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ARTICLE INFO ABSTRACT

Editor: F. Gelis Starting from the SU(3) limit, we consider the nature of the dynamically generated resonances A(1380), A(1405)
and A(1680) as the pion and kaon masses are tuned to their physical values. We show that the accidental
symmetry of the two octets due to the leading order Weinberg-Tomozawa term is broken by the next-to-leading
order terms. Most interestingly, we observe an interchange of the two trajectories of the A(1380) and the A(1405)
away from the SU(3) limit at next-to-leading order. This remarkable phenomenon can be investigated using
lattice QCD calculations that start from the SU(3) limit.

1. Introduction

The A(1405) is a truly exotic hadron state especially after in the framework of unitarized chiral perturbation theory its two-pole structure was
revealed and understood [1,2]. These two states are now called A(1380) and A(1405) [3]. For recent reviews, see Refs. [4-6], and a state-of-the-art
calculation with the chiral potential expanded to the next-to-next-to-leading order is given in Ref. [7]. Also, an uncertainty analysis supplemented
with an investigation of the correlations between the various poles is presented in Ref. [8].

Lattice studies of the A(1405) are not very abundant, for earlier works see, e.g., [9,10]. Of particular interest is the very recent coupled-channel
work [11,12] that also reported two poles consistent with the phenomenological values for M, ~ 200 MeV and My ~ 487 MeV. In that study, the
lower pole is a virtual state, whereas the higher pole is a resonance.

It is also known that the SU(3) limit, where the u, d, and s quarks have the same mass, can be favorably used in lattice QCD, see, e.g., [13]. To
assist such lattice studies and also to gain deeper insight, we study here in detail the development of the poles from the SU(3) flavor limit to the
physical masses of the Goldstone bosons.

To be more precise, in the SU(3) limit the interaction of the Nambu-Goldstone (NG) mesons and the octet baryons can be decomposed into
group irreducible representations (irreps). By setting up the quark configurations so that they are in the appropriate group representation, we can
investigate the interaction in each representation. It was already pointed out that the origin of the two-pole structure of the A(1405) and A(1380)
resonances is related to the strength of the attractive forces of the decomposed interaction [2]. It was found there that the A(1405) (A(1380)) pole is
connected to the attractive interaction originated in octet (singlet) using a simple extrapolation to the SU(3) limit. Thus, checking these interaction
components in the SU(3) limit is helpful in understanding the nature of the A(1380), A(1405) and also checking the chiral dynamics. However, such
results on the extrapolation from the physical point to the SU(3) limit or some other limit can depend on the detailed scheme of the extrapolation.
As found in Ref. [14], where the a,(1260) is studied varying the number of colors, the trajectory of the two poles in that case may flip depending
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on the model details. Thus, to obtain a concrete picture for a given resonance, a detailed scheme for the extrapolation where reasonable parameters
are chosen at any hadron mass point in the extrapolation is required.

In this work, we revisit the origin of the A(1405) and A(1380) states within chiral dynamics by considering the detailed extrapolation to the SU(3)
limit, employing the results from chiral perturbation theory that give the quark-mass dependence of the GB and baryon masses of relevance here.
We further consider the A(1680) that is also generated from the octet. See also Refs. [15,16] for earlier work along these lines, and Refs. [17,18]
for recent ones. In our work, we go beyond the Weinberg-Tomozawa (WT) term approximation for the meson-baryon interaction potential, and, in
particular, we include the next-to-leading order (NLO) operators.

This article is organized as follows. In Sect. 2, we summarize our approach and the scheme for the extrapolation. In Sect. 3, we explain how our
model parameters are determined. In Sect. 3 we collect all ingredients of our extrapolation formulas and discuss the evolution of the two poles from
the SU(3) limit as the quark masses are tuned to their physical values. Finally, we summarize our study in Sect. 4. In Appendix A, we investigate the
poles with quark masses used in the recent lattice calculation [11,12].

2. Formalism
2.1. Chiral unitary amplitude

In the KN system, the WT term, which appears at leading order (LO) in the chiral expansion, gives the dominant contribution to the S-wave
interaction. At the same order two one-baryon exchange diagrams contribute, the so-called s- and u-channel Born terms. As common in many
studies, we do not consider such LO Born terms here which are negligible in the S-wave projected amplitudes at low energies. The WT interaction
term projected to the S-wave and isospin I =0 is given by

WT

cV )
ijvr(\/;):_géz NiN;@yfs—=m;—m)) for i,je{xZ KN, ,nA KE}, ¢h)

with the meson decay constant F, the normalization factor W; = /m; + E;, the baryon mass m;, the baryon energy E; = 1/m?+q?, and
q; = \/ (s = (M; +m)*)(s — (M, — m,)z)/(Z\/E). The coefficients Ci‘;.VT are calculated from the LO chiral Lagrangian and are provided explicitly in,
e.g., Refs. [19,20].

In the SU(3) limit, this interaction term can further be decomposed into irreps. For the meson-baryon system from the octet of the Nambu-
Goldstone (NG) bosons and the octet of ground state baryons, the corresponding decomposition of multiplets reads {1,8,8,, 10,10, 27} with the
subscripts “s” and “a” referring to the symmetric and antisymmetric representations, respectively, see for more details Refs. [17,21]. Projecting the
above two-particle isoscalar states to the relevant multiplets is accomplished by
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taken from Ref. [22] but correcting for the i = j =4 entry, where |8) and |8’) are mixtures of the symmetric and antisymmetric octets. With this
transformation, the WT term diagonalizes as

6 00 0
030 0 ,

C=|p o 3 o | for «he(l.88.27). ®
000 -2

The crucial observation at this point is that the singlet (1) representation gives the strongest attractive interaction (positive coefficient) while
the octet (8) representations also give attraction, noting that the degeneracy of the octets is an accidental symmetry of the WT term, as already
discussed in [17]. Noteworthy, the symmetry is broken already by the LO Born terms, but also by the NLO contact terms discussed below. The (27)
representation shows a repulsive (negative coefficient) interaction. The (IO,E) irreps have zero interaction at LO and are not further considered.
We also include the NLO terms, which split into the so-called symmetry breakers (CN'C1 (b, b,, b)) and dynamical terms (CNVO2(d,, d,, d5,dy)).
We note that the former amplitude vanishes in the chiral limit, but the latter does not. Overall, the NLO potential projected to the S-wave and I =0
is given by
242
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The coefficients CNLO! and CNLO? are read off from the NLO chiral Lagrangian, and can also be found explicitly in e.g. Ref. [20]. Projected to the
relevant multiplets these coefficients read
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These NLO terms lift the accidental symmetry of the two octets in the SU(3) limit. Note that the Born terms, which we neglect due to its small contri-
bution to the S-wave, also break this symmetry. The low-energy constants (LECs) of the symmetry breakers (b,, by, and by) will be determined from
the baryon masses as discussed below and the dynamical LECs (d,, d,, d5, and d,) from a fit to the cross sections K~p — K~ p, Kn, z9A, 7920, z¥=F
and usual threshold ratios. For details of these data including data repositories, see the recent review [4].

The attractive interaction between the meson-baryon pair leads to a dynamical generation of the A(1405) and A(1380) states. For this a Bethe-
Salpeter equation is realized using either WT or WT plus NLO potential in a matrix equation for the unitary scattering amplitude T,

T[j:V,-j+ZV[kaTk/- for i,j,k€ {xZ, KN,qA KE}, )
k

with V' the potential matrix. For the inclusion of off-shell terms and higher partial waves in this type of dynamical equations, see Refs. [23-25].
Here, the loop function is defined as

d4q 2mi 1
G(\/s)=i . ®
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where M; (g;) is the meson mass (momentum) of channel i, and the total momentum P is given by P# = (\/E, 0). Using dimensional regularization,
this loop function is given as [1]
2 2_,2 2 _
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where g; is the magnitude of three-momentum in the center-of-mass (c.m.) frame, u is the scale of dimensional regularization, and a;(u) is the
channel-dependent subtraction constant. The values of the subtraction constants in Eq. (9) control the short-distance contributions that are not
explicitly considered in the model. It is known that, if the dynamical nature of the system under consideration is well controlled by the chiral
interaction, the natural value of q;(4 = 1 GeV) should be around -2 at the physical point, see Ref. [1]. In phenomenological studies, their values are
usually fixed according to a given procedure (see below) or tuned so that the experimental data or lattice results are well reproduced. However,
the subtraction constant depends on details of the system, e.g., hadron masses. Thus, these values can gradually change in the extrapolation from
the physical point to the SU(3) limit. There are different procedures of fixing the subtraction constants. Here, we follow the scheme proposed in
Refs. [26,27], which requires the loop function to satisfy the relation

G(y/s=mpgsa(u)=0 <= Tww=V(u)), (10)

with g =mp the physical mass of the involved baryon. In this way, given the hadron masses, we can determine a value of the subtraction constant.
Note that, in the SU(3) limit, all the baryon masses are equal so that there is effectively only a single subtraction constant.

2.2. Quark mass dependence of the NG bosons

Up to one-loop order, the pion mass dependence of the NG boson masses { Mp|P =, K,n} is provided through chiral perturbation theory [28]
reading
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where M,p is the NG boson mass at leading chiral order, and LI(.') are the renormalized NLO LECs. Furthermore, yp = Mg » /(327r2F02)10g(M§ »l u?)
for P =, K,n. Note that the LEC L, does not get renormalized and that in Ref. [28] the LO masses inside the square brackets are substituted by the
physical masses. The latter is allowed as the difference from the above expressions is of higher (two-loop) order. The LO masses are related to the
constant B, and the quark masses i = (m, + m;)/2 and m, as

M?

. . 2.
0e=2mBy, Mg =(h+m)By, Mg = 50+ 2m,) By, (12)

where isospin breaking effects have been neglected. The relations for the decay constants of the NG bosons are given as [28]
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Table 1

The determined parameters for the extrapolation. For the mesons, the LO masses and the meson decay constant
in the chiral limit from the fit are listed. For the baryons, the chiral limit mass m, and the symmetry breaking
LECs are listed.

M,, [MeV] M, [MeV] F,[Mev] L, my [MeV] by [GeV-'1 b, [GeV™'] b [GeV~']
125.0 443.4 79.3 —4.48x 10~ 844.9 —0.43 0.08 -0.27
Table 2

Meson and baryon masses as well as meson decay constants calculated with the fitted LECs.
All units are MeV.

my my my mg M, My M, F, Fy F,

940.9 1111.5 1191.6 1322.2 137.3 495.6 547.9 92.4 112.7 121.7

Approaching the SU(3) limit these quark mass dependencies simplify strongly and can be written compactly as

8M?
a0 2 0,SU(3) r r
Mgy = MO,SU(3) |:1 - gllsu(s) _F_2 (=3L, - Lg +6L¢ + 2L§) s
0

4M?
Fsus) = Fo [1 —3usui) + %(3% + Lg)] ,
0

where Mgy and Fgy(s) are the meson mass and decay constant in the SU(3) limit, M, sy 3) is the LO mass, and F, is decay constant in the chiral
limit and does not depend on the quark masses. Furthermore, ygy3) = M& su/ (327°F}) xlog(Mg,SUG) /).

In principle, we may use the LO meson masses and decay constants to be fully consistent with the chiral orders considered in the baryon sector.
Nevertheless, here we take the NLO ones to have a better description of the quark mass dependence and the difference is a subleading effect. In this
study, we employ the L; values obtained in Fit 1 in Ref. [29] where the experimental and lattice meson-meson scattering data are fitted. In Sect 3,

we determine the M, values by fitting to the physical and lattice meson masses.
2.3. Quark mass dependence of octet baryon masses

For the octet baryon masses, the chiral extrapolations are written down up to the fourth order in chiral expansion in Refs. [30,31]. Within chiral
perturbation theory, the baryon mass is written down generally as

mB=m0+mg)+mg)+mg)+---, a4

where m, is the baryon mass in the chiral limit (s = m; =0), and mi?’s are the terms of the order of M j,. Here, we take into account terms up to mg)
consistent with the treatment in Eq. (4). In this work, we do not go to the fourth order in the chiral expansion for the baryon properties to avoid the

appearance of large kaon and eta loops and the related convergence problems [30]. In the isospin symmetric case, the LO term of m(;) is given as

m =y, p By + 7, 5 Bom,. (15)
where the coefficients y; p are

iz =-8by+bp), vax=-4by, viN-=—8by—4bp+bp), von=4-by—bp+bp),

8 16

V12=—8by+4(=bp +bp), yvoz=—4by+bp+bp), yiA=-8b— ng, Yon =—4by — ?bD, (16)
where b, b, and by are the aforementioned symmetry-breaking LECs. In the SU(3) limit with # = m, this reduces to

m'y) = (=12by — 8bp) Byi. a7)

Given my, by, b, and by, the baryon masses at any unphysical quark masses can be evaluated. However, with only the physical hadron masses, m
and b, cannot be fixed independently. This is because these parameters give a common contribution of (m, — 12b,B,/) to every octet baryon mass.
To separate these two LECs, one would have to consider, e.g., the pion-nucleon ¢ term [30] or baryon masses at unphysical quark masses.

3. Nature of the A resonances for varying pion and kaon masses
3.1. Parameters and trajectories

The quark mass dependence provided in the previous section serves as a guideline to define a trajectory from the SU(3) symmetric point to the
physical one. In that, we first need to determine the pertinent LECs for the mesons and baryons. Following the procedure of Ref. [16], M, p and
F, are determined by fitting to the isospin averaged values of the physical meson masses M,, My and M,, and the pion decay constant F, . In this
procedure, the LEC L, is refitted so that these four physical values are well reproduced. The obtained values are summarized in Table 1 which then
leads to the well-reproduced meson masses provided in Table 2. In the same time the fitted L, is very close to original value of —4.4 x 107* [28].

Next, we determine the parameters m, b, and by for the baryon masses. To this end, we fit the isospin averaged values of the octet baryon
masses my,m, and my. Additionally, the baryon masses were obtained in the lattice QCD calculation at unphysical quark masses in, e.g., Ref. [10],
and using these values we determine m, and b, separately. Among the lattice sets in Ref. [10], we employ the heaviest one for which the isospin
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Fig. 1. Fit to the experimental data for K~ p scattering. For the source of the data, see the review [4]. Solid (dashed) lines: NLO (WT) fit.

averaged baryon mass is 1444.2 MeV and the isospin averaged octet meson mass is 659.4 MeV. In this case, the pion mass dependence is such that
the LECs m,, and b, can easily be separated. The resulting parameters are also listed in Table 1. The obtained value for m, is consistent with the one
obtained in the two-flavor expansion in chiral perturbation theory supplemented with the pion-nucleon sigma term from Roy-Steiner equations [32].
The difference to that value can be attributed to the strangeness sigma term. More precisely, in [32] a two-flavor expansion was performed, thus
the contribution ~ m(N|3s|N) ~ 30 MeV is subsumed in m,, which is not the case here; this explains the difference of the two values. The = baryon
mass, which is not fitted in this procedure, is obtained as mz = 1322.2 MeV and is close to the experimental value of 1318.3 MeV.

We fix the subtraction constant in each channel with the scale of dimensional regularization equal to the physical baryon mass in that channel
from the condition in Eq. (10),

4y =—070,  agy=-115, a,=-121,  ag==-113. (18)

At the SU(3) symmetric point these parameters approach a common value of

asya = —0.92, (19)

through the condition in Eq. (10). Including the NLO part (4) requires additionally the knowledge of further (dynamical and symmetry-breaking)
LECs. For the symmetry breakers, we take the values determined through the running of the baryon masses, quoted in Table 1. The dynamical LECs
are determined through a fit to experimental data at the physical point, including the usual total cross sections (restricting laboratory momentum of
the kaon to P, 45 =300 MeV, see Fig. 1) and the usual threshold values, including kaonic hydrogen data from Ref. [33]. Provided the fact that Born
terms are excluded from the potential kernel and the number of free parameters (d,,d,,ds,d,) is small, we obtained a reasonable fit for

dy=-036, d,=009, dy=0.10, d,=-0.59, (20)

in units of GeV~'. We note that the obtained values are of natural size and that the minimum of the fit 4> value is well pronounced. For the
kaonic hydrogen and the threshold ratios we get AE —il'/2 =356 — i464 eV, y =2.38, R, =0.19, R, =0.65 compared to the experimental values
AE—il'/2=283+42-i542+110 eV, y =238 +£0.04, R, =0.19+0.02, R, =0.66 = 0.01. While this fit is not perfect, we do not expect any qualitative
changes of the results to be discussed.

3.2. Pole positions

For the physical hadron masses listed in Table 2, the pole positions of the A(1380), A(1405) and A(1680) resonances at LO and NLO are found as

EYO_  =1403.3 -i80.3 MeV, ENLO | —14154—i165.7 MeV,

A1380) A(1380)
Lo _ : NLO  _ .

EXC 05 = 142271162 MeV,  EXLQ 0 =1417.9—i15.7 MeV, (21)
LO — ; NLO _ P

Ef0g0) = 17174 -i229MeV,  ENRO ' =1725.9—i13.7 MeV.

The first two resonance poles are located between the z% and KN thresholds. We note that the heavier pole agrees better with the values quoted by
the PDG [3]. The width of the broad A(1380) changes rapidly between the LO and NLO estimations, which is also quite uncertain in the literature
values [3], see also the discussion in Ref. [4]. The situation is similar to the lower pole of the scalar charmed meson DS(2300): the width increases
sizably from the LO calculation [34] to the NLO one [35]. For the purpose of the present paper, a discussion of the SU(3) trajectories, we consider
the determined pole positions as a fair representation of the realistic values. Additionally, using the decay constants and hadron masses from
Refs. [11,12] we have also extracted the poles using our coupled-channel chiral unitary approach, see Appendix A, noting a number of systematic

effects that can affect the positions and the nature of the these poles.
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Fig. 2. Motion of the poles from the SU(3) limit to the physical values of the particle masses ((0.0,0.2,...,1.0) steps are shown by the empty dots). The blue, red,
green lines denote the A(1380), A(1405) and A(1680) in order. Left panel: WT-interaction. Right panel: including the NLO terms. Upper/Lower half-plane correspond
to physical/unphysical sheets (small displacement along the real energy axis is added/subtracted for clarity). In both figures, numbers in black boxes denote the
multiplet to which the poles belong to in the SU(3) limit. The various meson-baryon thresholds are also shown as the black solid lines.
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Fig. 3. Trajectories of the A(1380) pole from the SU(3) limit for smoothly varied NLO terms. The numbers in front of “NLO” in the legend denote the prefactor
multiplied to the NLO potential.

Next, we consider the SU(3) limit, noting first that there is only one two-body threshold at E ~ 1799 MeV. This implies that while there are
originally 2* Riemann sheets, they collapse in the SU(3) limit to only two. Looking for the physically relevant pole content we find in both (LO
and NLO) approaches three poles on the real axis. Notably, for the former scenario the previously discussed accidental symmetry of the WT terms
prohibits the 8/8' mixing and leads to two degenerate octet poles. Specifically, we record three poles on the physical Riemann sheet for the LO
WrT-interaction: {E! = 1704MeV, E® = 1788 MeV, E¥ = 1788 MeV}. Including the NLO terms breaks this accidental symmetry, and we record three
separated poles {E! = 1716 MeV, E® = 1772MeV, E® = 1787MeV} where both the former poles are located on the physical Riemann sheet and the
latter one is located on the unphysical sheet. We note that overall the shifts due to the NLO terms are rather small in this limit.

An interesting observation can be made when trying to connect the three poles in the SU(3) limit to those at the physical point. This is depicted
in Fig. 2. We observe there that the trajectory of the A(1680) stays essentially the same in the LO and NLO formalisms up to the fact that the latter
does not seem to reach into the physical sheet and the state remains a virtual state. Since the remaining path of the pole is quite small, we argue
that this may be due to the details of the model (goodness of the NLO fit, inclusion of Born terms etc.). However, dramatic changes due to the
inclusion of the NLO terms occur for the trajectories of the A(1380) and A(1405). There, we see that the SU(3) limit results are not that different,
but the poles in that limit extend to different poles at the physical point. In other words, the A(1380) originates in LO/NLO from the singlet/octet
state in the SU(3) limit, while A(1405) originates in LO/NLO from the octet/singlet state in the SU(3) limit. This interchange of trajectories is a
surprising new feature not expected from the pioneering study of Ref. [2]. Obviously, one can argue that the fit is not perfect and more details or
possibly next-to-next-to-leading order terms need to be included. Additionally, close to the SU(3) limit thresholds are very close to each other, such
that identification of individual poles is complicated. Still, indubitably the pole trajectories can change their behavior, which is also demonstrated
in Fig. 3. There, as an example we begin with the NLO trajectory of the A(1380) but scale then the NLO terms with a prefactor x € [0, 1], i.e., for
x=0/1 one obtains back the LO/NLO trajectory. We observe that between x =0.33 and x = 0.66 the trajectory indeed changes from that connected
to the more bound state to the less bound one in the SU(3) limit. In fact, this interconnection between these trajectories of the A(1380) and the
A(1405) is quite reasonable from the recent detailed study of the correlations between A(1380) and A(1405) in Ref. [8].

4. Summary

It has been suggested since long that the A(1405) has a two-pole structure, thus corresponding to two states A(1380) and A(1405), and the lowest
negative-parity baryons are dynamically generated from unitarizing the chiral amplitude. In quark model, baryons composed of three quarks can
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form an SU(3) flavor singlet and two SU(3) octets. In the dynamical generation picture, among all the SU(3) multiplets, also only the singlet and two
octets have .S-wave attractive interactions from the LO chiral dynamics and lead to dynamically generated states. While the mass differences among
states in different multiplets depend on quark model details in the three-quark picture, they follow chiral dynamics in the dynamical generation
picture. This essential difference can be checked using lattice calculations by computing baryon spectrum in the SU(3) limit and by varying quark
masses from the SU(3) limit to more realistic values, see Refs. [11,12] for a recent attempt.

In this study, we have discussed the A(1380), A(1405) and A(1680) resonances in the SU(3) limit and the evolution of their poles away from
the SU(3) limit within chiral SU(3) dynamics. The poles are generated by unitarizing the LO chiral amplitude in the WT approximation and also
including the NLO terms. We find that the A(1405) state has always two different poles for any SU(3) limit, one in singlet and the other in octet,
and the A(1680) is degenerate with the heavier pole at LO in that limit. The degeneracy is an artifact of unitarizing only the WT chiral amplitude at
LO and is removed by considering higher order contributions (even by considering the Born terms at LO). We have worked out the pole trajectories
corresponding to these states when one moves away from the SU(3) limit. Most interestingly, we find that the trajectories of the A(1380) and the
A(1405) change roles when going from the WT term at LO to the NLO contributions. This phenomenon can be further studied on the lattice when
starting with an SU(3) symmetric configuration and then evolving to the physical light and strange quark masses.
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Appendix A. Investigating the Baryon Scattering Collaboration poles

The Baryon Scattering Collaboration [11,12] has performed a two-channel analysis (zZ-K N) in the region of the A(1405) for unphysical hadron
masses and decay constants M, =203.7 MeV, M =486.4 MeV, M, =551.1 MeV, F, =93.2 MeV, Fg =108.2 MeV, my =979.8 MeV, m, =1132.8 MeV,
my =1193.9 MeV. For the remaining required parameters we take the usual values F, = 1.3F,, Mg = 1322.2 MeV. With these values we solve the
Bethe-Salpeter equation (7) at leading order (WT-interaction) and including the NLO interactions.

In exploring lattice setups with chiral unitary approaches certain subtleties can arise in, e.g., how the decay constants are used or how the lattice
errors on the hadron masses are propagated, see Ref. [36] for an in-depth discussion of such effects. In the current work we have explored two
ways to give a sense of the systematic uncertainty. Namely, we use either subtraction constants at the physical point or those from the condition in
Eq. (10) for the WT and NLO-interactions, correspondingly. This yields the pole positions on the physical (top half-plane) and unphysical ({— + ++}
lower half-plane) Riemann sheet as depicted in Fig. A.4. We note that in certain scenarios the high-mass or the low-mass pole agrees astonishingly

nx KN

o.oof— .
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Fig. A.4. Predictions for the poles of the A(1380) and A(1405) for the lattice setup of Refs. [11,12]. Green circles/blue diamonds: WT/NLO-interaction with the
subtraction constants at the physical point. Purple triangles/red squares: WT/NLO-interaction with the subtraction constants using Eq. (10) with u set to the
corresponding lattice baryon mass. Results of Ref. [11] are depicted by the red dots with statistical and systematic error bars added in quadrature. Upper/lower half
plane corresponds to the physical/unphysical {—+ ++} Riemann sheets. Small displacements along the real axis are added for clarity.
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well with the analysis of Ref. [11]. Still it is important to note that through a chiral trajectory poles can transition from the unphysical Riemann
sheet to the physical, cf. NLO1 vs. LO1 solutions for the A(1380) in Fig. A.4. From the findings displayed here it is obvious that one cannot make
a definite statement about the nature of the low-mass pole. In the future one should reanalyze the energy levels directly using a coupled-channel
chiral approach constrained by experimental data.
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