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Exact lattice chiral symmetry in 2d gauge theory
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We construct symmetry-preserving lattice regularizations of 2d QED with one and two flavors of
Dirac fermions, as well as the ‘3450’ chiral gauge theory, by leveraging bosonization and recently-
proposed modifications of Villain-type lattice actions. The internal global symmetries act just as
locally on the lattice as they do in the continuum, the anomalies are reproduced at finite lattice
spacing, and in each case we find a sign-problem-free dual formulation.

Introduction. Numerical Monte Carlo simulations
of quantum field theories (QFTs) discretized on Eu-
clidean spacetime lattices are one of the few known non-
perturbative techniques to study strongly coupled QFTs.
However, it is famously difficult to discretize fermions
while preserving all of their symmetries [1]. For exam-
ple, a free massless Dirac fermion has the internal global
symmetry [(U(1)y x U(1)4)/Z2] x(Z2)c for even d. The
continuous symmetries have a mixed 't Hooft anomaly,
and standard lattice regularizations do not preserve the
continuum version of the chiral symmetry at finite lattice
spacing a.

If we integrate out a massless Dirac fermion in a Eu-
clidean QFT, we obtain the path integral

Z= /Dd)det [D(4)] e (1)

where P(¢) = v*D,(¢) is the Dirac operator and ¢
stands for an appropriate set of bosonic fields with path
integral measure D¢ and Euclidean action S(¢). The
starting point for lattice Monte Carlo studies is a dis-
cretization of Z that preserves as much of the internal
symmetry of the QFT as possible.

Replacing the massless continuum Dirac operator by a
simple lattice difference operator on a (hyper)-cubic lat-
tice does not give the desired symmetries and anomalies.
Instead, it yields 2¢ massless Dirac fermions in the con-
tinuum limit with the symmetry charges of the ‘doubler’
fermions such that the chiral anomaly cancels [2, 3]. The
Nielsen-Ninomiya theorem [4-7] states that in fact there
is no lattice Dirac operator which is simultaneously local,
has the desired continuum limit with just one massless
Dirac fermion, and is consistent with a locally-acting chi-
ral symmetry {T', P} = 0 where {T',y*} = 0.

The standard ways around this ‘fermion doubling prob-
lem’ all give up some desirable features of the contin-
uum theory. Wilson fermions remove the doublers but
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explicitly break chiral symmetry [2, 3, 8]. Staggered
fermions [9-13] do not remove all the doublers [14].
Domain-wall and overlap fermions [15-23], which sat-
isfy the Ginsparg-Wilson relation {I', P} = aPT ) [24],
remove all of the undesired doubler modes at the cost
of making both chiral symmetry transformations and
the Dirac operator itself non-local at finite lattice spac-
ing [25].

This was historically viewed as an unavoidable conse-
quence of anomalies, which in popular textbook presen-
tations are characterized as solely arising from subtleties
in regularizing fermions. Relatedly, there is a belief that
't Hooft anomalies are necessarily absent in lattice theo-
ries with locally acting symmetries [1, 2, 4, 5, 24], so that
the overlap formulation is the best one can do [15-23].

However, anomalies are not restricted to fermionic sys-
tems, and it has recently become appreciated that there
exist lattice discretizations in which anomalies of locally-
acting symmetries can appear even at finite lattice spac-
ing [26-31]. We show that these results straightforwardly
lead to lattice discretizations of Dirac fermions coupled to
abelian gauge fields in d = 2 which preserve the internal
symmetries and anomalies exactly, with chiral symme-
tries acting locally even at finite lattice spacing. Our
approach is to first apply abelian bosonization to Ny
Dirac fermions, and then discretize the resulting bosonic
theory using an appropriate modified Villain action [32].
We discuss how this works in 2d QED with Ny =1 and
Ny = 2 charge () fermions and in the “3450” abelian chi-
ral gauge theory. We also discuss a related spatial lattice
Hamiltonian for the Ny = 1 QED in the Supplemental
Material[33].

Bosonization. Consider the charge ) Schwinger
model: 2d QED with a massless Dirac fermion coupled to
a U(1) gauge field a,, with electric charge Q € Z [34-48].
We normalize a,, such that ﬁ Jur d*z e f,,, € Z, where
fuw = Ouay — Oya,, and write the action as

1 B
5= [ [Mfﬂufﬂuwwﬂz@aﬂw C©

The Nielsen-Ninomiya theorem constrains discretizations
of ID, but does not directly constrain det J). We thus aim
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to circumvent this theorem by discretizing det Ip directly,
by using the fact that in d = 2 [36, 37, 49, 50]

Dlay)) = 3)

det(
/Dgoexp{ /dzx <81 8#<,03“<,0+ Q alﬁu@)]

In this ‘bosonized’ action ¢ is a compact real scalar field
¢ = ¢+27 and the mapping of the U(1)y, U (1) 4 currents
is Yy 5 — 5= Dy, Yy 4ﬂ(9u<p

The ABJ anomaly is encoded at tree level in (3),
where it is clear that the O-form symmetry counting
chiral charges of local operators is (Zg)a, acting as
© — ¢+ 27k/Q, rather than U(1)4. There is also a
1-form [51] ‘electric’ symmetry (Zg)e which counts the
charges of Wilson loops modulo @, as well as a mixed
't Hooft anomaly between (Zg)a and (Zg)e which is
matched by the spontaneous breaking of both symme-
tries, with the walls separating chiral vacua carrying elec-
tric charge [40-42, 44-47]. The spectrum in each degen-
erate discrete chiral vacuum consists of a single free mas-
sive scalar field with mass m, = eQ/m, often called the
Schwinger boson.

Modified Villain discretization. We will work with
an N x N periodic Euclidean spacetime lattice with spac-
ing a = 1, with sites s, links ¢, and plaquettes p. The
corresponding simplices on the dual lattice are denoted
by §,¢,p. Following Villain [52], we represent the con-
tinuum U(1) gauge field a, by a pair of lattice fields
{a¢ € R,7, € Z} and the compact scalar field by the pair
{ps € R,n; € Z} on the dual lattice. We adopt the mod-
ified [26, 27] Villain formulation, and also introduce an
auxiliary field s € R which can be viewed as the T-dual
of 5. See Fig. 1 for an illustration.
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FIG. 1. The setting for the field content of our lattice action
(4). The solid grid is the primary lattice with sites s, links
£, and plaquettes p. The dotted grid is the dual lattice with
sites §, links ¢, and plaquettes p. The three red fields ¢, ¥,
and n are associated with the continuum ¢. The two blue
fields a and r correspond to the continuum ay,.

The action for our discretization of Ny =1 QED is

SNy=1= g [(da), — 2mr,)” + g [(de)z — 27ml7]2 (4)

, iQ .
—iXs(dn)ys + ﬂ‘ﬁ*p [(da)p — 2mrp] — iQag ne
where repeated indices are summed and d is the lattice
exterior derivative (dw)cr+1 = D rcgert1 Wer Where ¢ is
an r-cell, so that, for example, (dx)e = Xx,,; — Xs, and

d? = 0. The Hodge star » maps an r-cell ¢” on the lattice

to the (d—7)-cell (x¢)4~" on the dual lattice which pierces
. [53]

The gauge redundancies of the lattice action (4) are
ag = ag + (dA)¢ + 2mmy , Ty — 1y + (dm)y (5a)
©s —)g0§+27'(k§, ng%nz+(dk)l7 (5b)
Xs = Xs + QAs + 27hs (5¢)

where {A\s € R,my, ks, hs € Z} are gauge parameters.
They ensure that {a,r} and {x,y,n} describe a U(1)
gauge field and a 2m-periodic boson with a conserved
winding charge, with the topological properties one ex-
pects in the continuum. For example the instanton num-
ber on the spacetime torus I = — - > [(da)p — 2mry| =
Zp rp is an integer. The path mtegral over X implies
that (dn)s = 0 on shell, the % in the lattice action (4)

term is the analog of the continuum 22 term (3), and the
last contribution to the lattice action (4) is necessary to
maintain gauge invariance [27].

Given that 8 = 1/(2¢2%a?), to get a continuum limit
with fixed Le, where L is the physical box size L = Na,
we should take N — oo with 3/N? fixed. While naively
one should also set k = 1/(4m) to reach the continuum
(3), this parameter value is not protected by any sym-
metries of the lattice theory, and can receive some finite
renormalization [52, 54, 55]. Varying x amounts to vary-
ing the coefficient of the marginal Thirring term (y*1)2.

The lattice action (4) has precisely the desired global
symmetries of the continuum (2). There is no continu-
ous U(1)4 symmetry, but thanks to the quantization of
instanton number, there is a remnant (Zg)a symmetry
that acts as as p; — vz + 27q/Q with ¢ € Z. This re-
produces the expected ABJ chiral anomaly. The (Zg)e
symmetry acts as a; — ag + 2= w with v € Z and dv = 0,
also matching the contlnuum

To see the 't Hooft anomaly between (Zg)e and (Zg) a
on the lattice, it is easiest to linearize the quadratic terms
in the action by integrating in auxiliary fields (y,&; € R
and summing by parts, turning the original action (4)
into [56]

Skt = (1@2 TG [(dg)ar — 2w1) (©)

+ (556 + i ), - 201,

+ @‘P*p [(da)p — 2mr))]

- (@)

— inye [Qap —
The generators of the axial (Zg)a and electric (Zg)e

symmetries are topological line and local operators on
the lattice and dual lattice, respectively:

(UA)[C} — eizzec(ae-‘r%’Cz) , (Uc)g _ ei(%-‘r%&) , (7)

where C' is a closed curve. The fact that (Ua)[C] is
charged under (Zg). and (Ue), is charged under (Zg)a



encodes the mixed 't Hooft anomaly of these symmetries,
just as in the continuum.

Absence of a sign problem. Direct numerical
Monte Carlo with the complex lattice actions (4) and
(6) would face a severe sign problem. We now show that
this can be eliminated by a change of variables.

Path integrating over ny, 7, in the auxiliary-field action
(6) yields constraints that can be solved by setting

Ce = %(dx)e = Qaz —ug, &= —Q% +ts (8)
s 27 2w

with ug,t; € Z which transform as t; — t; + Qks and
ug — ug + (dh); — Qmy under discrete gauge transfor-
mations. The field u also transforms under (Zg). trans-
formations upy — we — 2mve/Q, while ¢ transforms under
(Zg)a as ts — t; + q. Plugging the constraints (8) into
the action (6) and dropping total derivatives and integer
multiples of 274, we obtain an action

1 1 Q ? Q2 27Tt§ 2
S dy) — Xa, — -
2% [271'( X)e = 506 “4 T8z | 0
7 .
~ o (Qag + 2muy) (dp)wp + ity (da), - (9)
Shifting a — a+ édx — %Tu and dropping a total deriva-
tive gives

1/Q \? Q? omts >
2(2“) MPTICE {9"5‘ Q}

] 2
QU + ity ()~ 5

and subsequently integrating over a yields

@] 0

2
S, v = 5 [ (@) — 3 (at)] (1)

1 /Q\° or \? 2mi
#55(52) (- Gs) - Grwtan,

This action describes @ copies (‘universes’ [40, 44-46, 57—
62]) of a free massive scalar particle, as expected from
continuum arguments. Adding a fermion mass term in
the original action (2) corresponds to adding >, cos(ys)
to the dual action (11), which would lead to strong cou-
pling in general.

The sole imaginary term in the dual action (11) in-
volves u, but summing over u just gives the constraint
(dt); = 0 mod Q. One can thus avoid the sign prob-
lem entirely by proposing updates for ¢; that satisfy
(dt); = Omod @ in a Monte Carlo calculation, see
Ref. [63] as well as the Supplemental Material[33].

2d QED with N; = 2. Let us now consider 2d QED
with two flavors of massless Dirac fermions 1/),1/} with a
common charge Q). The global flavor symmetry is

SU(Q)L X SU(Q)R %
Lo

GNy=2 = (Z2)e % (Zq)a

where SU(2) 1, r act on the left and right-handed compo-

nents of ¢, ¥, the quotient is by the gauge transformation
0, — —1, =, (Z2)¢ is G-parity [64], and the discrete
axial symmetry (Zg)a is the same as before. There is
also a (Zg). 1-form symmetry. This model is believed to
be equivalent to a self-dual ¢ = 1 compact boson CFT
plus a decoupled massive Schwinger boson [36, 37, 65, 66].
Mass terms and other perturbations can make this model
strongly coupled, and so this field theory has been a pop-
ular testing ground for analytic and numeric approaches
to confining gauge theories [40-42, 67-88].

Abelian bosonization maps 1, 1[) to a pair of 27-
periodic compact bosons ¢, ¢, so we can discretize it in
a parallel way to the one-flavor case (4):

Sny=2 = 5 [(da), — 2mry)? (12)

+ ([(dw)*z — 27n0)” + [(dp) s — 27Tﬁ*e]2)

N‘w
S I3 ol

+ Gy (xp + Pup) [(da)p — 277)]

- Z.Q(n*é + ﬁ*@)af + in*@(dX)Z + Zﬁ*@(d)%)l .

where a, 0,9, x, X € R, n,n,r € Z, and gauge transfor-
mations act as in the one-flavor case (5) plus the analo-
gous shifts of ¢, n, and x with k,h e Z.

As before, the lattice parameter 3 = 1/(2¢2a?) and the
continuum limit requires the same scaling as in Ny = 1
QED. However, we will see below that now x = 1/4rw
is associated with an enhanced symmetry of the action
(12), and thus we can set x = 1/4x on the lattice and be
sure that the lattice theory will flow precisely to Ny = 2
charge @@ massless QED in the continuum limit without
any Thirring terms.

The abelian subgroup of G ;=218 manifestly respected
by the two-flavor action (12), and we will argue be-
low that the theory flows to a continuum limit where
all of G'n,=2 is preserved. Following a similar dualiza-

tion procedure to the Ny = 1 case (see Supplemental
Material[33]) we reach
1 2 .
SN;=2, dual = In(2n)? [(do)e — 2mug]” + igup(du),
2 .
K 27 2
— [(dn); — —(dt);| — ——te(dt)s
+ 5 (an; - 0| - Hautan

1 /Q\° o \?
O D

where the fields u, @, t € Z emerge during the dualization
process, and

LA A

c=X—X,n=¢+e, ¢:§_§—§t
are real. The gauge redundancies are
0s = 05+ 2mhs, up — ug + (dh), (14a)
N5 — N5 + 2mks , ts — t5 + Qks, (14Db)
b5 = 5+ 2mhs | Gy — g+ (dw)e + Qge,  (14e)



with all gauge parameters taking values in Z. Finally,
the terms with factors of ¢ simply impose constraints
[(du), = 0 and (dt); = 0 mod @], and solving these con-
straints when generating field configurations in a Monte
Carlo calculation avoids the sign problem; see again Ap-
pendix B.

The dual formulation (13) shows that in the massless
limit, our lattice theory decomposes into two decoupled
sectors. The top line of (13) is simply the modified Vil-
lain discretization of the compact boson o. But when we
set k = 1/(4m), the effective radius of o makes the the-
ory self-dual under Poisson resummation on wy, which
implements T-duality on the lattice [27]. This implies
the existence of a topological line operator which is ab-
sent for generic k [89, 90], so that the x = 1/(47) point
is protected by an enhanced symmetry against quantum
corrections! The continuum limit is thus guaranteed to
be the self-dual ¢ = 1 compact boson CFT with non-
abelian [SU(2) x SU(2)]/Zy global symmetry. The de-
coupled ‘Schwinger boson” QFT in the lower lines of the
dual action (13) matches the remaining symmetries:

2

(Z2)c Ns = —Ms, ¢z — s + at,

g — —Ug + ug, tz — —13 (15)
(Zq)a n§—>ng+%, ts > ts+¢s.q €L
(Zq)e Ug — Uy + %057 ve € Z, (dv), =

Chiral gauge theory. We now turn to a popular
example [31, 91-107] of a 2d abelian chiral gauge the-
ory, namely the ‘3450” model, which has two left-handed
Weyl fermions 1,1, coupled to a U (1) gauge field with
charges 3,4 as well as two right-handed Weyl fermions
Vg, ¥r with charges 5,0. [108] This QFT satisfies the
gauge anomaly cancellation condition (Qr)2 + (Q)? =
(Qr)? + (Qr)? as well as the gravitational 't Hooft
anomaly cancellation condition on the left and right cen-
tral charges c;, = cgr. After repackaging the matter into
two Dirac fermions ¢ = (¢Yg, )" ) = (&R,MAJL)T the
gauge field couples to the vector and axial currents of
wwW1thChargeSQv—8QA——2 QV—4QA—4
and the gauge anomaly cancellation condition becomes
QvQa+QvQa=0.

We will study the variant of the 3450 model with a
gauged (—1)F symmetry to avoid dealing with the Arf

invariant [109, 110]. Our discretization takes the form

53450 = [(da)p — 27T’/‘p]2 (16)

Z. A A
+ % (va*p + QV@*p) [(da)p — 27'['7"1,]
— Qv e + Qviee)ar + inye(dx)e + inwe(dX)e
- Z."af(*s) (QAXS + QA)ACS) .

where f : s — s+ 3(2 +§) shifts cells from the lattice to
the dual lattice, and the gauge redundancies are

ay — ay + (d)\)g + 2mmy , rp = Tp+ (dm)p (17)
05 — 05 + Qadss) + 2mks, $5 — s + Qady(s) + 27hks

ng = ng + (dk)g — Qamy ),y — g + (dk); — Qamy s

Xs = Xs + Qus + 2mhs , Xs — Xs + Qu s + 27hs .

Modulo 277 and total derivative terms, the gauge varia-
tion of 53450 is

ASsu50 = i(QvQa + QvQa) Mg f—1(xp) (18)

1
+ A (%(da)f—l(m T (xs) T T (xs) T (dm>f<*5>)]

which vanishes precisely when the charges satisfy the
anomaly cancellation condition.

The presence of the function f in (16) appears to break
Zy4 lattice rotation symmetry. Also, ImSsys0 # 0, lead-
ing to an apparent sign problem. However, following the
same method as in Ny = 1,2 vector-like QED, one can
derive (see Supplemental Material[33]) a dual representa-
tion which both avoids the sign problem and shows that
Z4 lattice rotation symmetry is actually preserved, since
it is manifest in the dual variables. This dual represen-
tation can be written as

53450, dual = g% ((do)xe — 27‘(1)*@)2
1 1
* 2k 20(27)2 (2(dv)7 — 27 ((dy); — 41)2))2
1 1 ,

. . 4
+io,5(dv); —imn s (dy); — QWZEU*gUf(g) . (19)

where v,y,n € Z and

s = —Xr(5) T 2X5(5), P5 = 205 + s - (20)

which are U(1)-gauge-invariant. When ¢z — 15 + 27q;
and ¢5 — ¢z + 27bs, the discrete fields shift as v; —



v+ (db); and ys — ys +4bs 4+ 2¢s. The first two terms in
the last line of Eq. (19) yield constraints (dv); = 0 and
(dy); = 0 mod 2. But when dv = 0 the last term can be
shown to be a total derivative (see Appendix D) and can
be dropped, giving a sign-problem-free formulation with
a manifest Z, rotation symmetry.

Outlook. We leveraged recent advances in the under-
standing of anomalies on the lattice [26-28, 30, 31] to
construct symmetry-preserving discretizations of mass-
less vector-like and chiral abelian gauge theories in d = 2
spacetime dimensions. The vector-like and chiral symme-
tries act just as locally at finite lattice spacing as they do
in the continuum, and all of the ABJ and 't Hooft anoma-
lies are reproduced on the lattice. These discretizations
evade the Nielsen-Ninomiya theorem essentially because
they directly discretize the fermion determinant det Ip
rather than the fermion matrix D itself. Finally, despite
the fact that the lattice actions we construct are com-
plex, we have shown that the resulting sign problems can
be avoided by judicious choices of dual variables.

Our results open many directions for future work. Nu-
merical lattice calculations using this formalism can be
used to explore strongly-coupled regions in parameter
space. It would be interesting to see if our approach
can be generalized to d > 2, for example by taking ad-

vantage of advances in the understanding of continuum
bosonization in d = 3 [111-117] and the development
of symmetry-preserving discretizations of Chern-Simons
terms [118]. It would also be nice to see if generalizations
of our construction can preserve non-Abelian chiral sym-
metries at finite lattice spacing [119-127]. Finally, to get
inspiration towards constructing more direct symmetry-
preserving fermion discretizations, one can compute the
discretized Dirac operators corresponding to our repre-
sentations of the fermion determinant det Ip.
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Appendix A: Hamiltonian Formulation

To construct the Hamiltonian we follow the discussion
of Ref. [28] (see Section 3.5 therein for a parallel dis-
cussion). We go to Lorentzian signature, take time to
be continuous, drop the time-like integer-valued fields in
the lattice action (4), and assume that space is discretized
on a lattice with periodic boundary conditions. The La-
grangian density becomes
L= %pé - g[(dcp)g —2mng)? + gaﬁ - %w*gdg + XsThis

(A1)

Note that on the 1d lattice xf = §,xs = {. The canonical
momenta (which live on the duals of the cells of their
respective fields) can thus be written as

Q

(Hy)e = kpur, (g)s = Bag — 2r

(II)s = Xs (HX)Z =0

The lower two lines are second-class constraints. They
can be taken into account using Dirac brackets, which
lead us to the quantum Hamiltonian

(A2)
(A3)

1 1
= (II,)? + —
2/4/( W)E+2ﬁ

+ Sl(de); — 2mngl?

|:(Ha)§ + i%r

(A4)

where ¢, I1,,a,1I,,n, x are operators with the commu-
tation relations

(s, (ITy)¢] = 005,40,
[ag, (T1)s] = 67,45,
g, x| =1i6,;

(A5)

Gauge operators. In the Hamiltonian formal-
ism the gauge redundacies must be imposed as con-
straints. We have four such redundancies: compact-
ness of x, compactness of ¢, small gauge transforma-
tions of a and x, and large gauge transformations that
ensure that the gauge group is U(1) and not R. These
transformations will be associated with four operators
G, Gy, Ggmall, Glarge Which have to act like identity op-
erators on all physical states.

The 27 shifts of x are generated by

G, = [{s;}] = ™ 2ismi, (A6)

where s; € Z. Therefore n; must have an integer spec-
trum.

The compactness condition for ¢ is associated with
the transformation ¢z — @z + 27wks,n; — n; +
(dk)z, (TL)s — (IL,)s — ~2ks with ks € Z, which is gen-
erated by

Gy[{k}] = exp [ZZ 2k <(H¢)Z - %aﬁ - 217T(dX)4>
Z (A7)



http://dx.doi.org/ 10.1103/PhysRevLett.87.160601
http://dx.doi.org/ 10.1103/PhysRevLett.87.160601

Therefore the operator

1
Qe = (Iy), + %ae - %(dx)e (A8)

must have an integer spectrum. Its commutation rela-

tions are
[a¢, ps) = 105 40,
iQ
[qév (Ha)‘i] = %5&*55 (Ag)

)
[qe,ng] = o (5f(e),2 - 6f—1(2),l7)

where f(¢) is a positive translation by half a lattice unit,
which takes the lattice to the dual lattice.

Continuous (‘small’) gauge transformations a — a +
d\, x = x + Q) are generated by

/4

Gsmall({)\}) = exp [Z Z(d)‘)l(na)f - ZQ Z AsTg

(A10)
where A; € R. This yields the Gauss law constraint

(dILy); + @n; = 0. (A11)

Finally, the large gauge transformations (Il,), —
(I1,)¢ + 27my are generated by

Grarge({m}) = e Ze2 M) ez (A12)

which implies that IT, must have an integer spectrum.

Symmetry operators. The two internal global sym-
metries of our Hamiltonian are associated with the fol-
lowing operators. The Z¢g chiral symmetry is generated
by the line operator

(A13)

where L is all of space (that is, a time slice). This means
that q¢ is a charge density operator (which manages to
exist in this case despite the fact that chiral symmetry
is discrete) and Q = ), qe is the total charge operator.
The equation of motion of q is g = i[H, q] = 0, so Ug(L)
is conserved, and the coefficient in front of Q is quantized
thanks to the requirement that Ug(L) must commute
with Glargc~

The Zg 1-form symmetry is generated by the local
operator

Vo (5) = & Moz, (A14)
The coefficient in the exponent must be quantized so that
[Vuw, Gy] = 0, and it is topological thanks to the Gauss
law.
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The 't Hooft anomaly is encoded in the fact that these
symmetry operators do not commute

2rikw

Uk(L)Vw(g):e Q Vw<§)Uk(L)

(A15)

Therefore (A4) provides a Hamiltonian discretization of
the charge ) Schwinger model which encodes all of its
continuum internal symmetries and anomalies.

Appendix B: Trading sign problems for constraints

To make our presentation self-contained, we give a brief
discussion of how simple constraints can be taken into ac-
count in Monte Carlo calculations without sign problems,
although everything we explain below is well-known. See,
for example, Ref. [63].

Consider a lattice field theory with an action S where
the only term where the field v appears is

59%%mm (B1)

where Q € Nyuy € Z,t; € Z. The dual one-flavor (11),
two-flavor (13), and 3450 (19) models all have this char-
acter.

Because it is purely imaginary, direct Monte Carlo
evaluation of the QFT path integral based on
importance-sampling with this term as part of the action
suffers from a sign problem. However, the path integral
over u can be done analytically and yields a delta func-
tion setting (dt); = 0 mod Q. If we can make proposals
that maintain this constraint but are otherwise ergodic
we will consider all supported configurations of ¢, and
avoid the sign problem caused by the phase (B1).

On a torus, where all of the integer cohomology groups
are torsion-free, we can solve the constraint by writing

ts =z + Qys (B2)

x,ys € Z and z is a constant so that (dx), = 0. Note that
this decomposition is not unique. For example, we can
shift x by @ and all ys by —1 without changing t. But this
decomposition helps us offer two kinds of proposals which
together reach all constraint-satisfying configurations.

The first proposal is a global update of xz. We ran-
domly pick a site-independent integer Az € [—X,+X]
with X € Z, and Metropolis test t; — ts + Ax for all
sites s simultaneously.

The second is a local update of y which we can sweep
across the lattice. On a particular site s we pick an inte-
ger Ay; € [-Y,+Y] with Y € Z, and test ts — ts+QAys.

An ergodic algorithm should offer proposals of both
kinds, and their relative frequency may be adjusted to
control autocorrelation times. The algorithm parameters
X and Y, or more generally the distributions for Az
and Ay, may be adjusted to optimize acceptance and
thermalization.

Similarly, suppose the action includes a term

S 3 iny(dn), (B3)



where 1, € R,n, € Z, and n does not appear in any
other terms. The dual 3450 action (19) has a term of
this character. Integrating out n yields the constraint
(dn), = 0.

The field ny may be split into a closed 1-form w, € Z
and an exact 1-form (dz), € Z

Ny = Wy + (dz)e. (B4)

As we will see below, updates of z are local, while updates
of w ‘wrap’ around cycles of the torus. Again, for a given
field configuration the decomposition above is not unique.

As before, we offer two kinds of proposals, depicted in
Figure 2, which together reach all constraint-satisfying
configurations of n.

+Aw,

A\ 4
»

\ 4
|
>
N
R 4
>
A

»
>

+Aw,

FIG. 2. Two kinds of proposals for n, which satisfy (dn), =
0. In red is a local update which is an exact form dz of a
single-site O-form. The blue and green updates are of whole
strips of links, and are closed because opposite edges of a
plaquette contribute inversely to (dn),.

We first an offer update of the closed 1-form w. We
update a torus-wrapping strip of parallel links at once,
as shown by the blue and green updates in Figure 2. We
pick a single integer Aw € [-W,+W] with W € Z and
Metropolis test ny — ny + Aw for all the links on the
strip. We can sweep this update across all the strips of
the lattice in either orientation.

The second proposal offers a local update to the exact
1-form dz. We pick Az € [-Z,+Z] with Z € Z and a site
s and build a 0-form z that vanishes everywhere except
at s where it is —Az. We propose ny; — ng+ (dz),, which
amounts to the simultaneous proposal

Ngo— Ngo+ Az N6, > Ms—_0,0 — Az

ng { — ng q + Az Ng_q i — Ng_ 11— Az (B5)
where 0 and 1 are unit vectors in the positive time and
space directions.

An ergodic algorithm should offer proposals of both
kinds, and as before their relative frequency may be ad-
justed to control autocorrelation times. The distributions
of Aw and Az may be adjusted to optimize performance,
for example by changing W and Z.
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The constrained update algorithms presented here are
only existence proofs of methods which evade the sign
problem. They may have long autocorrelation times, es-
pecially given that some of the proposals touch a number
of variables growing with the lattice size N and may be
often rejected. Famously, worm algorithms [130, 131] can
quickly decorrelate worldline formulations which have
closed-loop constraints; it would be interesting to try and
adapt these powerful tools to our actions.

Appendix C: Dualizing Ny =2 QED

We start with the action (12), linearize the gauge and
scalar kinetic terms using auxiliary fields, and sum over
n,n,r to find

1 /N\? 1 o\ 2

2% (%) <a£ ~ oy e - NW>
1. o \?

+ (az - ﬁ(dX)E - NUZ> ]

1 /N\? o2 N\
—|—% o gﬁg—FgOg—ﬁtg + iag(dt)«p

) (] N .
_ %(Nag + 27Tyg)(dtp)*g — %(Nag + QWUg)(d(p)*(gc,] )
1

where y,u,t € Z. Doing the Gaussian integral over a
gives
1
4k (27)2

((dx)e — (dX)e — 2 (ye — 1))

2
+ 5 ((apy + @) - S an)

(Y g - Y
25 27_[_ SOS SDS NS

) . . ¢ 27 .
= 5 e — o) ((dp) e — (d)xe) — 5 =7 (e + te) (dt )t
2 2N
(C2)
after dropping total derivatives and multiples of 2mi.
Now let us define o = x — X, n = 9+ ¢, ¢ = £ — £ — 2L,
u =1y — .

((da)g — 27T’LLE)

( wan) g (5) (- 5)

+iug(dg) e — %w(dt) )

M:&

which is the result (13). The first line is the modified
Villain formulation of a compact scalar. If we had started

with the free-fermion radius xk = ﬁ, we end up with an



effective radius & = ﬁ (271r)2 = 5-, which is the self-dual
radius.

For completeness, we note the dual description of the
fermion mass terms:

cos(p) — cos (g —¢— %t) (C4)
and
cos(p) — cos (g + ¢+ %t) . (C5)

As a result, a flavor-symmetric mass deformation be-
comes

cos(p) + cos(p) — 2 cos (g) cos <¢ + %t) . (Ce)

Note this is respects the 27 periodicity because when
n — n+ 2wk and t — t+ Nk, both factors pick up a sign
(—1)F which squares away. If we turn on a theta angle
this is modified to cos(Z + §) cos(¢ + %t).

Appendix D: Dualizing the 3450 model

Let us write the action of the 3450 model using (real)
auxiliary fields ¢, ¢, &:

1 ‘
S = —C+i¢,l(de); —

% 27mg]

Qaayg =

+ L 2+ i, ((de); —

2K
+ 5t (S 5 (Queny + Qrdn) ) () —27r)

— i(Qunge + Quiteg)ag + inye(dx)e + inee(dR)e
—irp(QaXs1(sp) + QaX 1 (sp)) -

QA af(g) - 27TTALC7]

(D1)

Summing over r, € Z sets

1 .
g*p = _% (QVSO*p + QVSD*p

+QaXs1(xp) T QA)A(f*I(*p) - 27Ty*p) , (D2)

where y; € Z. Plugging this back into the action and
integrating out the gauge field a, allows us to solve for (:

Ci= o [~ @i~ 5 (@Qalax).; + Qald0),)

1
il
+ (dy)f(*i) - QV”f(*Z) - QVﬁf(*é)} - (D3)
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If we plug this back 1nt0 the action and perform a field
redefinition Q — (g (d)()g7 we land on

1 1. 1 7
5= 25 {@ - %(dw]
1Q% { Qa (dx)e  (dy)s +Uf<e)r
T C“LQA o 0
- ZQ QA(dP)ve — Qa(dp)we + QWQ U
Qa ) Qv

7 271
+ —u dQ) e — 24| + —(d Nye, (D4
o Fol(de)se n QA( Y)rynee, (D4)

with £ set to its value in (D2), and for notational conve-
nience we have defined

Qv

A

uy = Qvng + Qv’fl[ (QAnz QAﬁZ) ) (D5)

where the second equality follows from the anomaly-free
condition. Note this is not a GL(2,Z) change of basis,

and we have to remember that u; € QvZ + QVZ. The

integral over é is Gaussian. To simplify the calculation
let us define

b5 = Quveps + Qv s, Vs
Ns = QAXS - QA)A(S .

= QAXS + QA)ZS )

Note that ¢, are (0-form) gauge-invariant but 7 is not.
One can check that this defines an invertible change of
basis assuming the anomaly-cancelation condition. In
terms of these new variables, the result of integrating
over f is

K QQ / 2
S = §Q?4A+ V’i ((d) vt — 2mur))
1 1
EETICErsaT) (e = 2m((dy) o) = 500)))”
11
T 25 20 (65 +V-1(5) — 2mys)°

i 2
+ @Uf(e)[(d@)*e — 2mn,] + @(dy)f(e)n*e

i QA/QV

T am QL+ 0 ((d§)se — 2musr))

l(dn)z - 2”8 ((dy) sy —up@ey) | (D8)

Let us collect the terms linear in du:

1
i(du)p [QASDf L(xp) — QQQAng Uz
A

_Q4/(QaQv)

0+ 0 (D1 (p) (D9)

= 2TY 1 (xp5))




Ignoring total derivatives, neither ¢ nor n appear any-
where else in the action, so we can freely make another
change of variables and define a new field 0,5 which is
equal to the quantity in brackets (note that this quantity
is gauge invariant!). The role of ¢ is to set (du); =

The remaining imaginary terms in the action are

2
Qﬂj ((dy)f(e - Uf(é))n*é + 2W2M UngUf(p) -

QA QA
(D10)

The last term is trivial when du = 0. To see this, fix
a plaquette p on the dual lattice whose lower left-hand
corner is at the site Z. One can verify the identity [132]

Z UgUpipgy = _%(d(iﬂ))ﬁ

Z:(i’u)

(du) (ux0+u~+01 + uz 1 +u5g+1 0) (Dll)

l\')\»—l

where the sum is over the two links emanating from z.
The first term is a total derivative which vanishes when
summed over the lattice and the second line vanishes
when du = 0.

Recalling the definition of u, we arrive at the dual for-
mulation (ignoring the term discussed above)

_ R QY/QY

o o (@9 —2r(@unac + Quino))
A

1 1/(2m)? .
Q’im ((dd))g - QW((dy)f(f) - Qvnf(é) - Qvnf(g)))
1 1
25 ( ) (¢S + wf L(3) 27795)2
+io.5(Qv (dn); + Qv (di)s)
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+ m((dy)f(@ — Qv — Quityp)nwe. (D12)

So far we have allowed the charges to be arbitrary, but
satisfying the anomaly-cancelation condition. Note that
there are still imaginary terms which remain, indicating
a sign problem. In future work, it would be interesting to
determine the set of 2d chiral gauge theories where one
can avoid this sign problem, possibly by finding alterna-
tives to (D12) in some cases

Here we focus on the particular case of the 3450 model,
where the sign problem can indeed be removed thanks to
the fact that the ‘3450’ charge assignments make the the
last two terms in (D12) multiples of 27i. Dropping these

9 + ia*i,(dv)ﬁ —
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terms we find

§ = 5 (d6).e — 2m(8nee +4is0))’
* iﬁ (d)e = 2m((dy) o) = Sngie) — Aise)))
i( ! 5 (05 + Vp1(5) — 2mys)?
+ i0,5(8(dn) + 4(dn)) — im(dy) f(e)nxe
- %(Sme +470) (8n gy + Aipry),  (D13)

where for completeness we have reinstated the imaginary
term we argued was zero above. Now we can perform a
GL(2,7Z) change of basis to v; = 2n; 4+ n; and n; as the
integer degrees of freedom,

§ = 5 (d6)e — S
11
+ 9% 20(2r)2 ((dz/’)f - 2”((dy)f(e) - 4Uf(e)))2
11
55 @mE O T Ve T 2mys)?

+ 4i0*13(dv)13 — iﬂ(dy)f(g)’n*g — 27rigv*gvf(¢) . (D14)

We now rescale ¢ — 4¢, ¥ — 2, 0 — ia to reach

S = 52 (d0)ar — 2m0.0)°
1 1
+ 2 20(27)2 (2(dap)e — 27 ((dy) (o) — 4'Uf(€)))2
1 1
25( ) ( ¢S +21/}f 1(5) — 27Ty.§>2

iw(dy)f(g)n*g - 27Ti§v*g’l}f(g) . (D15)
The Z4 lattice rotation symmetry is not manifest at this
level — for instance the second and third lines involve the
shift f which does not commute with rotations. How-
ever, the first three lines of the action are invariant if
one performs a (counter-clockwise) 7/2 rotation together
with a shift s — 1, 5. The last line just encodes the
constraints, modulo the last term which we argued is
a total derivative. Alternatively, we can make the Z4
lgttice rotation symmetry manifest by simply defining
s = y-1(5 and Ny = N g1 (4f)> SO that

§ = 52 () — 2o’
L1 (o 2 ((d 4 ’
+ %W( (@) pey — 2 ((dy) (o) — Uf(z)))
11 ) ,

) A !
+io,5(dv)y —imn (dy); — 27rzgv*gvf(4) . (D16)



The path integrals over ¢ and n serve to impose
the constraints (dv); = 0,(dy); = 0 mod 2, so that
2 ¢ VsxeVgey = 0. Finally, we observe that for any lat-

tice field g;, >, g]%(g) = Zggl?, so that we can rewrite S

as

S

L () — 20
1 1 . )
T 2200202 (2(a0); — 2m((dy); — 4v))
1 1 .
+ 35 [amr (405 + 205 - 2rys)?

. A 4
+ i0.p(dv)s — imn, ;(dy); — 27‘(’231}*@1}]0(@) . (D17)
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