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Soliton versus single-photon quantum dynamics in arrays of superconducting qubits
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Superconducting circuits constitute a promising platform for future implementation of quantum processors and
simulators. Arrays of capacitively coupled transmon qubits naturally implement the Bose-Hubbard model with
attractive on-site interaction. The spectrum of such many-body systems is characterized by low-energy localized
states defining the lattice analog of bright solitons. Here, we demonstrate that these bright solitons can be pinned
in the system, and we find that a soliton moves while maintaining its shape. Its velocity obeys a scaling law in
terms of the combined interaction and number of constituent bosons. In contrast, the source-to-drain transport of
photons through the array occurs through extended states that have higher energy compared to the bright soliton.
For weak coupling between the source or drain and the array, the populations of the source and drain oscillate in
time; for chains of even length, their population remains low at all times, while it can reach half the number of
total bosons in odd chains. Implications of our results for actual experimental realizations are discussed.
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I. INTRODUCTION

Transmons are Josephson-junction-based superconduct-
ing qubits with reduced sensitivity to charge noise [1].
Networks of transmons are currently being explored for
quantum computations, quantum simulations, and quantum
sensing applications [2—-8]. Specific schemes have recently
been proposed, for instance, for the implementation of the
two-dimensional Bose-Hubbard model [9] and the bosonic
quantum East model [10]. Here we focus on a linear chain
of capacitively coupled transmons [11]. Such systems are
generally controlled via microwave transmission lines and
resonators. Microwave photons can induce transitions be-
tween the transmons’ energy levels, and the excitations thus
created can propagate through the capacitors as photons.
Because of the nonlinear inductance of the Josephson junc-
tion of the transmon, these aforementioned excitations can
interact with each other. Overall, the transport of photons
through such a nonlinear medium can be described in terms
of itinerant bosons with a Bose-Hubbard interaction [12]. Re-
cently, Fedorov et al. [11] reported photon transport through a
transmon chain. In contrast with implementations based on
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Josephson-junction arrays (in which the interaction is due
to the self-capacitance of the superconducting island) [13],
here the Bose-Hubbard interaction is attractive. Several im-
portant problems in quantum science and technology have
been studied in Bose-Hubbard as well as more general sys-
tems, including driven-dissipative systems [14], many-body
localization [15-21], ground-state phases in the disorder limit
[22], correlated quantum walks [23-25], and lattice gauge
theories [26,27].

Recently, Mansikkamiki et al. [28] analyzed the trans-
port properties of an array of capacitively coupled transmons
beyond the standard hard-core boson treatment. Specifi-
cally, they studied the dynamics of localized “boson stacks™:
Multibosonic excitations localized in the same site. In fact,
Bose-Hubbard systems with attractive interactions have been
shown to form bound states defining the analog of bright
solitons for strongly correlated bosonic lattice systems [29].
Such solitonic states are separated from extended states by a
characteristic energy gap which increases with the interaction
strength [see Fig. 1(a)]. It turns out that, despite such bound
states being generally less localized compared to boson stacks
(as the particles spread to nearby lattice sites), they maintain
their “shape” during their time evolution.

In this work, we demonstrate how, by a suitable change
of a single qubit frequency, lattice bright solitons can be
engineered in a chain of transmons [see Fig. 1(c)]. By study-
ing the unitary dynamics, we show that bright solitons can
propagate with a remarkable stability, surpassing that of boson
stacks. In addition, we analyze the source-to-drain transport
of photon excitations injected by resonators [see Fig. 1(b)].
Such dynamics typically involves single-particle scattering
states. Specifically, by matching the frequencies of the source
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FIG. 1. Spectrum and excitation propagation in attractive Bose-Hubbard (BH) Hamiltonian. (a) Bose-Hubbard model [Eq. (1)] spectrum vs
interaction (U) for N = 4 excitations, M = 6 sites, and no disorder, ;t; = wo;. When the interaction is larger than a critical value, |U| > |U¢|,
a gap in the spectrum forms, separating the bound N-particle states from the scattering states. The Bose-Hubbard Hamiltonian is implemented
by an array of capacitively coupled transmon qubits. The effective attractive interaction is determined by the charging energy of the capacitor
shunting the Josephson junction (JJ) [see the legend for the hatched box in panel (b) representing a single transmon]. The different nature of
the states in the Bose-Hubbard spectrum is reflected in the dynamics of the excitations. (b) Schematics of source-to-drain excitation transport.
A single-mode resonator is prepared in a Fock state and weakly coupled to a transmon chain. Photons are transported through the chain to
a drain resonator, accessing the scattering states associated with single-particle effects. (c) Schematics showing the collective dynamics of
localized excitations propagating through a one-dimensional array of capacitively coupled superconducting transmon qubits. The collective
motion unveils the nature of the bound state; the ground state of the attractive BH model is a lattice quantum soliton (see also discussion in

Sec. II).

or drain resonators and the qubit (in the array), rather than
by solitons, the dynamics results to be dominated by single-
excitation transmon states. Nonetheless, by adjusting the
frequency detuning between the source-drain and chain, mul-
tiparticle transport can be achieved.

This article is organized as follows: The model is intro-
duced in Sec. II. The multiparticle dynamics in a transmon
chain is explored in Sec. III. After discussing the difference
between a boson stack and a pinned quantum soliton in
Sec. IIT A, we study the dependence of the propagation speed
of the localized excitations on interaction strength and particle
number. The source-to-drain transport is later investigated in
Sec. IV, where we explore to what degree the localized states
of the transmon chain affect the photon transport. In Sec. VI
we summarize our results.

II. MODEL AND METHODS

In a linear network of M capacitively coupled su-
perconducting transmon qubits, the quantum dynamics of
low-energy excitations (plasmons) is governed by the (disor-
dered) Bose-Hubbard [30] Hamiltonian [11,12,15,17,31]

M-1 U M M
N Z N ZA A Z A
HBH =J (biJrlb,' + HC) + E L l’l,‘(fl,’ — 1) + 2 Muin;,

i=1
ey

where lA)j and b; are bosonic creation and annihilation opera-
tors for excitation on site i, obeying [Ei, 5;] = §;;. The number
operator 1; = 5?[3,- counts the number of excitations on the
site .

The Hamiltonian of Eq. (1) consists of three terms. The
first term is responsible for the transfer of excitations be-
tween nearest-neighbor qubits. The second term gives rise to
the attractive on-site interaction, energetically favoring higher

occupation of individual transmon qubits. The third term is
the on-site chemical potential, which corresponds to the tran-
sition frequency between the first two levels of each individual
transmon.

The relations between the Bose-Hubbard parameters en-
tering Eq. (1) and the physical quantities characterizing the
qubits are summarized in Table I. The capacitive couplings
between individual transmons Eé” ) in the array give rise to
the positive tunneling coefficient J > 0. Here, for simplicity,
we assume that the coupling can be made homogeneous along
the array. The interaction between excitations localized on
the same transmon corresponds to the transmon anharmonic-
ity, i.e., U = —E, with E¢ being the charging energy, also
taken homogeneous. Note that, in contrast to implementations
through Josephson-junction arrays [13], the interaction is at-
tractive. The on-site chemical potentials pu; &~ a)g]) represents
the energy difference between the first two levels of each indi-
vidual transmon. We note that these chemical potentials can be
individually adjusted at each site, either through fabrication or
by using flux-tunable transmons (also called split transmons)
[32], making it possible to realize a disordered version of the
Bose-Hubbard model.

The Bose-Hubbard Hamiltonian commutes with the num-
ber operator N = Zgl ;. In this work, we always consider
situations where the total number of excitations in the system
is fixed. As we focus on the Bose-Hubbard description, we

TABLE 1. Table of parameters.

Parameter Description Physical quantity
J Capacitive coupling Eé” ) /h

U Anharmonicity —EY/h

Wi Transmon frequency o)
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will interchangeably use the terms “particles” and ‘“excita-
tions” when speaking about the transmon excitations in the
chain. Therefore, we will also refer to #;/N as the density
operator at site i. Due to the weak anharmonicity and the
finite height of the cosine potential in a transmon qubit, the
transmons are limited in the number of so-called confined ex-
citations (plasmons) they can hold [33]. The attractive on-site
interaction lowers the energy of multiparticle states. There-
fore, the ground state of a system with N excitations will
primarily involve Fock states with N excitations in any given
site.

In Fig. 1(a), we display the spectrum of the Bose-Hubbard
Hamiltonian as a function of the interaction U in the absence
of disorder, u; = w1, where the last term in Eq. (1) can be
omitted since it gives only a constant shift wy N to the total
spectrum. Upon increasing the interaction strength above a
critical value Ug, the bound states, i.e., the M lowest-energy
states, are separated from the scattering states by a finite gap
that increases when increasing the magnitude of the interac-
tion U. This band of bound states is typically referred to as
the “soliton band” [34]. The ground state of the system corre-
sponds to a superposition of localized bosonic states providing
the analog of bright solitons in the quantum regime [29] (see
also Appendix A).

In this work, we investigate the propagation of a local-
ized bosonic wave packet through an open-ended chain of
transmon qubits. We will consider two distinct protocols
[schematically pictured in Figs. 1(c) and 1(b), respectively],
exploring both the low-lying and highly excited states of the
system.

a. Pin and release dynamics. In this protocol, the system
is initialized by pinning the bosonic excitations to a specific
site, thus selecting a single soliton from the superposition of
localized states forming the ground state of the Hamiltonian
in Eq. (1). Such a state can be obtained by setting all of the
transmon frequencies to u; = wy;, except for the pinning site
Ipin Where Hiyy = @01 — Upin- The value of wpin > 0 is chosen
[29] so that a single localized quantum soliton is projected
over the overall localized ground state of the Hamiltonian
with homogeneous chemical potential. This is achieved by
setting the pinning strength to exactly the width of the soli-
tonic energy band, i.e., flpin = Mband(U, N), as expressed by
the condition [29]

UI(N = 1) 16J2

w(U,N) = —_
Mband( ) ) U2(N— 1)2

-1}. @

Depending on the tunable disorder landscape, the pinned soli-
ton may symmetrically propagate towards both edges of the
chain (discussed below in Sec. III A) or move preferentially in
a selected direction (investigated in Sec. III C), with the latter
being the possibility displayed in Fig. 1(c).

b. Source-to-drain photon transport. In this scheme, we
consider a typical experimental setup [11], where a resonator
is attached to each end of the transmon chain, below de-
noted as the source and the drain. In this configuration, we
study the source-to-drain transport of electromagnetic excita-
tions, prepared in the source as noninteracting photons, and
mediated by quantized plasma oscillations while traveling
through the transmon array. The Hamiltonian of this system is

= 7:lBH + 7:15D, where

Asp = Z walll 8y + J'(ash + aphl, +He).  (3)

a=S,D

Here, wg(p) is the resonating frequency of the source (drain)
resonator [35], and asp) and &;D) are the corresponding
annihilation and creation operators. In this protocol, we first
prepare the source resonator in a Fock state, and then we
connect the source and drain oscillators to the main system
by a quench of the coupling J' from zero to a finite value.
The excitations, initially prepared as noninteracting photons
in the source resonator, enter the transmon chain through the
capacitive couplings. Then the excitations in the first transmon
are annihilated as the next transmon is excited, and so on,
thus carrying the excitation energy through the system. For the
purposes of studying the source-to-drain transport dynamics,
we consider the source and drain to be resonant, wg = wp =
wy, and equal-frequency transmons in the chain, u; = wo;.
Depending on the detuning between the source (drain) and
the transmon frequencies A = w, — wy;, the photon energy
in the source (drain) spectrum may resonate with different
energy levels within the central chain. We note that in this
case, the Hamiltonian A= ﬂBH + 7:LSD commutes with the
total number of excitations, N=N+ Za &;&a, which in this
protocol is fixed by the number of photons initially in the
source.

All the numerics displayed in this work are obtained
through exact diagonalization [36,37]. In particular, we al-
ways consider a closed system evolution characterized by a
fixed number of excitations (either N or NV in protocols a and
b, respectively), neglecting particle losses (that is, relaxation)
and other forms of decoherence. Throughout this work, (- - -)
denotes the expectation value over the time-evolved state
[ (t)) = e |yr). In specific limits, we provide analytical
approximation derived with specific techniques mainly dis-
cussed in the Appendixes. In the simulations, and below, we
set the reduced Planck constant to unity, i.e., & = 1.

III. DYNAMICS OF LOCALIZED
MULTIBOSON EXCITATIONS

The interacting nature of the plasmonic excitations in the
transmon chain strongly influences the system dynamics when
the excitations are localized on a single site. This situation cor-
responds to having a particular transmon prepared in a highly
excited state [28,38]. As a reference to the general cases, we
first consider the time evolution of a single excitation initially
placed in the center of the lattice by means of exciting the
central transmon qubit to the first excited state. For a single
excitation, the time evolution is independent of the interaction
U and equivalent to the density dynamics of a noninteracting
system (U = 0). To visualize the single-excitation evolution,
and still comparing with the interacting cases discussed below,
we show in Fig. 2(a) the dynamics of three noninteracting
excitations.

Due to the capacitive coupling, the excitations evolve sym-
metrically towards both edges of the chain, where they are
reflected. The chessboardlike pattern in the density evolution
results from self-interference due to quantum superposition.
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FIG. 2. Propagation of localized bosonic excitations. [(a), (d)—(f)] The time evolution of the site occupation number (71;) of different initial

states of a system of M = 19 sites and N = 3 particles, for (a) zero (equivalent to N = 1), [(d), (e)] attractive (U = —3J), and (f) repulsive
(U = +3J) interaction. In (a) and (d) a stack of three plasmons is initially placed on the central qubit. Else, a quantum soliton has been placed
in center of the system through pinning, tpin = tpana(U, N) [Eq. (2)] in (e). Note the zero-time cross section below the density plot, showing
the initial density: The occupation of the central site is slightly smaller than 3 in (e), and the remaining fraction occupies the neighboring sites.
In the repulsive case (f), we consider the same initial state as in panel (e). Panels (b) and (c) schematically mimic the initial density distribution
of a boson (plasmon) stack and a pinned quantum soliton (solid curve), respectively. The boson stack has zero width, while a quantum soliton
occupies neighboring sites. The dashed collection of bell curves in (c), modulated by an envelope, schematically represents the ground state
of the unpinned Bose-Hubbard Hamiltonian. (g) The width of a pinned soliton \/R?(0) (see definition in Sec. IIl A) vs pinning strength fiyin,
for various particle number N and U = —3J. In the limit of infinite pinning (upin — +00), the width of the pinned density distribution tends
to zero, reproducing a boson stack. Dashed curves are the analytical approximations for large pinning (derived in Appendix B), as discussed
in Sec. I[IT A. (h) Dynamics of the expectation value of the projector over the subspace generated by the boson-stack states. The evolution of a
boson stack (dashed) is compared with the initially-pinned quantum soliton (solid). For the quantum soliton, the evolution depends on the sign

of the interaction, in agreement with the plots in panels (e) and (f).

The evolution is similar to a continuous-time quantum random
walk on a lattice [24,39-42] in that, with time evolution, the
excitations have an equal probability of moving to the left or
the right of their current position. We remark that the interfer-
ence pattern for a single excitation is also well understood on
the experimental side in one- and two-dimensional transmon
arrays [20,43-46].

A. Boson stack versus pinned soliton

The ground state of a Bose-Hubbard Hamiltonian with
attractive interaction and N excitations is a delocalized su-
perposition of quantum solitons centered on each site of the
chain, with an overall envelope determined by the finite size
of the chain [see Fig. 2(c) and Appendix A].

When addressing the multiexcitation dynamics in a trans-
mon chain, different scenarios can be investigated. First, in

full analogy with the single-excitation case, the central-site
transmon can be prepared in the N-boson state with a series
of w pulses [38], forming a stack [see Fig. 2(b)], and then
it is let to evolve. This situation was recently theoretically
investigated in Ref. [28] in the strongly interacting limit, and
the site-density evolution is displayed in Fig. 2(d). Conversely,
the transmon frequency in the central site can be detuned,
setting Miy, = @01 — [Apin, tO localize the excitations. In this
case, the ground state of the pinned N-particle Bose-Hubbard
Hamiltonian is characterized by a pinned soliton, as schemati-
cally represented by the solid curve in Fig. 2(c). The dynamics
is triggered by removing the frequency detuning (pinning),
leading to the density evolution in Fig. 2(e). The tunable de-
tuning can be realized, for instance, with a flux line controlling
a split transmon [1]. In both protocols, the excitations are
localized in the central site for a significantly longer time
with respect to the noninteracting case. Yet, the boson stack
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shows additional low-density components which resemble the
single-particle propagation. We remark that these differences
are the results of small differences in the initial state [v),
namely, (i) |¥q) = ([’Ln YV10)/+/N1, with |0) denoting the vac-
uum state, for the boson stack, and (ii) |v) is the ground state
of the pinned Hamiltonian [the lowest eigenstate obtained
by exact diagonalization of the Bose-Hubbard Hamiltonian
Egq. (1) with the pinning potential u; , = wo1 — Wpin] for the
soliton case (see also Appendix A). In the plot at the bottom
of Fig. 2(e), we show how the pinned soliton has a nonzero
density occupation at sites adjacent to the pinning center, with
a characteristic exponential decay [29]. We characterize the
spread R(¢) of the soliton at time ¢ around the pining site by
introducing the quantity R2(t) = 1lv Zi‘il (n; () (@i — ipm)z.

In Fig. 2(g), we display the initial size of the pinned
soliton /R2(0) as a function of the pinning strength for
different N. For large pinning strength ppin > J, the width
of a pinned quantum soliton is approximately expressed
as /R2(0) ~ \/EJ/[,upin + |[U|(N — 1)], as shown in dashed
lines in Fig. 2(g) (see Appendix B).

To stress the difference between the boson stack and the
pinned soliton, we estimate the N-particle component of
the time-evolved state [47]. This feature is highlighted in
Fig. 2(h), where we display the expectation value of the pro-
jector on the N-particle state. In other words, we compute the
expectation value of the projector PN = 3" '|N;)(N;| onto
the subspace generated by the states with N excitations in site
i (here denoted with the shorthand |N;)),

M

Fr@)= (PY) =" [y OIN)I. €

i=1

Note that, by definition, this fidelity is smaller than or equal
to one. We introduce this quantity as a figure of merit of
the N-particle component of the state at arbitrary time t;
indeed the bound states [cf. Fig. 1(a)] in the Bose-Hubbard
Hamiltonian for |U| > |U¢| are mainly composed of a linear
superposition of the boson-stack states |N;) [48]. We classify
as stable a state for which the fidelity does not significantly
change with time. For the boson stack evolution of Fig. 2(h)
(dashed black curve), this fidelity is one at t = 0, but decays
on the typical single-particle tunneling time ~1/J, and oscil-
lates around 0.7. On the other hand, the fidelity of a pinned
soliton (solid) is smaller than the stack at = 0, but for nega-
tive U it remains almost unaffected during the time evolution.
That is, the dynamics is mostly supported by N-particle states
and the single-particle ones do not significantly contribute to
the evolution. Upon increasing the strength of the attractive
interaction, e.g., U = —10J, the differences between a pinned
soliton and a boson stack get smaller, and the fidelity is closer
to 1 (not shown). In this respect, the boson stack is the lim-
iting state for a pinned soliton in the infinite interaction limit
—U > J, or, similarly, in the infinite pinning limit ppi, — 00
for a given attractive interaction. Yet, in general, we observe
that the pinned soliton shows stronger stability. It is important
to note that, as u; represents the transition frequency of a
transmon, this must be positive and therefore ppin < wo.

To conclude this section, we briefly comment on the
dynamics for repulsive interactions, U > 0. When multiple

excitations are considered in the chain N > 2, the sign of
the interaction term in the Bose-Hubbard Hamiltonian can be
probed, for instance, through the two-site correlations [41].
Here, we emphasize how the site-density evolution can high-
light the nature of the ground state. Upon initializing the
state as in the pinned soliton case for U < 0, we quench the
interactions to a positive value [49] and obtain the evolution
in Fig. 2(f). Due to the repulsive interaction, the single-
particle-driven dynamics is strongly enhanced with respect to
the attractive case, although few multiparticle effects are still
present due to the high-energy bound states that exist in the
repulsive case [50]. This view is confirmed in the fidelity plot
[green curve in Fig. 2(h)], where the time-evolved state retains
a multiparticle contribution of roughly 0.4, significantly lower
than for U < 0 due to the different nature of the ground state.
Finally, we numerically verify that for a boson stack, the
dynamics is independent of the sign of U. In this respect,
the boson stack and the pinned soliton show quite different
behavior, which can be understood in terms of the U < —U
inversion theorem [51,52]. Indeed, this result, stating that
some operators, such as the density, are independent of the
sign of the interaction, applies only to specific initial states
[53], including the boson stack but not the highly entangled
pinned soliton state.

B. Expansion velocity

In the previous section, we discussed the site-density evo-
lution for different values of the interactions, and highlighted
the difference between an N-boson stack and the state realized
through pinning, which leads to a quantum soliton. Here we
want to quantitatively address the speed of the excitation prop-
agation as a function of the interaction. For a noninteracting
chain U = 0, the evolution of the single-particle excitation
placed on a specific site can be mapped to a continuous
quantum walk [42], where the site-density occupation repre-
sents the probability. It is well known that the quantum walk
propagation is ballistic [44], and so characterized by a linear-
in-time root-mean-square deviation (RMSD) /R2(¢) o< . As
a consequence, it is possible to define the spread velocity
v ~ /R2(t)/t. In this present case, the velocity definition has
a few complications. First, for a finite-size system, the rela-
tion /R%(¢t) o t only holds on a short timescale t < M/2v,
even at U = 0. Moreover, the interaction term significantly
modifies the time evolution, possibly spoiling the linear-time
scaling. Following Refs. [29,52,53], we define the expansion
velocity as

d
v() = —VR(1) — R(0). 5)

This definition is known to be quite robust against finite-size
effects on a short timescale (see Ref. [52] and Appendix C). In
general, this velocity is a function of time, so we consider the
asymptotic value v, following the fitting procedure detailed
in Appendix C and discussed in Refs. [29,53,54].

The fitted velocity v is plotted as a function of U for dif-
ferent values of N in Fig. 3(c). The velocity is a monotonically
decreasing function of both U and N, due to the increasing
interaction energy. For |U| < J, the velocity is independent
of the excitation number, where the density-wave transport
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FIG. 3. Expansion velocity of a pinned quantum soliton. Schematics showing two extreme dynamical regimes: (a) weakly interacting
(JU| < |Uc|), where excitations sequentially tunnel, and (b) strongly interacting (|U| > |Uc|), where all of the excitations move collectively
as a composite particle. (c) Asymptotic expansion velocity v., (for an infinite chain, see text) vs on-site interaction U of a pinned soliton
Mpin = Mana (U, N) [Eq. (2)] for different particle numbers N and M = 29 sites. The interaction effectively increases the inertia of the localized
excitations. Grey points represent values where there is no gap in the spectrum between the scattering and bound states [29]. In the inset, we
show the collapse of the velocity curves for different N, using the scaling |U/J|N='(N — 1)!/N, derived by Mansikkamiki et al. [28] for
|U| > J. The dashed line in the inset shows the velocity of a boson stack that is formed at very large values of the on-site interaction; the stack
behaves effectively as a single particle [28] and its velocity is that of a quantum random walk with renormalized tunneling J — J (see main
text). (d) The expansion velocity as a function of pinning shift ttpin — tvana for N = 2 and various values of on-site interaction, where [pand
[Eq. (2)] is the value of i, to form a bright soliton. The dashed lines show the velocity of a boson stack, which is equivalent to the pinned

soliton in the limit jip, — oo.

is dominated by single-particle effects [see the schematic
Fig. 3(a)]. We find that the velocity depends on a suitable
combination of U and N, displaying certain traits of univer-
sality [see the inset of Fig. 3(c)]. In particular, the velocity
reduction is related to the effective rescaling of the tunneling
term J — J, where J = JN(J/|U)V~!/(N — 1)! represents
the tunneling probability for an N-boson particle in the limit
|U| > J, as recently discussed in Ref. [28]. In other words,
for strong interactions |U| > J, the excitations’ propagation
occurs as if the quantum soliton were a collective particle [see
Fig. 3(b)]. Indeed, in this limit, the pinned soliton is equivalent
to a boson stack, as discussed in Sec. IIT A; the propagation
speed approximately reads v &~ +/2J [see the black dashed
line in the inset of Fig. 3(c)]. Notably, the scaling v o J was
identified as the group velocity of a quantum lattice soliton
in the strong-interaction limit even earlier [34]. We also note
that these results are in good agreement with the v, o 1/|U|
scaling numerically obtained in Ref. [53] for N = 2 and large
|[U| [55], and that the collapse of the colored symbols in
the inset of Fig. 3(c) suggests a way to estimate the critical
interaction strength Uc (see Appendix D).

In closing this section, we briefly comment on the impact
of the pinning strength i, on the expansion velocity. In
Fig. 3(d), we plot vy as a function of pyi, (larger than the
optimal value ppang) for N = 2 and different values of the
interaction. The expansion velocity increases monotonically
with the pinning strength for every value of U. In the limit of
infinite pinning ppin — 00, Vs saturates to the expansion ve-
locity of a boson stack, as shown with dashed lines in Fig. 3(d)
for each value of U. We note that in the noninteracting limit
U — 0, this velocity reads vy, & V27 , as well known in
the case of the standard quantum walk [44,53], while for
large interaction (JU| > |Uc|) the velocity saturates to a value

typically larger than +/2J (not shown here), probably due to
the effect of the scattering states, which transport excitations
at a faster rate [cf. the outer-edge components in Fig. 2(d)].

C. Directional transport

Above, we discussed the spreading of the quantum soliton
when pinned at the center of the transmon array. Due to
symmetry, the excitations propagate toward both edges of the
chain equally. Here, we discuss simple protocols in which the
excitations move preferentially in one direction. To achieve
this goal, the left-right symmetry with respect to the central
site in the chain must be broken. This can be done by either
(i) preparing a left-right asymmetric initial state (near-edge
propagation) as shown in Fig. 4(a), or (ii) considering an
asymmetric potential landscape (as given by the on-site chem-
ical potential u;) [see Fig. 4(b)].

The first case is obtained by changing the pinning site, say,
setting i, = 2. We note that by selecting iy, = 1 the prop-
agation of the excitations is strongly suppressed due to edge
localization, a phenomenon discussed in Refs. [28,56,57]. The
site-density dynamics is shown in Fig. 4(c). The peak in the
density profile shifts towards increasing site-number indices
due to the initial asymmetry. Differently from the situation
where the soliton is pinned in the central site, the spreading
of a soliton does not occur in the same measure, but, rather,
excitations moving to the left of the pinning site are reflected
by the boundary, thus following the density peak, moving to
the right. As a consequence, the excitations remain spatially
localized about the site index of the density peak, effec-
tively approximately retaining the initial width of a pinned
soliton. While reaching the rightmost boundary [site 19 in
Fig. 4(c)], the excitations which initially moved left and right
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FIG. 4. Directional transport of a quantum soliton. Schematic diagrams showing two different protocols for directional propagation:
(a) Asymmetric initial state. The soliton is pinned at site 2, and left to evolve afterwards, moving primarily towards a higher site number.
(b) Asymmetric potential. The soliton is pinned at the central site iy, = (M + 1)/2, while the chemical potential landscape is increased
monotonically for i < iy, giving directionality to the time-evolved state after releasing the pinning. Dynamics of the site occupation number
(n;(¢)) after pinning and releasing, for (c) site-2 pinning and no ramping, and [(d)—(f)] central-site pinning and different ramp heights.
(g) Fidelity with the subspace generated by the N-particle localized states for the two protocols, corresponding to the dynamics displayed

in (c) and (e). The shaded region approximately shows the time where the boundary (i = M

— 1) is first reached by the traveling quantum

soliton for both protocols. Parameters are N = 3, M = 19, and U = —3J, except in (g) where, for iy, = 2, we use M = 9 to have the same
distance between the effective boundaries in the two considered cases. In all the panels, the soliton is pinned with the value discussed in

Sec. I A, i.e., tpin = Upbana (U, N) [Eq. (2)].

constructively interfere [for r ~ 60/J in Fig. 4(c)] and the
density at the peak is increased again. In starting as close to
a boundary as possible, with iy, = 2, the excitations initially
moving left are reflected in the shortest time, keeping the ef-
fective width of the density distribution as narrow as possible
about the peak density site. We note that this protocol is less
effective at transporting a spatially localized bright soliton
when i, > 2 (not shown).

The second protocol is implemented, for instance, by con-
sidering a “ramplike” potential landscape [see Fig. 4(b)],
achieved by individually tuning the transmon frequencies

i < lramp,
[ 2 iramp, (6)

where iramp s the site at the base of the “ramp,” and ftramp > 0
is the frequency detuning between adjacent transmons in the
ramp.

We now consider the propagation of a pinned soliton for
different values of firamp, fiXing imp = (M +1)/2. As in
the protocol discussed previously, the pinning potential is
removed at ¢+ = 0. The ramp effectively implements a soft
boundary; the excitations are progressively reflected while in-
creasing the potential step (rmp, and consequently depleting
the excitations in the region i < iyyyp. For a small ramped po-
tential prmp < J, the plasmonic excitations are gently pushed
in the direction where the frequency detuning w; — wg; is
zero, as seen in Fig. 4(d). In the evolution, the site density
displays multiple peaks due to the low value of the ramping,
while still showing asymmetric evolution. As in the protocol

Wi = wo + Mramp(iramp — i),

i = wo1,

where the excitations are localized to the second site, the
excitations partially recombine upon reaching the opposite
end, although never reaching the initial peak density of the
pinned soliton. By increasing the ramp strength pramp = J
[see Fig. 4(e)], the excitations only propagate in the region
i 2 inamp, being delocalized on a size approximately equal to
the one of the initially pinned soliton. The excitations become
more delocalized after reflection from the right boundary, due
to interference effects. For a large value of the ramp pramp =
5J, as shown in Fig. 4(f), the ramp effectively acts as a bound-
ary. As a result, a finite excitation density remains trapped
in the pinning site, which is reminiscent of edge localization
[28,56]. These results indicate that there exists an optimal
ramp slope to impose directionality on the evolution of the
pinned excitations, since the soliton is symmetrically spread-
ing for ftramp/J — 0 and stationary for firamp/J — 400 (limit
not shown here).

In closing this section, we compare the N-particle compo-
nent (see definition in Sec. III A) as a function of time for the
two protocols in Figs. 4(a) and 4(b), in analogy with the anal-
ysis performed for the soliton pinned at the center of the chain
[see Sec. IIT A and Fig. 2(h)]. Notably, the presence of the
ramp significantly improves the stability of the pinned soliton
with respect to the near-edge preparation; the fidelity with the
N-particle projected state remains approximately constant in
the evolution, even after multiple reflections from the hard
boundary, except for the particular times where the excitations
are being reflected at the rightmost edge or at the base of the
ramp.
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FIG. 5. Source-to-drain photon transport in the resonant case between the source or drain and transmon qubits (@, = wp;). Time evolution
of the occupation numbers of the (left) source, (center) chain, and (right) drain for an [(a)—(f)] even (M = 4) and [(g)—(1)] odd (M = 3)
number of sites. The source and drain resonators are weakly coupled to the transmon array, with J' = 0.1J. Comparison between the numerics
(lines) and the analytic approximations (points) for the U = 0 cross section: [(d)—(f)] Egs. (9) and (10), [(G)—(1)] Egs. (7) and (8) derived in
Appendix G. The triangles in (d)—(f) show the analytics when not accounting for level repulsion in the even-parity case (see Appendix G 2).
The dynamics is independent of the sign of the interaction U, despite the presence of A/ = 4 excitations in the system.

IV. SOURCE-TO-DRAIN TRANSPORT A. Transmons resonant to the resonator

In this section we address the configuration shown in We begin by discussing the case where the frequencies of
Fig. 1(b), where the system Hamiltonian is 7 = Hgn + Hsp the source and drain resonators match the qubit frequency
[cf. Egs (1) and (3)]. We investigate the dynamics of the in the transmon array. Figures 5(a)-5(c) display the time
average number operator in the source ng(t) = (fis) = (aids), ?VOlﬁlﬁon of thi gxpectgti(;)n.vaflue of.the nulrnber ;)perat.or

: M s : : — Ay — in the source, chain, and drain for various values of on-site
chain (N) = Zi:l (i), and in the drain np(t) = (fip) = interaction U, and a system with an even number of sites in
the chain (M = 4). For most values of |U|, the excitations
coherently oscillate between the source and the drain with
a period almost insensitive to the sign and the strength of
the interaction U. In particular, the number of excitations in
the chain remains typically quite low, (N) < 1, throughout
the evolution; in other words, the transport through the chain

(&Z&D). Here, we discuss the case where the source and drain
are weakly coupled to the chain (J' = 0.1J). The system ini-
tially has all excitations in the source: |y) = (&;)N [0y/ VA,
with |0) being the vacuum state (we remind that A/ denotes the
total number of excitations in the system, including source and
drain).
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is fast compared to the typical source depletion, due to the
weak coupling J' < J. (For some specific values of |U|, the
dynamics is more complex; this is explored in more detail in
Appendix E.)

Figures 5(g)-5(i) show that, for an odd number of sites,
the dynamics is rather different: Coherent oscillations dom-
inated by a single frequency can only be seen for U =0,
while the time evolution at finite interaction is more complex.
In comparison with the case of even sites [Figs. 5(a)-5(c)],
there are more frequency components in the oscillations, and
faster exchange of excitations between the resonators and the
transmon array. Moreover, even at zero interaction, a few
excitations are populating the transmon array.

The qualitative differences between the even and odd cases
for the parity in the number of sites can be understood
by analyzing the noninteracting case (U = 0). In this case,
the Bose-Hubbard Hamiltonian reduces to the tight-binding
model, and can be diagonalized by moving to momentum
space, i.e., Heu(U = 0) = Ziil e,j;zz}k (see Appendix F).
Here, the operators lA),Tc and by respectively create and an-
nihilate a boson of energy €, = wg; + 2J cos[wk/(M + 1)],
withk =1, ..., M. The difference between the parities stems
from the absence (presence) of a single-particle eigenstate
in the chain resonant with the source and drain levels in
the even (odd) case. Indeed, the condition €; = wy; requires
k = (M + 1)/2, which can be satisfied only for odd values of
M, since k is an integer number. This resonance is responsible
for the faster dynamics observed in the odd case. We note that
this parity effect has been discussed for a single excitation
traveling along a spin chain for purposes of perfect state
transfer [58].

More precisely, for U = 0 and odd parity, the dynamics
for small chain sizes can be approximated by exclusively
accounting for the transport mediated by the resonant level.
Within this description, the expectation values of the density
in the source and drain are approximately expressed as (see
Appendix G)

ns(t) — cost <—/t) %
N VM1 )’

np(t) J'

N ”m<ﬁﬂ30’ ®

while the density in the chain can be obtained through
particle conservation, N@)=N —ns(t) —np(t) =
N'sin?(2J't //M +1)/2. These expressions give quite
an accurate description of the dynamics for M =3, as
displayed in the zero-interaction cuts of the density plots in
Figs. 5(G)-5(1). Clearly the above expressions do not describe
the dynamics in the case of finite interaction, U # 0 [see
Figs. 5(g)-531)].

For even chains, the evolution at zero interaction is more
involved, including more energy levels. In first approximation,
the dynamics is the result of beatings between a slow fre-
quency w_ and amplitude ~N/, modulating a fast oscillation
with frequency w, and smaller amplitude (see Appendix G 2):

ns(t) [l+a |l —«a ?
NG _[ cos(w_t) + 5 cos(a)+t)i| , 9

N > sin(w_t) — !
with o = (0w —w_)/(wy +w_)~ 1. In this approxim-
ation, N(t) =N —ng(t) — np(t) = N(1 — &?) sin’[(wy +
w_)/2] < N. Including only the two single-particle
energy levels closest to the frequency of the resonator,
we obtain wy = Jsin(m)(,/l +2B82+1), withp =
(J'/J)cot[m /2(M + 1)]/2/(M +1). The zero-interaction
approximation (black triangles) and the evolution obtained
through exact diagonalization (solid) are shown in Figs. 5(d)-
5(f). The analytical expression overestimates the slower
oscillation frequency w_. However, upon including the energy
shift due to level repulsion from the adjacent energy levels
(see Appendix G2), we obtain the more accurate expression
for the slow frequency, w_ =J?/(J[1+ MJ"?/(2J*)])
[orange points in Figs. 5(d)-5(f)].

2
np(t) =[1+a . Sin(wm] )

B. Resonator and qubit frequency detuning

Here, we explore the source-to-drain dynamics when the
resonators, with frequency w,, are detuned from the transmons
in the chain, with energy separation wy, . In the density plots of
Figs. 6(a)-6(c), we explore the dynamics for different values
of the detuning A = w, — wy;, keeping fixed the interaction
U < 0 and the number of excitations, . We identify different
regimes: For |A| < 2J, the evolution of the excitation number
in the resonators (and the excitations in the transmon array)
depends nonmonotonically on |A|. Source-to-drain transport
occurs readily here, with a periodicity modulated by the de-
tuning. For larger values, i.e., |A| > 2J, the excitations are
not transferred from the source to the drain on the considered
timescale. An exception is the specific detuning A &~ —5J,
which is also characterized by a more prominent occupation
of the chain.

These features can be understood in terms of the analytical
analysis of the resonant case. In particular, by changing the
detuning, the single-photon energy resonates with the single-
particle energy in the chain for w, = wgy; + 2J cos[wk/(M +
1)], for which |A| < 2J. Outside this region, the transport
becomes typically extremely small since the large detuning
from the single-particle levels makes the time evolution pro-
gressively slower.

The behavior at A &~ —5J denotes a resonance between
the two-particle states in the chain and the Fock states in the
resonator. Indeed, for the source and drain to be resonant with
states which are a superposition of states characterized by N
particles in a specific site, energy conservation imposes (we
disregard the tunneling energy in this reasoning)

MN~Mw>m+mw+%MN—u (11)

with @, N being the energy of the Fock state prepared in
the source at + = 0. This relation immediately implies A =
U(N — 1)/2; for the parameters used in Fig. 6, this gives
A = —5J for the two-particle states. Such a resonance was
very recently experimentally observed by Fedorov et al. [11].
We remark that our considerations are valid for values of U
such that the ground-state band is well separated from the
extended states [see Fig. 1(a)] (for instance, U < —2J for
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FIG. 6. Source-to-drain photon transport vs source or drain and transmon qubits detuning. Long-time evolution of the occupation numbers
of the (a) source, (b) chain, and (c) drain for an attractive (U = —10J) on-site interaction. The source and drain are weakly coupled to the
main system, with J/ = 0.1J. A level of strong resonances can be seen for A = w, — w9 & U/2, when two-particle states are accessed within
the central chain. (d) Fidelity of the instantaneous state with two-particle states for A = —5J (solid black). The evolution of the occupation
number N in the chain (dashed red) follows closely the dynamics of the fidelity, showing how two-particle effects are dominant in the transport.
Parameters: Odd-parity chain with M = 3 sites, and N = 4 particles.

N =4 [29]). Resonances with higher-number particle states intermediate- (|U| < |Uc¢|) and the strong-interaction (|U| >
N > 2 are, in principle, possible. While these resonances are |Uc|) regimes discussed in this article. Finally, we comment
difficult to identify at weak coupling, J'/J < 1, we have that the soliton pinning can be achieved, for instance, with
found evidence for them in simulations at stronger coupling flux-tunable control of the split-transmon frequency, with typ-

(not shown here). ical modulations of the order of 1 GHz [31].
To confirm the multiparticle nature of the resonance ob- We remark that our closed-system modeling with fixed
served at A = —5J, we compute the expectation value of  excitation number N is valid on a timescale where relax-

the projector onto the two-particle subspace PV=2) (i.e., the  ation and excitation effects can be disregarded. First, excited
fidelity of the time-evolved state with any state where there states can decay due to relaxation phenomena; in partic-
are only two particles on any one transmon and an arbitrary  ular, TIN ~N=1 denotes the timescale on which a transmon
number in the resonators), shown in Fig. 6(d) (black solid prepared in the level with N plasmons loses an excitation.
curve). This quantity reproduces exactly the dynamics of the Second, dephasing effects can degrade the interference pat-

excitation number in the chain [red dashed curve in Fig. 6(d)]; tern in the evolution of the quantum soliton state; the pure
this feature suggests that for A = —5J, the source-to-drain  dephasing time 7" determines the coherence time of the
transport is mediated by two-excitation states. N-plasmon state TZ’V—"V—l in combination with the relax-
ation rate l/TZN_’N_l = l/Tw(N) + 1/2T]N_’N_l. In a single

V. EXPERIMENTAL CONSIDERATIONS transmon coupled to a three-dimensional cavity [60], these

multiexcitation states can live up to a few tens of microsec-

In Secs. II and III, we discussed the spectral properties  onds, with reported values as high as T2~! ~ 40 us, T2 ~
of the Bose-Hubbard model describing the array chain and, 30 ps, and Tl“—’3 ~ 20 us [38], and with typical coherence
consequently, the dynamics of localized excitations. We high-  times of 777! ~ 30 us, 7;77? ~ 10 ps, and 7,3 ~ 2 us. In
lighted the stability features of pinned solitons compared to  two-dimensional implementations of transmon arrays, similar
boson stacks. In this section, we comment on typical values  values were recently reported for the second excited state
of model parameters and possible sources of nonidealities in  of the qubit, with the lifetime 7;>~! = 30-40 us, and coher-
realistic experimental setups. First, we note that the pinned  ence time 77! = 10-20 us [59] (coherence times become
soliton should be prepared on a timescale shorter than the as large as 7;7~! &~ 70 us with spin echo [32]). Considering
typical tunneling time 1/J. For coupling frequency of the a state-of-the-art transmon array and previous characteriza-

order J/2mw ~ 1,...,100 MHz [11,12,14,20,44], the soliton tion of single qubits, two-particle solitons are achievable
should then be prepared in less than 1 us, which is achiev- with current implementations. Because of the slowdown
able with state-of-the-art optimized pulses. In this respect, properties discussed in Sec. III B, at present addressing soli-

the preparation of the pinned soliton may be assisted with ~ tons with higher-excitation-number dynamics may be more
engineered dissipation, recently exploited for the realization  challenging.

of a Mott-insulator state of photons [14]. Being the typical on- Additional limitations are associated with the requirement
site interaction in the range U/2mr = —150, ..., —300 MHz of identical transmon frequencies, as assumed in the dynamics
[11,12,59], |U|/J can assume values to explore both the of multiparticle states considered in Sec. III. The frequency of
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transmon qubit i can be approximately expressed as w()

,/8EJ(')E D _E ('), an approximation valid if the Josephson

energy is much larger than the capacitive energy, Ej(i) >
Eg). During fabrication, the capacitive energy can be con-
trolled with a high degree of accuracy, being associated with
structures the size of several micrometers to fractions of a mil-
limeter; the Josephson energy, on the other hand, depends on
the properties of a nanometer-thick oxide barrier over a tunnel
junction area typically smaller than a micron square, so its
value is less reproducible. The potential frequency mismatch,
effectively determining a disordered array, can be addressed
by using split transmons, where the junction is replaced by
a superconducting quantum interference device and the qubit
frequency is controlled on-chip via an out-of-plane magnetic
field [32]. When tuned to the same frequency, the transmons
would generally be no longer operating at their “sweet spot”
in flux tunability (integer multiples of ®(/2 for an asymmetric
split transmon [61], where dw;(®)/dP = 0), making the
system more sensitive to magnetic flux noise [62]. In this
situation, the decoherence in the system is dominated by pure
dephasing, resulting in 7, < T; [61]; for this reason, below
we neglect excitation and decay processes and discuss the
dynamics with keeping fixed the total number of particles. Re-
cent theoretical work [63] supports this choice, as the analysis
performed there also shows that dephasing is the dominant
decoherence channel.

To simulate the effect of dephasing on the dynamics of
excitations, we proceed as follows. Since the spectral density
of the flux noise is peaked at low frequency, we perform
the simulations with a quasistatic noise; in particular, we
perform ensemble averages over several time evolutions. For
each trajectory, the transmon frequencies w)), are randomly
sampled from a Gaussian distribution with mean wg;, and
standard deviation inversely proportional to the pure dephas-
ing time o, = «/Q/Tw [62]. The change in magnetic flux
affects the Josephson energies Ej(i) and, thus, the frequencies
w(()’l) of the transmons, while the capacitive energy (that is,
the interaction strength U) is uniform along the chain. The
coupling between the transmons also becomes site dependent,

J = Jiip1 = J,/w(()il)w(()if Y Jwo; (the scaling factor originates

from rewriting the capacitive coupling between charges in
terms of creation and annihilation operators). As in the plots
displayed in Figs. 2(d), 2(e), and 4(c), we consider a sys-
tem of N = 3 particles, U = —3J, and M = 19 sites. With
a tunneling coupling of J =20, ..., 100 MHz and consid-
ering the dephasing times reported in Ref. [61] for tunable
transmons (T, ~ 5, ..., 15 us, with longer coherence for less
tunable qubits), the standard deviation is in the range o, ~
0.001J-0.014J. In the numerical simulations presented below,
we explore up to the worst-case scenarios of o, = 0.05J for
expansion and o, = 0.1J for directional transport.

Figures 7(a) and 7(b) show the time evolution of a quan-
tum soliton and a boson stack, respectively, averaged over
100 repetitions [64] with o, = 0.05J. The bosonic exci-
tations are prepared in the center of the chain, and the
soliton is pinned with wu;, = “’01 Mpin; the pinning pro-
cedure is robust against the frequency fluctuations, being

(a) Soliton (b)

Boson stack (n:)
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FIG. 7. Density evolution with time of (a) a quantum soliton
and (b) a boson stack prepared in the center of the system with
0, = 0.05J determining the pure dephasing rate. In both cases, the
interference pattern observed in Figs. 2(d) and 2(e) has blurred.
The previously observed differences between a quantum soliton and
boson stack still hold under decoherence. [(c), (d)] The evolution of
a quantum soliton prepared in the second site from the left [similar
to Fig. 4(c)], with different values of pure dephasing rate o,,/~/2.
With large decoherence, a localization effect is observed. Parameters
are the same as in Figs. 2(d), 2(e), and 4(c) to aid comparison.
The soliton is prepared with Wiy = a)fn — Mpin, With ptpin > 0. The
intersite tunneling J has been scaled as a result of the changes in
Josephson energy of each of the transmons (see text).

Mpin > 0,. Comparing with Figs. 2(d) and 2(e), we see that
the differences between the quantum soliton and boson stack
expansions continue to hold under relatively strong dephas-
ing: As in the absence of dephasing, the density profile
spreads outwards from the center of the chain with velocity
v ~ J in both cases, but the boson stack continues to exhibit
fast-moving (v ~ J) single-particle dynamics. The dephasing
affects both the boson stack and quantum soliton dynamics
in similar ways: The sharp interference pattern displayed in
Figs. 2(d) and 2(e) in the density evolution fades with increas-
ing o, and completely disappears for o,, = 0.1J (not shown
here).

Next, we explore the effect of dephasing on the directional
motion of the quantum soliton. Figures 7(c)-7(e) show the
dynamics of a quantum soliton initially pinned at site i = 2
for different values of o,. In the absence of decoherence, the
soliton moves towards the right end of the chain with no sub-
stantial expansion of the soliton wave packet [cf. Fig. 4(c)].
For o, < 0.01J, as in typical experimental conditions, the di-
rectional dynamics is not qualitatively affected by dephasing.
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For completeness, we also explore larger dephasing rates;
in particular, we observe localization of the excitations for
large values of o, [Fig. 7(e)]. This phenomenon resembles the
localization of excitations under strong disorder, D > 2J /N
[22], with D the disorder strength (which plays the role of o,
in our notation). We numerically verified that the localization
occurs for any arbitrary choice of pinning site (not shown).
We conclude this section with a few final observations. For
dephasing rates such that o, ~ upi, (not shown), the soliton
pinning in a specific site iy, is no longer possible: Indeed,
in many instances, the excitations would localize in site i,
whereby o) < a)gfi") — Mpin. Similar considerations apply to
the case of the ramp protocol discussed in Sec. III C; in partic-
ular, the ramp is unaffected by dephasing for ptramp > 0y, (as
is the case for optimal ramp slope).

VI. CONCLUSIONS

In this work, we considered the dynamics of bosonic
excitations (plasmons) in an array of capacitively coupled
transmons. The system’s dynamics is governed by a suitable
Bose-Hubbard model describing correlated bosons with at-
tractive interaction.

We analyzed two different dynamical protocols. In the first,
we considered excitations initially localized around a specific
site in the transmon chain. The required pinning energy fipin
is realized by tuning the frequency of a single transmon. In
this way, we engineer a lattice bright soliton; such a state
differs from a stack of bosons localized in a single site [28].
Indeed, the pinned soliton dynamically evolves in the form of
a superposition of solitons localized at different sites. There-
fore, we find that the soliton, as such, is dynamically stable.
This property arises because the solitonic bound states are
protected by a characteristic energy gap in the Bose-Hubbard
spectrum which increases with the interaction |U|. Boson
stacks, instead, are found to be stable only for sufficiently
large interaction. The characteristic soliton velocity is found
to be a universal function of a specific combination of inter-
action strength and number of particles for any finite U. This
feature provides a remarkable extension of the scaling found
for boson stacks [22] and reflects the aforementioned bright
soliton stability for any finite attractive interaction.

In the second protocol, we prepared the source resonator
in the N-photon Fock state and transferred excitations to the
transmon array by means of a weak capacitive coupling. In
the case in which the qubits are resonant with the resonator
(the case of odd length of the chain of transmons), we observe
transport with almost no dependence on the sign of U; all
transport occurs through the resonant zero-energy state which
is independent of interaction. Indeed, the solitonic states can-
not be accessed from this zero-energy state. Yet, by suitably
detuning transmon and resonator frequencies, states contain-
ing multiple particles can, in principle, be accessed. However,
due to the weak single-particle tunneling between the res-
onators and the chain, the dynamics in the chain is comparably
fast, and only few-particle states in the chain are relevant in the
dynamics. The strength of interaction determines the degree of
detuning required to reach these interaction-dependent states.

Finally, we note that the low-atom-number regime is chal-
lenging to achieve in cold atoms and atomtronics settings [65].

As discussed in this work, though, a low excitation number
is a natural condition in superconducting circuit implemen-
tations. Therefore, our results can provide a first step in the
identification of currently unobserved phenomena, such as the
fractional flux quantization predicted to occur in ring-shaped
condensates [66].
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APPENDIX A: SPECTRAL DECOMPOSITION
OF SOLITON VERSUS STACK

In Sec. IIl A, we discussed the dynamics of a localized
quantum soliton compared to a boson stack. In particular,
we showed that the quantum soliton expands into a super-
position of multiboson states while the boson stack displays
single-particle features associated with scattering (or ex-
tended) states. Here, we remark on the differences between a
quantum soliton and a boson stack by inspecting the spectral
decomposition of the two states. We consider the expansion
of the states on the basis given by the eigenstates |,,) of the
Bose-Hubbard model in Eq. (1) (and no pinning, u; = woy),
Le. |¢) =22, (¥uld) |vn).

In Fig. 8, we display the spectrum of the Bose-Hubbard
model in Eq. (1) for N = 3 particles and M = 5 sites as a
function of the interaction U. The coloration of each curve
reflects the overlap [{(¥,]@)|* of the initially prepared state
|¢) and the eigenstate corresponding to each eigenvalue (see
the color bar on the right side of the figure). We compare
a localized soliton [Fig. 8(a)] in the center of the chain,
i.e., the ground state of the pinned Hamiltonian [Eq. (1)
with (; = wor — pin8i,(m+1)/2], With a boson stack [Fig. 8(b)]
|¢) = INwm+1)2) = (lAJEMHW)NIO). We note that, while the
quantum soliton (almost) exclusively occupies the localized-
states band—especially for |U| > |Uc|—the boson stack’s
overlap with the scattering states is still significant even for
moderate to large interactions |U|/J. The distinct spectral
decompositions of the boson stack and the soliton are reflected
in the different dynamics shown in Figs. 2(d) and 2(e): The
scattering components of the boson stack expand more rapidly
compared to the soliton.

Figure 8(c) shows the expectation values of the projector
P = Z’]W: 1 l¢;){¢;| onto (i) the subspace generated by pinned
solitons, i.e., |¢;) is the ground state of Eq. (1) with u; =
wo1 — Mpind;,; (purple line); and (ii) the subspace generated
by boson stacks |¢;) = [N;) (green line), computed on the
ground state |Ep) of the unpinned Bose-Hubbard model in
Eq. (1). The expectation value for the pinned soliton states
is substantially larger than for boson stacks when |U| < |U¢]|
and close to one for |U| > |U¢| (small deviation from unity is
due to the pinning perturbation); in other words, for |U| >
|Uc| the ground state of the system is a superposition of
quantum solitons but not of boson stacks. Only in the limit of
strong interaction |U|/J >> 1 does the expectation value for
the boson stacks also approach unity; indeed, in this regime,
the pinned soliton width is much smaller than the lattice size
(R2 <« 1), making the soliton closer to a boson stack.
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FIG. 8. Spectral decomposition of a quantum soliton and a boson
stack. Spectrum of the Bose-Hubbard Hamiltonian in Eq. (1) (with
no pinning, u; = wyy) for N = 3 particles and M = 5 sites versus
interaction. The coloration of each eigenvalue curve is associated
with the weight of the spectral decomposition |{,|¢)|*, where |¢)
is (a) a quantum soliton [the ground state of Eq. (1) with u; =
o1 — Mpindi,m+1),2] in the center of the system or (b) a boson stack
(BIM +1)/2)N |0) on the central site. For values of |U| > |Uc| where
the band gap has formed, the soliton almost exclusively occupies
bound eigenstates (cf. Fig. 1). In contrast, the boson stack continues
to occupy scattering states even at larger |U|. To enhance visibility,
eigenvalue curves with higher weight are plotted on top of those
with lower weight and the lowest value in the color bar is used
for all the states with |(1/,|¢)|> < 107*. (c) Fidelity of the ground
state of the unpinned Bose-Hubbard Hamiltonian in Eq. (1) (for N =
3, M = 15) with a superposition of (purple) pinned quantum solitons
and (green) boson stacks across all sites. The quantum soliton is
pinned with the usual method of w;;, = w1 — Hpin- For U] > |Ucl,
the ground state of the Bose-Hubbard model consists primarily of a
superposition of pinned solitons.

APPENDIX B: WIDTH OF A PINNED QUANTUM SOLITON
IN THE STRONG-PINNING LIMIT

Here we derive an approximate expression for the width of
the pinned soliton R*(0) in the limit of strong pinning, fpin >
J. The chemical potential profile reads p; = wo1r — Hpindi.iy, s
hence we can replace the last term in the Hamiltonian in
Eq. (1) with —ppinft;,, , subtracting the constant term wo V.
In this respect, the pinning acts as a local disorder, which
is known to localize the excitations in the strong disordered
limit [22]. In particular, the excitation density in the chain sites
decays exponentially with |i — iy, |. In first approximation, we
can assume that the pinning and the nearest-neighbor sites
have finite excitation density. That is, we adapt the treatment
given by Mansikkamiki et al. [22] as first-order perturbation
theory for the localized phase. We use the notations |N;) =
(b} Y10)//NiT and |N;, N;) = (B} (61)"110) / /N N} ! to de-
note the state with N; (and N;) excitations at site i (and j) and
no excitation elsewhere. Then we write the state of the pinned
soliton as

[Wsot) = B[|Niw) + [Wis1) + [¥i—1)]. (B1)

where B is a normalization factor and
JVN
pin + [UI(N — 1)

As discussed in the main text, the width of a pinned soliton is
given by

Vi) = — |(N = Do Lipzt). (B2)

M

1 f e

VRO0) = | > (i) = i)
i=1

Upon taking the expectation value in the approximate state of

Eq. B1), (i) ~ (Vsollfti|¥so1), we find immediately

Q) = V27

Mpin + |U| (N_ l)

APPENDIX C: DETERMINATION OF THE ASYMPTOTIC
EXPANSION VELOCITY

In Sec. I B we investigated the expansion velocity in
Eq. (5) as a function of the (attractive) interaction U. As
mentioned in the main text, this velocity is a function of time,
while the quantity displayed in Fig. 3 depends on the interac-
tion only. Here we briefly discuss how the plots in Fig. 3 are
obtained, starting from the simulation of the Bose-Hubbard
Hamiltonian within the exact-diagonalization technique. First,
we numerically compute, with a finite difference scheme for
the time derivative, the time-dependent velocity as expressed
by Eq. (5); the time evolution of the velocity is displayed in
Fig. 9(a). For U = 0, the expansion velocity is constant for
t < t*, while for t+ > ¢* this quantity is reduced due to the
reflection by the boundaries of the chain. In other words, ¢*
represents the maximum time up to which finite-size effects
can be disregarded in the expansion of the localized exci-
tations. We remark that we aim to simulate the expansion
velocity in an infinite-size chain and we are here limited due
to computational resources. For the case of U = 0, we can
simply average the velocity for time smaller than ¢*, i.e.,
v=1/t*) j v(t;)0t, where 6t is the time discretization step
in the calculation. For finite interaction, evolution is generally
more complicated. First, the time at which the finite-size ef-
fects are visible is a function of the interaction t* = *(U),
reflecting the dependence of the expansion velocity on U. We
choose t* & 6.2/J by inspecting the time evolution at small
|U| < |Uc| [see Fig. 9(b)]. This value is also consistent with
the ballistic expansion taking time M/4J, where M = 29 for
the plots in Figs. 9(a) and 9(b). Moreover, for |U| 2 |Uc|
and t < t*(U), there is a transient time where the velocity
oscillates significantly around a value v, representing the
steady-state value of the expansion velocity for an infinite-size
chain.

To account for these short-time transients, we performed a
nonlinear fitting of the RMSD velocity in Eq. (5) as a function
of time to the five-parameter equation [29,53]

V(t) = Voo + Acos(Qt + ¢)/(21)"

within the aforementioned steady-state window f, <t < t*
(where 7, is a short initial time period to discount the larger
initial peak in velocity due to settling from quench of the
pinning) selected by inspection of both the density dynamics

(ChH
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FIG. 9. Comparison of the RMSD velocity in Eq. (5) for N =3
and (a) values of U in the range —10J < U < 0 and (b) chosen val-
ues of U plotted alongside the fitted function in Eq. (C1). The dashed
line shows the approximate time * when the boundary effects are
first seen in the U = —0.5J data series (t* = 6.2/J). (c) The RMSD
velocity for N = 2, U = —6/J for different values of chain length M.
The dashed line shows the fit of the M = 29 curve by using Eq. (C1),
according to the procedure outlined in the text [t* = 6.2/J as in panel
(a)]; clearly the fitting procedure (and so the steady-state velocity
Uoo) 1S TObUSE to variation in chain length, provided an appropriate
maximum fitting time #* is chosen before the velocity decays.

and v(¢) in order to extract the long-time steady-state velocity
Vno. Figure 9(c) shows the time evolution of the RMSD veloc-
ity, Eq. (5), for N = 2, U = —6J, and different chain lengths
M. Up to a cutoff time ¢* that depends on the chain length,
the velocity curves coincide. Hence, the extracted steady-state
velocity v, of Fig. 3 is independent of the chain length, as
shown by the fit of the M = 29 curve [dashed line in Fig. 9(c)]
obtained using Eq. (C1). In other words, since the velocity
is not affected by the chain length up to the time 7* that
grows with M, the steady-state velocity v, can be accurately
estimated even using the shortest considered length M = 15.
Figure 10 shows the evolution of the fitting parameters in
Eq. (C1), where A is the amplitude, €2 is the frequency, ¢
is the phase (modulo 2r), and 7 is the damping of the fitted
transient oscillations. We identify two regimes, depending on
the strength of |U|. The first (with low on-site interaction and
where there is no band gap in the spectrum [as introduced in
Figs. 1(a) and 3(a)]) leads to the expansion velocity v(z) being
less well defined due to the ready occupation of scattering

states. This is seen as a lack of initial stability and near-
ballistic dynamics in the expanding quantum soliton, where
the amplitude A of the fitted transient oscillations is near
zero. Thus, the fitting function is insensitive to the phase, fre-
quency, and damping of the oscillations, and their respective
fitted values are indeterminate (shown in the shaded regions
of Fig. 10). It is important to note that, in this region, the
asymptotic expansion velocity v, is still well defined with
little error, with the fitting tending towards a time average of
this parameter [see the U = —0.5J series in Fig. 9(b)]. In the
second regime, with the increase of |U | and higher retention of
bound states due to the presence of a band gap in the spectrum
[as per Fig. 3(b)], the aforementioned transients in v(¢) start
to become apparent [as seen in Fig. 9(a) and exemplified in
the U = —5J series of Fig. 9(b)]. This is evident from the
finite value of the oscillation’s amplitude A with respect to
U, along with the frequency €2 of the oscillations increasing
linearly with —U. The damping 5 of these transient oscilla-
tions increases slightly with —U, while the phase ¢ remains
roughly constant.

APPENDIX D: CRITICAL INTERACTION
FOR BAND-GAP FORMATION

In Sec. IIIB, we discussed how the propagation of the
localized excitation displays features of universality in terms
of a certain combination of U/J and N, i.e., |U/JN "IN —
I)!/N. In particular, for different particle number N, the crit-
ical value for the opening of the gap appears approximately
constant, ~2-3, as visible in the inset of Fig. 3(c). This fea-
ture suggests using the scaling for an effective single-particle
boson stack from Ref. [28] as a way to estimate the critical
interaction U¢ for an arbitrary particle number.
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FIG. 11. Critical value of the interaction U for the formation of
the band gap in the Bose-Hubbard spectrum, as a function of particle
number. The connected data points showing |Uc(N)| are given by
Eq. (D1). The dashed green line shows scaling for large N, i.e.,
|Uc| = eJ/N. The light blue numerical crosses are extracted from
Ref. [29].

More precisely, we consider the following expression for
the critical interaction:

aN N=T
UeV)] = J[m} .

Above, we fix the constant ¢ = 2 to match the value of
the critical interaction |Uc(N = 2)| = 4J for periodic lattices,
where an exact solution is available [53]. Notably, the ana-
Iytical formula in Eq. (D1) reproduces with a good degree
of accuracy the values obtained numerically in Ref. [29] (see
Appendix of the reference) for every particle number. In the
limit of large particle number, N > 1, the critical interac-
tion asymptotically scales as |Uc| = eJ/N (see dashed line in
Fig. 11), with e &~ 2.718 ... being Euler’s number.

(D1)

APPENDIX E: SOURCE-TO-DRAIN DYNAMICS
FOR SELECTED VALUES OF |U|

In this Appendix, we explore the interaction effect in the
source-to-drain configuration discussed in Sec. IV. Specifi-
cally, we consider chains of even length and investigate the
dynamics at those values of |U| for which there is a non-
negligible occupation of the transmon array, such as |U|/J ~
3.5and |U|/J = 2.5 [see Fig. 5(b)].

To characterize the role of interaction, in Fig. 12 we display
the time evolution of the states involved in the dynamics at
|U|/J = 2.5 [Fig. 12(a)] and |U|/J = 3.5 [Fig. 12(b)]. More
specifically, we consider the amplitude (y(¢)|Pg|¥ (1)) of the
time-evolved state |y (¢)) projected onto specific subspaces
G: (i) empty transmon array (purple), generated by the states
|¢) with b;|¢) = 0, (ii) single particle in the transmon array,
generated by states of the type |ng) ® |1;) ® |np), with |1;) =
Bj |0) and ng + np = N — 1, (iii) two or more single particles
in the array (but no sites with higher occupation), generated
by states |ng) ® |liec) @ |np) where C C {1, ..., M} is a set
of sites in the chain, b [1icc) = O for any j, and ng +np <

G = |0) = ArAr-br [Lice) = AFAFAFAREAF
o

[1;) = AFAr i bbr 121, Lice) = AFARAEAR AR

Sum
(@ [Ul/J=25 (b) |U[/J =35
I 1=
il el \
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FIG. 12. Time evolution of the projection P; over groups of
states G detailed in the main text for N' = 4 particles and M = 4
sites in the chain. At most values of |U|, exemplified by the cases
|U|/J =2.4 and |U|/J = 3.4 in panels (c) and (d), respectively, the
dynamics is largely determined by states where there is no or one
particle in the chain. At certain values of |U|, such as (a) |U|/J = 2.5
and (b) |U|/J = 3.5, the contribution of states with higher particle
number (in particular, those with two particles in one site) cannot be
neglected.

N —1, and (iv) a single two-particle stack plus additional
individual excitations in the array, spanned by states |ng) ®
12, licc) ® |np), with |2;, 1;,c¢) denoting a state with two
bosons in site / and at least a particle in site i # [, such that
ng +np <N =2.

We observe that with high probability the chain is either
empty (purple) or singly occupied (green) during the evolu-
tion. However, multiparticle effects — exemplified by two
bosons in a single transmon plus additional single excitations
— can contribute significantly to the dynamics, having at
some times a larger probability than single occupation states
for |U|/J = 3.5; thus, they determine the noticeable occu-
pation displayed in Fig. 5(b). From the formation of these
multiparticle states, one can see that the system undergoes
a complex dynamics, where particles do not solely traverse
the chain (source to drain) independently but, effectively, can
also hop over each other, leading to in-phase time oscilla-
tions between states in the chain of the types |l;,cc) and
12/, 1liec) evident in Fig. 12(b). Note that even though the
four groups of states considered do not generate the entire
Hilbert space, the sum of the four probabilities is close to
unity at all times; therefore, additional states do not contribute
significantly to the dynamics. For comparison, in Figs. 12(c)
and 12(d), we consider the time evolution of the projected
state for slightly smaller interaction values, respectively
|U|/J =2.4and |U|/J = 3.4, where the density occupation is
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FIG. 13. Time evolution of the total occupation number in the
chain for different values of N and M. Generally, when increasing
the number of particles, N, or sites, M, more values of U display
relatively large density in the chain.

small [cf. Fig. 5(b)]. Notably, we observe that the multiparticle
effects are significantly suppressed.

We next explore how the features associated with multiple
particles in the chain are modified by the size of the chain,
M, and the total particle number, A/ (see Fig. 13). Overall,
both increasing A and M enhance these features. Indeed, by
increasing NV, a larger number of particles can stack within
the chain, so the multiparticle states are more likely to be
occupied. Also, longer chains support additional oscillating
modes, and these additional modes likely increase the number

J

ﬁ B 2J M—1
VI

where j =i+ 1 in the second sum. Note that the lower
limit of the j sum can be changed to j = 1, and the upper
limit of the i sum can be set to M since the added terms
are zero. Relabeling j — i in the second term in Eq. (F3),
and using the sine addition formula sin(x + y) 4 sin(x — y) =
2 sin(x) cos(y) with x = wki/(M + 1), y = wk/(M + 1), the
tight-binding Hamiltonian is diagonalized:

M

” Tk O\ pp

Hrg = 2J E cos ( >b2bk.
p M+1

Indeed the double sum over &, k” disappears due to the discrete
orthogonality relation of the trigonometric sine functions,
M+1

M,(nki),(nk’)
ZSIH sin
—TTA\M 1 M+1 2

withk, k' =1,....M

(F4)

Sk ks

k(i +1 ki PN
> [s <—” G+ )>sin<” l)b,tb,
i=1 kk'=1 M+1 M+1

of possible routes for multiparticle states to form by tunnel-
ing, leading to more values of |U| displaying relatively high
density in the chain. Notably, the aforementioned features at
|U|/J =3.5and |U|/J = 2.5 are robust and well identifiable
for all NV and M, despite the appearance of additional reso-
nances for larger N' and M. The precise characterization of
the full U dependence is quite complex and goes beyond the
scope of this work.

APPENDIX F: DIAGONALIZATION OF THE
TIGHT-BINDING HAMILTONIAN IN A FINITE CHAIN

For zero interaction U = 0 and zero disorder u; = wg; in
the transmon array, the Hamiltonian in Eq. (1) for a fixed num-
ber of excitations, N, reduces to the tight-binding Hamiltonian

M—1
Arg = Hpu(U = 0) — woiN = J Y (], b; + b}bi).
i=1
(F1)

The tight-binding Hamiltonian can be standardly diagonalized
in the momentum space, with a specific Fourier-like transfor-
mation. For completeness, here we show the diagonalization
for the case of interest, following the derivation in Ref. [67].
We start by expressing the site-dependent second-quantization
operators in terms of momentum space operators:

~t \/_ ki
f i
KR > ( 1)”
k=1
Note that the specific transformation accounts for the finite
size of the chain, as expressed by the conditions b, = b}, a=

0. Inserting the expressions of Eq. (F2) into Eq. (F1), we
obtain

(F2)

M M . .
2J k(G — DY . ( 7kj \z
b 2 [ () sn () [
Jj=2 k,k'=1
(F3)
[
APPENDIX G: SOURCE-DRAIN NUMBER OCCUPATION

DYNAMICS AT ZERO INTERACTION

For the determination of the source-to-drain dynamics,
we mainly follow and generalize the treatment given in the
supplemental material of Ref. [68]. Since we are interested in
treating the noninteracting case U = 0, we start by rewriting
the source and drain Hamiltonian of Eq. (3), in terms of mo-
mentum operators in the transmon chain, which diagonalize
the tight-binding Hamiltonian as detailed in Appendix F:

HSD —a)r(asaS"'aDaD)'i'J‘/ +1 Z <M—|— 1)

(G1)

x (ash} — (=*aph] + H.c.).

We assumed resonant and drain resonators

ws = Wp = Wy.

source
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For U =0 and the specific initial state considered in
the main text, i.e., all excitations are initially in the source
[Wo) = |Ns), a further simplification applies. Indeed, both
the Hamiltonian and the initial state can be written as an
N tensor product of single-excitation states. Hence, in de-
riving the excitation dynamics, we can consider the case of
a single excitation, ' = 1. The expressions obtained can be
extended to the case A/ > 1 by multiplying them by N. For
N = 1, it is convenient to perform the calculation in the basis
{1S), |k), |D)}, where the state |k) corresponds to having the
excitation in the chain with momentum k =1, ..., M, while
|S)(|D)) denotes the state with the excitation in the source
(drain); in this notation, our initial condition is |y) = |S).

1. Resonant case

We start by discussing the case where one of the mo-
mentum eigenstates in the transmon chain is resonant with
the resonators, i.e., € = w,. In first approximation, one can
study the dynamics in a reduced subspace where only the
resonant state is included to account for the chain. This leaves
us working in the three-dimensional subspace generated by
the states {|S), |k), |D)}. The truncated Hamiltonian reads

0 1 0
7‘[]::6(),]134-0{/; 1 0 1],
0O 1 O

where I3 is the 3 x 3 identity matrix and

L mk 2
ap =J'sin —_—
M+1/)VM+1

Our initial state is |W(0)) =
lution is

(G2)

|S) = {1, 0, 0} and its time evo-

I E;
(W) =Y e W) (1S).
J
One can then compute the expectation value of the number
operators on the time-evolved state:

(W()]is| W (1)) = cos* (%t) (G3)
(W(1))ip|W(r)) = sin’ (%r) (G4)
(WIN|W(@)) = %sinz <2%‘t> (G5)

These results can be specialized to the case of zero detun-
ing, A = w, — wy; = 0. In this case, there is a resonant level
for chains with an odd number of sites, M +1 mod 2 =0,
with k = M“ , and the expressions in Egs. (G3) and (G4) can
be used w1th ap =J'V/2/(M + 1), giving Egs. (7) and (8) in
the main text (once multiplied by ).

2. Off-resonant case

Here we discuss the dynamics of the occupation number
when there is no single-particle energy level in the chain reso-
nant with the frequency of the resonators. In this case, we only
focus on the case of zero detuning, A = 0, and even number
of sites in the chain, M mod 2 = 0. Generalizing the method
discussed in the resonant case, we approximate the dynamics

considering only the two states of the chain closer in energy
to the resonators’ frequency which, in the present case, are the
ones with momentum k| = % and k, = %4 + 1. The Hamilto-
nian in the subspace spanned by the states {|S), |k;), |k2), |D)}
reads

0 B B 0

_ . ¥4 B 2 0 —Bc¢
Hr = wlly + Jsin |:—2(M—|— 1)} B 0 2 B |

0 —Bc Bc 0
(G6)

where

T . T 2 G7
ﬂ_YCO(z(MJrl))VMJrl’ G7)

c=(—1M?2 and 1 is the 4 x 4 identity matrix. It can be
easily proved that the eigenvalues of Eq. (G6) are symmetric
about w,, i.e., {0, — w4, 0, —w_, 0, + 0_, ©, + wy} with

ws = J sin [ ](\/2;92 1£1). (G8)

2(M + 1)

Computing the time evolution in this subspace, the densities
in the source and drain are expressed by Egs. (9) and (10) of
the main text.

The approach described above turns out to be inaccurate in
the determination of the slow-frequency w_ for sizes M > 2,
since the level repulsion from states outside the considered
subspace has non-negligible effects. We obtain a more accu-
rate determination of w_ following a method adapted from the
Appendix of Haug et al. [68].

For A/ =1, the state of our system is generally ex-
pressed as |¥) = ag|S) + ZkM:1 ailk) + ap|D). Starting from
the time-independent Schrodinger equation H|W) = (w, +
E)|W¥) and solving for the coefficients o, we obtain coupled
equations for «g and op:

Fag e " %sin (377) (s — e o)
JM+1) k=1 2 — CO0s (M+1)
72 sin? (755) (- Dfas — ap)
Eap = (i G10
P b () O

Since we are interested in a low-energy solution £ = w_ <
2J sin(rr /(M + 1)), we consider the Taylor expansion of the
denominators in Eqs. (G9) and (G10),

1 = (E\’ nk
- 0@ _ - p+1
£ — cos (7£) Z(ZJ) e (M—i—l)’

2J M+1 ]7:0
obtaining
J? ® S ENP . )
Eag = _m ; (E) (Byas — B, ap), (G1)
Fon = J(M+ )p2< ) (Byas — Byiap),  (G12)
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with

M

— 02

= E sin (M (G13)
k=1

secP ™! n_k
1 M+1)

_ l . wk
B, =;(—1)k sin? (ﬁ> sect! <M—+1> (G14)

Note that for even p, =0 and B, #0, while g,

and ,BJr # 0 for odd p. To determine w_, we keep the ﬁrst
two terms in the summation over p, which can be evaluated
analytically. Indeed, for even values of M,

= (="M +1). (G15)

Above, we used the fact that the alternating finite cosine sum
is —1 between the first and the second line; in the last line,
we exploited a specific case of the alternating secant sum with
odd power discussed in Ref. [69]. Similarly,

B _Z( l)ksec( ) Zl
= (—1)"sec<
Z %

=M+ 1) —

1)—(M+1)

M+1)=MM+1), (G16)

where we used an additional result presented in Ref. [69].
Keeping terms up to p = 1 in Eqgs. (G13) and (G14) yields
a homogeneous linear system in the two variables «g, op. The
slow-frequency E = w_ is obtained by requiring the discrim-
inant of the linear system to be zero, yielding [upon insertion
of Egs. (G15) and (G16) into Egs. (G11) and (G12)]

J"?
I+ MIZ/2]

This more accurate analytical approximation for w_ is used to
calculate the orange crosses in Figs. 5(d)-5(f).

(G17)

3. Chain length dependence

Here, we investigate the fate of the even-odd effect ob-
served in Sec. IV for U = 0 and over large values of chain
length M. As the system size increases, the level spacing
for the chain’s single-particle eigenvalues near zero energy
vanishes [see Eq. (F4)], eventually eliminating the difference
between even and odd parities. To estimate the critical size of
the chain for which the parity difference becomes negligible,
we consider the off-resonant case of Appendix G 2; within the
approximation where only two states of the chain are taken
into account, the frequencies characterizing the dynamics are

Off-resonant (M = m)

1
8@ -
6 =
4 L
2] / y
0 A

Resonant (M =m + 1

il il

Time ¢ [vVM +1/2.J

n;(t)
m =38

e}
Il

n;(t)
—

m

Time t [v/M + 1/2J']

FIG. 14. The time evolution of the source (purple), chain (blue),
and drain (green) densities for a single particle (thus U = 0),J'/J =
0.1,and (@) M =8, (b) M =9, (c) M =98, and (d) M = 99 sites,
where an even (odd) number of sites corresponds to the off-resonant
(resonant) case. The source and the chain curves have been shifted
vertically in panels (c) and (d) for visualization purposes. The dashed
lines correspond to the same analytic equations used to obtain the
orange crosses of Figs. 5(d)-5(f) and 5(j)-5(1) [see Egs. (7)—(10) and
the paragraphs containing them]. For a low number of sites, a strong
parity effect in M is observed. For a large number of sites, it is no
longer easy to determine which of (c) and (d) corresponds to the
off-resonant and resonant case by solely inspecting the dynamics in
the chain. Time has been rescaled by /M + 1/2J'.

given in Eq. (G8). In the limit M — oo, from Eq. (G7) we ﬁnd
~2/2(M + 1)/x(J'/J) > 1; it follows that wy >~ w_

2
NDEsE the same value as the sphttlng obtained in the resonant

case at zero detuning [cf. Eq. (G5) and the text that follows it].
Moreover, as w, approaches w_, the dimensionless parame-
tera = (wy — w_)/(w4 + w_) decreases, thus increasing the
occupation in the chain, N oc 1 — o>, These results suggest
that the difference between even and odd cases may become
less marked as M increases, with the dimensionless param-
eter controlling the crossover being B = /M + 1(J'/J); we
expect that for B < 1, even and odd chains will display the
markedly different behaviors described in Sec. IV. [Note that
the smallness of B ensures the validity of the more accurate
estimate for w_ in Eq. (G17).]

We evaluate numerically the time evolution of the densi-
ties for different values of B. For B ~ 0.3 [see Figs. 14(a)
(even chain) and 14(b) (odd chain)], the parity effect is well
marked. Indeed, the source and drain densities evolve slowly
(with characteristic frequency w_ < w.) in the off-resonant
(even-length) case as compared to the resonant (odd) case;
accordingly, the density in the chain is small for even chains.
As aresult, the densities are well approximated by the analyt-
ical formulas of this Appendix. For longer chains with g ~ 1,
Figs. 14(c) and 14(d), there is no qualitative difference in the
chain occupation between even and odd chains. Interestingly,
the analytical formulas still capture the main contributions
to the dynamics, despite the increased contributions by other
states further in energy from the band center. Finally, we ob-
serve that the dimensionless parameter determining the parity
effect B = /M + 1(J'/J) is also associated with the perfect
state transfer discussed in Ref. [58], where the infidelity of the
transfer scales as B2 for B < 1.
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