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ABSTRACT
In this work, we compare the single chain dynamic structure factors for five different polymers: polyolefins (PE and PEP), poly-dienes (PB
and PI), and a polyether (PEO). For this purpose, we have extended the De Gennes approximation for the dynamic structure factor. We
describe the single chain dynamic structure factor in multiplying the coherent scattering functions for local reptation and Rouse motion
within the Rouse blob. Important results are (i) the simple De Gennes structure factor S(Q, t)DG approximates within a few Å the outcome for
the tube diameter of the more elaborate structure factor (exception PI); (ii) the extended De Gennes structure factor together with the Rouse
blob describes the neutron spin echo spectra from the different polymers over the complete momentum transfer range and the full time
regime from early Rouse motion to local reptation; and (iii) the representation of the scattering functions could significantly be improved
by introducing non-Gaussianity corrections to the Rouse-blob dynamics. (iv) The microscopic tube step length in all cases is significantly
larger than the rheological one; further tweaking the relation between tube length and entanglement blob size may indicate a possible trend
toward an anisotropic lean tube with a step-length larger than the lateral extension. (v) All considered polymer data coincide after proper
(Q, t) scaling to a universal behavior according to the length scale of the tube, while the relevant time scale is the entanglement time τe. (vi)
In terms of the packing model, the required number of chains spanning the entanglement volume consistently is about 40% larger than that
obtained from rheology.

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0150811

I. INTRODUCTION

High molecular weight polymer melts and solutions exhibit
unique rheological properties such as viscoelasticity with rubber-
like behavior at intermediate times and very long terminal relax-
ation times accompanied by high viscosities, shear thinning, strain
hardening, and hierarchical relaxation of branched polymers. They
originate from topological constraints that are imposed by the mutu-
ally interpenetrating chains. These constraints or entanglements
lead to preferred motion in the direction of the chain contour.
Much progress in the understanding of polymer chain dynam-
ics was achieved in terms of tube models based on the reptation
mechanism.1–9 The reptation model describes the resulting topo-
logical constraints through a virtual tube that follows the primitive
path of a given test chain. Chains slither along this tube, thereby

obeying the topological constraints. The tube is characterized by
its “diameter” d, which is also taken as its step-length, and by its
contour length L. Refinements addressing contour length fluctua-
tions (CLFs) of a chain in its tube, as well as the effect of constraint
release (CR), represent the state of the art.5 The dynamics of short
linear chains or the dynamics of long entangled chains at short
times within the tube is commonly described in terms of the Rouse
model.10 There, the chains are considered to move independently
in the heat bath created by the surrounding chains. Entropic restor-
ing forces counterbalance the heat bath related frictional forces that
manifest themselves locally on the monomer level.

Aside from the phenomenological reptation approach, theoret-
ical concepts were brought forward, aiming for an understanding of
the dynamics in long chain melts on a more fundamental level. In the
mode coupling theory (MCT) approach of Schweizer,11–17 the tube
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ideas are replaced by strong nonlinear couplings between collective
density fluctuations on the scale of the chain radius of gyration Rg .
Guenza considered a generalized Langevin equation (GLE), where,
as a result of chain interpenetration, the chain motion is coupled
within the range of their radius of gyration by a Gaussian inter-
chain potential of mean force.18–20 Recently, Guenza hypothesized
that, in strongly entangled melts, cooperative chain fluctuations are
restricted to the entanglement volume d3.21

With the increasing sophistication of high resolution neutron
spin echo (NSE) spectroscopy,23,24 the length and time scales allow
access to the chain dynamics under tube constraints.25–29 It is inter-
esting to note that parallel to the progress in neutron scattering
instrumentation, the capabilities of simulations reached similar lev-
els in space time exploration,6,30 and both techniques began to
complement each other.

With a few exceptions,31,32 nearly all NSE investigations
addressed the single chain dynamic structure factor that is obtained
from experiments on systems where a few labeled (hydrogenated)
chains are immersed in a deuterated matrix of the same polymer.
Under these contrast conditions, the experiment observes coher-
ent scattering from the ensemble of monomers making up the
labeled chain. In this work, we name this quantity “dynamic struc-
ture factor” S(Q, t), omitting the “single chain,” while incoherent
scattering as obtained from a hydrogenous melt directly leads to
the monomer mean squared displacement, the interpretation of the
coherent scattering that relates to the single chain pair correlation
function is more demanding. In 1981, De Gennes33 proposed an
analytic first order approximation for S(Q, t)

S(Q, t) = 1 −
Q2d2

36
+

Q2d2

36
exp(

u2

36
) erfc(

u
6
), (1)

where u2
= t/τ0, with τ0 setting the time scale. Later on, Eq. (1)

has been used in its exponentiated form [Eq. (2)]27 not only to
interpret basically all further NSE experiments on polymer melts
but also simulation results7 (and references therein6,34–38). These
experiments were able to manifest the existence of an intermediate
length for polymer dynamics and provided a microscopic proof of a
well-defined length scale for the topological constraints.

In general, the simple approach [Eq. (1)] fails to describe the
scattering function at short times. Also, the experimental data in that
short time regime are rather close to a stretched exponential with a
stretching exponent of about 1/2 and, thus, strongly deviating from
0.83, which approximates39 the Rouse intermediate scattering func-
tion. Coarse grained MD simulations have been used to shed light on
the reptation scenario.6,7 Using a “slip-link” model, Likthman8 could
reproduce the then available S(Q, t) data of PE and PEB over the full
time range and reproduce rheology data by adjusting friction, Kuhn
length, and slip-link parameters: density, length, and friction.

Furthermore, very recently, we performed NSE on the motion
of short tracer chains in highly entangled melts.40 Unexpectedly,
the tracers were found to undergo sub-diffusion over a distance
very close to the tube diameter of the respective highly entangled
host. The cross-over distance to Fickian diffusion is, thereby, inde-
pendent of the tracer’s length. Beyond this cross-over distance, the
Fickian diffusivity agreed with the macroscopic results. In addition,

we found that the Rouse dynamics of the tracers is strongly non-
Gaussian (NG), with a related segment displacement distribution
narrower than the Gaussian counterpart. These results were under-
stood as a consequence of the highly cooperative motion of the
tracers with the host, mirroring the host dynamics within the host
matrix.

Thus, a comprehensive description of S(Q, t) from first prin-
ciples but also from simpler modeling assumptions, which allows
straightforward and easy to use assessment of S(Q, t) data from
scattering experiments, is still missing.

Here we discuss a semi-empirical approach to achieve the lat-
ter by extensions based around De Gennes’ initial approach. These
were guided by the experimentally observed properties of S(Q, t)
considered in light of the general understanding of the reptation sce-
nario. Thus, the approach is rather an extension to scrutinize, i.e.,
extract information of the observable geometry and motion prop-
erties supplied by the experimental observations, i.e., the S(Q, t)
from NSE, than an attempt to derive it from first principles. It
provides readily extractable space and time scales of the reptation
scenario for a certain polymer under observation. Such an approach
yields an important practical tool for classification, interpolation,
and “analytic” description of the full scattering functions of entan-
gled polymer systems in terms of a few parameters. Namely, these
are (i) the entanglement length scale, (ii) the dynamical timescale
(Rouse rate), and eventually (iii) in order to address residual small
deviations at large Q and intermediate time t—the amplitude of non-
Gaussianity effects. The role of tentative decoupling of entanglement
length and “blob” size has further been explored.

Extending the De Gennes concept for local reptation, here we
reanalyze NSE data on five different polymers: polyolefins, poly-
dienes, and a polyether. In Secs. II and III, we present the theoretical
context, and then in Sec. IV, we present the experiments and the
data evaluation. In Sec. V, we discuss the outcome of the various
fits and interpret the results. Then in Sec. VI, we discuss the pre-
sented expressions ability to accurately reproduce S(Q, t) of reptat-
ing polymers, addressing the aspect of how, independent of physical
parameter assignments, the presented approaches may serve as tech-
nical interpolation tools. Finally, in Sec. VII, we critically discuss the
results and summarize the main results.

II. THEORETICAL CONSIDERATIONS
A. De Gennes approximation for the dynamic
structure factor

So far, the evaluation of NSE data on various polymers was
based on the approximated De Gennes’ description of local reptation
of the following form:

SDG(Q, t)
S(Q)

= (1 − exp [−
Q2d2

36
])+ Sloc

(Q, t) exp [−
Q2d2

36
]Screep

(Q, t),

(2)

with Sloc
(Q, t) = exp (t/τ0) erfc(

√
t/τ0) and τ0 = 36/(Wl4Q4

).

Where d is the tube diameter, Wl4 is the so called Rouse rate that
relates to the monomeric friction coefficient ξ by Wl4

= 3kBTl2
/ξ,

and Q is the momentum transfer during scattering. In the Rouse
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model, Wl4 is scale invariant; here we use l = lseg =
√

C∞l2
0nb

with nb being the number of bonds of length l0 per monomer
and C∞ being the characteristic ratio. Considering the NSE
time window of at maximum 1000 ns, for all practical purposes,
Screep

(Q, t) = 1. For long chains, Eq. (1) is an approximation of
De Gennes’ result33 [see Eq. (3.12) in Ref. 33] toward a larger Q,
assuming that his expression is the first term of a Taylor expansion
of exp [−Q2d2

/36] ≅ 1 −Q2d2
/36 +O(Q4

), and Screep
(Q, t) = 1.

Inserting this expansion in Eq. (2), De Gennes’ original expression
[Eq. (1)] reemerges as follows:

SDG(Q, t)
S(Q)

≅ [(1 −
Q2d2

36
) +

Q2d2

36
Sloc
(Q, t)] +O(Q4

), (3)

with d = lseg
√

Ne, and Ne being the length of an entanglement
strand. The problem with this simple approach is its incomplete-
ness and the missing Rouse relaxation that determines the scattering
function at shorter times t ≤ τe, where τe is the entanglement time,

τe =
d4

π 2Wl4 . (4)

In order to distinguish results for the tube diameter obtained by
fitting with Eq. (2) from other approaches, we name the, thus,
determined value dDG.

B. The role of contour length fluctuations
For completeness of the discussions, we mention that, with

the exception of polybutadiene with a molecular weight of (Mw)

45 kg/mol (PB45), all investigated polymer melts are very highly
entangled, such that contour length fluctuations (CLFs) do only
marginally contribute within the observation window of NSE. This
is not the case for the PB45-melt: With N/Ne = Z = 17, the CLF pro-
cesses contribute to S(Q, t) within the observation range of NSE.
The fluctuating chain ends lead to an apparently wider tube than
what would be observed for a higher Mw.41,42 Based on Clarke and
Mcleish,43 Wischnewski et al.42 have presented an explicit dynamic
structure factor for polymers undergoing reptation and CLF

SCLF
(Q, t) =

N
2μ2 [2 μ + e−2μ

+ 2 − 4μ s(t) − 4e−2μs(t)
+ e−4μs(t)

],

(5)
with μ = Q2l2

seg/12 and s(t) = (1.5/Z) (t/τe)
1
4 . s(t) describes the

time dependent release of segments (monomers) from the tube by
CLF. SCLF

(Q, t) corresponds to Screep
(Q, t) in Eq. (2).

III. MODEL COMBINING ROUSE-BLOB DYNAMICS
AND LOCAL REPTATION

In order to achieve a more complete description of a chain
undergoing local reptation, we undertook the following three steps:

(i) We carried out the full integration of the local reptation
structure factor mentioned in Eq. (3.11) in (De Gennes33) and

(ii) calculated the Rouse dynamic structure factor of an entangle-
ment blob.

(iii) We combined the scattering function of the coarse grained
chain (to the tube step length) with local reptation multi-

plied with the proper fluctuation amplitude and with the
Rouse-blob contribution.

Fully evaluating the De Gennes local reptation structure factor
from Ref. 33 yields

Slocrep = ∫

L

0
∫

L

0
Σ(s1 − s2, t) exp [−

Q2lseg

6 u
∣s1 − s2∣]ds1 ds2, (6)

with contour length L ≃ N/Ne × dtube (N = the number of monomers
in the chain) and an average “stretch” per segment u = lseg/

√
Ne. The

density fluctuation along the tube contour is called “local reptation”
and has the shape of a diffusing 1D density fluctuation along the
contorted tube (described by the coordinate s)

Σ(s, t) = A +
B

√
4πΔ t

exp(−
s2

4Δ t
), (7)

with the average line density A = (Ne/dtube)
2 and a fluctuation

amplitude B and Δ =Wl2
seg/Ne; s is a coordinate along the chain of

contour L.33

Exactly following De Gennes exposition in Ref. 33 and insert-
ing the proper scales, and integrating Eq. (6) yields an elastic part of
Eq. (6) that has the form of a Debye function

SDebye(Q) =
72N

N2l4
segQ4 [exp(−

l2
segQ2N

6
) +

l2
segQ2N

6
− 1]. (8)

We note, however, that in its coarse grained form, it has to level off
at a Q corresponding to the blob size; the level pertains to the average
blob size (see the supplementary material); and this is an important
aspect of our reformulation in Eq. (10).

Inserting Eq. (7) into (6) and performing the time dependent
integral representing the “local reptation fluctuations” reveals

Slocrep(Q, t) =
2Ne

3

√
Wt
π
[exp(−

l2
segQ2N

6
−

N2

4Wt
) − 1]

+Ne[
N
3
+

l2
segQ2Wt

9
] exp(

l4
segQ4Wt

36
)

× {erfc(
l2
segQ2√Wt

6
) − erfc(

3N + l2
segQ2Wt

6
√

Wt
)}.

(9)

This derivation has the drawback that it does not explicitly take
into account the lateral extension and the internal Rouse dynamics
of the entanglement “blobs.”

In addition, it violates the condition that a long chain should
exhibit the structure factor S(Q, t = 0) of a Gaussian chain. In
Ref. 33, this is addressed by a correction factor, and further, it is
already noted that the integral treatment of Eq. (6) is valid only up
to the length scale of the tube. In the here presented model, it is con-
sistently taken into account in Eq. (10) by considering the effects
of coarse graining (see the supplementary material) on the formu-

J. Chem. Phys. 159, 034902 (2023); doi: 10.1063/5.0150811 159, 034902-3

© Author(s) 2023

 24 June 2024 11:49:41

https://pubs.aip.org/aip/jcp


The Journal
of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

lation of the scattering function in combination with the scattering
function of the entanglement “blobs.”

A. Modeling additions
In order to address the above problem we revisit the model

in order to get an approximation that allows us to deal with the
local reptation fluctuation term and the Rouse blob inclusion in a
consistent fashion.

Starting with S(Q) of a Gaussian or freely joint (long) chain,
we observe that this may (approximately) be described by a coarse
grained chain with a step length corresponding to the alleged tube
dtube supplying scattering centers, each of which has an effective
form-factor of the “blob.” For equal scattering lengths of the “blob”-
centers, the finite summation of the coarse grained chain would level
at a larger Q at a constant S(Q = 0)/(N/Ne) instead of following
the continuing 1/Q2-decay of the Debye function. Accounting for
fluctuations in blob-scattering due to different numbers of segments
realizing each tube-step at any given time, the large Q level is about
41% larger, as has been verified with inspection of simple random
walks obtained by executing some basic MC inspection of walks with
a constant and Gaussian distributed step length, see Fig. 1 and the
supplementary material. Inspecting the variation of the number of
chain-segments within each coarse grained tube step reveals a con-
siderable variation around the average number Ne. This variation
is a momentary instance of the density fluctuations that pertain to
the amplitude B in Eq. (7). For random coarse grained chains, the
simple Monte-Carlo scattering computations reveal that the “static”

FIG. 1. Illustration (using simple Monte-Carlo simulation results) of the scatter-
ing contributions from a chain seen as a Gaussian random walk. Coarse graining
to lumped centers at the “blob” level leads to a plateau (C) at higher Q in the
initial Debye-function like chain scattering. Taking into account the variation of
individual segment numbers in each blob between coarse graining steps along
the chain leads to an additional fluctuation contribution that slightly elevates C to
Cw . The difference between Cw and C is the fluctuation scattering amplitude that
pertains to local reptation. In the plateau region, a constant ratio Cw = (1 + Ξ)C
is encountered (Ξ ≃ 0.41). The blue curve (A) is the scattering due to the inter-
nal structure of the blobs, averaged over the blob-size distribution. The long chain
Debye-type scattering [black symbols: MC results, black line: Debye S(Q)] can
then be approximated by the multiplication Sm(Q) = A(Q) × Cw(Q) (magenta
line) of the coarse grained chain scattering Cw and the blob scattering A. The
Q-scale pertains to a segment length of 1. The example shown further assumes
N = 2000, Gaussian random walks, and a coarsening step length of 35.

large Q-plateau and the fluctuation related constant large Q-values
have a ratio of 1:2 to 1:3 [see the supplementary material for the
illustration of the quality of the approximation assumptions enter-
ing Eq. (10)]. The quantitative analysis of simple MC results over a
range of chain lengths step lengths and for Gaussian or freely joint
chains yields a stable ratio of Ξ ≃ 0.41 between fluctuation and static
contributions; as illustrated in Fig. 1 in the plateau region a constant
ratio Cw = (1 + Ξ)C is encountered (Ξ ≃ 0.41), the Ξ value stays vir-
tually the same for a broad range of random chain and step length
parameters. This was used as a fixed ratio for the parameters from
Eq. (6).

We note that in order to compare A and B from De Gennes’
Ref. 33 in Eq. (7), a reference length is needed to make the ratio
B/A dimensionless. Assuming the coarse graining length dtube as ref-
erence and inserting De Gennes’ expressions yields B/(Ad) = 1/3,
close to but slightly less than the Ξ = 0.41 from the MC estimates.

Multiplying the resulting function with the form factor (scatter-
ing function) of the “blob” then yields a reasonable approximation
to the full Debye structure function of the long chain, reestablishing
the 1/Q2 behavior at a larger Q.

Thus, for the dynamic structure factor, the tube chain is
modeled as

Stube(Q, t) = (SDebye(Q)/N +Ne/N

× [1 + Ξ{
3

N Ne
Slocrep(Q, t)}])/[1 + (1 + Ξ)Ne/N].

(10)

Equations (9) and (8) each are scaled to 1 by SDebye(Q = 0)/N = 1,
respectively, 3

N Ne
Slocrep(Q, t = 0) = 1; the small forward intensity

correction 1/[1 + (1 + Ξ)Ne/N] has no influence on the final
normalized NSE curves representing S(Q, t)/S(Q, t = 0).

Finally, the full scattering function is approximated by multi-
plying it by the scattering function (in the sense of a form factor) of
the (average) blob, as is further elaborated below in Sec. III B.

Equation (10), i.e., the local reptation part of the dynamic struc-
ture factor, depends on the total number of monomers N, the length
of an entanglement strand Ne, implying a tube size d = lseg

√
Ne and

on a rate parameter W = (Wl4
)/l4

seg, the variables time, t, and Q.

B. Rouse contribution—The dynamics of a Rouse blob
limited by the tube

We treat the supposed Rouse motion within the tube in terms
of a Rouse blob of a size assumed to be the lateral tube dimension.
Setting aside translational diffusion, the dynamic structure factor for
the Rouse blob reads

SRouse(Q, t) ≅
1

Nblob

Nblob

∑
i, j

exp [−(
Q2

6
)⟨[ri(t) − r j(0)]2⟩], (11)

with

⟨[ri(t) − r j(0)]2⟩ = ∣i − j∣l2
seg +

4R2
e

π 2

Nblob

∑
p=1

1
p2

× cos(
pπ j
Nblob

) cos(
pπ i

Nblob
)[1 − exp (t Γp)],

(12)
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where Γp = 2W[1 − cos(pπ/Nblob)] ≃ p2
/τR with τR ≡ τe = R4

e/

(π 2Wl4
) and Re being the size of the Rouse blob in terms of its

end-to-end distance. We note that the “plateau level” of the dynamic
structure factor is more sensitive to the tube cross section ∼R2

e than
to the tube step length lseg

√
Ne. The default interpretation infers

Re = lseg
√

Ne; considering independent values of Re and Ne may
allow a heuristic and tentative assessment of possible asymmetries
between both tube step length and width, i.e., stretching of the
Rouse blobs along the contour. Later, in corresponding fits, this is
realized by a factor f between these lengths

Re = f lseg
√

Ne, (13)

where the plain default is f = 1. However, our considerations lead-
ing to the value of Ξ in Eq. (10) imply f = 1, a tentative variation
of f would allow us to corroborate the value or possibly find
hints to deviations between entanglement step length and Re. The
Rouse contribution depends on two parameters: the Rouse rate
Wl4

seg ≡Wl4 and the blob size Re.
The full dynamic structure factor, including local reptation

and local Rouse dynamics, is calculated in terms of an incoher-
ent approximation equivalent to a convolution of the correlation
functions in real space and correspondingly to a product in (Q, t)
space

Schain(Q, t) = SRouse(Q, t)Stube(Q, t), (14)

and further, including the correlation loss due to contour-length-
fluctuation (CLF) effects, we finally arrive at

Schain(Q, t) = SRouse(Q, t)Stube(Q, t) SCLF
(Q, t). (15)

In the here used contrast labeling of a few protonated-chains
(≃5%–10%) in a matrix of chemically equal deuterated-chains, NSE
observes the normalized scattering function Schain(Q, t)/Schain(Q, 0).

To arrive at a consistent description of S(Q, t), the rate para-
meters W of local reptation [Eqs. (8) and (9)] and Rouse (11) must
correspond.

C. Assigning non-Gaussianity
Motivated by our recent results on the motion of short tracer

chains in highly entangled melts,40 which clearly showed non-
Gaussianity effects, we also incorporated this into the expression
for the Rouse type blob dynamics. This again has to be considered
as a tool to inquire about the experimental results on the presence
of non-Gaussianity effects by comparing the corresponding model
computation with the experimental results.

In her paper on “Localization of Chain Dynamics in Entan-
gled Polymer Melts,” Guenza21 came to the conclusion that the
chain dynamics is non-Gaussian, which she described in terms of
a non-Gaussian parameter α(t).21 The scattering function becomes

S(Q, t) ≅
1

Nblob

Nblob

∑
i, j

exp [−(
Q2

6
) f (Q2

)⟨[ri(t) − r j(0)]2⟩], (16)

with

f (Q2
) = 1 −Q2α(t)⟨[rm(t) − rm(0)]2⟩/12 + 𝒪(q4

), (17)

in order to avoid zero crossings for larger Q and t-values due to
missing terms 𝒪(q4

) in Eq. (17), interpreting 1 − (Qr)2 as a series
expansion of exp{−(Qr)2

}, we rather use

f (Q2
) ≃ exp{−Q2α(t)⟨[rm(t) − rm(0)]2⟩/12}. (18)

Thereby, ⟨[rm(t) − rm(0)]2⟩ relates to the mean squared
displacement. For a Rouse chain, we have

⟨[r(t)m − rm(0)]2⟩ =
1

Nblob

4Nblobl2
seg

π 2

Nblob

∑
n,p=1

1
p2 cos(

pπ n
Nblob

)
2

× [1 − exp{−2W(1 − cos(
pπ

Nblob
))t}].

(19)

It remains to find an expression for α(t). Inspired by the
simulation results of Guenza, we use a logarithmic Gaussian
function

α(t) = α0 exp [−{(ln [t] − ln [tmax])
2
/(2σ2

)}], (20)

with αmax = α0; and σ (= tw) being the width of the distribution.
Following our diffusion experiment of short tracers in a highly

entangled melt, we found that non-Gaussian behavior is limited
to the chain dynamics within the tube; therefore, we used the
entanglement blob time as tmax.

This augmentation of the plain Rouse sum equations (11)
and (12) for the blob dynamics, together with the modified local
reptation in the following, is used to fit the available NSE data.

D. Note on the role of Rouse rate determination
The Rouse rate determines the time scale of the polymer relax-

ation spectra, and independent prior knowledge would contribute
to the corroboration of the proposed new model and reduce the
uncertainties of other parameters as, e.g., the tube dimensions. The
slope in the plateau regime (of local reptation), which relies on how
W enters the local reptation time scale, and the short time regime,
which significantly depends on the blob Rouse rate, have to be con-
sistent. Unfortunately, this parameter is not well known for most of
the considered polymers, in particular for the temperatures of the
NSE experiments and the high molecular weights. Using plain (long

TABLE I. Basic conformational and rheological parameters for the five investigated
polymers: Me: entanglement molecular weight; Ne: number of monomers in an entan-
glement strand; M0: monomer molecular weight; C∞: characteristic ratio; drheo:
tube diameter from rheology; lseg: monomer length l2seg = nbC∞ l20 with nb: num-
ber of bonds/monomer; l0: bond length; and T(rheo): reference temperature of the
rheological measurement.

Polymer
Me

(g/mol) Ne

M0
(g/mol) C∞

drheo
(Å)

lseg

(Å) T(rheo) (K)

PEO190 1624 36.9 44 4.8 34.5 5.68 413
PEP200 2284 33.7 70 6.4 43.3 7.46 413
PE190 828 59 14 7.3 31.1 4.05 413
1-4 PB45 1815 34.8 54 5.3 40.0 6.78 413
PI350 5429 82.9 68 5 60 6.59 298
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TABLE II. Results of fitting the NSE-spectra for times t > τe from five polymer melts with Eq. (2). Wl4: Rouse rate; dDG: tube
diameter from Eq. (2); W = (Wl4)/(l4seg); T is the temperature of the NSE experiments; and χ2: normalized sum of errors.
∗ estimated from temperature-shifted short chain rheology data.

Polymer Wl4 (Å4 ns−1
) dDG (Å) W (ns−1

) T (K) ts ≃ τe (ns) χ2

PEO190 14 890 47.6 ± 0.16 14.3 413 33 1.8
PEP200 32 600 60.2 ± 0.2 10.4 473 44 2.6
PE190 70 000 48.8 ± 0.1 260 509 8 2.9
1-4 PB45 22 700 52.2 ± 0.33 10.7 423 34 2.7
1-4 PB45 (CLF) 22 700 49.0 ± 0.33 10.7 423 34 2
PI350 4000–6000∗ 77. . .71 2.1. . .3.2 400 180 30. . .28

chain) Rouse dynamics as a model to extract Wl4 from the short
time range of S(Q, t) of long chain polymers—as hitherto common
- often results in—possibly ignored or overlooked—wrong slopes in
the long time local reptation regime. Typically, this is more obvi-
ous if data are displayed on a log time scale than in the conventional
linear plots of S(Q, t) vs t (see, e.g., the discussion on Rouse rate
determination for PI in the supplementary material).

This—besides the observation of a deviating stretched expo-
nential approximation at short times with a stretching exponent
of β ≃ 0.5 rather than 0.8339—indicates that some combination
of Rouse blob and local dynamics has to be used for a proper
description of the short time dynamics.

Application of expressions from the plain Rouse model to
extract Wl4 from viscosity, diffusion, or even NSE spectra may need

FIG. 2. Fits for PE190, PEO200, PB45, PEP, and PI with Eq. (2) to the spectra from the five different polymers. The results are shown in Table II; thick solid lines: fitted parts;
thin dashed lines: Eq. (2) computed over the full time range. For PB45, fits using Eq. (2) (solid and dashed lines) and Eq. (4) (dotted and dashed-dotted lines) are displayed.
Q-values always from above: (a) 0.05, 0.77, 0.96, and 0.115 Å−1; (b) 0.078, 0.96, 0.115, and 0.137 Å−1; (c) 0.08, 0.11, 0.15, and 0.2 Å−1; (d) 0.05, 0.068, 0.077, 0.096, and
0.115 Å−1; and (e) 0.053, 0.073, 0.104, 0.135, and 0.167 Å−1. Note: the lines and dashed lines for PB45 indicate results with and without CLF, and for PI350 (4000 and
6000), they represent results for Wl4 = 4000 or 6000 Å4/ns.
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extrapolation using the temperature shift factor and, in any case,
correction factors to account for a Mw dependence. This is best
investigated in the case of polyethylene, but even there, the results
obtained by different approaches differ considerably and just yield
the right order of magnitude.

Values for the Rouse rate may be inferred from NSE-
measurements on low molecular melts (Mw below the entanglement
regime); those values, however, would need to be extrapolated
to larger Mw since for small molecular weights the Rouse rate
depends on chain length22 (see discussion in the supplementary
material). Another approach may rely on the viscosity from
rheology experiments in the Rouse regime, possibly with the
Williams–Landel–Ferry temperature shifted to the NSE tempera-
ture. If the former methods are not available, the interpretation of
NSE–data on the entangled polymer melts typically assumes that
the initial (short time decay) of the available long chain melt S(Q, t)
could be used to extract Wl4 by fitting a simple Rouse structure fac-
tor to the initial decay, typically limited to times < τe. However, it
seems that in favorable cases (e.g., PE), the associated error of this
procedure is low and the Wl4 values stay consistent, this is not a
universal feature.

In the supplementary material, the previous (literature) knowl-
edge on Rouse rates for various polymers is presented and con-
textualized in the present study. Where accurate Rouse rates from
independent measurements were not available, we used previous

estimates (Table II) as starting points for consistent fits with the full
model as presented in this work.

IV. EXPERIMENTS AND DATA EVALUATION I
First, we use the well-known DeGennes approximation Eqs. (1)

and (2) to reevaluate five different polymers that were investi-
gated by NSE over the recent years, namely polyethylene (PE),29,41

polyethylene-alt-propylene (PEP),42 poly(ethylene oxide) (PEO),44

polybutadiene (PB),45 and polyisoprene (PI); see the supplementary
material (page 1). For these polymers, we dispose of precise
structural as well as rheological data. Table I subsumes these
results.46

The melt data from PE, PEO, PB, and PEP have been evalu-
ated before in terms of Eq. (2).25–29,31,32,40–42,44,47 PI was synthesized
by anionic polymerization; the details including the characterization
are described in the supplementary material.

The actual fit results from Eq. (2) are presented in Table II and
shown in Figs. 2 and 3.

In each case, the fits were performed simultaneously for all
available Q-values but such that the initial Rouse regime was omit-
ted (t > τe). The initial Rouse rates Wl4 in Table II part had
coarsely been estimated from fitting the short time dynamics with
the Rouse model at t < τe. Since this is not really consistent with
the here presented model, a better way would be to use independent

FIG. 3. Same as Fig. 2 but in semi logarithmic representation, highlighting the deviations at small times and slope errors in the plateau regime.
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measurements to fix it, as discussed in Sec. III D; thus, the obtained
values are given in the supplementary material. It turns out that the
available extrapolated Wl4 varies up to a factor of 2 and so just can
corroborate the order of magnitude. Thus, finally, the best fits of the
new model also need to fit the Wl4 within the new model. Assur-
ingly, in most cases, the obtained values are reasonable close to the
anticipated ones; however, they are consistently somewhat lower (up
to about 30%–40%).

In general, rather good fits in the long-time local reptation
regime are already obtained with the “conventional” approach of
Eq. (2) (see Figs. 2 and 3).

We note that the linear presentation graphs, though empha-
sizing the longer time local reptation regime, do not clearly show
to what extent the fitting results represent the actual slopes of the
data toward long times. Therefore, Fig. 3 shows the data from Fig. 2
in a semi logarithmic presentation. Figure 3 shows that for the first
four polymers: PE, PEO, PB, PEP and also PI—if Wl4 is estimated
from rheological data (see Sec. II) rather than using the conventional
Rouse fit to the initial slope region—Eq. (2) also nicely reproduces
the slopes of the experimental data at longer times above τe in the
local reptation regime. This, however, would not be the case for PI
if Wl4 as estimated by simple short time fits of the entangled poly-
mer spectra were used (as illustrated in the supplementary material).
With improved Wl4 values, the slopes shown in Fig. 3 emerge. It is

advisable in fitting polymer melts to check the slopes, in order to
judge the validity of the data analysis, in particular the consistent
determination of the rate parameter W.

As referred to in the theoretical part, a description of the PB
chain dynamics (molecular weight of 45 kg/mol) needs to consider
CLF. The dashed-dotted lines for PB in Fig. 2 show the outcome
of a fit with Eq. (4); the achieved parameters are listed in Table II.
From Fig. 2, one notices that the longer time slopes of the spectra
are better described by Eq. (4) including CLF; the smaller χ2 reflects
this observation. Looking at the tube diameter, including CLF leads
to a somewhat smaller dDG compared to the fit with Eq. (1) (7%
difference).

We note that here and in the following, χ2 yields a reason-
able comparison between different model variants applied to one
polymer dataset. However, the relation of these values between dif-
ferent experimental datasets also depends on the statistical errors
(measuring time) and the residual systematic errors (fluctuations)
of the respective experimental datasets that are not included into
the data errors. Lower statistical errors (“better data”) typically
lead to larger χ2-values due to minor deficiencies in the model
description or small additional systematic errors! Thus, the inter-
polymer comparability of the absolute value of χ2 is somewhat
limited, in particular, since there are large time gaps between the
experiments.

FIG. 4. Results of fits of the plain reptation model to NSE data with Q-values as in Fig. 2 using the model expression Eq. (10), in combination with (i.e., multiplied by) a
plain blob-Rouse scattering (without non-Gaussianity effects) from a blob with Re = l

√
Ne and including a contour length fluctuation correlation loss contribution SCLF(Q, t),

which, however, in the covered experimental range is only important for PB45. Except for PI350, the fits are already quite satisfactory. The resulting fit parameters are given
in Table III, with Q-values as in Fig. 2.
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V. DATA EVALUATION II: FULLY INTEGRATED
DE GENNES STRUCTURE FACTOR COMBINED
WITH ROUSE BLOBS

We now focus on fits using the convolution of the fully
integrated De Gennes function after applying the coarse graining
[Eq. (10)] with the dynamic structure factor for the Rouse blob
[Eq. (11)] as expressed by Eq. (15). In order to get systematic and
physically meaningful results, it is important to use all available prior
knowledge. This concerns the structural parameters: lseg; N, and a
guide for start values for the dynamical parameters Wl4. Wl4 and Ne
are listed in Tables I and II.

Furthermore, on short tracers in high molecular weight PE
and PEO melts, we made observations that may be important for
this study: (i) the dynamics of the tracers appeared to occur in a
highly cooperative way with the long chain host. (ii) This coop-
erativity is limited by the tube size. (iii) In the “Rouse regime” at
short distances or for a time shorter than τe, the spectral contribu-
tion of the internal tracer modes was much weaker than expected
from the Rouse model. (iv) The reduction of the mode amplitudes
may be understood in terms of non-Gaussian segment displacement
distributions.47

These observations suggest that, for the entanglement blob
of the long reptating chain, the Rouse picture of the initial
chain relaxations within the tube may also need a corresponding
modification.

A. Results of model fitting
The new model fitting to Eq. (15) was performed in several vari-

ants without and with non-Gaussianity (NG) correction [Eq. (19)],
without ( f = 1) and with (artificial) decoupling ( f is a fit para-
meter) of the entanglement strand length Ne, and the lateral blob
size Re, approximating the effect of anisotropic longitudinal and lat-
eral tube dimensions. The NG correction was applied with tmax = τe
and tw = 1 fixed, respectively (except for three alternative fit vari-
ants, PI350 also trying tmax = 0.3τe). We emphasize that in all cases,
the fitting simultaneously embraced the full available Q- and time
ranges. The fit results are shown in Figs. 4 and 5, and the correspond-
ing parameters are mentioned in Table III; the different variants are
indicated by suffixes:

● (none): plain model [Eq. (15)] without NG correction
(α0 = 0). The only basic fit parameters were Ne and Wl4, as
in all other variants (two parameter fits).

● -alpha0: plain model with active NG correction with
tmax = τe and tw = 1 fixed, the additional fit parameter is α0
(three parameter fits).

● -alpha0-f: plain model with NG correction and allowing for a
factor f between lseg

√
Ne and the blob size Re; the additional

fit parameter is f (four parameter fits).

In addition, for the more difficult case of polyisoprene (PI), we also
employed the following further fit variants:

FIG. 5. Results of fits to NSE data in Fig. 4, but here including non-Gaussianity effects and a heuristic anisotropy factor f . The fit parameters are given in Table III. For PI, a
fit with tmax = 0.3τe is shown. A complete display of all fit variants in the present vs log(t) as well as vs the t scale is shown in the supplementary material.
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TABLE III. Fit results obtained with the dynamic structure factor for local reptation (fitted parameters are indicated by error specification following ±) combined with Rouse motion
within the tube according to Eq. (15). Suffixes -alpha0 indicate non-Gaussianity inclusion: (α0 fit, with: 3→ tmax = 0.3τe fixed and -w: tw fitted); and the suffix -f indicates that
f is fitted ( f = factor between dtube and blob size Re). Note that in all other cases, dtube = Re.

Polymer dtube (Å) Re (Å) Wl4
(Å4
/ns) α0 tmax (ns) tw (ns) ⟨χ2

⟩

PE190 48.7 ± 0.1 48.7 60 577 ± 1201 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 2.85
PE190-alpha0 49.8 ± 0.2 49.8 66 087 ± 1643 0.06 ± 0.01 9.4 1.0 2.30
PE190-alpha0-f 49.5 ± 0.9 49.8 ± 1.4 66 462 ± 1983 0.06 ± 0.01 9.4 1.0 2.30

Average ± var 49.3 ± 0.4 49.4 ± 0.5 64 375.16 ± 2 690.42 0.06 9.4 ± 0.0 1.0 ⋅ ⋅ ⋅

PEO190 48.5 ± 0.2 48.5 9765 ± 348 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 2.27
PEO190-alpha0 49.5 ± 0.3 49.5 10 458 ± 446 0.06 ± 0.01 58.0 1.0 1.58
PEO190-alpha0-f 59.3 ± 2.5 47.8 ± 3.0 9226 ± 472 0.04 ± 0.01 57.4 1.0 1.20

Average ± var 52.4 ± 4.9 48.6 ± 0.7 9 816.21 ± 504.33 0.05 ± 0.02 57.6 ± 0.3 1.0 ⋅ ⋅ ⋅

PEP200 57.2 ± 0.2 57.2 25 487 ± 545 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 2.05
PEP200-alpha0 59.8 ± 0.6 59.8 25 633 ± 795 0.08 ± 0.01 50.4 1.0 1.42
PEP200-alpha0-f 65.1 ± 1.4 57.4 ± 2.2 24 328 ± 734 0.05 ± 0.01 45.3 1.0 1.26

Average ± var 60.7 ± 3.3 58.1 ± 1.2 25 149.26 ± 583.76 0.06 ± 0.02 46.1 ± 3.3 1.0 ⋅ ⋅ ⋅

PB45 48.4 ± 0.3 48.4 15 859 ± 348 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 2.78
PB45-alpha0 50.8 ± 0.5 50.8 16 029 ± 399 0.09 ± 0.01 42.1 1.0 1.73
PB45-alpha0-f 55.2 ± 1.9 49.5 ± 2.9 15 776 ± 412 0.08 ± 0.01 38.5 1.0 1.68

Average ± var 51.5 ± 2.8 49.6 ± 1.0 15 887.84 ± 105.57 0.09 ± 0.01 38.5 ± 2.9 1.0 ⋅ ⋅ ⋅

PI350 64.5 ± 0.2 64.5 5364 ± 54 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 18.69
PI350-alpha0 73.0 ± 0.6 73.0 4951 ± 61 0.11 ± 0.01 579.7 1.0 13.65
PI350-alpha0-f 122.7 ± 2.8 62.0 ± 2.4 4921 ± 64 0.03 ± 0.01 303.9 1.0 3.59
PI350-alpha0:3 79.9 ± 0.5 79.9 ± 0.5 4948 ± 53 0.14 ± 0.00 275.6 1.0 8.99
PI350-alpha0:3-f 150.2 ± 3.5 61.3 ± 2.1 4898 ± 73 0.05 ± 0.00 96.2 1.0 1.72
PI350-alpha0:3-w 77.2 ± 0.6 77.2 6339 ± 119 0.14 ± 0.00 187.5 3.5 ± 0.4 6.99

Average ± var 94.6 ± 31.0 69.6 ± 7.4 5 237.00 ± 518.12 0.1 ± 0.05 295.1 ± 149.3 1.4 ± 0.9 ⋅ ⋅ ⋅

● -alpha0:3: plain model with NG correction, but with the
modification tmax = 0.3τe.

● -alpha0:3-f: plain model with NG correction as mentioned
above and allowing for a factor f between lseg

√
Ne and Re.

● -alpha0:3-w: plain model with NG correction as mentioned
above and allowing a fit of tw.

The three latter variants are prompted by the deviations observed
for PI350, namely the tendency of the fits to create a NG-α(t)
related unphysical peak at times somewhat beyond the observation
range. A reliable estimate of the strength of α(t) is undependable
in this situation. Note that—except for PI350—the two-parameter
plain model already yields quite good fits of S(Q, t) over the whole
covered (Q, t)-range; with the additional non-Gaussianity ampli-
tude as the third parameter, the minor residual deviations are also
removed. Additions of further variants were tested in order to
explore the potential nature of the deviation observed in the PI350
data.

All resulting parameters are listed in Tables III and VI; all values
with specified statistical errors were fitted, and the others were fixed.
Note that these errors pertain to statistical counting errors only.

Let us now inspect the results obtained from the fit variants for
the different polymers in some detail.

PE: If we compare the fitting results shown in Figs. 4 and 5,
we find only minor differences in the visual fit quality. However, in
Fig. 4, minor deviations in the sequence of spectra between data and
fitting curves are visible, the full fit shown in Fig. 5 shows perfect
agreement. We note that varying tmax does not affect the results.
Probing deviations that could be related to tube asymmetries (by
also fitting f ) lead to f = 1.006 ± 0.02 (i.e., no indication of any
asymmetry).

The fitted Rouse rate Wl4 values of 6 . . . 6.6 × 104 Å4
/ns stay

slightly below the previous estimate of 7 × 104 Å4
/ns from Table II.

The tube diameter dDG obtained from the simple fit with Eq. (2)
agrees well with dtube = Re in our model formulation.

PEO: The fits for PEO show a very similar outcome as those for
PE. Similar to PE, the simple fit varying only Wl4 and Ne already
describes the PEO spectra rather well, and again the full fit leads
to perfect agreement. In particular, visible residual deviations at
intermediate times and large Q are removed by the inclusion of
NG-corrections, indicating the presence of non-Gaussianity.
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As for PE, the lateral tube dimension Re is robust, while the
tube step-length varies if we probe the anisotropy variable f = 0.81
± 0.04, however, with less effect on deff (see Table III), while Re of the
plain model fit virtually matches the PE-value and is only marginally
larger (2%) than the previously determined dDG-value.

The Rouse rate yielded by the fits Wl4
= 0.92 . . .

1.05 × 104 Å4
/ns is again somewhat lower than the initial estimate

of 1.49 × 104 from Table II.
PEP: As Fig. 4 shows, the simple plain model already repro-

duces the data quite well; close inspection, however, indicates that
the Q-dependence is still slightly off and also the shape at inter-
mediate Q displays minor but visible deviations. The full fit includ-
ing non-Gaussianity correction, on the other hand, again perfectly
describes the data. The possible anisotropy measure f = 0.88 ± 0.03
still stays close to 1.

The Rouse rate Wl4
= 2.5 × 104 Å4

/ns is stable against the dif-
ferent fitting variants and again lower than the previous estimate
of 3.26 × 104 (Table II). Inclusion of NG-correction significantly
improves the fit.

PB: Again, the plain-model fit shown in Fig. 4 shows a fair
agreement, but also shows some deviations at larger (Q, t). On the
other hand, the full fit is able to reproduce the data to a large
extent, basically because of the non-Gaussianity corrections. Probing
f yields f = 0.9 ± 0.04, i.e., close to 1.

The Rouse rate and the lateral tube dimension are rather stable
against fit variants.

In addition, Wl4
≃ 1.59 × 104 Å4

/ns is again somewhat lower
than the initial estimate (Table II) of 2.3 × 104.

PI: PI poses the most problems for our model-fit approach.
However, the plain model fit still approximately reproduces the
salient features of the curves, the Q-dependence of the data seems
to be weaker than that of the model, and the shapes with a larger
t also show deviations. By including non-Gaussianity and tweak-
ing the anisotropy factor f ≃ 0.5, perfect fitting may be achieved as
shown in Fig. 5. The resulting tube size parameter shows consider-
able variation between different approaches, in particular, with and
without the heuristic anisotropy factor f . Nevertheless, they embrace
the previous dDG estimate.

The Rouse rate Wl4 is about 5000 and is in the range of the
previous estimates (Table II).

The more difficult fitting of PI probably pertains to the
limitation of the experimental time range to only a few τe,
thereby not providing a genuine probing of the local reptation
regime.

In summary, we observe that the plain model already yields
a fair representation of the available NSE data of long reptat-
ing polymer chains. However, closer inspection strongly indicates
that non-Gaussianity effects on the “blob”-level play an impor-
tant role. Somewhat weaker (and in terms of a heuristic approach)
are indications for a slightly anisotropic tube in some poly-
mers. In particular, the fits of the PI data show a trend toward
f < 1.

FIG. 6. Illustration of the influence of the NG-correction on S(Q, t) using the parameters of the -alpha0 variants yielding fit results as shown by the solid lines compared to
S(Q, t)α0=0 with the same parameters except for the setting α0 = 0 (dashed lines).
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In all cases, the values of Wl4 are quite robust and smaller than
the previous estimates.

Within small total variations (uncertainties of 1 to 2 Å)
the analysis yields consistent values of the tube diameter
deff. Thus, the microscopic observation by NSE reli-
ably delivers the microscopic confinement volume Vconf

= d3
eff (deff =

√

(d2
NSE + 2R2

e)/3 = lseg

√

Ne(1 + 2 f 2
)/3) , which is

established by the topological constraints. Even if we allow for the
heuristic anisotropy factor f , deff, generally, is significantly larger
than drheo, an observation that was already made by the more simple
evaluations in terms of Eq. (2). In addition, the tube step-lengths
determined by NSE, dNSE, in most cases, are nearly twice the
rheological values.

B. Modified local reptation and non-Gaussianty
As seen above, the fits with the plain local reptation model

ansatz [Eq. (15)] may be further improved by activation of non-
Gaussianity corrections. The inclusion of NG-corrections is very
much in line with earlier results on tracer diffusion and simulations
and theoretical results on the basis of a generalized Langevin equa-
tion (GLE) by Guenza.21 NG-corrections significantly reduce the χ2

values for all polymers (see Table III). We note that the amount of
NG-correction differs by a factor of about 2 if expressed by the values
of the amplitude α0 [Eq. (20)] between the different polymers. The
smallest corrections (α0 ≃ 0.06) are found for PE and PEO; for the
other cases, nearly all NG-including fits yield α0 ≃ 0.08. . .0.13. The
correction to the Rouse relaxation is a retardation close to t = tmax
and the maximum suppression depends on α0. The strength and
visibility of the correction increase with Q2, and its influence is cen-
tered around t = tmax ≃ τe. The time dependence and magnitude of
the non-Gaussian correction to the blob-Rouse dynamics accord-
ingly may be assessed by comparing the curves with and without
NG-correction shown in Fig. 6.

Note that the correction has a tendency to yield a bump in
S(Q, t) relaxation curves at large Q and t ≃ tmax, which for large
α0 may even develop into an unphysical peak. Therefore, a caveat
must be taken in this realm, which pertains to the fact that the NG
correction expression is based on a series expansion in Q2, trun-
cated beyond the first Q2 term. At larger (Q, t), the relevant variable
Q2
⟨r2

mm(t)⟩may lead to a regime, where the series expansion breaks
down. Since, we lack any information on higher order expansion
terms, the details at larger (Q, t) should be interpreted with appro-
priate caution. Extending experiments further in this regime may
give more insights but is beyond our current scope.

FIG. 7. Comparison of the scaled (q and t) computed spectra to the PE190 using the scale factors as fit parameters. The resulting factors are given in Table IV.
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C. Generic properties
In the following, we compare spectra from different polymers

in order to shed light on the extent of the universal generic behav-
ior of their spectra in the local reptation regime. Due to individual
differences in length- and time-scales, the comparison requires
appropriate scaling of the respective Q (1/length) and times for the
juxtapositions of S(Q, t)’s. The excellent interpolation provided by
model fitting to Eq. (15) (irrespective of parameter interpretation)
for all of our reptation type scattering functions allows an indepen-
dent approach to assess the scaling properties that overcomes the
difficulties posed by the fact that the (Q, t) points where the NSE
data of the different polymers were measured in the time-span of
three decades do not exactly match.

For this purpose, S(Q, t)p1 of polymer p1 is computed (inter-
polated, using previously determined model parameters) at the
(Qp2,i × qscale, tp2,j × tscale)-points with the experimental qp2,i and tp2,j

values of the polymer p2 data and fitted scaling factors qscale and
tscale. The comparison of the (Q, t)-scaled model representation of
one polymer to the data of another polymer is shown in Fig. 7. Since
the model representation is more accurate if used for interpolation
within the experimentally covered (Q, t) regime than extrapolation
beyond, the preferred combination of p1 for polymer data and p2
for model representation may be chosen accordingly. However, both
directions yield consistent results.

Thus, the obtained scaling results using the model parameters
of PE as reference are shown in Fig. 7 and the corresponding scaling
factors are listed in Table IV.

In Table V, we compare the tube diameters that would result
from multiplying the PE-reference tube size with qscale and the Rouse
rates resulting from multiplying the PE-reference Rouse rate by tscale.
However, the inferred tube diameters are close to the previously
fitted values, the simply scaled Rouse rates grossly differ from the
expected values if the tube diameters are not the same. It is obvious
that scaling Wl4 with tscale × q4

scale, i.e., scaling time according to the
τe-ratios, again yields close matches.

Thus, the t-scaling reveals that the relevant quantity for scaling
is not simply Wl4 but rather the Rouse rate of the entanglement blob
τe = d4

/(π2Wl4
), i.e., tscale = τe/τe,ref . That is, the implied scaling may

be subsumed as follows:

S(Q, t) = Sref(Q × {d/dref}, t × {τe/τe, ref}), (21)

where the index ref pertains to any chosen reference polymer (or
scattering function model), and S(Q, t), d, and τe are the parameters
of the scaling “target.”

TABLE IV. Scale factors for time and wave-vector (length scale) as obtained by fitting
the factors applied to an interpolation (using plain model parameters) of one polymer
(PE) to the data of another polymer.

Polymer tscale qscale χ2

PEO190 0.161 ± 0.007 1.002 ± 0.003 2.5
PEP200 0.193 ± 0.006 1.230 ± 0.004 3.5
PB45 0.219 ± 0.008 1.055 ± 0.006 4.2
PI350 0.029 ± 0.0006 1.327 ± 0.004 19.7

TABLE V. Comparison of tube diameters and Rouse rates resulting from scaling with
the factors given in Table IV with fit results from Table III. All parameters pertain to the
plain model fits.

dscaled
eff (Å) dfit

eff (Å)
Wl4 scaled

(Å4/ns)
Wl4 scaled

[dx/dref]
4

Wl4 fit

(Å4/ns)

PE ref (48.7) 48.7 (60 577) (60 577)
PEO 48.6 48.5 9 753 9 831 9 765
PEP 59.9 57.2 11 691 26 759 25 487
PB45 51.1 48.4 13 266 16 434 15 859
PI350 66.8 64.5 1 756 5 477 5 364

The latter was an unexpected observation, which, however,
is also corroborated by computational checks of the plain-model
function. The numerical scrutinization of Eq. (14) reveals that for
large N and in the relevant span of tube diameters covering at least
d = 20 . . . 100 Å, d = Re = lseg

√
Ne and τe-scaling is virtually perfect

(see the supplementary material) and obviously corroborated by the
measured data.

In order to further verify this behavior, the combined (Q, t)
scaling was fixed to the above-mentioned relation, and comparisons
were made by solely fitting the d-value, implying the time scale from
the previously determined Rouse rates and the resulting τe ratios.
We note that despite some residual ambiguity in the choice of the
“previously” determined Rouse rates, the model variants all yield
Wl4-values that are consistent within a few percent. In the follow-
ing, we assume the Rouse rate values obtained by the plain-model
fits.

Results to illustrate the degree of scaling goodness are given in
Fig. 8. This may also be devised as a tool to provide an accurate
relation of tube diameters between different polymers, irrespective
of the exact definition of the absolute diameter values. Taking PE
as reference with d = 48.5 Å, we thereby get, by a most basic plain
comparison (no differences in NG-corrections included): d/Å = 48.9
(PEO), 60.2 (PEP), 51.7 (PB), and 64.9 (PI).

Residual differences (most visible for PI350 compared to the
other polymers) are largely to be assigned to polymer specific dif-
ferences in (local) non-Gaussiantiy and/or—where the q-sequence
tends to be slightly weaker or stronger—may indicate a tube
asymmetry.

Summarizing, we note that all polymer spectra display virtually
the same generic properties, such as they are scalable with respect
to each other if the time variable is related to the ratio of the Rouse
times τe of the entanglement blobs, while the relevant length scale is
the ratio of the tube diameters dNSE.

D. The tube size parameters
In the following, we discuss the relation between the para-

meters characterizing the tube confinement both along the tube step
length dNSE and the lateral size characterized by Re. Table VI lists the
corresponding parameters that resulted from the different types of
modeling for the different polymers and relates them to each other.

From the model formulation, we have a direct correspondence
with the tube step length dNSE = lseg

√
Ne and the “blob”-size Re,

which rather pertains to the lateral tube extension. Here, we refer
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FIG. 8. Comparison of the d-scaled PE-model (qd and t/τe) spectra to the NSE data of different polymers. The matching is virtually indiscernible from that shown in Fig. 7.
Note that the main deviations are seen in the influence zone of the NG-corrections, which seem to differ between the different polymers. In addition, here, it is visible that the
PI350 exhibits the worst matching.

to the angular averaged “blob” S(Q) for the interpretation of Re
as lateral tube diameter. However, in detail, the tube model with
steps along the contour implies some stretching of the “blobs.”
Heuristically, in our model, this is expressed by having the factor
f = dNSE/Re ≠ 1 to account for a possible anisotropy of tube length
parameters.

From Table VI, we observe that for all polymers, the micro-
scopic step length of the tubes dNSE and the lateral dimensions Re
are systematically larger than their rheological counterparts drheo.
On average, drheo amounts to about 60% to 70%(80%) of dNSE (Re).

The second general observation regards the relation between
the lateral tube size Re and the step length dNSE. For all poly-
mers, the factor f between dNSE and Re is smaller than 1 (how-
ever, only insignificantly for PE, PEO, PEP, and PB but down
to 0.5 for PI). In a heuristic way, we may tentatively interpret
this behavior such that the lateral tube size Re is narrower than
its step length: the tube is asymmetric, i.e., leaner in the lateral
direction. Kröger and his group have analyzed MD-simulations
on PE and PB chains49 with the aim to differentiate between the
tube step length and the lateral tube dimension. For all simu-
lations, they also find a larger step length compared to the lat-

eral size. For PE (400 units), the ratio corresponding to Re/dNSE
amounted to 0.74; for trans- and cis-PB, the quoted numbers
are 0.68 and 0.7. With increasing chain length, the ratios dimin-
ished gradually. The ratios found by Kröger et al. are consis-
tent with the tendency in our f -values (PE:1, PEO:0.81, PEP:0.88,
PB:0.9, and PI:0.5) toward values less than one. However, they
deviate more from one than other values for f , in particular
for PE.

The third observation regards the ratio between the rheologi-
cal step-length drheo and the lateral tube size Re. For all investigated
polymers, this ratio lies between 0.6 and 0.8, again significantly
larger than the rheological confinement length. Thus, in all dimen-
sions, the microscopic confinement appears to be looser than that
concluded from measurements of the dynamic modulus.

Comparing the results from the simple De Gennes approxi-
mation (dDG) with the more sophisticated evaluation within the
NG-approach, we observe that the effective tube diameter accord-
ing to deff from our analysis is close to dDG within 1 . . . 2 Å, however,
with larger deviations and variations for PI.

Furthermore, we like to classify our microscopic results in
terms of the much considered packing model.46 The packing model
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TABLE VI. Extracted length scales (“tube diameters”) from the fit-parameters in Table III.

Polymer drheo (Å) dDG (Å) Re (Å) dNSE (Å) deff (Å) drheo/dNSE

PE190 31.1 48.8 48.7 ± 0.1 48.7 ± 0.1 48.7 ± 0.1 0.64
PE190-alpha0 31.1 48.8 49.8 ± 0.2 49.8 ± 0.2 49.8 ± 0.2 0.62
PE190-alpha0-f 31.1 48.8 49.8 ± 1.4 49.5 ± 0.9 49.7 ± 1.1 0.63

PEO190 34.5 47.6 48.5 ± 0.2 48.5 ± 0.2 48.5 ± 0.2 0.71
PEO190-alpha0 34.5 47.6 49.5 ± 0.3 49.5 ± 0.3 49.5 ± 0.3 0.70
PEO190-alpha0-f 34.5 47.6 47.8 ± 3.0 59.3 ± 2.5 51.9 ± 2.6 0.58

PEP200 43.3 60.3 57.2 ± 0.2 57.2 ± 0.2 57.2 ± 0.2 0.76
PEP200-alpha0 43.3 60.3 59.8 ± 0.6 59.8 ± 0.6 59.8 ± 0.6 0.72
PEP200-alpha0-f 43.3 60.3 57.4 ± 2.2 65.1 ± 1.4 60.1 ± 1.7 0.67

PB45 40.0 52.2 48.4 ± 0.3 48.4 ± 0.3 48.4 ± 0.3 0.83
PB45-alpha0 40.0 52.2 50.8 ± 0.5 50.8 ± 0.5 50.8 ± 0.5 0.79
PB45-alpha0-f 40.0 52.2 49.5 ± 2.9 55.2 ± 1.9 51.5 ± 2.4 0.72

PI350 60.0 77.0 64.5 ± 0.2 64.5 ± 0.2 64.5 ± 0.2 0.93
PI350-alpha0 60.0 77.0 73.0 ± 0.6 73.0 ± 0.6 73.0 ± 0.6 0.82
PI350-alpha0-f 60.0 77.0 62.0 ± 2.4 122.7 ± 2.8 87.1 ± 2.2 0.49
PI350-alpha0:3 60.0 77.0 79.9 ± 0.5 79.9 ± 0.5 79.9 ± 0.5 0.75
PI350-alpha0:3-f 60.0 77.0 61.3 ± 2.1 150.2 ± 3.5 100.1 ± 2.4 0.40
PI350-alpha0:3-w 60.0 77.0 77.2 ± 0.6 77.2 ± 0.6 77.2 ± 0.6 0.78

connects polymer conformational data with dynamical properties
such as the plateau modulus or the entanglement density. It unites
the volume filling and conformational characteristics of a polymer
into a single chain length independent parameter. Witten et al.48

defined the packing length as the ratio of the occupied volume
of a chain, Vc =M/(ρNA) (with M = mass of chain, ρ = chain
bulk density, and NA being the Avogadro number) and the unper-
turbed chain dimension, which takes the form of the mean-square
end-to-end distance ⟨R2

e⟩,

p ≡
M

⟨R2
e⟩ρNA

=
M0

ρNAl2
seg

. (22)

Its rational may be understood from the following consider-
ations: Let us consider the ratio of the volumes, presented by a
cube that is spanned by the end to end distance of a chain with

mass M: V = (Ml2
seg/M0)

3
2 and the space filling volume of this chain

Vc =M/(ρNA). This ratio presents the number of chains Nchain

in that volume Nchain = N1/2
(l3

segρNA/M0). Solving for Me =M0Ne

and inserting p, we have: Me = N2
chainρNAp3. With this relation, the

plateau modulus assumes the form Ge ≅ ρkBT/Me = kBT/(N2
chainp3

).
Fetters et al. have shown that, for Nchain ≅ 20, this relation is uni-
versal and is followed basically by all polymers. Following Fet-
ters listings46 in Table VII, we include the packing length and

Nchain =

√

Me/(ρNAp3
) (Me is taken from rheology), and compare

them with our results for the microscopic entanglement volume
Vmicr = d3

eff = N3
chainp3

→ Nchain = deff/p.
deff was taken as the average of the results obtained by the differ-

ent fitting variants. The essence of the packing model is that, in order
to form an entanglement, a number of Nchain different chains have
pervade the entanglement volume. Already from the in-trend larger

values of deff from the microscopic observation compared to those
derived from rheology, it is clear that the microscopically deter-
mined chain confinement appears to be looser than that derived
from rheology. Taking into account the packing model, we observe
that for all investigated polymers, consistently, the number of chains
pervading the entanglement volume is required to be about 40%
larger compared to the rheologically derived number.

E. Summary
Summarizing the outcome for the different polymers we point

out that as a common result, the effective confinement length or
tube diameter deff is stable within 10% among the fitted model vari-
ants (except for PI). Close inspection of the fitting in detail, see
e.g., Fig. 6, also supports the conclusion that non-Gaussianity effects
influence the Rouse dynamics; thus, the related tube diameters are
more accurate. For PE, the difference is marginal while for the
other polymers, including NG-effects yields slightly larger deff val-
ues. Thus, the microscopic observation by NSE reliably delivers the
microscopic confinement volume Vconf = d3

eff , which is established
by the topological constraints within an estimated confidence range
of about 5%–10% (except PI).

TABLE VII. Relation of the tube sizes from Table VI to the packing lengths.

Polymer p (Å) Nrheo
chain (Fetters) Nmicr

chain = deff/p Nrheo
chain/N

micr
chain

PE190 1.75 19.6 28.4 0.69
PEO190 1.94 18.6 25.8 0.72
PEP200 2.52 16.9 23.4 0.72
PB45 2.29 16.9 21.9 0.77
PI350 3.2 18.2 25.1 0.73
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Furthermore, it is interesting to note that generally deff is sig-
nificantly larger than drheo, an observation that was already made by
the more simple evaluations in terms of Eq. (2).

Finally, a comparison of all available polymer data strongly sup-
ports a universal scaling behavior if Q is scaled according to the
relevant length scale, namely the tube diameter and the time is scaled
by the “blob” relaxation time τe rather than by the Rouse rates alone!

VI. S(Q, t) PARAMETRIZATIONS AS A TECHNICAL
TOOL

The various semi-empirical approaches combining the ideas of
De Gennes, entanglement blob size, and the non-Gaussianity ansatz
of Guenza shed some light on the underlying processes leading to
the microscopic chain relaxation in long polymer melts and the
differences between some polymers. Using previous knowledge on
polymer parameters restricts the remaining freedom and still leads
to a reasonable description for most of the polymers. This corrob-
orates that the semi empirical models grasp the general scenario on
the molecular scale quite well. Thus, all approaches grasp the general
shape S(Q, t) with a few parameters, i.e., the underlying mathemat-
ical structure is appropriate and allows safe interpolation of S(Q, t)
within (and possibly somewhat beyond) the experimentally covered
(Q, t)-range.

However, there are still a few imperfections in the data rep-
resentation. Thus, if just a very good interpolation is needed (e.g.,
to compare curves obtained at different Q-values within a common
range), further parameters may be relaxed in the fitting process lead-
ing to a better match. Indeed, this would allow a perfect match of
all available data. The deviation of parameters from their expected
“physical” values in those cases may be an indication of deficien-
cies/limitation in our model. In particular, even the PI350K data may
be nicely described in this way.

This more technical approach also yields a tool to computation-
ally incorporate the corresponding accurate (long chain) scattering
functions in other evaluation schemes as, e.g., the application of RPA
corrections in mixtures of (labeled) small chains in a long chain melt
as in Refs. 40 and 50.

Finally, we remark that another more recent approach to
concisely describe scattering functions of reptation polymers was
given by Ma et al.;51 in the supplementary material, we explore its
application to the here presented data.

VII. MAIN RESULTS AND CONCLUSIONS
In this work, we have compared the dynamic structure factors

for five different polymer melts comprising simple polyolefins (PE
and PEP), poly-dienes (PB and PI), and a polyether (PEO). For this
purpose, we have further developed the De Gennes approximation
for the dynamic structure factor for local reptation. We incorpo-
rated approximately the Rouse motion within the topological tube
confinement by a Rouse blob of size Re = f lseg

√
Ne. Tweaking the

default value of f away from 1 was used as a tentative path to detect
possible tube anisotropies. Using a product ansatz approximation,
we described the single chain dynamic structure factor in multiply-
ing the coherent scattering functions for local reptation and Rouse
motion within the Rouse blob, which corresponds to a convolution
of the corresponding pair correlation functions. For completeness

contour length fluctuations (CLFs), Eq. (5) was also integrated to
account for some minor CLF-influence on the not very long chains
(PB).

The following results stand out:
The simple De Gennes approximation in its exponentiated

form is generally used to analyze scattering but also simulation data
describes the dynamic structure factor for t > τe reasonably and for
several polymers astonishingly well, even though in some cases the
predicted functional form does not agree with the spectral data, in
particular at short times. It also proves to be problematic to estimate
the Rouse rate from the initial decay of long chain melt spectra; here,
it is essential to resort to other sources and verify and/or determine
it independently from short chain Rouse spectra and/or rheology.
In our work, we have decided to fit the Rouse rates Wl4 with the
result that the obtained values are systematically smaller than those
obtained from fits of the initial decay of S(Q, t)/S(Q).

Generally, the results for the “De Gennes tube diameters” are
within 5% (except PI) of the outcome of the more sophisticated
treatments.

Using a convolution approach together with the fully inte-
grated De Gennes structure factor, where the initial relaxation is
described as a Rouse relaxation within the confining volume, allows
a good description of the entire structure factor for most of the
polymers.

As realized by simulations and also for tracer diffusion in highly
entangled melts, for all polymers, non-Gaussian dynamics appears
to be a valid phenomenon that affects the chain dynamics within the
tube. Its consideration improves the quality of the fits.

Comparing with rheology, we confirm that in all cases, the
microscopic tube step-length dNSE is significantly larger than the
rheological drheo. Looking at the asymmetry, then we find indica-
tions that for all polymers, the tube confinement is found to be leaner
compared to the step-length. It is interesting to note that by simula-
tions on PE and PB, the Kröger group found qualitatively similar
ratios between step-length and tube diameters as our experiment
analysis.49

All considered polymer spectra within the NSE time and length
scales are generic and scale with each other with scaling factors that
match the ratios of deff-values for Q and Wl4

/d4
eff for t i.e., have a

time scaling according to the “blob” τe-ratio.
Finally, in terms of the packing model, we observe that for all

investigated polymers consistently the number of chains pervad-
ing the entanglement volume is required to be about 40% larger
compared to the rheologically derived number.

Software modules to compute the model functions S(Q, t) used
in this paper are provided as subroutines in Fortran and C and are
contained in the supplementary material.

SUPPLEMENTARY MATERIAL

The supplementary material contains (i) a description of the
modeling consideration and the relation to scattering functions; (ii)
a test of other approaches to describe the scattering function of rep-
tating polymers in simple terms; (iii) details of the chemical synthesis
of PI350; (iv) detailed consideration to the Rouse rate (Wl4

) deter-
mination for various polymers; (v) listing of the software module
to compute S(Q, t); and finally (vi) NSE scattering data that were
used.
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