TA) needs to be clarified; there must be some
correspondence between the structural relaxation time in the
TFV frame with the ring dethreading time possibly responsible
for the slow mode in stress relaxation. (ii) The analogy to soft
colloids needs to be further elucidated. Soft colloids are strong
glass formers and rings could be viewed as the softest “‘particle’”
there exist. Looking on the energy scale the repulsive energy
between rings is on the level of kBT, while that, e.g., between star
polymers is much higher.159 Also, rings may overlap easily. (iii)
Another issue is a better understanding of cooperativity which is
crucial for the slowing down of motion. (iv) A better theoretical
foundation of the TFV approach would be desirable. The model
builds on the rather speculative cooperative “free volume string”
model160 of relaxation in glass-forming liquids.

From the side of a microscopic approach as provided by the
Schweizer group, work in the direction of combining methods of
polymer, colloid, and glass physics to create a microscopic theory
of strong self-consistent caging effects, activated dynamics, and
kinetic vitrification161−164 under both quiescent and quenched
disorder pinning165 would be desirable.

6. FUTURE PERSPECTIVES
In our survey we have demonstrated that important progress in
the understanding of both the conformation as well as the
dynamics of polymer ring systems has been achieved. These
mainly based on theoretical developments and a very large
number of simulations. Unfortunately, due to the difficulties of
synthesizing well-defined large ring polymers the experimental
scrutiny lags. Here we emphasize the to our opinion most
important challenges for future research on ring systems.

To extend the experimental approach novel synthesis routes
to create very large well-defined ring polymers based on different
monomers are badly needed, as they are the precondition to
extend future experimental research.

We now go to the different aspects of fundamental research on
polymer rings and present the most needed efforts:

• Concerning the conformation of rings many theories and
also simulations consider double folded structures that
following recent scrutiny are doubtful; also, such
structures have never been observed experimentally.
Thus, approaches that are based on lattice animal
arguments appear to be questionable and may be an

artifact of very long relaxation times of such structures
taken as starting conformations in simulations. The
question needs to be posed, whether the tree structures
found in simulations relate to the initial double folded
structures that are imposed as the starting conformations.

• The location and the width of the size dependent
transition to mass fractal statistics is unclear and will
need further studies. The transition may also be influenced
by the local flexibility of the rings. Sakaue93 predicted that
the crossover ring size to compact statistics R ∼ N1/3

decreases sharply with increasing stiffness, meaning that
the topological effects are even more important for worm-
like ring chains such as DNA. Systematic investigation on
the influence of increased ring stiffness on the conforma-
tional properties accompanied by topological glass
transitions could transfer the problem in the direction of
biology.

• Ring−ring threading appears to govern the terminal
relaxation of the dynamic modulus and may initiate a
topological dynamical arrest for very large rings. An
experimental verification of this novel topological glass
transition in dense ring systems appears to us as one of the
most important challenges in the realm of ring dynamics.
Supporting the notion of a looming glass transition are
observations of a cage effect well-known for glass forming
liquids.

• The degree of cooperativity of motion is another very
interesting issue: Using a novel dynamical entanglement
analysis (DEA) Michieletto and Sakaue opened the way to
quantitatively study dynamic correlations between pairs of
polymers albeit rings on the level of diffusion. In the future
it would be interesting to study such cooperativity on the
monomer or even better on the level of entanglement
strands.

• Different theoretical approaches seem to be always backed
by simulations. A crucial task would be to find out how the
different approaches connect to each other: (i) The
relation of the TFV picture and the threading approach
needs to be clarified. (ii) The analogy to soft colloids
needs to be further elucidated. Soft colloids are strong
glass formers and rings could be viewed as the softest
“‘particle’” there exist. (iii) Also, a better understanding of
cooperativity, which is crucial for the slowing down of
motion is called for.

• A systematic study of the miscibility of ring−ring and
ring−linear blends is missing. From Sakaue’s theory
antithetic phenomena are expected: while ring−ring
systems are predicted to exhibit reduced miscibility
compared to the linear counterpart, ring−linear blend
are expected to show the opposite behavior of an
importantly increased miscibility. Systematic investiga-
tions of entropy of mixing vs Ne,0 performed on different
rings are required. Experimental investigations are largely
missing.

• With one exception microscopic results on the ring
dynamics in ring−linear blends are entirely missing.
Starting with the segmental dynamics of rings in the blend
with linear polymers, a thorough investigation across the
full volume fraction regime on large rings in long
entangled linear hosts needs to be performed. Such
investigations will provide insight on the multiple
interactions of the threaded rings with the interpenetrat-
ing linear chains. On the side of simulation most of the
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studied blend systems were symmetric looking on ring-
linear systems of identical molecular weights. As the PFG-
NMR studies on asymmetric blends revealed, novel
phenomena might be found in simulations on such
systems.

• The mystery of the two diffusive modes in long chain ring-
linear blends needs to be lifted. It would be important to
investigate a chemically different ring-linear system, to
proof the generic character of the two diffusion modes. Do
simulations miss the two-mode structure because the
investigated systems are not large enough?

Finally, we note that beyond the importance of the discussed
findings for synthetic polymers we expect that the results might
have important implications also for biological systems such as
the organization of chromatin in the cell nucleus152 or the
stabilization of protein structures.166
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■ NOMENCLATURE
BMF Bond fluctuation model
C∞ Characteristic ratio
CD Cates and Deutsch model
COM Center of mass
CR Constraint release
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DEA Dynamical entanglement analysis

DR,e

Rouse diffusion coefficient of one elementary
loop

db Fractal dimension of the backbone
df Fractal dimension
dtube Reptation tube diameter
DFLA Double folded lattice animal
FLG Fractal loopy globule
l Monomer length
L Length of the backbone
l0 Bond length
LCCC Liquid chromatography at critical condition
LP Linear polymer
MALDI-TOF Matrix-assisted laser-desorption time-of-flight

mass spectroscopy
MC Monte Carlo
MD Molecular dynamics
Me Entanglement molecular weight
MSD Mean squared displacement
Mw Molecular weight
MWD Molecular weight distribution
nb Number of main chain bonds in a monomer
Ne Number of monomers within an entanglement

strand
Ne,0 Elementary loop size: Ne,0 ≅ Ne
nP Number of linear chain interpenetrations in a

ring-linear blend
NG Non-Gaussian
NSE Neutron Spin Echo
OKN Kavassalis-Noolandi overlap parameter
PB Polybutadiene
PDMS Polydimethylsiloxane
PE Polyethylene
PEO, PEG Poly(ethylene oxide), poly(ethylene glycol);

differ by end groups
PI Polyisoprene
PS Polystyrene
PVME Poly(vinyl methyl ether)
re Diameter of a ring loop
SANS Small angle neutron scattering
SAXS Small angle X-ray scattering
SEC Size exclusion chromatography
TC Topological constraint
TFV Topological free volume
X Number of interpenetrating chains
η0 Zero-shear viscosity
μ Spectral exponent
v0 Monomer volume
τd Terminal time
τe Entanglement time
τp Rouse relaxation time for mode p
χ2 Mean squared error
χF,RL Flory−Huggins parameter for a ring-linear blens
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