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Lecture Notes:
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QUANTUM BITS AND QUANTUM GATES

A single qubit
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QUANTUM BITS AND QUANTUM GATES

A single qubit
» Definition of a single qubit

[9) = 100 0) 4 oy |1) = (z?)
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QUANTUM BITS AND QUANTUM GATES

A single qubit

> Definition of a single qubit Computational basis states:

) =0 10) -+ 1) = (1) o=(o) m=(})
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QUANTUM BITS AND QUANTUM GATES

A single qubit

> Definition of a single qubit Computational basis states:

) =0 10) -+ 1) = (1) o=(o) m=(})

Digital computer: Bit
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QUANTUM BITS AND QUANTUM GATES

A single qubit

> Definition of a single qubit Computational basis states:

) =0 [0) + 9y |1) = (Zﬁg) 0) = ((1)) 1) = ((1))

Digital computer: Bit Quantum computer: Quantum Bit = Qubit

@ 0
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QUANTUM BITS AND QUANTUM GATES

A single qubit
» Definition of a single qubit

) = 10 [0) + 1y |1) = (Zﬁg

Computational basis states:

) L= m=0)

Digital computer: Bit

@ 0

@1

Quantum computer: Quantum Bit = Qubit
0)
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QUANTUM BITS AND QUANTUM GATES

A single qubit

> Definition of a single qubit Computational basis states:

) =0 [0) + 9y |1) = (Zﬁg) 0) = ((1)) 1) = ((1))

Digital computer: Bit Quantum computer: Quantum Bit = Qubit
0)
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QUANTUM BITS AND QUANTUM GATES

A single qubit

> Definition of a single qubit Computational basis states:

) =0 [0) + 9y |1) = (Zﬁg) 0) = ((1)) 1) = ((1))

Digital computer: Bit Quantum computer: Quantum Bit = Qubit
0) 0
/ //,__
®F" '{‘/‘/‘/7/'« /ﬁ |
"’, i L /,/ /
O 0) + 1) 0+ |
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QUANTUM BITS AND QUANTUM GATES

A single qubit

» Definition of a single qubit Normalization:

) () = [yol* +[tn|* = 1

1) = 0 [0) + v [1) = (% Wl = (03, ¥D)

V1
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QUANTUM BITS AND QUANTUM GATES

A single qubit
» Definition of a single qubit Normalization:
o () = ol + [ |* =1
) =10} 40y = (%) (1= (6, 40
Global phase:
) = e l)
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QUANTUM BITS AND QUANTUM GATES

A single qubit
> Deﬁnition Of a Single qu|t Normalization:
" (WPly) = ol + [¢n > =1

)=o) +1 1) = (1) (1= (6, 40

> Representation on the Bloch sphere Global phase:

o L 9) = el)

) = cos B |0) + €'¥ sin 3 11) = <ew siﬁ g>
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QUANTUM BITS AND QUANTUM GATES

A single qubit
» Definition of a single qubit Normalization:
o (Y1) = [thol* + [t = 1
9= vl + = (1) (] = 5. v
> Representation on the Bloch sphere Global phase:
9 ) =)

v : v cos 2
— - P gin — = . 2
) = cos 5 0) + e'¥ sin 5 1) <ew i Q9>

2
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QUANTUM BITS AND QUANTUM GATES

A single qubit
» Definition of a single qubit Normalization:
" ($li) = [l + ¥ |* = 1
)=o) +1 1) = (1) (1= (6, 40
> Representation on the Bloch sphere Global phase:
s ) =)

v : v CoS =
— —_ P oin — — . 2
) = cos 5 0) + e'¥ sin 5 1) <ew i Q9>

2

> Evaluation of the Cartesian coordinates

r® (o™ ) sin 9 cos
r=|rY| = @YYy | = | sindsing
r* (Y|o*|y) cos ¥
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QUANTUM BITS AND QUANTUM GATES

A single qubit

» Definition of a single qubit Normalization:

[9) = 100 0) 4 oy |1) = (z?)

» Representation on the Bloch sphere

0} : U cos ¥
— - P gin — = . 2
) = cos 5 0) + e'¥ sin 5 1) <€w i g>

> Evaluation of the Cartesian coordinates

r® (o™ ) sin 9 cos
r=|rY| = @YYy | = | sindsing
r? (Y|o*|y) cos U

Member of the Helmholtz Association Dr. Dennis Willsch

($li) = [l + ¥ |* = 1
(W] = (g, ¥1)

Global phase:
) = e[y)

Paull matrices:
. (0 1 y (0 —i . (1 0
“=\1r o) 74 o) 72 \o <1
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QUANTUM BITS AND QUANTUM GATES

Gates as rotations on the Bloch sphere
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QUANTUM BITS AND QUANTUM GATES

Gates as rotations on the Bloch sphere

» Rotations around the axes of the Bloch sphere

sion  —ivom/a _ ( cos(0/2)  —isin(6/2)
R (0) = e 12 = (—isin(@/Q) cos(6/2) )

yian  —idot/2 _ [cos(8/2) —sin(0/2)
RU8) = ™ _<Sin(9/2) cos<9/2)>

z —if0% /2 ex (_7“9/2) 0
R (6) =7 :( ' 0 eXp(i9/2)>
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QUANTUM BITS AND QUANTUM GATES

Gates as rotations on the Bloch sphere 1 /1 —1
RY(m/2) = ﬁ <1 | > =— RY(m/2) —
> Rotations around the axes of the Bloch sphere 0)
AN

sion  —ivom/a _ ( cos(0/2)  —isin(6/2)
R (0) = e 12 = (—isin(9/2) cos(6/2) )

yian  —idot/2 _ [cos(8/2) —sin(0/2)
RU8) = ™ _<Sin(9/2) cosw/z))

z —if0% /2 ex (_19/2) 0
Ri(6) =7 :( ' 0 eXp(i9/2)>
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QUANTUM BITS AND QUANTUM GATES

Gates as rotations on the Bloch sphere 1 <1 _1>

RY(m/2) = RY(m/2) —

1 1

V2
» Rotations around the axes of the Bloch sphere

sion  —ivom/a _ ( cos(0/2)  —isin(6/2)
R (0) = e 12 = (—isin(@/Q) cos(6/2) )

yian  —idot/2 _ [cos(8/2) —sin(0/2)
RU8) = ™ _<Sin(9/2) cos<9/2)>

z —if0% /2 ex (_7“9/2) 0
R (6) =7 :( ' 0 eXp(i9/2)>

» General rotation gate

R(f) = e~ 79/2 = cog g I —isin g i &
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QUANTUM BITS AND QUANTUM GATES

Gates as rotations on the Bloch sphere 1 <1 _1>
1 1)

RY(m/2) = RY(m/2) —

V2

» Rotations around the axes of the Bloch sphere

sion  —ivom/a _ ( cos(0/2)  —isin(6/2)
R (0) = e 12 = (—isin(9/2) cos(6/2) )

yian  —idot/2 _ [cos(8/2) —sin(0/2)
RU8) = ™ _<Sin(9/2) cosw/z))

0 exp(i6/2)

RE(0) = e~ /2 = (eXP(—Z'Q/?) 0 )

» General rotation gate
Standard gate set:

_ s _ _ .
Rn(tg)26_20"'0/2:cosgl—isingﬁ-(? X=0 Y=o Z=o0
L1 10 10

IJ JULICH
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QUANTUM BITS AND QUANTUM GATES

Multiple qubits
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QUANTUM BITS AND QUANTUM GATES

Multiple qubits

» Multi-qubit state

Yo
2 V1
) = Z i 5 =W |0---00) 4 hy [0+ 01) 4+ +thgn_1 |1---11) = :
J=0 :
Pon 1
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QUANTUM BITS AND QUANTUM GATES

Multiple qubits

» Multi-qubit state

Yo
2 V1
) = Z i 5 =W |0---00) 4 hy [0+ 01) 4+ +thgn_1 |1---11) = :
J=0 :
Pon 1
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QUANTUM BITS AND QUANTUM GATES

Multiple qubits

» Multi-qubit state .
0

2" —1 w
) = 3 1) = 600+ 00) 4y [0+ 01y + o 4 gy [Le-11) = |
j=0

Pan_1

Member of the Helmholtz Association Dr. Dennis Willsch Page 6

Computational basis states:

[N )

1
00y = [ o] 101y =
0

Tensor product

|QOQ1> = Iqo> &® |q1) AR B = (amB a1 B

/.

o = O
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QUANTUM BITS AND QUANTUM GATES

Multiple qubits Computational basis states:

1 0 0 0
: : ooy = ol on=|i no={ n=|g
> Multi-qubit state . : (8) N (8) ) (5) ; (ﬁ’)
2" -1 w(l)
) =) b li) =0 0-+-00) + by |0+ O1) + -+ 4 thgn_y |1+ 11) = , Tensor product
j:O . CLO()B a01B
: Pan_1q [90q1) = |q0) ® |q1) A®B=(a103 an B )
» Important two-qubit gates r g
00) [01) [10) [11) 00) [01) [10) [11)
1 0 0 O 1 0 0 O
01 0 0 _T_ 01 0 O
CNOT = CX = 0o 0 0 1] D Cz = o0 1 0|
0 0 1 0 0 0 0 -1
@) JULICH
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QUANTUM BITS AND QUANTUM GATES

Multiple qubits Computational basis states:
1 0 0 0
: : 00y = 2 o=t =19 pp=|"°
> Multi-qubit state (8) (8) (5) (ﬁ’)
Yo
2.1 Un
) =) b li) =0 0-+-00) + by |0+ O1) + -+ 4 thgn_y |1+ 11) = , Tensor product
jZO . CLO()B a01B
: Pan_1q [goq1) = lao) ®|¢1)  A®B= (aloB @B )
» Important two-qubit gates r g
|00) |01) |10) |[11) 00) |01> |10) 111)
1 0 0 O 1 0 0 0
0 1 0 O _T_ 0O 1 0 O
CNOT =€CX = 0 00 1) i CZ = 0O o1 o1
0 0f1 0 0 00 —1
l) JULICH
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QUANTUM BITS AND QUANTUM GATES

Multiple qubits Computational basis states:
1 0 0 0
: : 00y = 2 o=t =19 pp=|"°
> Multi-qubit state (8) (8) (5) (ﬁ’)
Yo
— o
:Z%!j)=¢o|0---00>+¢1\0---01>+~~+¢2n_1\1~-11>: . Tensor product
J=0 . apoB  ap1 B
l ¢2”—1 [90q1) = |q0) ® |q1) A® B = (aloB a1 B )
» Important two-qubit gates : 3
00) fo1) “[10) [11) 00) [01) [10) |11>

1 0 0 0 100

01 0 o _T_ 0
CNOT =CX = | | 0 CZ=1, - CU:(O U
0 o 0

0|1

l) JULICH
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QUANTUM BITS AND QUANTUM GATES

Multiple qubits Computational basis states:

1 0 0 0
: : ooy = ol on=|i no={ n=|g
> Multi-qubit state . : (8) N (8) ) (5) ; (ﬁ’)
w?
) =) b li) =0 0-+-00) + by |0+ O1) + -+ 4 thgn_y |1+ 11) = , Tensor product
jZO . CLO()B a01B
) Pan_q 190q1) = |q0) ® |q1) A®B=(a1°B a1 B )
» Important two-qubit gates r g
|00) |01) [10) |11) 00) ]01) |10) [11)
1 000 1 00 0
S R e el | P S G (e
0010 000 -1
» General controlled gates
g0+ qn—1) (if ¢;; = 0)
CUiyiy |90+ qn—1) = ,
o 1) {rqo---%_n(U\q@-2>>|q@-2+1---qn_1> (if ¢, = 1)
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QUANTUM BITS AND QUANTUM GATES

Multiple qubits Computational basis states:

1 0 0 0
: : ooy = ol on=|i no={ n=|g
» Multi-qubit state . : (8) N (8) ) (O) ; (ﬁ’)
2" —1 w(l)
:Z%—!j):¢o|0---00>+w1\0-~01>+---+¢zn_1\1-.-11>: Tensor product
=0 : apoB  ap1 B
) Pan_q 190q1) = |q0) ® |q1) A®B—(a1°B a1 B )
» Important two-qubit gates -
00) |01y T10) [11) 00) [o1) [10) [11)
1 0 0 0 1 00 O
CNOT —Ox = |0 1 0 0] _ — cz— (010 0]_ cu— (1 0)_ T
00 01 & 001 0 0 U U=
00 10 0 0 0 —1
1 000
» General controlled gates 00 1 0
SWAP =141 0 o| = T
o+ tn1) = - i) (i 4, =0 ooo0 1)
Vi " 90 Qis—1) (U1¢i5)) [@io+1 -+ qn—1)  (if @i, = 1)
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PROGRAMMING AND SIMULATING QUANTUM CIRCUITS
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Input:

Programm =
Circuit of
Quantum Gates

— H—/T—H

Member of the Helmholtz Association
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PROGRAMMING AND SIMULATING QUANTUM CIRCUITS

Input:

Output: Bitstrings
”OO“! ”01“7 ”10“! ”11“

Programm =
Circuit of
Quantum Gates

— HM/T HL
N

@) JULICH
Member of the Helmholtz Association Dr. Dennis Willsch Page 7 J Forschungszentrum



PROGRAMMING AND SIMULATING QUANTUM CIRCUITS

Input:

Output: Bitstrings
”OO“! ”01“7 ”10“! ”11“

Programm =
Circuit of
Quantum Gates

— HM/T HL
N

Result of this
program

Option 1:
Compute the
unitary matrix

l) JULICH
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PROGRAMMING AND SIMULATING QUANTUM CIRCUITS

Input:

Programm =
Circuit of
Quantum Gates

— HM/T HL
N

Result of this
program
Option 1: 0
Compute the 0 14eim/4
unitary matrix > CNOT(He@D)(T®I)(H®I) = -
0 1—e
2
i /4
\1 62 0
Member of the Helmholtz Association Dr. Dennis Willsch Page 7

1_ei7r/4
2
0

0

9

l

Output: Bitstrings
”OO“! ”01“7 ”10“! ”11“

0

1_67:71'/4

2
1_|_e1,7r/4
2

0

0

)
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PROGRAMMING AND SIMULATING QUANTUM CIRCUITS

Input:

Programm =
Circuit of
Quantum Gates

l

— H—/T—H

Result of this
program

Option 1:
Compute the

> CNOT(HQI)(T®I)(H®I) =

unitary matrix

Member of the Helmholtz Association

Output: Bitstrings
”OO“! ”01“7 ”10“! ”11“

v0.85...]00) + v/0.15...|11)

0 1—62”/4 0 \

Dr. Dennis Willsch

14e'™/t 0 1—e'm/4
1_62737f/4 1_|_62137r/4
2 0 2 0
im/4
0 H5—= 0 /
@) JULICH
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PROGRAMMING AND SIMULATING QUANTUM CIRCUITS

Input:

Output: Bitstrings
”OO“! ”01“7 ”10“! ”11“

Programm =
Circuit of
Quantum Gates

— HM/T HL
N

Result of this
program

Option 2: Track
the unitary
transformations

l) JULICH
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PROGRAMMING AND SIMULATING QUANTUM CIRCUITS

Input:

Output: Bitstrings
”OO“! ”01“7 ”10“! ”11“

Programm =
Circuit of
Quantum Gates

— HM/T HL
N

Result of this

program
Hor 1 1 Tor 1 eim/4
. > 00) 13" —_100) + —=[10) 3" —_|00) + 10
Oa’:]lgnuﬁitg;ck \ > \/§| > \/5’ > \/5| > \/5 ! >
i /4 /4
transformations Her L +e / 100) + e 10)
V2 V2
1 im/4 1 — im/4
cNoT L te |00> e |11>
V2 V2

l) JULICH
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PROGRAMMING AND SIMULATING QUANTUM CIRCUITS

Input:

Programm =
Circuit of
Quantum Gates

— HM/T HL
N

Result of this
program

Hel L

Option 2: Track
the unitary
transformations

Member of the Helmholtz Association

1 1
00) + —=[10) g —00) +

_ im/4

Dr. Dennis Willsch

l

Output: Bitstrings
”OO“! ”01“7 ”10“! ”11“
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PROGRAMMING AND SIMULATING QUANTUM CIRCUITS

Input:

Programm =
Circuit of
Quantum Gates

— HM/T HL
N

Result of this
program

Option 2: Track
the unitary
transformations

Member of the Helmholtz Association

l

Output: Bitstrings
”OO“! ”01“7 ”10“! ”11“

/4

Her 1 1 Tel 1 e
et E|00>+ﬁ110> 3 E|00>+ 7

H}g[ 1+ 67j7r/4 N 1 — 6’i7r/4

0|

7% 100) 7% 10)
1 im/4 1 — ein/4
CNOT -I—\/ei 100) \/65 1)

l) JULICH

Forschungszentrum
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PROGRAMMING AND SIMULATING QUANTUM CIRCUITS

Input:

Output: Bitstrings
”OO“! ”01“7 ”10“! ”11“

Programm =
Circuit of
Quantum Gates

— HM/T HL
N

Result of this
program

61'77/4

V2 V2 V2 V2

10)

1 1 1
> 00) 15" —|00) + —=I10) g —00) +

Option 2: Track

the unitary in /4 in /4
transformations Hel Lte 00) + l—¢ 10)
V2 V2
oNoT 1+ 61l7r/4 1 — eiw/4
100) |11)
V2 V2

l) JULICH
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PROGRAMMING AND SIMULATING QUANTUM CIRCUITS

Input:

Output: Bitstrings
”OO“! ”01“7 ”10“! ”11“

Programm =
Circuit of
Quantum Gates

— HM/T HL
N

Result of this

program
g 1 1 ey 1 e'm/4
Option 2: Track > (00) —2|00> + —2’1()) _2|OO> LG 10)
the unitary V2 in /4 v m}i— V2
transformations Hel Lte 00) + l—¢ 10)
V2 V2
NoT 1+ 61l7r/4 1 — eiw/4
|C~> o+ .
l) JULICH
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PROGRAMMING AND SIMULATING QUANTUM CIRCUITS

Input:

Programm =
Circuit of
Quantum Gates

— H—/T—H

;

Result of this
program

> [00) 15’

Option 2: Track
the unitary
transformations

Member of the Helmholtz Association

l

Output: Bitstrings
”OO“! ”01“7 ”10“! ”11“

v0.85...100) + v/0.15.. .|11)

Tl 1 6177/4
\f|00> \/_]10) t \/_|00> 3 10)
H}gl 1-|—67’7T/4 1 — 6@%/4
00) + 10
7% 00) 7% 10)
ONOT 1_|_€1l7r/4 1_ei7r/4
00) |11)
V2 V2

l) JULICH

Forschungszentrum
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PROGRAMMING AND SIMULATING QUANTUM CIRCUITS

Input:

Output: Bitstrings
”OO“! ”01“7 ”10“! ”11“

Programm =
Circuit of
Quantum Gates

— HM/T HL

U
Option 3: Simulate the circuit

l) JULICH

Member of the Helmholtz Association Dr. Dennis Willsch Page 9 Forschungszentrum



PROGRAMMING AND SIMULATING QUANTUM CIRCUITS

Input:

Programm =
Circuit of

Quantum Gates

— HM/T

H

)

Option 3: Simulate the circuit

import gisk

circuit =
circuit.h
circuit.t
circuit.h
circuit.c

O 0 1N Lt & WIN

Member of the Helmholtz Association

it

U

iskit.QuantumCircuit (2)

from jugcs import Jugcs

Dr. Dennis Willsch

Page 9
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Output: Bitstrings
”OO“! ”01“7 ”10“! ”11“
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PROGRAMMING AND SIMULATING QUANTUM CIRCUITS

Input:

Programm =
Circuit of

Quantum Gates

— HM/T

H

)

l

Output: Bitstrings
”OO“! ”01“7 ”10“! ”11“

Option 3: Simulate the circuit
import giskit

circuit =
circuit.h
circuit.t
circuit.h
circuit.c

O 0 1N Lt & WIN

Member of the Helmholtz Association

iskit.QuantumCircuit (2)

U

from jugcs import Jugcs

v0.85...100) + v/0.15.. .|11)

JUQCS
(Jalich Universal
Lecture Notes:

Quant_um CompUter Programming Quantum Computers
Simulator) https://arxiv.org/pdf/2201.02051.pdf
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PROGRAMMING AND SIMULATING QUANTUM CIRCUITS

Input:

Programm =
Circuit of

Quantum Gates

— HM/T

H

)

l

Output: Bitstrings
”OO“! ”01“7 ”10“! ”11“

Option 3: Simulate the circuit
import giskit

clrcuit =
circuit.h
circuit.t
circuit.h
circuit.c

O 0 1N Lt & WIN

Member of the Helmholtz Association

iskit.QuantumCircuit (2)

U

from jugcs import Jugcs

v0.85...100) + v/0.15.. .|11)

Measure 00 with 85 %
JUQCS and 11 with 15 %

(Jalich Universal
Lecture Notes:

Quant_um CompUter Programming Quantum Computers
Simulator) https://arxiv.org/pdf/2201.02051.pdf
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PROGRAMMING AND SIMULATING QUANTUM CIRCUITS

Simulation with Qiskit Aer
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PROGRAMMING AND SIMULATING QUANTUM CIRCUITS

Simulation with Qiskit Aer g7 g T
gasm_simulator

U
import qiskit
circuit = giskit.QuantumCircuit(2)
circuit.h(0)
circuit.t(0)
circuit.h(0)
circuit.cx(0,1)
circuit.measure all()
backend = giskit.Aer.get backend('gasm simulator')
result = qiskit.execute(circuit.reverse bits(),__
backend=backend,
shots=1000).result()
result.get counts()
{'00": 856, '11': 144}
Member of the Helmholtz Association Dr. Dennis Willsch Page 10 J Forschungszentrum



PROGRAMMING AND SIMULATING QUANTUM CIRCUITS

Simulation with Qiskit Aer g7 g T
gasm_simulator

L

circuit = giskit.QuantumCircuit(2)
circuit.h(0)

circuit.t(O@)

circuit.h(0)

circuit.cx(0,1)
circuit.measure all()

backend = giskit.Aer.get backend('gasm simulator')
result = qiskit.execute(circuit.reverse bits(),__
backend=backend,

shots=1000).result()
result.get counts()

{'00': 856, '11': 144}
Measure 00 with 85 %
and 11 with 15 %
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PROGRAMMING AND SIMULATING QUANTUM CIRCUITS

Simulation with Qiskit Aer g7 g T
gasm_simulator

statevector_simulator

N
import giskit import qiskit
circult = giskit.QuantumCircuit(2) circuit = giskit.QuantumCircuit(2)
circuit.h(0) circuit.h(0)
circuit.t(0) circuit.t(0)
circuit.h(0) circuit.h(0)
circuit.cx(0,1) circuit.cx(0,1)
circuit.measure all()
backend = giskit.Aer.get backend('gasm simulator"') backend = giskit.Aer.get backend('statevector simulator')
result = qiskit.execute(circuit.reverse bits(), . result = qiskit.execute(circuit.reverse bits(),
backend=backend, _ backend=backend) .result()
shots=1000) .result()
result.get counts() result.get statevector()
{'00': 856, 'l1l': 144} array([0.85355339+0.35355339j, 0. +0.3 )
0. +0. ] , 0.14644661-0.35355339j])
Measure 00 with 85 %
and 11 with 15 %
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PROGRAMMING AND SIMULATING QUANTUM CIRCUITS

Simulation with Qiskit Aer g7 g T
gasm_simulator

statevector_simulator

N

import giskit import qiskit

circult = giskit.QuantumCircuit(2) circuit = giskit.QuantumCircuit(2)

circuit.h(0) circuit.h(0)

circuit.t(O) circuit.t(0)

circuit.h(0) circuit.h(0)

circuit.cx(0,1) circuit.cx(0,1)

circuit.measure all()

backend = giskit.Aer.get backend('gasm simulator"') backend = giskit.Aer.get backend('statevector simulator')

result = qiskit.execute(circuit.reverse bits(), result = qiskit.execute(circuit.reverse bits(), .
backend=backend, _ backend=backend) .result()
shots=1000).result()

result.get counts() result.get statevector()

{'00': 856, '11': 144} array([0.85355339+0.35355339j, 0. +0.] )

0. +0. ] , 0.14644661-0.35355339]])

Measure 00 with 85 %
and 11 with 15 % v/0.85...]00) ++/0.15. . .|11)
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De Raedt et al., CPC 176, 121 (2007)
De Raedt et al., CPC 237, 47 (2019)

SIMULATING QUA NTUM CIRCUITS Willsch et al., CPC 278, 108411 (2022)

Simulation with JUQCS (large-scale simulations on a supercomputer)

GPU #0 (Node #0)

wOOOOOOOOOOO 0---0

| S | S .L\ T~ i
¢00000000000 1---1

GPU #4 (Node #1)

77000000000001 0---0

wOOOOOOOOOOl 1---1

GPU #2047

¢11111111111 0---0

7v011111111111 1---1

l) JULICH
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De Raedt et al., CPC 176, 121 (2007)
De Raedt et al., CPC 237, 47 (2019)

SIMULATING QUA NTUM CIRCUITS Willsch et al., CPC 278, 108411 (2022)

Simulation with JUQCS (large-scale simulations on a supercomputer)

GPU #0 (Node #0)

wOOOOOOOOOOO 0---0

| S | S .L\ T~ 1
¢00000000000 1---1

GPU #4 (Node #1)

7vDOOOOOOOOOOl 0---0

wOOOOOOOOOOl 1---1

GPU #2047

¢11111111111 0---0

» Video: Simulation of Quantum Computers on GPUs :
https://youtu.be/JUSEYCkh2ac ¢11111111111 1.1
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De Raedt et al., CPC 176, 121 (2007)
De Raedt et al., CPC 237, 47 (2019)

SIMULATING QUA NTUM CIRCUITS Willsch et al., CPC 278, 108411 (2022)

Simulation with JUQCS (large-scale simulations on a supercomputer)

GPU #0 (Node #0)

wOOOOOOOOOOO 0---0

| S i .L\ T 1
’wOOOOOOOOOOO 1---1

GPU #4 (Node #1)

7vDOOOOOOOOOOl 0---0

wOOOOOOOOOOl 1---1

GPU #2047

¢11111111111 0---0

» Video: Simulation of Quantum Computers on GPUs :
https://youtu.be/JUSEYCkh2ac ¢11111111111 1.1

»JUNIQ: I:Hos”siblfe_tcl)_ ELmuIate around 40 qubits (45 with JUQCS) ¢ ~
ps://junig.iz-jueiicn.de
J JULICH
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QUANTUM FOURIER TRANSFORM

An operation to move registers into phases and back
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QUANTUM FOURIER TRANSFORM

An operation to move registers into phases and back

» The formal definition of the QFT is:

|q0q1q2 - > Q|£>T Z 627Ti (QOQ1QQ”' ) (Q(/)ngg”' )/2N ‘q(’)qiqé - .>

! !

909192

l) JULICH
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QUANTUM FOURIER TRANSFORM

An operation to move registers into phases and back

» The formal definition of the QFT is:

QFT 27 Y (ahal gl /2N v o
qoqiga - +) Z o2 (q0q192++ ) (91 a2+ )/ ghdidh )
.. It

> Intuition: 0% 2

. 2mij i /2™ .1

) e Yy eI

5/
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QUANTUM FOURIER TRANSFORM

An operation to move registers into phases and back

» The formal definition of the QFT is:

|q0q1q2 - > Q|£>T Z 627Ti (QOQ1QQ”' ) (Q(/)ngg”' )/2N ‘q(’)qiqé .. .>

> Intuition: Q07192

) 0 YT

5/

» Implementation for two qubits:

q2) — H S

|g3) ‘ H
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QUANTUM FOURIER TRANSFORM

An operation to move registers into phases and back

» The formal definition of the QFT is:

lq0q1q2 - - -) QET Z o2 (qoq1g2+) (apqias-)/2"
> Intuition: 907192
) 0 Y EmI )
j/
» Implementation for two qubits:
|q2) —H— S
93) —{H 00) |01) |10) |11)
> Verification: (1 1 1 1
1 i -1 —i
SWAP (I © H)CS (H © 1) [gags) ox | | _Zl 1 _i
\l —i -1

Dr. Dennis Willsch Page 12
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QUANTUM FOURIER TRANSFORM

An operation to move registers into phases and back

» The formal definition of the QFT is:

FT i 1qo-e "al gl N
Qoqugz ) Ty Y ermtlaman) Goaids )27 g g
> Intuition: 04195
iy ¢ D et o2 (a205) 0/4 1)
Iz |
> Implementation for two qubits: + ¥rilaas) 4|1
l92) —{HHS + 2t (@2a3) 2/4)9)
271 3/4
1g3) ‘ H 00 [01) [10) |[11) S (g2q3) 3/ 3>

> Verification: (1 1 1 1

1 i -1 —i i (0aas) (dl !
SWAP (I @ H)CS (H ® I) |gags) o _Zl : _i qgags) = ) €77 (9202) (295)/4| g gh

1
e . qéqé .
\L i -1 @) JULICH
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Draper, arXiv:quant-ph/0008033 (2000)
https://arxiv.org/pdf/2201.02051 .pdf

QUANTUM ADDER

A nice application of the QFT
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Draper, arXiv:quant-ph/0008033 (2000)
https://arxiv.org/pdf/2201.02051 .pdf

QUANTUM ADDER

A nice application of the QFT

» We are looking for a quantum circuit to implement the following unitary operation

9041)19243) - 9091)]90q1 + 4233)
@) JULICH
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Draper, arXiv:quant-ph/0008033 (2000)
https://arxiv.org/pdf/2201.02051 .pdf
QUANTUM ADDER

A nice application of the QFT

» We are looking for a quantum circuit to implement the following unitary operation

9041 )|9293) — [q0q1)|90q1 + 4243)

» Such a modulo-4 adder would also work on superpositions
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Draper, arXiv:quant-ph/0008033 (2000)
https://arxiv.org/pdf/2201.02051 .pdf
QUANTUM ADDER

A nice application of the QFT

» We are looking for a quantum circuit to implement the following unitary operation

9041 )|9293) — [q0q1)|90q1 + 4243)

» Such a modulo-4 adder would also work on superpositions
» Examples:

IJ JULICH

Member of the Helmholtz Association Dr. Dennis Willsch Page 13 Forschungszentrum



Draper, arXiv:quant-ph/0008033 (2000)
https://arxiv.org/pdf/2201.02051.pdf

QUANTUM ADDER

A nice application of the QFT
» We are looking for a quantum circuit to implement the following unitary operation

9041 )|9293) — [q0q1)|90q1 + 4243)

» Such a modulo-4 adder would also work on superpositions

» Examples:
2) 1) — 2)13)
0 + 1) 2) +3)
2) NG — 2) N
0) +11) +12) 2) +13) +10)
2) 73 — 2) N
0) +11) 12) +[3) +10) . 0
V2 V3 ¢
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Draper, arXiv:quant-ph/0008033 (2000)
https://arxiv.org/pdf/2201.02051 .pdf

QUANTUM ADDER

A nice application of the QFT
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Draper, arXiv:quant-ph/0008033 (2000)
https://arxiv.org/pdf/2201.02051 .pdf

QUANTUM ADDER

A nice application of the QFT
» ldea: - The QFT converts between registers and phases
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Draper, arXiv:quant-ph/0008033 (2000)
https://arxiv.org/pdf/2201.02051 .pdf

QUANTUM ADDER

A nice application of the QFT
» ldea: - The QFT converts between registers and phases

-> By using bitwise phase shifts, we can implement the addition in the exponent

IJ JULICH

Member of the Helmholtz Association Dr. Dennis Willsch Page 14 Forschungszentrum



Draper, arXiv:quant-ph/0008033 (2000)
https://arxiv.org/pdf/2201.02051 .pdf

QUANTUM ADDER

A nice application of the QFT
» ldea: - The QFT converts between registers and phases

-> By using bitwise phase shifts, we can implement the addition in the exponent

-> This is automatically modulo 4
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Draper, arXiv:quant-ph/0008033 (2000)
https://arxiv.org/pdf/2201.02051.pdf

QUANTUM ADDER

A nice application of the QFT
» ldea: - The QFT converts between registers and phases

-> By using bitwise phase shifts, we can implement the addition in the exponent

-> This is automatically modulo 4
» A circuit to realize this idea Is

| | | |
 I®IT®QFT, | Addition | I®I®QFT, |
q0) — : : * : : A
q1) — | | $—— — A
INIT | | I I
|q2) — — HHS —ZH s , St H A
la3) — | o [H | Z}-H ‘ A
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Draper, arXiv:quant-ph/0008033 (2000)
https://arxiv.org/pdf/2201.02051.pdf

QUANTUM ADDER

A nice application of the QFT
» ldea: - The QFT converts between registers and phases

-> By using bitwise phase shifts, we can implement the addition in the exponent

-> This is automatically modulo 4
» A circuit to realize this idea Is

| | | |
. I®I®QFT, |  Addition | I®I®QFT) |
q0) — : : * : : A
q1) — | | $—— — A
INIT | | I I
|q2) — — HHS —ZH s , St H A
> Intuition: 43) — : —{H : Z——H ‘ 1A
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Draper, arXiv:quant-ph/0008033 (2000)
https://arxiv.org/pdf/2201.02051 .pdf

QUANTUM ADDER

A nice application of the QFT
» ldea: - The QFT converts between registers and phases

-> By using bitwise phase shifts, we can implement the addition in the exponent

-> This is automatically modulo 4
» A circuit to realize this idea Is

| | | |
I®I®QFT, | Addition |, I®I®QFT |
q0) — : : * : : A
) — | | o — A
INIT | | I I
|q2) — — HHS —ZH s , St H A
> Intuition: 43) — : —{H : Z——H ‘ 1A
L
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Draper, arXiv:quant-ph/0008033 (2000)
https://arxiv.org/pdf/2201.02051.pdf

QUANTUM ADDER

A nice application of the QFT
» ldea: - The QFT converts between registers and phases

-> By using bitwise phase shifts, we can implement the addition in the exponent

-> This is automatically modulo 4
» A circuit to realize this idea Is

I®I®QFT, |  Additon |, I®I®QFT,
g0) — : : ¢ : : A
0 e [ | 1 g
|q2) — — HHS —ZH s , St H A
> Intuition: la3) — : o [H | Z--H . — A
i b ()
k/ (X ]
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Draper, arXiv:quant-ph/0008033 (2000)
https://arxiv.org/pdf/2201.02051.pdf

QUANTUM ADDER

A nice application of the QFT
» ldea: - The QFT converts between registers and phases

-> By using bitwise phase shifts, we can implement the addition in the exponent

-> This is automatically modulo 4
» A circuit to realize this idea Is

I®I®QFT, |  Additon |, I®I®QFT,
[q0) — : : ¢ : : /74
— | : - — A
0 e [ | ! | ;
|q2) — — HHS —ZH s , St H A
> Intuition: la3) — : o [H | Z--H . — A
: : 2mik k' /2" 2mik k' /27| ;
k) = 1) (Ze mikE/ k’>> =) PTRRN )
L’ % oo
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Draper, arXiv:quant-ph/0008033 (2000)
https://arxiv.org/pdf/2201.02051.pdf

QUANTUM ADDER

A nice application of the QFT
» ldea: - The QFT converts between registers and phases

-> By using bitwise phase shifts, we can implement the addition in the exponent

-> This is automatically modulo 4
» A circuit to realize this idea Is

I I I I
 I®I®QFT, | Addition | I®I®QFT) |
q0) — : : ¢ : : A
lq1) — | | A — 1z
INIT | | | | |
|q2) — — HHS —ZH s , St H A
> Intuition: la3) — : o [H | Z--H . — A

I]>|]{?> s |]> <Ze2mkk’/2”k ) Z 2ml<:lc/2”|] Ik‘/ Z 2mi (j+k) k/2n‘9>|k>
¥ § @) JULICH
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Draper, arXiv:quant-ph/0008033 (2000)
https://arxiv.org/pdf/2201.02051.pdf

QUANTUM ADDER

A nice application of the QFT
» ldea: - The QFT converts between registers and phases

-> By using bitwise phase shifts, we can implement the addition in the exponent

-> This is automatically modulo 4
» A circuit to realize this idea Is

I I I I
 I®I®QFT, | Addition | I®I®QFT) |
q0) — : : ¢ : : A
lq1) — | | A — 1z
INIT | | | | |
|q2) — — HHS —ZH s , St H A
> Intuition: la3) — : o [H | Z--H . — A

)& = 15) (Z“/k ) Z 2T IRR I K)o ) 2T TR iy |5 k)
g . l) JULICH
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QUANTUM APPROXIMATE OPTIMIZATION ALGORITHM

A very brief overview of the QAOA
» Say we want to find the minimum of the function

E QOa---7Qn 1 ZQZQ’LJQJ

@) JULICH
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QUANTUM APPROXIMATE OPTIMIZATION ALGORITHM

A very brief overview of the QAOA
» Say we want to find the minimum of the function
E QOy---yqn 1 Z%sz%

“QUBO” (q = 0,1)
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QUANTUM APPROXIMATE OPTIMIZATION ALGORITHM

A very brief overview of the QAOA

» Say we want to find the minimum of the function

E QOw--an 1 ZQZQZ]QJ At E SO?“ » Sn— 1 ZhSZ_I_ZJZJSZSJ

1<J

“QUBO” (q = 0,1)
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QUANTUM APPROXIMATE OPTIMIZATION ALGORITHM

A very brief overview of the QAOA

» Say we want to find the minimum of the function

E QO7---7Qn 1 Z%sz% At E 307“ » Sn— 1 ZhSZ_I_ZJZJS’LSJ

1<J

“QUBO” (q = 0,1) “Ising” (s = +1,-1)
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QUANTUM APPROXIMATE OPTIMIZATION ALGORITHM

A very brief overview of the QAOA

» Say we want to find the minimum of the function

E(QO)"‘?QR—l) :ZQZQ’LJQJ = E 307” y Sn— 1 Zh Sz_I_ZJz]SZSJ
0] 1<J
“QUBO” (q = 0,1) “Ising” (s = +1,-1)

» Combinatorial optimization problem
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QUANTUM APPROXIMATE OPTIMIZATION ALGORITHM

A very brief overview of the QAOA

» Say we want to find the minimum of the function

E(QQ,...,qn_l) = Z%Qijqj S E(SO,...,Sn_l) =Zhisi—|—ZJijsisj
1,7 1<J
“QUBO” (q = 0,1) “Ising” (s = +1,-1)

» Combinatorial optimization problem
—> discrete optimization is hard!
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QUANTUM APPROXIMATE OPTIMIZATION ALGORITHM

A very brief overview of the QAOA

» Say we want to find the minimum of the function

E QOa---7Qn 1 ZQZQ’LJQJ At E 807“ » Sm— 1 Zhs@+2’]@]‘9283

1<
“QUBO” (q = 0,1) “Ising” (s = +1,-1)
» Combinatorial optimization problem
—> discrete optimization is hard!
» ldea: With a guantum circuit, we can create a superposition

9) =10[0---00) +- -+ Pgsgz Qo p1) T oy [1---11)
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QUANTUM APPROXIMATE OPTIMIZATION ALGORITHM

A very brief overview of the QAOA

» Say we want to find the minimum of the function

E(QQ,...,qn_l) = Z%Qijqj S E(SO,...,Sn_l) =Zhisi—|—ZJijsisj
1,7 1<J
“QUBO” (q = 0,1) “Ising” (s = +1,-1)

» Combinatorial optimization problem
—> discrete optimization is hard!
» ldea: With a guantum circuit, we can create a superposition

9) =10 [0---00) +- - FHbgsqz_, do -~ Gp—1)|+ -+ a1 [1---11)

Solution to the problem
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QUANTUM APPROXIMATE OPTIMIZATION ALGORITHM

A very brief overview of the QAOA

» Say we want to find the minimum of the function

E(QQ,...,qn_l) = Z%Qijqj S E(SO,...,Sn_l) =Zhisi—|—ZJijsisj
1,7 1<J
“QUBO” (q = 0,1) “Ising” (s = +1,-1)

» Combinatorial optimization problem
—> discrete optimization is hard!
» ldea: With a guantum circuit, we can create a superposition

9) =10 [0---00) +- - FHbgsqz_, do -~ Gp—1)|+ -+ a1 [1---11)

Solution to the problem

» Goal: Enhance this term!
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QUANTUM APPROXIMATE OPTIMIZATION ALGORITHM

A very brief overview of the QAOA

» Goal: Enhance this term!
) = o [0--00) + - Hgsooqr |65 Gho)|F -+ thona [1---11)
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QUANTUM APPROXIMATE OPTIMIZATION ALGORITHM

A very brief overview of the QAOA
» Goal: Enhance this term!
) = 010+ 00) + - +gz_ 15 - g )| dana 1o 10)

» Make the quantum circuit dependent on real parameters (81;---,8p:71 -+ -5 7p)
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A very brief overview of the QAOA
» Goal: Enhance this term!
) = 010+ 00) + - +gz_ 15 - g )| dana 1o 10)

» Make the quantum circuit dependent on real parameters (81;---,8p:71 -+ -5 7p)

» Hope: these 2p parameters are easier searchable than the original discrete variables
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QUANTUM APPROXIMATE OPTIMIZATION ALGORITHM

A very brief overview of the QAOA
> Goal: Enhance this term!

9) = 60[0++00) + - Hfihgs gz Va - G )+ e [T 1)

n—1

» Make the quantum circuit dependent on real parameters (81;---,8p:71 -+ -5 7p)

» Hope: these 2p parameters are easier searchable than the original discrete variables
Repeat for k =1,...,p QAOA steps

S Weighting ~ Mixing |
[90) — H [—1— R*(27ho) R*(28%) Fr——A
i |
1) —H | R*(2vkha) [[e-imduoio; R*(20k) | A
I ] | X
| | .
| |
qN-1) H— R*(2vkhn-1) R*(2Bk) F—A
L - X
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QUANTUM APPROXIMATE OPTIMIZATION ALGORITHM

A very brief overview of the QAOA
» Goal: Enhance this term!

) = o [0--00) + - Hgsooqr |65 Gho)|F -+ thona [1---11)
» Look at p=1 QAOA step
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QUANTUM APPROXIMATE OPTIMIZATION ALGORITHM

A very brief overview of the QAOA
> Goal: Enhance this term!

[¥) = tho[0---00) +

» Look at p=1 QAOA step
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* *
g 165 @)
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A very brief overview of the QAOA
» Goal: Enhance this term!

) = o [0--00) + - Hgsooqr |65 Gho)|F -+ thona [1---11)
» Look at p=1 QAOQOA step

' L R*(261)

REPNEPR

— H — R*(271ho) j
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QUANTUM APPROXIMATE OPTIMIZATION ALGORITHM

A very brief overview of the QAOA
» Goal: Enhance this term!

) = o [0--00) + - Hgsooqr |65 Gho)|F -+ thona [1---11)
» Look at p=1 QAOQOA step

L R*(261)

— H [~ R*(271ho) j
Success probability [Ygr...qx_,|° —THH R*(271h1) & R* (271 Jo1) & l r R*(261) —
— H — R*(2v1h2) D— R*(271J12) —D— R*(261)

REPNEPR

There are regions
where the success
probability is enhanced!
How to find them?
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QUANTUM APPROXIMATE OPTIMIZATION ALGORITHM

A very brief overview of the QAOA
» Goal: Enhance this term!

) =40 [0---00) + - Hgs...q

sk
n—1

g5 - )|+ panr 1 10)

» Look at p=1 QAOQOA step

2

Success probability [¥gs...q*_ | _

3 0
> Will be a central topic of this School ©
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There are regions
where the success
probability is enhanced!
How to find them?
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THANK YOU FOR YOUR ATTENTION

» Further information:

» Programming Quantum Computers: https://arxiv.org/pdf/2201.02051.pdf
» JUQCS: Video https://youtu.be/JUSEY Ckh2ac
» JUQCS: Paper https://doi.org/10.1016/j.cpc.2022.108411
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