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We work out details of defining the spatial densities corresponding to the gravitational form
factors of spin-0 and spin-1/2 systems using spherically symmetric sharply localized wave packets.
The expressions for the spatial densities are provided in the frames with both zero and non-zero
expectation values of the momentum operator.

I. INTRODUCTION

In close analogy with the electric charge density of hadrons [1-3], the interpretation of Fourier transforms of
gravitational form factors in the Breit frame as local densities of various physical quantities characterizing the system
was suggested in Refs. [4-6]. For systems whose intrinsic size is comparable with their Compton wavelength, this
identification of spatial density distributions with the Fourier transforms of the electromagnetic and gravitational
form factors was criticized in Refs. [7-13]. This issue has raised much interest recently [14-21]. The light-front
approach has been used to define purely intrinsic electromagnetic spatial densities as two-dimensional distributions
in the impact parameter space [7—10, 16]. The relationship between these densities and the non-relativistic three-
dimensional distributions in the Breit frame in terms of the Abel transform was studied in Refs. [19, 22]. The
phase-space approach of Refs. [14, 15, 17] allows one to define fully relativistic three-dimensional spatial densities.
However, these densities do not have a strict probabilistic interpretation due to their dependence on both coordinates
and momenta. In Refs. [13, 17], the two-dimensional light-front Fourier transforms of the energy-momentum tensor
form factors have been interpreted as the spatial densities of the energy-momentum and the internal forces in hadrons.
In Ref. [23], a definition of spatial densities of local operators for systems with arbitrary Compton wavelengths has
been suggested by considering an example of the charge density of a spin-0 system, see also Ref. [24] for an early study
along this line. Recently this novel definition was also applied to the electromagnetic spatial densities for spin-1/2
systems [25]. For illuminating comments and extensions on the approach using sharply localized packets see Ref. [18].

In this work we consider the one-particle matrix elements of the energy-momentum tensor (EMT) in localized
states of spin-0 and spin-1/2 systems. Specifying the one-particle state by a spherically symmetric wave packet and
sharply localizing it in space we define spatial distributions corresponding to gravitational form factors in the zero
average momentum frame (ZAMF). Next, we generalize the new definition to Lorentz-boosted frames. Analogously
to Ref. [11], which dealt with the electromagnetic case, we also consider the static approximation and discuss the
limitations of the results obtained in this limit.

Recently in Ref. [21] it has been claimed that the idea of obtaining internal densities via wave packet localization is
fallacious, because it does not reproduce the “true internal densities”. The authors first clarify what they understand
under true internal densities of hadrons and how these are related to the physical densities obtained from expectation
values of local operators. Next, using the formulated criteria they observe that the wave packet localization does
not result in meaningful internal densities for instant form coordinates. We believe that the parameterization of the
physical densities in terms of internal densities and smearing functions which is suggested in Ref. [21] as the basis for
defining the true internal densities has an oversimplified form and is inadequate for a complicated hadronic system in
a state described by a wave packet.

Our work is organized as follows. In Sec. II we define spatial densities of the EMT in the ZAMF's of a spin-0 and a
spin-1/2 systems and consider the static approximation. Spatial densities in moving reference frames are considered
in Sec. III. Section IV contains our interpretation of the obtained results and we summarize in Sec. V.

II. GRAVITATIONAL DENSITIES IN THE ZERO AVERAGE MOMENTUM FRAME

Spatial densities of the EMT defined via localized states differ significantly from the ones of the electromagnetic
current. A superposition of eigenstates of the charge operator, which makes the localized packet, remains an eigenstate



of the charge operator with the same eigenvalue. However this is not the case for the energy-momentum operator.
That is, a packet which is a superposition of one-particle eigenstates of the four-momentum operator with different
four-momenta is not an eigenstate of the same operator. On the other hand, such a state does not contain admixtures
of states with particle-antiparticle pairs and, therefore, can be used to define spatial distributions for one-particle
states.

Below we work out details of the spatial densities corresponding to the EMT of spin-0 and spin-1/2 systems in
the ZAMF and in moving frames. Throughout this work we closely follow the notations of Ref. [11]. We choose the
four-momentum eigenstates |p, s) characterizing our system to be normalized as

', 8'|p,s) = 2B(21)*3556®) (p' — p), (1)

where (p, s) and (p/, s") are momentum and polarization of the initial and final states of a spin-1/2 system, respectively.
For spin-0 systems we have analogous expressions without polarizations s and s’ (this is also the case for the expressions
below, which are applicable to both spin-0 and spin-1/2 systems). Further, we have p = (E, p), with £ = y/m? + p?,
where m is the particle mass.

When calculating matrix elements of the EMT we use normalizable Heisenberg-picture states written in terms of
wave packets as follows:

[®,X, s )e P Xp,s), (2)
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where X is the spatial translation vector whose interpretation will be discussed below and ¢(s, p) is the profile function
satisfying the normalization condition

/ Pplo(s,p)? =1. (3)

To define the density distributions in the ZAMF of the system we use spherically symmetric wave packets.! In the
case of spin-1/2 systems, the profile functions are also chosen to be spin-independent, i.e. ¢(s,p) = é(p) = ¢(|p|). It
is convenient to define dimensionless profile functions

¢(p) = R** $(Rp), (4)

where R specifies the size of the wave packet. A sharp localization of the system is achieved by taking small values
of R.

A. Spin-0 particles

To define spatial densities associated with the EMT of a scalar particle we consider its matrix element in a state
specified by Eq. (2) for a spin-0 state and take its limit when R — 0. Using the parametrization of matrix elements of
the EMT in single-particle momentum eigenstates in terms of the form factors ©1(¢?) and ©2(g?) [26, 27] we obtain:

d3p'd3p
(27)3VAE'E

3P d? ;
= [ SR - ) 0 )+ 2pepen (o - D)o (P D) e, )

where we have introduced new variables ¢ = p’ —p and P = (p+ p’)/2. In terms of these variables the energies are
given as E = (m?> + P2 —P-q+q?/4)"/? and E' = (m*> + P2 + P -q +q%/4)"/2

By applying the method of dimensional counting of Ref. [28], the leading contribution in Eq. (5) for R — 0 can be
obtained without performing the integration over momenta and without specifying the expressions for the form-factors
and the spherically symmetric profile function. For the form factors © (q2) and Oq (q2) decaying for large ¢° as 1/¢*

th"(x — X) = (@, X|T" (x,0)|®, X) = / ¢* () B (p) (P |7 (x,0)Ip)

1 The average momentum of the system vanishes in states corresponding to such packets.



and 1/¢?, or faster, respectively,? the only non-vanishing contribution for R — 0 originates from the large P region.
This contribution can be obtained by substituting P = P/R and expanding the resulting integrand in Eq. (5) in
powers of R around R = 0. Doing so and introducing a new variable r = x — X we obtain

d*Pd3q [ PrPY R o .
1114 _ ) ~2 ~2 v ~l~V ~2 2 _—iqrT
o’ (r) / (2m)3 ( PR’ 7] 2P (@9 ") O la ]> Pl Hest, ©)

where we introduced four-vectors ¢ = (P - q,q) and P* = (P,P) with P = |P| and P = P/P. Notice that we
wrote explicitly only terms that contribute to the final expressions for the densities, see the discussion in Sec. IV, and
"Rest” stands for all other terms of the expansion. Using Eq. (3) and spherical symmetry we arrive at the final form
of the local density distributions in the ZAMF of the system

, 2P d3q , Ciar EPdq v —iqr
t* (r)N¢,R/<2ﬂ_)P P" o, [* ]6 4" — No,Rr,2 /W (quq +q2Lg” ) 7 [*Cﬁ] e "1 + Rest, (7)

where P — (1,f’), aL — P x (qx f—’), q? = —¢* and
1 -
Now = 7 [ aPPYG(BIP,
R BB B)2
Nowz = 5 [ aPPis(BI, ®

Unlike the electromagnetic case (see Refs. [23] and [25]), the dependence on the form of the profile function and the
size of the packet remains in the normalization factors Ny r and Ny g 2 of the local density distributions. Notice that
for R — 0 the first term in Eq. (7) goes to infinity while the second term vanishes.

Postponing the interpretation of the expression in Eq. (7) to Sec. IV we now consider the “static” approximation.
The local densities of Refs. [4-6] in terms of the Fourier transforms of the form factors in the Breit frame emerge
by expanding the integrand in Eq. (5) in powers of 1/m up to leading-order terms before performing the integration
[11] and localizing the wave packet by taking R — 0 limit.> The resulting expressions after the 1/m-expansion of the
integrand have the form:

3 3
e (r) = 1 / dpidsq ©: (~a’) ¢<P - g) ¢ <P + ‘2*) emiar,
. dSP d3 .
tginaive(r) - / ﬁ Pl S} ( ) ¢(P - g) ¢* <P + g) e~tar,

ij d3P al‘3 ; S q\ . a\ e
t g naive(T) 2m/ (a®6Y — ¢'¢’) ©1(—a®) +2P' P/ ©, (q2)]¢<P - 2) ) <P + 2) e~ T (9)

To localize the wave packet we take the R — 0 limit again by using the method of dimensional counting. The desired
result is obtained by substituting P = P/R, expanding the integrands in Eq. (9) in powers of R around R = 0 and
keeping explicitly only terms which are relevant, we obtain

dSPd?’ , a3 .
thaive(r) = m / —q?) |$(P)[Pe "9 + Rest = / ﬁm@ (—q?) e~ + Rest,
d3Pd3 Pi -~ )
Biale) = [ Gt T O () [G(B)P e + Rest = 0+ Rest.
’ A §i [ g :
1 - 7 4 2 2 —iq-r
alt) = 5o [aPPUGEIE [ 5 0n (<at)e

3 . o i
;iw?:z (a*0" — ¢'¢’) ©1 (—a’) e 7' + Rest, 1o

2 In Ref. [29] using perturbative QCD the large-q? behavior of the gravitational form factors of the (pseudo)scalar hadrons has been found
to be ©1 (q2) ~ 1/q* and ©5 (q2) ~ 1/¢%. However, according to Ref. [30] in case of pions perturbative QCD leads to ©1 (q2) ~1/¢?,
O2 (q2) ~ 1/g? for large ¢%. Notice that our derivation would not be applicable for the latter case.

3 Notice that the R — 0 and m — oo limits do not commute as pointed out in Ref. [23], and therefore the static expression does not
emerge from Eq. (7) by expanding it in powers of 1/m.
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where we used Eq. (3) and the fact that for spherically symmetric packets integral over an odd function of P vanishes.
The t%, . and the second term of t” in Eq. (10) coincide with the corresponding expressions of spatial densities

obtained as the Fourier transforms of the gravitational form factors in the Breit frame. Notice that both of these
terms do not depend on the packet profile function and the size of the packet.

B. Spin-1/2 particles

The matrix elements of the EMT of a spin-1/2 system in one-particle eigenstates of the four-momentum operator
are parametrized in terms of three form factors as follows [6]:

PHPY o Pra"qq + PV ok,

,uu 2
+iJ(¢?) —9

WS |T" (x,0)|p, s) = e~ %a(p), ') [A(cf) ()T ulp,s),

(11)
where the momenta ¢ and P are defined as in the previous section and the Dirac spinors are normalized as
a(p, s")u(p, s) = 2m dys. The matrix element of the EMT in localized states specified by Eq. (2) is written as

2m 4m

thY(s' s, x = X) = (8, X, 8'[T" (x,0)|®, X, 5)

3P 3 Prpv PHgve P ,ua
:/u ,a(p/’sl) |:A((E_E/)2_ ) +7/J((E_E/)2_q2) da +

(27)3VAEE' om
v _ v ,2 .
+D((E-E)? - q) W} u(p, s) ¢(P - ‘;) o <P + (21) el (x=X) (12)

Taking the R — 0 limit in Eq. (12) by using the method of dimensional counting in a complete analogy to the case
of spin-0 systems, and assuming that form factors A(q?), J(¢*) and D(¢?) decay for large ¢ as 1/¢>, 1/(¢?)%/? and
1/q*, or faster, respectively,* we obtain for the operators in spin space

v d2pd3 :u 5 0 :1/ v0 5 2
) = Non [ 15 | (PPowx @) 4 Plow x @ 4 B ow x 6P 507 T (~at)
s 1 L2Pddq 4
+PHPYA (—qi)} Tlar g 3 Ny r2 / (QT);I ( k§ 4+ g*"'q 2 ) D (—qi) e "1T 4 Rest, (13)

where r = x — X and (o, x q)° = 0. Again, we wrote explicitly only those terms which contribute to the final
expressions for the densities in Sec. IV.

Postponing again the discussion of the obtained result to the Sec. IV, we consider next the static approximation.
Expanding the integrand in Eq. (12) in powers of 1/m up to leading-order terms we obtain for the operators in spin

space
d3P d3q a\ ., a\ _ior
t(bnalve():m/ (277) A( )¢<P—2>¢(P+2)e q ;
d3P d3q g . s
tOlnalve<r) - / T)?) |:A (—(]2) P — 5 ”kq g J( ):| ¢(P — > Qﬁ <P —+ 2) a ,
.. d3Pd3 o 1 N o
tfﬁj,naive - m/ |: q2) P'PI + ZD (_q2) (_q25w _|_qzq])
_% ( ilk lPJ+€jlkqlP1)0. J( )}¢<P_C21> ¢*<P+3) el (14)

To localize the wave packet by taking the limit R — 0 we use the method of dimensional counting and obtain the

4 This condition is actually satisfied by the large-¢g? behavior of the gravitational form factors of the proton obtained in perturbative QCD
in Refs. [29-31], in our notation corresponding to A(q2) ~ J(q2) ~ 1/¢* and D(q?) ~ 1/¢%, modulo logarithms.



following expressions for the “naive” spatial densities:

&3 )
b () = m/ (2w§3A(—q2) e 4 Rest,

o ve(r) = —zeijkak/ g “J (—qQ) e~ "7 4 Rest
naive 2 (27_(_)3 ?

L 1 Lo = A 6 d3q ,
L — PP4 P 2 A(— 2 —iq-r
Guel®) = g [ APPUSEIE T [ A(-a?) e

1 d’q 2 25ij | i §\ —iqr
* %/WD(—q) (—a®3" +q'q’) 7" + Rest, (15)

where we made use of Eq. (3) and the fact that the integral over P of an odd function of this variable vanishes.
Analogously to the case of a spin-0 system, the ¢90, . 9% ~and the second term of t;f naive 1 Eq. (15) coincide with
the corresponding expressions of spatial densities obtained as the Fourier transforms of the gravitational form factors
in the Breit frame.

Defining the mean squared energy radius of a system via

(r2) = [ d3rt9(r)r? 7 (16)
J d3rt%(r)

for a spin-1/2 system in the static approximation of Eq. (15) we obtain (r?)aive = 6A4’(0), while Eq. (13) leads to

(r?) = 4A’(0). Analogous result holds also for spin-0 systems. The same smaller mean squared radius, compared

to the Breit-frame result, has been obtained previously in Ref. [13] using the two-dimensional formalism utilizing

light-front coordinates.

III. GRAVITATIONAL DENSITIES IN MOVING FRAMES
A. Spin-0

To generalize the results of the previous section to moving frames we replace ¢(p) with its boosted expression
ov(P), given in terms of the spherically symmetric ZAMF quantity as follows [32]

ov(p) = v(le§E)¢bL+VWH*VEﬂ7 (17)

where v is the boost velocity, v = (1 — v?)~1/2, p|=(p - ¥)V,pL =p—p|and E = \/m? + p2.
In exact analogy to the case of the ZAMF, we obtain for a spin-0 system in the R — 0 limit using the method of
dimensional counting:

, &P g3 s (PPPPY ., R oo s NI,
tgw(r):/ (QW)sq ol (1—v : P) {R®2 (@] +ﬁ (9" —3"q"]©1[d%] } ’qﬁ [PL+’}/(PH —VP)} e "I + Rest,

(18)
where 13, Pt and " are defined as in the previous section. Next, we change the integration variable PP =

v X (f’ X {r) + 7(15 -V — vf’)\“f, denote m = P’ and introduce a vector-valued function
n(v,m) =9 x (mx¥) +(m-v+0)v. (19)

Taking into account that P = ¥ x (15’ x V) + ’y(f” V4 vﬁ”)\?, it follows that i = P. The Jacobian of the change of



variables P — P’ cancels the first factor in the integrand in Eq. (18), and we finally obtain

= AP 5 {M@ [(6-q) - ¢ —M;fim@l [(ﬁ-q>2—q2]}+Rest,
9 )/W o m{v (P’ +oP)i? "o, [(ﬁ'q)2_q2]_qui@1 [(ﬁ.q)Q—qﬂ} + Rest,
_ S(P’j—vl)[( — )07 + ¢'¢’] O (A-q)? — 2]}+Rest. (20)

Using the spherical symmetry of ¢Z(f” ), the integration over P’ factorizes out in Eq. (20). To carry out the remaining
angular integration over m in spherical coordinates we align the z- and x-axes along the v and q; directions,
respectively, denote 1 = cos§ and obtain

v d3q LY —iq-r d3q 1% —iq-r
ty (P):Nas,R/(%)gt” (qpqr) e +N¢,R,2/i(2ﬂ)3 £5" (g1, 1) e + Rest, (21)

with ¢y =V -q, ¢. =|q.| and

g = [ dn [ =22 e, [
£ (q),q =/ ———0, [7] .
I -1 ! 0 v(1 4 wvn) ?

—+1 27
T 1 [ =V = v =
t (qlhqﬁ B _/1 i 0 @ T om v(1 4 vn) [q"q Ty ]61 [qz] 7 (22)

where Q* = (y(1 4+ vn), &1 +v(@) +V)), ¢ = ([V1-n?cosdqr + v(n + v)q]/(v(1 + vn)),q) and & =
(\/ 1 77720084275 V 1 77728111(775377)

In the infinite momentum frame (IMF) with v — 1, v — oo, we obtain
7 (qp,qu) = dmy 90” O2 [—ql] |
t5"(q),q1) = —%ﬂ a [aig™ +day] O1 [-al] (23)
where 0" = (1,7), ¢/ = (q),q) and

+1
a = lim din .
v—=1J_1 14wy

(24)

Notice that /vy ~ /1 —vln(l — v) when the v — 1 limit is taken. Substituting these expressions into Eq. (21) for
the IMF we obtain:

thp(r) = Nood(r)O2[r1] + No O, [r.]

5(7“H)

920 028
1] rkg‘lg + Rest,

orfork  orf

() ~ dé(r|) 901 [ry]
s —=itdl Rest
8rﬁ8r"| [r ]+ 8rﬁ 81‘1 + Rest,

thr(r) = Noo 5(7"\|)ﬁié2 [r1] + Noo* (

; PO1[r1] o5 9%0(r)) & 03(ry) 001 [r.]
fir (1) = Noo 8(r)007 O, [UHNO(“S(TI) ook O orjor] O]+ o orl
08(ry) 06 :
(T,”) M + 5(7’|)6’®,1M> + Rest, (25)
or] or’, or' or’,

where Ny = 27TT”‘N¢7 R,2, Noo = 4myNy r. Furthermore the Fourier transforms of the form factors are given by

©; [ri]= / (d%g)é O; [—qi] e~taLTL (26)



B. Spin-1/2

For a spin-1/2 system in a moving frame, we consider the state specified by the following wave packet

@, X, )y /\/W‘/ - P o[Al"p ‘”’XZDW[ (V,A P )| Ip.sa), (27)

where v = (1 —0?)"Y2 E = /m2 +p2, AJ'p = ¥ x (px V) +v(p- ¥ —vE)¥ with Ay denoting the Lorentz
boost from the ZAMF to the moving frame. The Dg, s [W] matrices build the spin-1/2 representation of the Wigner
rotations [33].

For the matrix elements of the EMT of a spin-1/2 system in a moving frame we obtain the following expressions in
the R — 0 limit using the method of dimensional counting;:

&P d? =\ [P / Pg' i 3 ;
= [ (%)3%(1_‘,.13){]%(1_% ot P ) ALF) g [P oo] I 18

2 : am ~ o~ .
R e
3D 73 A 5 i 27
() = /d(;c)igq7 (1 _V,f,) {p; (1 B zjneljkgkqlifﬂ) A[@]
- 4;Pm L‘f?lqj SlaPro] +iPea[SaPo] —dtgP oS Pl }J[qﬁ]
43P d3q (PP P 2
i [ [ (i)

R ~Usg 5Zj 52 ; an ~ o~ 2 .
+ (q q —i: q ) (1 _ L Elnko.kqlp ) D [62}} ‘(b(P/) e—lqm + Rest, (28)

~ ~ ~ ~ 2/
where [A,B]_ = AB— BA, P/ =% x (P X \7) + *y(P V- vP)\“f and the unit vector rn is defined as th = P . Further,
the Ei’ﬁl refers to the Wigner-rotated spin operator
Svan = DN W(Avm)] "D W (Avm)] (29)
with

R—0 (30)

D[W(Aym)] = lim D lW (Av’ AJl(fVR))




Next, we change the integration variables P — P’ to obtain

dii d / /2d3 o - - ) .
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)
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The expressions in Eq. (31) simplify considerably in two extreme cases. First, in the particle’s ZAMF, with v = 0,
v =1 and D[W (Ag, h)] = identity, we have n(v, ﬁl) = m, so that we can replace the integration measure dm by
dn.

Next, in the infinite-momentum frame (IMF) with v — 1 and v — oo, the vector-valued function @ turns to ¥,
so that the integrands in Eq. (31) depend on 1 only through the Wigner rotation matrices. We use the spherical
symmetry of é(f” ) and factor out the integration over P’ in Eq. (31). To carry out the remaining angular integration
over m in spherical coordinates we align the z- and z-axes along the v and q, directions, respectively, and denote
1 = cosf. Finally we obtain the following expressions for spatial densities in the IMF:

v d3 d3q THY —iq-Tr
th (r):N¢,R/(2 E ™ (qy,qL) e +N¢7R2/Wﬂ2 (q):q1) e "4" + Rest, (32)

with
tH (qH’qL) =4y oH0Y [ 1+ — ! ko pigkyl ) A [fqi] + L (oL xq) +0"(oL x )
2m 4m
+ (6"9%Y 4+ 6"90")V - () x 00) J [—QQJ} )
v s » ?
& (q,q1) = o (¢hay + 9" a?) (1 + 5 Zlkvzokcf) D[-q%], (33)

where (o, xq)? = 0 and « is defined in Eq. (24). Substituting Eq. (33) in Eq. (32) we obtain, analogously to Eq. (26),
expressions for the two-dimensional spatial distributions in the IMF.

IV. INTERPRETATION OF THE RESULTS

We are now in the position to discuss the physical interpretation of the new expressions obtained in the current
work. It is clear from Eq. (25) that in the IMF, the matrix elements of the EMT in localized states represent two-
dimensional distributions in the plane perpendicular to the velocity of the reference frame. Analyzing Egs. (21) and



(23) we conclude that there are two types of contributions: those depending on the velocity of the reference frame and
thus characterizing the movement of the system as a whole and the other contributions which are related to internal
properties of the system under consideration. The contribution generated by t*¥ corresponds to the motion of the
system as a whole, while the term generated by 5" is not related to this motion and, therefore, should be interpreted
as related to internal characteristics. Notice that essentially the same argument supporting separate interpretation of
different contributions to the matrix elements of EMT has been given previously in Refs. [19, 21].

Integrating Eq. (21) for the IMF over all possible directions of the frame velocity, it is easily seen that the resulting
two terms are proportional to the corresponding terms in Eq. (7), i.e. to the terms which involve the same form
factors.® Thus, the spatial distributions in the ZAMF, given by Eq. (7), can be understood as an integral over all
directions of the IMF velocity. As evidenced by Eq. (25), the spatial distributions are given by two dimensional images
of the system in the IMF. The same can be concluded for the spin-1/2 system using equations (13) and (32). Thus
the three-dimensional “picture” of the system emerges as a “composition” of its all possible two-dimensional cuts.

As mentioned above for the IMF, the term corresponding to 4" characterizes the internal structure. Therefore also
in the ZAMF the term

y &2h d° i
t5'(r) = Ny r,2 /# (—¢'¢’ +q167) ©1 [—q7] e '@ (34)

characterizes the distribution of internal forces. Notice that while the normalization of this quantity depends on the
wave packet profile function its spatial distribution is uniquely determined by the EMT form factor. We identify the
traceless and the trace parts via

téj(r) = (T:; — :1351’1') s(r) +6Yp(r), (35)

where

o) = Mona [ Gt (FESEE o ]
I ])

= N¢$R’2 /d nra;fT( (7"”)
> —iq~r

d*n d3q q
p(I‘) = N¢7R72/ (27{_) ( QL_ ?
_ 2p(lld,2d 1 d 5 i :
B N¢’R’2/d " (3 r2 dr dr ri dr L dr (6<TH)®1 [rl]) ’ (36)

The quantities s(r) and p(r) have been interpreted in Refs. [5, 6] as the shear force and the pressure, respectively. It
is evident from Eq. (36) that the overall normalizations of these quantities depend on the packet while their functional
form is uniquely determined by the form factor ©;. It is not surprising that the normalization factors of the pressure
and shear force distributions vanish in the limit of sharply localized states as these functions are related to the
variation of the action with respect to the spatial metric g;x(r). This variation corresponds to a change of the location
of the system in three-dimensional space, which vanishes for sharply localized states. Notice that the shape of these
distributions does not depend on the localization of the system and is uniquely determined by the corresponding form
factor.

In exact analogy to the case of the spin-0 system, by integrating the IMF density in Eq. (32) over all possible
directions of the frame velocity, we obtain terms involving different form factors of a spin-1/2 system, which are
proportional to the corresponding terms in Eq. (13). Thus, analogously to Eq. (35), the term

d%h d3q
(2m)?

can be interpreted as the distribution of the shear force and the internal pressure.

ij 1 i §_ sij —iqr
t2j(51757r) = §N¢,R,2 Os/s / (q qj -0 jCli) D (_qi) e " (37)

5 Notice that while the coefficients of proportionality are different for different terms, the behavior for R — 0 remains the same, i.e. the
first term diverges while the second term vanishes.
6 Notice that this interpretation has been questioned recently in Ref. [34].
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FIG. 1: Normalized energy, pressure and shear force density distributions in the static approximation (dashed lines) and in
the ZAMF (solid lines). Normalizations of densities are chosen by dividing the corresponding matrix elements of the EMT by
their integrals over the three dimensional space.

As mentioned above, a superposition of eigenstates of the energy-momentum vector with different eigenvalues is not
an eigenstate of this operator. Therefore, in general, the interpretation of the t'(r) and t°(r) in terms of the energy
and momentum distributions seems to be problematic. However, in sharply localized states, where the wave packets
are dominated by large momenta, these quantities can be interpreted as energy and momentum spatial distributions,
respectively.” For a spin-0 system in the ZAMF we have:

d*n dq

too(r) = Ny,r /W

and for the spin-1/2 system in the ZAMF we obtain the following expressions

d27,’\l d3q —iq-T
t(r) = Ny r /7(2703 A[-ql] e'am, (39)
i ifjkl dQﬁdgq k1 (cii AGAg —iq-r
17(r) = No. 2m (2m)3 oliq (07 +a'nl) J[—qi] e7. (40)

On the other hand, in the static approximation the states are defined by packets with sizes much larger than the
Compton wavelength of the system. For this case, our expressions of the spatial distributions in the static approxima-
tion for a spin-0 system, Eq. (10), and for a spin-1/2 system, Eq. (15), coincide with the corresponding Breit-frame
expressions for the t° and t% components, while for the ¢ components the Breit-frame expression reproduces the
part describing the internal structure only. Thus, the Breit-frame expressions indeed correspond to the system in the
ZAMF in a state described by a packet with the characteristic scale much larger than the Compton wavelength of
the system. For such a packet the integral is governed by momenta much smaller than the mass of the system and,

7 Notice here that for these terms we do not offer separate interpretation of the ¢ and ty contributions and therefore the second are
dropped as compared to the first.
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therefore, replacing the corresponding energies by the first term in the expansion E = \/m? + p2 = m+p?/(2m)+- - -
is a good approximation. That is, the packet is dominated by eigenstates of the energy with the same eigenvalue m,
and therefore it is also an eigenstate of the energy operator with the eigenvalue m. Thus, t°°(r) can be interpreted
in this case as the spatial distribution of the mass, which is the same as the full energy of the system in the ZAMF
in the static approximation. More details of interpretation of the Fourier transforms of the gravitational form factors
in the Breit frame in terms of various spatial distributions can be found in Ref. [6]. Taking into account that sharp
localization of the system requires a huge amount of energy, it is not surprising that the normalization factor for the
energy and the momentum distributions Ny r explodes. Again, the functional form of these densities is uniquely de-
termined by the corresponding form factors. To illustrate the comparison of the static approximation and the ZAMF
expressions, in Fig. 1 we plot the normalized energy, pressure and shear force density distributions for a hypothetical
spin-0 system with gravitational form factors ©1(¢?) = 1/(1 — ¢?/A?)? and ©3(¢?) = 1/(1 — ¢®/A?)?, where we take
A =1GeV.

Finally, as the spatial densities are given in terms of r = x — X, X should be interpreted as the position of the
center-of-gravity of the system.

V. SUMMARY AND CONCLUSIONS

To summarize, in the current work we considered the one-particle matrix elements of the EMT in localized states of
spin-0 and spin-1/2 systems. Specifying the one-particle states by spherically symmetric wave packets, independent
of the spin polarization for the case of spin-1/2 systems, and sharply localizing system we obtained the definition of
spatial distributions which are independent of the specific radial form of the packet. This definition is applicable for
an arbitrary relative size of the Compton wavelength and other internal characteristics of the system. We obtained
the expressions for the newly defined quantities in the ZAMF as well as in moving reference frames. Writing the
spatial distributions in the ZAMF as integrals of the corresponding expressions in the IMF over all possible directions,
we offered a physical interpretation of the obtained results.

Finally, using the results of Ref. [11], we also considered the static approximation and obtained the spatial distri-
butions, which coincide with the Fourier transforms of the form factors in the Breit frame as originally suggested as
spatial distributions of various quantities [6].
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