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Reaction rate distribution and current density distribution of Li-ion batteries largely determine the local aging
and heat generation. Homogenous distribution contributes to better durability and safety of Li-ion batteries. This
paper focuses on modeling the in-plane distribution of electrochemical reaction current, and the general equation
relating space derivatives of the overvoltage to the electrochemical and electronic current densities is derived.
Furthermore, this work investigates the impact of various battery parameters on the distribution by considering
the cylindrical battery, one of the most used battery types. An explicit closed-form solution for a short time after
the current supplied is obtained. It is found that the dimensions of cylindrical batteries, tabbing design, pa-
rameters of current collectors, and electrode materials are all indicated to affect the current density distribution.
The electronic current density distribution is also demonstrated. This model and related analyses are incredibly
beneficial for further optimizing Li-ion batteries’ electronic and electrode properties and as interesting cases for
testing battery modeling tools.

1. Introduction

Eco-friendly electric vehicles are considered an effective solution to
reduce pollution caused by the excessive use of fossil energy [1,2]. Many
countries have issued timetables for discontinuing the sale of conven-
tional fuel vehicles [3,4]. The development of lithium-ion battery
technologies is the key factor for electric vehicles [5]. Nevertheless, the
inhomogeneous (de)lithiation reaction rate leads to insufficient utiliza-
tion of electrode material and non-uniform depth of discharge, thus
further resulting in localized failure and aging of LIBs [6-8]. Conse-
quently, improving the reaction rate distribution in LIBs is a promising
way to reduce energy losses and is increasingly attracting the attention
of more researchers worldwide.

Some experiments, such as magnetic field imaging, temperature
measurement, or neutron imaging, are reported in the literature to
explore the inhomogeneity of the charge-transfer reaction and current
density distribution [9-16]. Despite the encouraging results, these ex-
periments are accompanied by certain limitations, notably their
demanding nature in terms of time and financial resources. Further-
more, their resolution is still insufficient to determine the reaction rate
or current density distribution precisely, especially at short-time scales.

As a result, mathematical modeling becomes crucial and advantageous
in this context since this approach can evaluate these characteristics
precisely over a given time scale and analyze the effects brought by
coupling multiple physical and chemical parameters of LIBs [17-23].
This paper proposes a general model that links the reaction rate across
the various parts of a battery along with the current collector’s position.
The derivations are pretty generic, and the universal equation con-
necting the electrochemical and electronic current densities to the
spatial derivatives of the overvoltage is provided. It is possible to study
the separate effects on the reaction-rate distribution of the location of
tabs, the dimension of the battery, the current collector’s resistance,
exchange current density, the particle size of the electrode material, and
electrode thickness with this model. Moreover, cylindrical lithium-ion
batteries are investigated practically as relevant particular cases.

Due to their compact size and high power density, cylindrical
lithium-ion batteries are extensively employed as power sources for
electric vehicles. They offer several advantages, including easy
manufacturing, simple integration with cooling systems, and good me-
chanical stability [24]. Additionally, cylindrical batteries can withstand
high internal and external pressures without causing deformation of the
body frame [25]. Furthermore, although larger-format cylindrical
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batteries like 26,650 or 4680 provide higher energy densities and ca-
pacities, the homogeneity of the in-plane distribution of the reaction rate
gets worse [2,26-30].

In this work, an explicit analytical solution for the distribution of in-
plane electrochemical current density for a short time after applying the
current is derived for a cylindrical battery. The effects on the electro-
chemical current density distribution by tabbing design, parameters of
current collectors and electrode materials, and the dimensions of bat-
teries are investigated separately. The variations of electronic current
densities along the battery are studied as well. This analysis can be
further used to optimize the design of lithium-ion batteries. It can easily
be generalized to other types of batteries.

2. Model development

Consider the case of the current density distribution for the unrolled
commercial cylindrical Li-ion battery. Fig. 1 shows the schematic dia-
gram of the unrolled 18,650-type cylindrical batteries manufactured by
Tianjin Lishen Battery Co. The thicknesses of current collectors are H*
and H,, respectively. The electrode materials have been coated onto the
current collectors. In reality, the width of the tabs is tiny, but they are
enlarged in the schematic for better visibility. Between the current
collectors is the electrochemical part, including electrodes, electrolyte,
separator, etc. The general model for all types of LIBs is developed in the
Appendix. Based on Eq. (A36), the following relation holds

ooy P +/A)*J_/3*I{(x,y) €S8} p{(xy) €8}

ox? * Tyz - Phoar PraA* PrarAA M
where

=t )
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p*[Qm] and p, [Q-m] are the resistivities of the cathode current
collector and anode current collector, respectively. H* [m] and H.[m]
represent the thickness of the cathode current collector and anode cur-
rent collector. Additionally, a is the specific interfacial area [m’l], 8 is
the thickness [m] and jo is the exchange current density [A-m 2] of the
porous electrode. Subindexes a and c indicate the anodic and cathodic
parts. Detailed notations are listed in Table 1.

The unrolled current collector could be regarded as an extended

(a) (b)

Fig. 1. Layout of the battery when (a) the tabs are on the same side of the
battery and (b) tabs are located on both sides of the battery. The thicknesses of
current collectors are H* and H+, respectively. Between the current collectors is
the electrochemical part, including electrode, electrolyte, separator, etc.
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Table 1

Parameter values used in the simulations.
Parameters Nomenclature Values Units
F Faraday constant 96,485 Cemol !
h Width of tabs 3 mm
L Length 63 cm
w Width 5.8 cm
H* Thickness of cathode CC 10 pm
H- Thickness of anode CC 10 pm
A* Area of positive tab 1.7.10°* m?
A- Area of negative tab 1.7.107* m?
I Applied current 1 A
a, Specific interfacial area of anode 2.3-10° m?!
ac Specific interfacial area of cathode 7-10° m!
P, Resistivity of anode CC 1.68-1078 Qm
o Resistivity of cathode CC 2.28.10°8 Qm
8a Thickness of anode layer 70 pm
i Exchange current density of anode 1.6328 Aem ™2
Sc Thickness of cathode layer 70 pm
i Exchange current density of cathode 0.6328 Aem ™2

battery strip since the unrolled cylindrical batteries usually have a large
aspect ratio. Its width is sufficiently small compared to its length. Sup-
pose the current is uniformly distributed over the tab in the y-direction.
Then

oJ a7
o :a—yz =0. 5)

Two specific cases of tab location are considered further, see Fig. 1a
and 1b accordingly. According to Eq. (1) for the case I showed in Fig. 1a,
when x is in [0, h] one has

&l P pdx) pI Pl

= - (6)
dx* Pbar Prar PoaA PraA
Solving this ordinary differential equation (ODE) produces
_ 1
J=ce¥ + e 4+ —, 7
A
where
. , ®)
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Similarly, when x is in [h, L] then
d&J(x) P +D.
=——J(x). (9)
dx*? Phar )
Solving Eq. (9) yields
J =d e + dre . (10)

The boundary conditions are as follows (for which more detailed
derivations can be found in the supplementary file)

"Ja(f) o0, an
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Applying the boundary conditions results in

1
J = 2ccosh(gx) +X, 0<x<h, 13)

and
J = 2det“cosh(g(x— L)), h<x<L. 14

Since J is continuous when x = h one can get
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1
A

J(x) = 1 15)
A

cosh(g(x— L)), h<x<L

Moreover, the normalization equation is

/ / (x,y)dxdy = 1:>/h dx+/ ()dx—W (16)

Combining Eq. (15) and Eq. (16) results in the final closed-form
expression of this case

I e — ¢ I
v ?cosh(gx) +X’ 0<x<h
J={ g ; a7
v cosh(gh) +Z
€ ¢ cosh(g(x—L)), h<x<L

cosh(g(L — h))

Case II, shown in Fig. 1b, is investigated subsequently. Positive and
negative tabs are placed symmetrically around the central point of the
battery band. For modeling convenience, the origin of the coordinate
system is moved to the midpoint of the battery.

The equation over the entire interval can be written as

I (P 4P, P =P\ L L
S <x< —=
] p+p.
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P\ 2 2 )2 "t

18

Consider the total solution as a sum of symmetric and antisymmetric
parts as

J(x) = Jo(x) 4+ Ja(x). (19)

Applying notation Eq. (8) to the symmetric part gives
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Note that Eq. (20) corresponds to the physical case when the positive
and negative sides of the current collector have the same resistance. In

this case, normal boundary conditions on both left and right edges apply,
{us( L/2 0JS(L/2

ie.
symmetry. That y1e1ds

= 0. Only half of the solution is considered due to

L
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The boundary equations are
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Combine Eq. (22), the continuity equation, and the normalization
equation to get the analytical solution of J; (see detailed derivations in
the supplementary information).

Electrochimica Acta 475 (2024) 143582

L
2ccosh(gx),0 <x < 5 h

Ji(x)= L 1 ,
ZLcosh(g(z—h>>—ﬂ L I L L
cosh| g x—z +—§—h§x§§

cosh(gh) 24
(23)
where ¢ = ;5 gféﬁhﬁ%
Then, for the asymmetric part
I p"—p. L L
- L [)777§x§77+h
PraA 2 2 2
&, L L
- _= —Z_ . 2
o7 gJa(x) + 3 0, sthsx<z—h (24)
I » _'n*,éfh<x<é
Prah 272 T T2
Similar to Eq. (8), introduce notation
kz — P — /)*A (25)
Phar
Then, substitute Eq. (25) into Eq. (24) to obtain
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Finally, the closed-form solution is

L
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supplementary file. The final J(x) is the sum of J,(x) and Js(x) according
to Eq. (19).

Moreover, the electronic current density distribution along the po-
sition of current collectors is also studied. It can be obtained by the
conservation law, and the expression is

where ¢ = — for which detailed derivations are from the

I{(x,y) €S.US"}

div(J,) =J + )

29
where A represents the area of the union of S*and S.. Solving Eq. (29)
yields the closed-form solution of the electronic current density J,,
which is orthogonal to J. The detailed derivations and final results for
cases I and II can be found in the supplementary information.

3. Results and discussion

The derivation of Eq. (A18) is completely universal and can be used
for all types of batteries. This general equation establishes the rela-
tionship between the space derivatives of the overvoltage, the electro-
chemical current density, and the input/output current densities.
Parameters like the applied current and current densities can be time-
dependent, which allows for calculating the instantaneous change of
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the battery over time. In that case, suitable finite-difference methods
must be applied. The most straightforward assumption will be to pre-
sume negligible ionic flux across the in-plane direction. That is logical
because electronic conductivity in metals usually is many orders of
magnitude larger than the ionic conductivity of a typical battery elec-
trolyte. The same can be said about electronic flux inside active elec-
trode materials. Then the relation between battery overvoltage 7(x,y)
and local electrochemical current density J(x, y) can be simulated by any
pseudo-two-dimensional model, including Neumann-type [19,31-34] or
Nernst-Planck-type [35-38] applied (x, y)-pointwise. After applying
boundary and normalization conditions that will produce J(x,y) satis-
fying Eq. (A18), which is in agreement with the employed battery
model. However, such an approach requires heavy numerics and,
though absolutely general, lacks transparency and intuition.

Using linearized Butler-Volmer relation and relatively mild
assumption, Eq. (A26) and Eq. (A29) are derived. They are much simpler
and can be studied qualitatively and quantitatively. It could be
concluded that the electrochemical current density on the entrance to
the electrode and the reaction rate on the walls of the pores are

(a) 36 ‘ 35.86 ‘ 3174
S L
— c 2
o 34t 23684 <3173
S 2 2
g 35.82 23172
32 + o °
€ €
S 358 3171
30 35.78 317
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N
(o]
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= modified Ppat
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modified H’
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w
o
T

N
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proportional to each other. All electrons passing from the current col-
lector to the electrode material will be spent on the walls of the pores
during the charge transfer reaction.

The current collectors are often regarded as infinitely conductive or
counted in total ohmic resistance in most existing lithium-ion battery
models [1,37-39]. In contrast, the model introduced in the previous
section emphasizes the role of current collectors. In particular, current
collectors’ resistivity and thickness affect the potential and current
density distribution, as expressed in Eq. (A34) and Eq. (A35). These
equations imply that the sheet resistance of current collectors definitely
influences the (in-)homogeneity of the current density.

Another critical parameter defined by Eq. (A33) could be the total
Bulter-Volmer resistance. The combination of it and the sheet resistance
of current collectors finally determines the electrochemical current
density distribution. As shown in Eq. (A36), the equation depends on all

design parameters only through combinations ‘j’b— and pf’h— For example,
at at
the solution will not change if the sheet resistance and the total Bul-

. . . : I X
ter—Volmer resistance are increased twice. Besides, the terms %
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(3] o
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Fig. 2. (a) Current density distribution for case I. Inset is the enlarged distribution parts along the tab; (b) Overpotential distribution for case I. The two curves are
related to the parameters of the original cell parameters and the modified parameters, respectively; (c) Current density distribution and (d) Overpotential distribution

for the original parameters and modified H*, H-.
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and I{(xﬁﬁ in Eq. (A36) are essentially current densities as well, which
means every term is about current density. That stresses the consistency
and coherence of this model.

Subsequently, the current density distribution and overpotential
distribution of case I for cylindrical batteries are plotted in Fig. 2. The
blue line shows the results with the original battery parameters. The
inset parts are the enlarged areas of the tabs. As shown in Fig. 2a, the
electrochemical current density is highest at the tabs. Then, it decreases
along the length of the current collector, which is also consistent with
the reports from previous literature [13,40-42]. That is because all
current passes via the tabs into the current collector and finally goes into
the electrode. This area is also where the most heat is produced. The
larger the distance from the tab, the more severe the current density
decays. The material utilization at more distant locations will be
significantly lower than near the tabs. The trend of the reaction rate is
the same as the current density according to derivation Eq. (A26). That
suggests the reaction rate near the tab region is also much higher. Fig. 2b
shows the overpotential distribution that caused the inhomogeneous
current density [43]. The polarization at tabs is about 65 mV, while it
drops to about 43 mV at the farthest distance from tabs. Since Eq. (1)
implies that p,,, has a significant impact on the current density distri-
bution, the sensitivity analysis of the distribution with respect to py,is
studied. Modified p,,, contributes to more homogenous current density
and reaction rate distribution, as illustrated by the red curve in Fig. 2.
Specifically speaking, the inhomogeneity is calculated as JJ;J X
100%. It is decreased from 36 % to 19 % when p,, becomes 2 times
larger. That means the parameters, including the specific interfacial area
of the electrode, electrode thickness, and the exchange current density
are essential for improving the current density distribution. The impacts
of these parameters are discussed separately in more detail further.

More importantly, it could be inferred from the final solution that the
combination of parameters g (given by Eq. (8)) plays a crucial role in the
electrochemical current density distribution. Most battery parameters
enter into the solution only as the function of g, which emphasizes the
importance of the ratio between p,, p and p.. Therefore, the sheet
resistance of current collectors is also supposed to affect the current
density distribution. The thickness of the current collectors is highly
related to the sheet resistance [44-47], and thicker current collectors
lead to smaller resistance. Fig. 2c and d demonstrate the influence of
various thicknesses of the current collectors on the current density and
overpotential distribution. In total, three combinations of parameters
are explored. That includes increasing the thickness of the positive
current collector by 15 um, then doing the same with the negative
current collector, and finally increasing the thickness of both current
collectors simultaneously.

The blue line corresponds to the original set of parameters. In
contrast, the yellow line indicates the case when the cathode current
collector is increased to 25 um. It can be concluded that smaller resis-
tance led by the thicker current collector results in a more homogeneous
reaction rate distribution and better utilization of the electrode mate-
rials. It is worth noting that increasing the thickness to the same extent
on the positive and negative current collectors brings different effects.
The benefits of modifying the positive current collector will be explicitly
studied further. The conductivity of aluminum, generally used for the
positive current collector, is worse than the copper used for the opposing
side [48]. The improvement should concentrate on the weak point, and
addressing worse shortcomings leads to better results.

Consequently, despite increasing the same thickness, the improve-
ment on the positive side will be more pronounced. Enhancing the
conductivity of the aluminum current collector is more economical and
more effective. In addition, it can be observed from Fig. 2c and d that the
inhomogeneity of the electrochemical current density and overpotential
is improved more noticeably if the resistance of both positive and
negative current collectors is simultaneously modified. However, the
reader should be aware that the possibility of increasing the thickness of
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current collectors is limited. Although thicker current collectors result in
lower resistance, the cost of the battery increases, and the energy density
declines. The overall battery performance and costs should be optimized
simultaneously when designing the current collectors.

Fig. 3a illustrates the current density distribution in different cases.
The current density looks convex and highest at the tabs on both sides in
case II. It can be concluded that the current density and reaction rate
distribution are much more homogenous when the tabs are placed at
both ends of the battery compared to case I. The inhomogeneity of case II
is reduced from 36 % to 16 %. That should also decrease the localized
temperature and the possibility of internal short circuits [48,49].
Therefore, this study supports the idea that reasonable tab positions
contribute to less heat generated and improve safety and reliability.

Additionally, placing the tabs on different sides could prevent
manufacturing process defects coming from overlapping tabs [50,51]. It
can be inferred that adding more tabs might bring more homogenous
current distribution and reduce the temperature gradient inside the
battery. However, too many tabs also significantly increase the cost of
the batteries. Fig. 3b shows the overpotential of two cases that also
strongly depend on the position. Similarly, the overpotential of case II is
smaller than case I, which means optimizing the position of the tabs
leads to smaller polarization and power losses.

On the other hand, it is interesting that case II demonstrates the re-
action current density on the positive side is greater than on the negative
side because the resistance of the aluminum foil is greater than that of
the copper foil at the same thickness. The resistance of the current col-
lector can be changed by using different materials or changing the
thickness. Fig. 3c and d illustrates the current density and overpotential
distribution after optimizing the thickness of current collectors. The
distribution becomes more uniform in both cases, which suggests this
method is effective regardless of the tab location. The inhomogeneity of
case [ is reduced to 17 % from 36 % while in case II it is goes down to 5 %
from 16 %. The thickness of the current collector must be increased
appropriately to bring such a substantial improvement. It is worth
emphasizing that the thicknesses of current collectors on both sides of
case II here are optimized to make their resistances equal. The thickness
of cathode current collectors is simply increased by 6 um. This situation
is the most suitable since the asymmetric part in Eq. (24) disappears. As
shown in Fig. 3c and d, the current density and overvoltage at the left
and right ends of the red lines are identical in this case, which implies
the best scenario with the most homogeneous reaction rate distribution.

The 3D plot of Fig. 4a further investigates the effects of the thickness
of the aluminum current collector on the current density distribution. As
the thickness of the aluminum foil increases, its resistance continues to
become smaller, and it can be seen that the current density distribution
becomes more homogeneous. That is essentially what Eqs. (18) and (25)
indicate. According to Eq. (19) J(x) consists of symmetric and asym-
metric parts, and the asymmetric part determines the difference in
current density between the two sides. As the difference in the resistance
of the positive and negative current collectors decreases, the asymmetric
part becomes less visible. If they have the same sheet resistance, then the
current density will be symmetrically distributed along the midline of
the battery, which also can be observed in Fig. 4a. Coupled with the
results of case I, it can be concluded that optimizing the thickness of the
current collectors is a prospective way to improve the reaction rate
distribution and material utilization. Increasing the thickness by a few
microns can bring significant enhancements. This conclusion is also
consistent with the discussion about Fig. 3c and d above. This method
might be more efficient and affordable. It is less complex than adding or
shifting tabs.

The effects of other battery parameters on the electrochemical cur-
rent density distribution are further studied. Fig. 4b indicates that
decreasing the specific area of the electrode materials can improve the
homogeneity of the current density distribution. Changing the active
material’s particle size and volume fraction will impact the specific
interfacial area. Reducing the particle size of the electrode material
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Fig. 3. (a) Current density distribution and (b) overpotential distribution for case I and case II. Insets are the enlarged distribution parts along the tabs. (c¢) Current
density distribution and (d) overpotential distribution with optimized CC thickness.

usually leads to a larger specific surface area and, thus, to a higher power
density [52-54]. Nevertheless, it can be deferred from Fig. 4b that im-
provements in electrode material kinetics must be accompanied by en-
hancements in the electronic part since additional limitations exist on
the battery level. Assuming that the parameters of the current collectors
are kept constant and only improvements are made to the material level,
then at some moment, the inhomogeneity of electrochemical current
density and material utilization comes into play, which is detrimental to
the overall performance of the battery.

In addition, increasing the thickness of the battery electrodes can
usually be used to maximize energy density or capacity. However,
excessive thickness affects the material utilization. Fig. 4c and d also
prove this point. It can be observed that as the electrode thickness in-
creases, the electrochemical current density becomes more inhomoge-
neous. Correspondingly, the difference in reaction rate along the various
positions of the battery turns out to be more significant. That is because
the over-thickness of the electrode leads to smallerp, ., further implying
that more lithium ions are inclined to be consumed near tabs. Conse-
quently, finding optimally thick electrodes is the best way to improve
the performance of batteries [55,56]. Moreover, as shown in Fig. 4d, the

effect of changing the thickness of the anode is more obvious in this case,
which may be due to the different properties of the cathode and anode
materials.

According to the parameterp,,, the current distribution is also
influenced by the exchange current density. Although an increase in the
exchange current density implies better surface kinetics, as shown in
Fig. 4e, high exchange current density can also affect the overpotential
and thus result in increasing the disparity in current density between
various positions. Based on the modeling results, there is a saturation
value of the exchange current density, beyond which its effect on the
reaction rate hardly changes. This saturation value is different for the
cathode and anode.

On the other hand, widening the tabs is beneficial for the homoge-
neous reaction rate distribution. As illustrated in Fig. 4f, wider tabs
allow for more uniform current entry [11], leading to a smaller differ-
ence between the current density at the tabs and elsewhere. The current
density decay along the width of the tabs is also smoother. Not sur-
prisingly, increasing the widths of tabs helps decrease the maximum
temperature greatly and further reduces the safety hazards [49]. Be-
sides, the aspect ratio of the battery affects the current density
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distribution. Fig. 5a and b demonstrate the distribution of electro-
chemical current density when the lengths are increased to 2 times and 4
times the original lengths, respectively. The embedded graph is the
distribution with the original length for comparison. It can be concluded
that longer electrodes will cause the current not to reach the positions
far away from the tab. With the increasing length of the electrodes, the
current density and reaction rate in some places approaches 0, which
results in the severely inhomogeneous utilization of materials and local
aging of batteries. Optimizing the sheet resistance of the current col-
lector as much as possible in this case can still lead to some improvement
in the inhomogeneity, as indicated in Fig. 5a and b. Additionally, the 3D
plot of current density distribution under different lengths for case II is
illustrated in Fig. 5c. The position is normalized, and the current density
decreases as the length increases. As a result, the distribution of current
density and reaction rate becomes increasingly inhomogeneous as the
aspect ratio rises. This point should be kept in mind when developing
large-format batteries. The modeling results also show that case II still
has a better current density distribution with an optimized thickness.
The electronic current density of case I is illustrated in Fig. 6a, in
which the blue curve represents the tabs part. It can be seen that the
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electronic current varies tremendously at tabs and then becomes zero at
the opposite end of the band. That means that electrons are entering the
current collectors in the tab area. The current at tabs is the highest; thus,
more charge transfer is happening there. Fig. 6b shows the electronic
current distribution in case II. When the tab is located on both sides of
the battery, the electronic current densities are also mirrored images of
each other. Similarly, the electronic current is highest and consumed
faster at tabs and becomes zero at one end of the battery. Besides,
Fig. 6¢c—f demonstrate the distribution of electronic current density when
the lengths of batteries become 2 and 4 times longer. It could be
observed that the electronic current density changes quickly at the tabs
while being smooth at other positions. The nonlinearity in Fig. 6f may be
attributed to the interplay between the anode and cathode sides. They
affect each other while contributing to the resistance.

4. Conclusion
The in-plane electrochemical current density distribution and reac-

tion rate distribution are derived for a short moment after applying the
current. The link between the current densities and the spatial
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derivatives of the overvoltage is clarified. The analytical solution of
cylindrical lithium-ion batteries’ current density distribution is ob-
tained. It is found that optimizing the tabbing design and the resistance
of current collectors significantly improves the current density and re-
action rate distribution of cylindrical batteries. Moreover, some battery
parameters, such as a smaller aspect ratio of batteries and electrode
thickness, also contribute to a more homogenous (de)lithiation reaction
rate distribution and thus reduce the risk of local aging and thermal
runaway. This work highlights interesting design suggestions that can
enhance cylindrical batteries’ overall performance. The effects of the
electronic and electrode components should be fully considered when
designing the batteries. Similar derivations can be straightforwardly
performed for other types of batteries.
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Appendix

Consider the layout of the (rechargeable) battery illustrated in Fig. A1. Batteries consist of a cathode current collector, cathode material, separator
area, anode material, and anode current collector. As a first approximation, one can assume flat geometry with constant thicknesses of all parts. As
denoted in Fig. A1, the current collector material for the cathode side is usually aluminum, and copper for the anode side. The middle part between the
two current collectors is related to electrochemistry. The current collector has the dimensions of length (L), width (W), and thickness (H*), as shown in
Fig. Al. The areas of the blue rectangle represent the positions of the input currents, namely the battery’s cathode tab. The surface area in the cathode
where the tab touches the current collector will be denoted by S*. Geometrically, S* lies in xy plane, where z = 0. The corresponding area on the anode
is denoted by S,, and its projection to xy plane as S,. The direction of the current during charging out of S, area, as the blue arrow demonstrates. The
following notations introduced in [44] lead to

1 [0p(x,y,H") 0dp(x,y,0)
H* 0z 0z

Ag™ + =0, (A1)

where @ [V] is the galvanic potential function considered as a function of three space variables, i.e. (x,y,z), the average of the 3D potential ¢ with
respect to the thickness. Eq. (A1) can be rewritten as

Ap*=S"+D". (A2)
where

S =8"(x,y) = % La(g’zy’o), (A3)
and

D* =D*(x,y) = 7% %}ZH*) (A4)

Assume that current I [A] is supplied to the current collector via the area S*with a surface area A* [m?]. The input current is assumed to be
uniformly distributed across all points of S*. A combination of Egs. (A3) and (A4) with the differential form of Ohm’s law, gives

_ Py eSS

s A ) (A5)
and
D =P 11(1?)0’ (A6)

where S* represents the term responsible for the current supplied to the cathode through the area current collector, and p* [Q-m] is the resistivity of the
cathode current collector.
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In contrast, D* is related to the electrochemical current on the surface area of the cathode current collector. J(x,y) [A-m 2] represents the
electronic current density passing across the interface between the current collector and the active electrode material. Similarly, for the anode current
collector, one can get

L aa*(x7y’ Zaut) _ a@*(xy}% Zin)

Ao, = "H. 0z 0z =5.+D., (A7)
where

S. = _HL* 9. (xé? ) _ P {(Z *yf)he S.} s
D — HL 9. ()3 Zy @) __pJ Ifl?y)’ %)

where z;, and z,,, represent z coordinates of the inner and outer sides of the anode current collector, respectively. p, [Q-m] is the resistivity of the
anode current collector, and H, [m] is the thickness of the anode current collector.

Fig. Al. Layout of the lithium-ion battery.

The voltage over the battery can be written as

Differentiating Eq. (A10) yields

aV _dp*  dg,
ox  ox ox’ (ALD)
v o oo,
dy  dy oy (A12)

Egs. (A11) and (A12) also can be derived from Kirchhoff’s voltage law, for which more detailed derivations can be found in the supplementary file.
Find the second-order partial derivative of Eqs. (A11) and (A12)

*v _ P o 02(p*

w2 o2 o’ (A13)

o’V et o

— = -—= Al4

o 0 oy (Al4)
Subtracting Eq. (A14) from Eq. (A13) brings

AV =Agp" —Ap, =S5 +D —D, —§,. (A15)
Combination of Eq. (A15) with Eq. (A5), (A6), (A8), and (A9) gives
_ Py eSS} pIy) pd{xy) €S} pJ(xy)

AV = A" + 7T HA + H (Al6)
Since battery voltage is a summation of equilibrium battery voltage and overpotential, it follows that

AV =A(E+n), (A17)

where 7 represents the overpotential and E is the equilibrium potential. Then

Ag=AV - AE =P Ky €87} pIy) pH{xy) €8} pd(0y)  \p (A18)

H*A* H* HA, H,

Assume that the battery remains in equilibrium until the current is switched on. Then, there is no difference between various points in the current
collector and AE = 0. Suppose that the applied current produces a sufficiently small overvoltage so that the Butler-Volmer equation is simplified to the

11
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linear relationship by

2 (1-a)Fy i RT
Jav :% [ek—r” _ ol '] ~d o = JT]‘BW (A19)

where jgy denotes the reaction rate [mol-m’z-s’l], jo the exchange current density [A-m’z], F the Faraday constant [C-mol’l], R the universal gas
constant [J-mol~! K~'] and T the absolute temperature [K]. Note that jpy will become the current density when multiplied by F.

Consider a point (x,y) somewhere on the current collector. The electronic current leaving the current collector and entering the electrode material
(or vice versa) is, by definition J(x,y). Consider a piece of the surface around (x,y) with the length AL and width AW. Both dimensions are assumed to
be small, such that J(x,y) does not change much along these dimensions. The electronic current entering the cathode material from the current
collector is completely used to form Li™, generated by the charge transfer reaction on the walls of the pores in the electrode. Therefore, according to the
charge conservation law

J(x,y) ALAW = F / Jjev(x,y,2)dA, (A20)

pores
A tot

where APY®is the total surface area [m?] of the active material. The integration in the right-hand side of Eq. (A20) is performed with respect to all
pores’ surfaces within the cuboid having the basement with the length AL, width AW, and height §. The height dimension is orthogonal to the current
collector and directed from the surface of this current collector towards the separator. § is also the thickness of the electrode [m]. Note that

AP = aV,, = aSALAW, (A21)
tot

in which a is the surface area per unit of volume (specific interfacial area) for the porous electrode [m’l], Vot is the total volume [m®]. a can be
calculated according to [57]
v ALY 4mNew!  3e!

=— = A22
Vior %ﬂr3N r’ ( )

where r represents the mean particle size[m], N is the number of particles and &°lis the volume fraction of the active material. Eq. (A20) implies that

/ jav(x,y,2)dA =a / jav(x,y,2)dV. (A23)
AP Vior

tot

However, the sub-integral function jgy(x,y,2) in Eq. (A23) does not change too much as a function of (x,y) because J(x,y) does the same. Then

5
/jBV(xlvylv zl)dV = ALAW/]’EV(XLVVZ’)dZ/' (A24)
0

Viot

According to previous reports jy(X,y, %) considered as a function of z is close to constant when the battery has good effective electronic and ionic
conductivity [17]. Its value can be denoted as jgy(x,y) so that Eq. (A24) simplifies

)
ALAW / Jow(x,v,2)dz = ALAWSjy (x, y). (A25)
0

Thus, Eq. (A20) takes a form
J(x,y) = Fadjpy(x,y). (A26)
Furthermore, combining Eqs. (A19) and (A26) gives

_RT
"= Fasj®™’

(A27)

therefore

Fj’6a
RT

According to Eqs. (A18) and (A28), one can finally obtain

Py €S} pIey) pd{(xy) €8} pIxy)
pH*A* pH* pH.A, pH.

AJ =

A (A28)

AJ = , (A29)

_ RT
where p = Faro*

Eq. (A29) was developed for arbitrary electrode. More rigorously, the anode and the cathode contributions to the total overvoltage should be
considered together. Thus

n=n,+1n; (A30)

12
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then
RT RT RT 1 1
_ R, RT , RTOT L (A31)
1 Fa,8,° Fa.5.° F \a.b4°  acd,)°
In which the subscript a stands for anode and c represents cathode. Consequently
Ay Py pJloy) pH(ny) €S} pd{(xy) €8.} (A32)
- )
Poat PpartL PoatT* A PralAs
where
RT 1 1
Poar = st —= (A33)
F \aib°  adf
Pou [Q-m?] is related to the total Bulter—Volmer resistance.
Denote
P
=g (A34)
P, (
= A35)
P+ H.
Substituting Eqs. (A34) and (A35) into Eq. (A32) to make it more compact and gives the final expression of the current density
PG pe ~
Aj_ P P, PHY)ESY pa{(xy) €S} (A36)
Pbar P PaAs
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